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PREFACE.

ii

This boolf—emhoclyiiig Wm snljshuice of Lectures at Teachers'

Associatious—has been prepared at the almost uiiaaiiiumH rt quest

o"^ the teachers of Ontario, wlio liave long felt the need of a work

to supplement the elementary text-booka in common use. The

following are some of its special features :

It gives a large number of solutions in illustration of the best

methods of algebraic resolution anil reduction, some of which are

not found in any text-book.

It gives, clasMifiud under proper heads and j)rc ceded by type-

solutions, a great number of pxercises, many of them illustraliug

methods and principlou v/hich are unaccountably ignored in

elementary Algebras.

It presents these solutions and exercises in such a way tiiat

the student not only sees how Algebraic transformations are

olTected, but also perceives how to form for himself as many
additional examples as he may desire.

It shows the student how simple principles with which he is

quite familiar, may be applied to the solution of questions whic}«

he has tiiought beyond their reach.

It gives complete explanations and "illustrations of important

topics which are strangely omitted or barely touched upon in the

ordinary books, such as the Principle of Symmetry, Theory of

Divisors, Factoring', Applications of Horner's Division, &c.

A few of the exercises are chietly sup})lementary to tliose pro-

posed in the text-book t,, but the intelligent student will find that

even these examples have not been selected in the usual appar-

ently aimleHH ftishion ; he will recognise that tht y are really

f^xpresaiona of c(!rtain laws ; they are in lact proposed witii a view

fill



?ltKl'At:E.

to lead Lim io inventi.'^'ato tliopo law^ for himhv;!/ as soon as he

has snlficior.tly ndvanci d iii his courbo. Nos. 8, l>, 10 and 11

alTord instarjcoi-; of Buch excrciseR.

Others of the qiioKtious proposed aro i»eparatory or iiiiorprcta-

tion oxerciir^ef^. The-*' mir^ht woll liave beou omitted, wore it not

that tlipy ard genovally i netted from tljo text-books and too often

nt'^l't'tod by '"acliois. rracticc in the into) prelation of a new

notutiun and in ex]»i"ession by moans of it, should alwavH precede

its use as a symbolism itself subject to operations. Nos. 23 to

Hi) of Isx. iii., and nearly iho whole of Ex. xv. may servo for

ioatanccs.

By far the p^reator number of tlie oxoreipes are intended for

practice in th< methods exhibited in tlie snlved examples. As

many as possible of these have been solectod for their intrinsic

value. They have been ^'atheied from the woiks of the great

maf^tors of analysis, and tlie student wl o proceeds to the higher

bi-anches " mathematics Avill meet again wiili these eiampl^s

and exa v ;d, and ho veill find lils progrtr,s aided by his famihar-

ity with them, and will not liave to interrupt his advanced

studies to learn processes pro])Oily bcilonging to elementary

Algebra. In making this selection, it has been found that the

most widely useful transformations are, at the same time, those

that best exliibic the methods of reduction here ex])lained, so tliat

they have thus a double advantage. A great part of the exercises

have, of nec«}ssity, beeji pre]mred specially for this work.

Articles and exercises have bcrMi prepared on the theory of

substitutions, on Elimination, &c., hut it has finally been decided

to hi)id thene over for Vi. ii., vs-hich will pruhabiy appear if the

j)»tioout work be favorably received.

Sect. ]

SlXT. 2

iSkot. 1..

Skot. 2.

'Si;cT. 1.-

Kkct. 2,-

Skct. :i.~

MhJCT. 4.-

Shox. I.-

Sbct. 2.

Hkct. ii.

Skci. 4,—
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CUAT'IKH !.

BUCTIUN I. Sl'HHTlTlJTK/N.

\

Exercise i

1. If a = 1, // = 2, r -=H, ,1 ^^ I, X = 0, V --. H, liiid tho

value of the following' expressions :—

•''' -
."I

.'/ - (.V --'i)\(i + c(^ "^^'^

(.c 4-
'/)(.'/ + /> -I- c) + (.«; <l){'i~h -,l)-^{y^,l)(a-x-I\.

[a ~ h){(r* - b'^x) - {c - ii}[b^ - a-u:} i- [d- b-r,.ii* -^tt*'\

il—a <l\-r i)if + b

d-\-'t d—c d - h

2. If a = 3, 6 = - 4, c — - 0, niul % -^ a-f-' -';, i\nA the

value of the followiiij.' oxpiesHioiis :
-

s(< — </)(.s — 6)(.s- c).

«'' + (»- a)" + (.s - 6) '^

-f (*- c)^

,»_(.,_ a)(« - //) - (.s - /0(s - r) .. (r, ^- r)(5 - n).

s — a)[i

H. If a

:)^'i(s -bXs r)-\-(j{s-r){s a) + r(.s a)(.s-h).

2, 6 = - 3, c = 1, X -~ li, tiud tlic vahiu of the

foUowing expressions :

—

ti

<(,'

-b^ a'-i + Zya (a -/>)'-' (<«-//)•'

T/>* 7,>_^.t' (,,;+/>)'' (''f/y)'

oa''-ab + />^' a^-b'-

{a-\-b)\(a^b)- -c'

\l?^c^'~{7r^-b'^ -c-y^'

n''{b c)-^h'{r -a)+-y{(( l>)

3 ^x

3

>.r 1



2 •LhSilH il'tS.

4. Tf a (\, h -* T), == - 4, </ ss= - ;i, fiiiil the value of thi

litilowiii^i; ('Xj)it'H^iona :

—

5. If x^ M, ?/=:4, s = (), find tl:-,' vnln^ of : -

«" fy'+ 'S', (at .vi-'"''4 Lv-2.''-'4-(«-a;)
«—

•

C. Calculate tli«! values of
(aJ-h2/f*)»-3(«»+yH -—' wlien

(a) -•'- i. // ==2. c = 3

Xi/i

(c) a; = 8, .'/ = 4, c = r).

{iD xr=^^), // = ]!, «= 12.

7. (liven a: = 3, .v-4. «=s - 5. calculato the values of

[X '{- II -t- X)
•"» - 8(u- r .'/ + ^) (X7 -I- //5;+ 1^)-

^»0/4--)+.'/'('+ a;) + s3tar4-//)-f2x,v;?.

(0*-42)=*+l)(4a;-;5)3-(l:!a:-5:;~i8.

(:;^4-4//4-r>^)8-l / U+ 3// + 12^)3 -(Ha; f-5»/ finc)J

8. If .s = /'
-i- />4-f, find the valiio of

( 2.S - r/) 3 + ( 2.S - />) 8 - { 2.'J f c) 2
, given

a) (/ = 8. /> = !, ^--^r,, (2) a = '?A, /> = 20, (7 = 29,

(H) r/ = 119, /> = 12(). r=100, (4^ ri = .'3, />= -4, t= 5,

(5 ) ., = 5, A = 12, c=-13.

I». If a = l, 6 = 8, r = 5, ri = 7, <' = 9, /*= 11, prove that

a+ M-C+ '/+ <''+/= -7-
't-fy

i.+ifi+' '

hi

1
+

I

/ ./c

I

1 _ 1

f . + .
.=—

Z 1 a

1 / I

/;c hcil 'lie ihf 4 \«6

I I

\hi(l halt
-r

t(

I 1 I
I

UliV (Ief



8l'BhT!Tirn"N. fl

(.24.,^ 4...3 _ of - >l,'-fr - W« -f .
2 4-,'' (//• fl'--i\l.

10. It'rt= 1. '> = -2, (• = :'., (f~\, f- = *)./•=(), 0=7. pvovo tlmt

a

a

r7/( '• + »/) „a4./,a4.,.2-|-,

ah(ii-{'h)

I 'I

a

u

a

u

a 4./;3 4...3 _|.,/3 4.,-3_|.; » =: ^„ J.;, +r+ (/+ ' -H/)'

4^/,4 4.,.4

a- H"M-<;*4-'/-* = -
_ ilt\d-icf'){rih'- 1)

a 4 4./,4.|.,.4 4,/4 :.,.4 ^

rr 4./,4^^.1 |.,/»+,4^,4 =

b('ih + r)

bcih {(:)

i4-r,'a =.2 ^ ,.a i-l-,/»+,» = /'

11. Assnmo anif numorioftl vrIiips for r. //, (iiid c, auJ calculate

the values of tlio folUnviiifr oxprossicMis

{X* -lOx-' + r,x)" + [r>x^ -h'x^ I ?2
(A'-' + 1

(^4_L):«--lI(:c-f-5)!»-lx'4--'V'^+ii'''+'r-'' + ,yH-l-ii=»-(3*+ l'-V)'

2\a

:»_ 8^//2)2 + (:!.7;2y/-7/«)8\S U'^+//-)'

(« - .'/) » + 0/ - :
^

* + (^- ic) 3 - :h»5- .'/ (.'/ - -' (- -

3 ,3

Art. I II

(\vuich - .I'.x)

- any iiumbe;-, as, for example, 8, then a;^

= 3fl;, x^ (which = x-.a;'-) = 'Sx^, x^ (which ^ :^;.^^) =

V,x^ =- a ^ Hx-^ - .iLc. ILciice prob-
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lorns liko iJie following may be polvod like ovtiinary hvitlimeilcal

problems in '•Reduction Descending."

ExAMPMiS.
1. Find the vn hie of ^3-2^-9 wheu «-- 5.

6

16 E.rplonation,

—

-

.•..'•'- 2^ = 8x= 15. and
^

.. ./'''-2a;-0= 15-9 = 0.

2. Find the vulno of .r4 - u;-* - ij;- -8.r -5 when x = 3.

;', 8a;3

r/ 'Ix^

jO, {'rx^

-\X^

r^ 'Ix^

— ifa; = 3.

P3 ^^--^

-3a:

's 8«
8

A^4 9
-6

^4 4. \

V

i



BUBSTITTTION, t>

ExjiJanntUm,

.' X^ - X'^ — \X^ = Ix^ — C)X,

;. .r4-x3--l.c2 -8^- 5 = 4.

«. Fiua the value of 2x^-\-\%r,^ +(yx^ -Vlx-^\().

Using coefficic'uts only, we have

2+ 12+ 0-12-4-10
— 5

Vx -10
+ 12

», + 2
- 5

T2 -^0
+ <J

U - ^
- 5

V, 20
-12

U «
-6

P4 -40
+ 10

•

r^ -30
.'. the quantity = ~8bifx;=-6.

Art. II. If the coefficients, and also the values of x are small

numbers, much of the above may be done mentally, and the work

will then be very compact. Thus, performing mentally the mul-

tiplications and additions (or subtractions) of the coefficients,

and merely recording the partial reductions r^, z^, ^3, and the

result r4, the last example would appear as follows :

—

*-ii



6 BrBSTITl'TSOM.

il

-6 ) 2 +12 +G -12 +10
2

8

Art. III. In the above examples, the coefficients are "brought

clown" and written below the products />j, pj, 7^3, ;'^, and are

added or subtracted, as the case may require, to get the partial

reductions ?-, , rg, r^, and the result r^. Instead of thus *' bring-

ing down " the coefficients, we may " carry up " tlie products j9,,

'P2' Ps* Vv writing them beneath their corresponding coefficients,

and thus get r^, r^, r^, r^ in a third (horizontal) line. Arranged

in this way Ex. 2 will appear

1 -1 -4 -8 -5
+ 3 +G +6 +9

1 +2 +2 +3; 4;

and Ex. 8 will appear

2 +12 +6 -12 +10
-10 -10 +20 -40-5

o + 2 -4 +8; -30

Comparing these arrangements with those first given (Ex. 2

and 3), it will be seen that they are figure for figure the same,

except that the multiplier is not repeated.

Art. IV. When there are several figures in the value of aj,

they may be arranged in a column, and each figure used sepa-

rately, as in common multiplication. Where only approximate

values are required, '* contracted multiplication " may be used.

4. Find the value of 8a;« -lOOa;*+ 344x3 +700a;2 -1910a:+

1200, given a; =51.

18 -160 +344 +700 -1910 +1200
1 3 -7-13 37 -23

50 ! 150 -350 -650 1850 -1150

a _7 -13 +37
.•. result is 27.

-^8; +27 ,



SURSTITUTIOH.

5. Given x-= 1-1R8, fir1(1 the value of 04x*- 14-1.7•+15 correct to

tliiee decimal places.

04 -144 +45
1 64 75-712 80'5(;7rt -8rt-O410

] 6-4 7-5712 8^95()7 -8-8042

8 5^12 0-0570 7-1054 -8.0484

8 •192 •2271 •20S7 -•1141

04, 75-712, 8i)-5073, -38-0419,

.'. result ivS
— -004.

•ooao.

Exercise ii.

Find the value of

1. x^-Ux"^ -\U^ -l?>x-\-n, fora?=12.

2. x^ + mx'^ -KSx"^ -liSx-Cyl, ioYx^-n.
8. 'Ix^ +%iVix'^ - 125.r3+ 100, for x= - 125.

4. 2a;:^-473u;--284./;-711, foru! = 200.

5. ic* - 'dx^ - 8, for X* = 4.

6. a;« - 51 5j;* - 8127a;'* +525a;:^ -2090^:2 +31 50a;- 15792, for x

= 521.

7. 2a;'»+401a;4-199a;3 + 899a;''«-e02a:+211, for x= -201.

8. 1000a;* - 81a;, for a; = •I.

9. 99a;4+ 117.r:*-257a;2-825a;-60, fora; = U.
10. 5a;''+497a;* + 200a;» + 190a;2-21Pa;-2000, fora;=-09.

11. 5a;''* -G20a;^ -1080a;3 + 1045a;2 - 412(!a;+9000, for a; = 205.

Calculate, correct to three places of decimals,

—

12 a;3+ 8a;2 - 18.^- 88 for a; = 8^58443, for a;= - 8-77981, ami

forx'= -2-80512.

13. 2/*-14//2 + »/+38 for t/ = 8-18131, for //= -1-84818, and

for //= -8^28819.

Exercii>e iii.

What do the following expressions become (1) when a; = a, (2)

when a; = - a ?

1. a;4 -4f/a;»+ 0^f2;t;3_4„3^_|.„4.

2. y^^\x'^-<ix^-a^). 8. ]/ (a;* + 2./.r +//«).

4. {x'^-^iix-Vn^Y-{x^-ax-\'ii'^)^.

If u;= // = c = rt, lind tiie value of the following expressions:

t %

'':



%
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.'/+2 a;4-« x+y'
Find tho viilue of

a «+ />

10. __i 4. 1

nih~x) ' ^(;r=^+ ^(^c-"^)'''^^'^'^^ ~(«-/^-hc).

11. ^ + / , when^= «2(i-.0

IH. />;.+.,+.,. when . = /.+.-,,, ^ = ,+,_3,

a(l+i)-/ya; 7«-2//a;'

'1^- r/>-^y) {x+2r) + (r-x) fp+q), when a^^':!?^'
"'?)

27""*
17. «»(/'-c)+/v3(,_«)^,2(^_6)^ whena-6 =

'

!o' f'|'
+
'^^J^^^+^"+«^)-(«+^)

('^+c) (.+.), when .= -6.

- " (^.--^-^j +^'[JE^~,] ,whena^+6*=o.

23. Express in words the fact that

24. Express algebraically the fact "that the sum of two quan-
titles multiplied by then- clitrereuce is caual to the difference of
tlio squares ol the numbers."

\



SnBSTITUTIOM. :)

25. TJio area of the walls of a room is equal to the li()it,']if, junl-

tiplied by twice the sum of the lt*uj,'tli and breadth : what are the

areas of the walls iu the following cases :

(1) length I, height h, breadth b.

(2) height x, iengtli b feet more than the heiglit, and bread tii

h feet less than the height.

26. Express iu words the statement tliac

(a? + a) {x+h) =x- +(>i-\'b)x+ab.

27. Express in symbols the statement tliat " the square of the

sum of two quantities exceeds the sum of their squares by twice

their product."

28. Express in words the algebraic statement,

[x+y)* =x^ +y^ -i-^xiix-^i/).

29. Express algebraically the fact that "the cube of the differ-

ence of two quantities is equal to the difference of the cubes of

the quantities diminished by three times the product of the

quantities multiplied by their difference
"

30. If the sum of the cubes i)f two quantities bo divided by

the sum of the quantities, the quotient is equal to the square of

their difference increased by their product ; express tliis algebrai-

cally.

31. Express in words the following algebiaic statement

;

x-y
x\j.

82. The square on the diagonal of a cube is equal to three

times the square on the edge ; express this in symbols, using

I for length of the edge, and d ioit length of the diagonal.

83. Express in symbols that " the length of the edge ot the

greatest cube that can be cut from a sphere is equal to the square

root of one-third the square of the diameter."

34. Express in symbols that any "rectangle is half the rectan-

gle contained by the diagonals of the squares upon two adjacent

sides." [The square on the diagonal of a square is double the

square on a side.]

86. The area of a circle is equal to n multiplied into the square



10 BUBSTITUTIOM.

of tbo radius ; express tliia in flvrabols. Also express in symbols

tbe area of the ring between two concentric circles.

86. The volume of a cylinder is equal to product of its height

into the area of the base, tliat of a cone is ono-third of this, and

that of a sphere is two-thirds of the volume of the circumscribing

cylinder; express these facts in symbols, using h for the height

of the cylinder, and /• for the radius of its base.

Exercise iv.

Perform the additions in the following cases ?

1. (6 -«)a;-f(c — 6)//, and (a+6)a;+(/'-f «).V-

2. nx — hif, {a~b)x-- {n-{-b)y, and (n-^b)x -{h -a)y.

8. (jf—:!)a^-^(z-x)ab-{-{x-i/)b^, and (x - y)a* - {z - ij)ab - (x

4. ax+hi/-^cz, bx+ry-^-az, n,n(}r.t;-{-ay-\-bz,

5. (a+/y)a;3+(6+r).v2-f (^H-c02% {b+ c)x^ +{a-hc)y^ + {a-\-b)z^,

(rt+c)a;2+ (rt+6)//2+ (>^+c)c3, and- (/i+Z^-ft-') (iK^-fy'-t-z*).

6. x{a-b)^ -\-!/{b-r)^+z{c-a)9, y{a-b)^ +z{b-c)»^^x{c-~

a)^, and z{a - b)^ +x{b - 1)3 ^y^c - ay\

7. (a-6)a;«+(/;-%2+(c-«^2^ (6 -c)a;2+(c -%« jf.{a.-by^^\

and [c-a)x'^-^{ii-b)y'^-^{h-c)zK

8. (rt+6)a;+ (6+r)//-(6'+a)2, (6 + G-)2+ (c4-«)a;-(a+ 6)y, and

{a-^c)y-\-{a-\'b)z — {b-\-c)x,

9. a^-%ah-\\b'^, 262-^63+c», ab ~ \b^ -^b'^ , and 2a6-i6».

10. rraf-86a;% -9fl«"+76af, and -Six^+ lOaaf.

11. What will {ax—hy'\-cz)-\-{j.)x->rcy—a2)—{cx\mj-\-hz) be-

come wlien a; - ?/ - 2 = 1 ?

Section II.—Fundamkntal Formulas an^ their Application.

4. By Multiplication we got

{x-\-y) (.<;-|-s)=a;'» + (»• + *) x\-rs ,A.

(x- ^r){x^iC){x^-t)^x^ \-{r^»->tt)x'^ -^{rs >rst^-U)x\rst B.-

From A we immediately get

U±ijy'=x'±'lxy^y''' [1]

• \
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(va)2 = z./2 + 2S':/' t'^^

^« + y) fx — 2/) ^x'*-^ — ^"^ ^'^^

From B we clorive

(.r-ty)3 =x-*±»x^v-|-3.<r//'^±//^ [^1

= ^^±.v^± •''•''.'/ (•«+ //)
^^'^

^

[7!

^x^-t-ij^' + z^ +'^ ('^ + .V) (.'/ + ') (- + ^) ^^^

(2a)» = 2a» + 32a2/v+ 6Za6« L^^^J

[The symbol I moans the sum of all such tkrms as]

Formula [1] .—Examples.
••

1. We have at once {x + y^ -h (-v -i/)« - 2(.v-2 -f .v^), and

2. (a + 6 + c + ^/)«+(r*-'>-^ 4-0- "^ay be written

{[a + J) 4- (6 + '•)}' + {('* + ^^) - (^ + ^)i'' ^^'^'^' (^^'^' ^^
=

2{(a + ^0'+('^ + '-)'''}; similarly

(againbyEx. l)4((<2 4-^'^+c=^ + ^^^).

8. Simplify (a+6-}-c)^-2(rt4-i4-«)'' + ^''
;

This is the sciuaie of 1 biaomial of whicli the tirst term is

(a-^b^c) and the second -r; the given quantity .".
=

{(a'^b+c)-c}'' = {<i-\rby'-

>,

!

M^
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Exercise v. C_.

2. Shew thut (W^H-«»/)2 _|. ^)i^_j,„j^2 = (,„2^^i2j (^.2 +//2).

•*• ** " ("'^' -»'.'/)^ - ("^:-my)-^ = (m* -7i2j (^2 _ y2)^

i. Simplily
i^/ + H/^)2-j-2(« l-8/y) (a-/*)4-(«-/;)2} ja-/>{2.

<(

(i//2+2j;2j:

(x-M})^ + (.'--f4i3-(a;+ 5)2, and {},x'i ~2i/^)Z ^

6. Simplify (./ + /; 4-,.) 2 ,- [b ^ r,)i - 2(h+ c) {(t^h^c)

7. Shew tliat (ax-^bi/)- -}- {rx-\-'fi/)^ -\-{uy - bx)^-\-{cy -dx)^ =
(a9^bi-\-c^.\-il2) {x^-\-y^). '

8. Simplify {u^
-

'6y'^)» + {?,x^ ~ y)2 - 2{Sx^ - y) {x-P,y^).

(x2^xy-y'^y^ -{x^-xy //=^)2,a,n(l(l-f 2x+ 4x2)'3

I (] -2.r+ 4.c2)».

X 10. If r/4-^>= ~:]r, show that (2.f -/>)2 -{-(26 -6-)2.-}-(2<T-a)2.f

2(2rt-6) (2A-r)+ 2(2A-c) (2^-^/) + 2(2c-t/) (2a-'>; = ,'^c-2.

i 1 . Simplify 2{a - 6)^ - {„. - 2/>)2
;

(^2 4. t^/^_|.i2 j2 _ (^^2 -|-i2>2.

12.

^ ]4. Prove tluit (a; - //)2 + (//-«)2 4.(;2_a;)2 =:2(a;-
7/) (« - y)^

2(//-a;) {z-x) + 2(z-y) (z-x). '

is. Sim]>lify (l-\-xj'^ -2{l+x^) (1 +.1^)2 + 2(1 +x*).

^'i. " (.'f+//+^-j«-(^+ 2/- z)2-{y-H-x)^-{z-hx-y)^.
" (x-2^+ :^2)2 + (82-22/)2+2(a;-2y+ 3z)(2//-82).

- //'^f62_,,2^24.(^.2 _/;aj2 4.2(^,2 _c2)(a2+^2_c2J,18.

(x-\-y)^-{-(x-y)*-2{x-yy'i{x+yy
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qiian-

//^ja =

+ />2)2.^

e.

')'

i,<*.

'!/')' '

)'

+ 4a;2)-^

-^0' +
C'2.

+ 62)2.

(^Z-a:^

^-y)+

'),'.», 8

20. •' (r)r^+«/')-+in(rt^.+/<)*-(i»'^+''')/')«.

-•2;2.^8 ..,y2;, (2^ _2y») -}-'2U'3 -'iz^) yz'* - 'Ir) -

28. Simplify iJ+x-+ .-«
I a:-v)2 + (l - «- ^' \'y^)^-V

2-A. Simphly (^/;c f/>y)*- ii^'^'u^s yh'^ij") [<ix VhijY^ 1-

Formulas [2] and [»].- Examples.

^',.2
1. (1 -2u;+ 3u;^j^ = l-'U + n.7;

+ ix-s i2./^

+ ,)x*

= 1 -4a!+ll)x'^ - ]2a;3 + lb*.

2. (^ir,+ /,r + r,7)2 = .r-JA3 + 2r</>2f+ ii''*-'/>H-/^*'"''+'^'">"+'-"^="

.{. {,:c + 7/)3+x2 + .v3[2^(a:+ .y)4 + 2(a;+ ?/^2^a:2 +//'-') l-x'* + 2^:2

_,/•-' ^ _,y4 = (,:+,;)
4 ^_ (a; -^,;)3f(a;^-//r'' -i- ir--V/)3} ^

,A ^ 2.:^//- f //^

12./;+//)*+ .<r^-//2;3+^4_|_2,,riyy2+2/4^2{(.H-//:'*+-<^' + v/4[.

[x^yyxr^-Vx'r+yHx-Vv)'^-

''.. In Erv. 3, substitute h-c for a, c - a ^^ry, nnd consequently

i,-,t ioi-x+ y, then aince (6-,'<)3 = (a-/>)2, Ex. 8 gives

|(,,,_/,)2 + (/>_c)2+(c-a)2}2=2{(a-/>)4 + (A-c-)4+(.-.0M-

0. Making the same substitutions in Ex. 4, we Imve

^a2+l>2^G^ -ah-bc -c^,.)^= {a-b)\h - r)H-l/'-"^'-)^(c-«)- +

(c-rt)2(rt-6)2, or, multiplying both si.lcs by 1,

|^,,_/,)3+ (6_c)2 + (c-a)2}2=4(a-/.)2(6-c)2 + 4(/>-r)2x

(c-a)2 + 4((?-rt)2(a-6)2, and /. from Ex. 5, {a-h}^ + {h-c)^ -{-

(c-a)*=2(«-6)2(fe-c)2+2(6- c)2(c-a)= + 2(c-.0*(«-^)*.

^

' Wl
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Exercise vi.

I. (1 -2./'-f-nx'2 -l.r»j'<», (l-u:t.r2 -^3.8.

8. (2a-/.-r^-l)«, (1 - .f+ //+ 2ia, (Ax' - U'+ ^2)«.

6. SlivMV that (a» -f '/^ + ^) U"' f- //'^ 4-2'') - {"x -|- 6y+ rs)^ a

G. Prov.j that (a fA)x' l-{A-)-c)//-|-(c + rf)z niuUiiilioJ hy [n-l>)x

•\-{l>--^.^)lJ+ {i' — ^^}^, ii* oqual to tho tliireiuiice of tlio sqimros ot

two triuomials.

7. Show that [a~b){,t-'e)-{.{h~.c){h-(() ^{r-n){c~h)

8. SiuipUly {a-(/y-r;)}»-+-j/;-(r;-a);» f {'.-('f-6)[».

9. Show that (a^ -|-/>« -.c'-^)2 4.^,,2^ ;,a _^.2^^2 ^2('m, + W',)3

10. Prove that {{a-b) {h--i-)-\-{i>-,') {c--a)^{c-(t) {a -h))'^ =

II. Square 2a — Uu — ^cx -f- '2tlx.

12. If a; + // +2 = 0, shuw that x^ + i/* -j- z* = U^ -y^)* !•

(//2 -2^)2 +(2^-^3)8.

in. Provothata2(/^-l-()2-{-/>2(r+ '/)2+r2(,/ + />)3 f 2air(ii + /y+ (;)

= 2(a6+ 6c+ m)2.

Art. V. To apply fonrnla [4] to ol)tain the product of two

factors which differ only in the signs of a jmo of thoir terms :

—

gi-oup together all tlic terms whose signs are tlu; same in one fac-

tor as they are in the other, and then form into a second group

all the other teims.

Examples.

1. Multiply a + b — c-\-d by a — b — c — d ; liere the first group is

a— <:, the second /'+(/ ; .*. we have

t
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2. (1 -t- dx-h^J^* -f x3) (I -«x-i-8a;' x^.) = {(1 4- J^tV) -h

8. Find tlio continued i,*rodiu't (>} r*-f-/'-t-f, 6+< — u, f+</ —6 aud

a + 6 — f.

The first pair of ff^ctors givt-s {(/,.f.,,-)+u} |(^4.,.)„„'^ =:(6^.r)•.•

- «» = />» + 'iArr 4- c^ - ./ a

.

The 8«'cond ]>flir {^ives {'/ — (6 - r)} {(/4-(7) — <•)} =^/5i _. /^2^o/,f

— /;•
; the only term wliO!?e si^ri is the same ir». both these n.'Bult'

is *2bc ; houee, j/roupiiiu: tlie other tpnns, we have

The exprcssioii ={.,--[-h^) {n''i + -Jnl)+h^)=:{a' -^b-) (w+6)«=.

Exercise vii.

1. {r(9^2ah + b^)
(
(I iln b-^-b').

2. {\x^-xy + >/^Y\x'^y^'{-^y).

•i.
{
(a* + //)»•- //(^- !/) [ {

(•^* - //)
•<-•-

.V(.V - ^) [
•

5, Simphty: (^+ 3) (x-3) + (x--f-4) (;c-4)-(x- + r>) (u:-r,)

^0 (l+a-)^+(!-x)-i-2(l-u-2):

9. (2tf+/i- 3c-) (/;+ 3c-2r0 ; (2a— /;-;jf) (/»-3t-- 2rt).

V^IO. {x^+y^) {x^+y^) {x-^y) {x-yY

.x-n. {x^--{-xy+ y^-){x^--xy+y'-){x^-xhf'^.y^y

12. (a+/>-rt/^— l)(a+/>4-«Hl).

- 13. Prove (a'-^+//-' + f-)(//-4-c-' - «^ )((,•••» -f-a^ _/>2) (a^ -f/;2_ c-

x:46*f* when a-* = />4+ r-i.

14. (x-^ -I-y-^ - ^xy) (.f-' +^' + 1x7/).

15. (a-*-2u;-"'-i-3x- -2u;-f i) (^•H-2./-"^-|-:]u:-M-2x+l).

I
t

j

^1
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ii

ft.

If). Multiply {'lx->j)u* - (^-{-y)a« +.'-^ by ('2x - yy'"^ -h

c-^ij) ax x^.

Prove the following

:

18. (a=» + />='+r2-f.^/>+Ar l-a/)3-(a«-f-/<// + ,'a-6cV'^ j
--

20. Find the product of x'* +>/' -f-«^ - '^xy+ ^xz - 2^3 and ^' +
r*-\-2*~'lxil-'2.£Z-\-'l,jZ.

22. (l-C'»+ !)aa)(i + 2a4-3.<-"').

23. {(m+n)-f-0y+7)} (,/t_Y+/> -«j«

, 24. Obtain the product of l-\-x-\-x^, x^ -^x - I, a;"-x+ l, and /

\-X~JC'^.

25. (a -/;a)3(,i+ /;3)3^,^3+ft4)9(a*+/»-'')».

20 Shew that {x^ + x>i 4- //S)"' (.c^ .^.y -j- yS)* - (u;^*/-')a -«

Formula A.

—

Examples.

1. xVIultiply x' ~x-\-ij hy x"^ —x— 1 : here the common term 18

x^ -X, the other terras +5, and— 7, hence the product = (a;'-' —x)'^

+ (-7 + 5) (a;- -x) + {-l Ab) = (x'^ -xY -'l{x' - x)~ '6b=x^ -
'Ix^-x^ + 'lx-^^.

2. {x — a) {x — Sa) (u:+ -la) {x+ i)a): taking the first and third

factors together, and the second and fourth, we have the product

-= (x' -^Sax - ia''){x'' + 3ax-lSa'') = W-{''Sax)- - (la- -f-18a'^)

<(a;^+3rtx) -72(/-i = &o. ^
Exercise viii.

i, {x''-\-2x+'^) {x^-\-2x-4:)', {x-fj + 3z){x-i/-\-6z).

2. (u'+l) (.c+5) (;c+ 2)(x+4); (x^^ +a-h) {x^ -\-'lh-a).

3. (a''>-3)(a2-l)(a2 + 5) (a'^ + 7); (x^ +.«•» + l)aj'i -f.^^ -2).

^. {{x-^{jy'--ix!j)} {{x-\-y)^-\-5x>/}.
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7)(a---.-9). L+^-lj

C. (»fjr+ //+•;{) (>)ar-<-j/+ 7).

7. (.r+ rt-y) (;r+ ./-f.S;/).

8. (a;^' +5!" -a) (d;-'" +J-'' -/>).

9. (^a;*-/;-+2) (J**
- //-' -4).

1 1

.

Multiply together x-2-\- 1./ 2. ;r - 2 + y S, x - 2 - y2, auil

r-2-v/».

12. (a' + ^z + Z^) (> + /'- r) (r-rt+ //) (a;+/>4-c).

13. («+ />+ c) (</+/>+. /)H-(fl+'H-</)"(^+ 'H-^0 -(a+ /'+c+ rO^

^,. 14. Provf that

(2'< -f 2/> - c){2h+2c- rt)H- (Ur + 2^. - h) ( 2«+ 2/y ~ m) -f (2/>+ 2r - a)

(2r-+ 2a - f}) = 9(ai+/>r;4-m).

FoRAlULAS [5] AND [V)] .—ExAMlM.ES. *

1. We get at once

{x^yy+{x-yy = 2x{u''-^:Uj^).

{x+ y)^~{x-y)^=:2i,{'Sx'^-^y^).

2. Simplify {n-\-h+r)3 -S(^a-^rh-\'c)^r-^b{a-\-h +c)c^ ^ c^.

This plainly comoa luidur formula [5] , thefirr^t term beiiip a-\-h

-}-(T, tlio second — c ; heuce the oxpreHsion iH {{u-\-b-\-c) -c}* =

(u+b)\

a. Show that {x' +xy+y"-y -]-fxy ~-x^ -y^)^ -
ijxy{x*-^xhj''+y^) = 9x^y^.

This comes under formula [C] , the first term being

{x^+xy-\-y'^), and the second- (a:^ ~xy-\-y^) ; we have therefore

{{x'i+xy-\-y^) - ix'' - x^+ y2)}» = ^^IxyY ^^x^y^

,

Exercise ix.

Simplify
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1^

h ;

A.

3. (ar-f.v-,~)3+3(a;+//-2)^2 4-^-3-r;i(^+7/ 2):«.

4. (a _ 6) 3 + (,,,+ ^);»-f-(3a(a '-'-//'•).

6. {x- !/yi ^(x+y)^ + 'd{x-yy {x+ i/)-S{y -x) (x+yy.

, 6. {l+x + x'')^~{l~x+x-')^-Gx[l+x'' -^x*). ^^.'v\'

8. (8a;- -l?/ -j- 5;;)^ -(02 - -iy)^ \-'S{5;: - \y)' (ox - ^y + 5,:)-

9. (l+x+a;=)3 + 3(l-^a)(o^^3)^(l_^^3.

10. Shew that a{a-2by^ -h{h - 2«)'* = (''-'"') (rt+^)-'i.

11. Shewt}iata3(a3-2/>3)3 4./;.'{(2/r!-/v^)3 = (a3-/>s)(«3_|./,3)s.

-^ 13. Hhew UiaL a^{n^ -f
2,0-J)=^ + b->{'la^ + /'^)2 + (ya-^-)3 =

14. Simphi'y ((va;-H/>?/^^+rtS//-M-''''^./-'* -nahxy{ax+h>/).

15. Wliafc will a3-f./y3_j_,.3 -.y,abc bccomo wlicu « -|- /;
-f- c = ?

16. Find the value of u;^ -y^'-^-z^ -\-'^x''y-z'^ wheii ;<;'--?/" +2'

= 0.

Formulas [7] , [8] and [9] .

—

Exampl?:s.

L Simplify (2a;-3y)3+(4//- 5x)-^+(3a;-?/)3-

^%c-Sy) (iy~5x) {Hx-y).

By [8J this is seeu to be 1(2^;- 8y)+(% — ijx)+ (Sx- y)} ^ =
(0)3 = 0.

2. Prove tlin,t (a—b)^ -\-{b-~c)^ +{c~ a}''^ = ']{a~b) (b-c) (n-a).

lu [8] substitute a — b for a;, 6— c for y, and r ~ a for 2 ; lor

these values x+y+z = 0, and the identity appears at once.

8. Prove (a-^b + c)^ -{b + c-ay^-{a+ c-b)i -{a+b-c)-^ =

24a6c.

In [7] let x = b-\-c~a, y = c-^-a — b, z — a-\-b~c, and therefore x

-j-y=:2c, //4-z = 2a, 2-fa; = 2/', and this identity at once appears.
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Exercise x.

i. Cube the followiiif?: 1 -rr+r«. n~b-c,l — 2:r+ PT--4r».

2. Sii:.j);lify (x^- + -2.1:- 1)3 + {''X - ' )(:r- + 2x-2) —

8. '''Prove that {x+y){y-hz)(z-l.r)+x!/z = {x-\-]j-^czMx]! hi/z-^-zx)

4. Pjv>vn (,]in1, /ox- - hij)^ + ^3;,s_/;.r^.3 + 8 <//;»;?/ (^'^ - %) =

(u3 -A3) (a;3+^/3).

5. Fhnphly {x~)iy)^ +{;/ -^z) ^ -^{z -^x)-' +n{x-y-'?z)A

(y -z~2x) (z-x-%/)-{-{x+y-<rz)-\

n. Shnwiiiy {2x- - %- + ^2^)3 + (1:7/^ -

(22--8a;-+47/''')3.

;- +4a;2);{^

7. Simphfy (2^ - %)3 +(2/'';// ~ czy^-\-{2rz—axy^ +
3{*2/.'a;+%-rz) (2//?/+'»-(/x) (:^rz+f/a;-/^v/).

8. Prove (x^-^Hx^y-y^y^ + {^xy{x + y)\^ := {(x- y)^+9x^y\

13X {x-+xy-{-y'

9. Prove f)(a;3 +//3-f .:*) -(ir+// 1 2)3 ^ (U'-f- 47/+ z) (a; - y)^H-

(4// + 4z+a;) (//-z)2H-(4z-|-4;t+//) (z-u;)2.

10. If x-\-y-\-z- 0, shew that u;3 -f ^3 ^^3 = ;-]a;v/z.

11. If a; = 2.V+ bz shew that x^ - 87/3 _ 27z3 _ ig^jy/z =u 0.

1 2. bhew that {x^ -^-xy + ;yf )3 + (^-2 - xy r v/^)^ +^2« -

(2- (x4-fa;2y2-}-7/*) = 0,if a;2+y/-'-f-z2=U.

18. Prove tha^ 8(a +6+ .)3 - («-{ />)3 - (/> + r)3 - (r;4fl)3 =

?y{\Lc<.:^h+ (^ {a + 2b-\-c) {a-^h-^-Zc).

Prove the following

:

14 (<u; — byy^-\-b'^ 1/
•"* = a 3^3 _j_ Sahxy (by — .tir).

*Note that the vi^^lit-banrl iii^iiiber i« formed from t-lie left-hand one by changing
addiiioiia into i)i.ii.Uij>ucatl<>!if, aiul maltipUt atiinis into aiicHtions ; henco in{x+y+
s).{x.y-ry.z+z.X: tho Hit,'n8 f ami . muy be i;itaicbanf,'eil throughout withoul AlUtr
inn the vuiiio of t>'e t!XuioH«!oii.

:=»^:
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I

ill"

{n-\-b+ c).

16. [vi-\-b-\-c) {{a+b--r) {b -i-c— a) + {b + c-ri) (c+ rf - 6)4-

{c -\-a-b) {a-\-b--c)\={n-hh- c) (6+ c - a) ( c -|- <•• - 6)+ Sa be.

17. a-'+b^-j-c'^+iilabc = {a+ b + c)^ -3{a{b-c)- +b{c-u)^ +
f{a-b)''i\.

18. i^u+ h-\-7c){a~b)^ + {h-i-c-{-7a){b-c)^-i-yc-i->^-{-lb){c-n)^

=:'2{a-^b-\-c}^ -61abc.

10. («-f-6+ c) {(-i^^-Z^) (2/>-f)4-(2/>-c) (2r-a)-f (2r-f/) ><

(2a-6)}=(2rt-6) (2/y-f) (2r-,/) + (2/<+ 6-c') ^'/.6+c-«^ x

(2o'+ «-/>).

20. If X- {y -i- z) = a^
,
y'^{z+x)-b'^, z^{xi-f/) =r-\ and x//z = abc,

ahewiha>i a''^+b^+c^ + 2ahc = {x-\-y) {y-^z) iz+x]

Expansion- of Uino-mmlh

We have from foimnla [5J

[a+b)^ =a-^ +Sa^b-^'dab^ i-b''^ ; muUipiynig by a+ b we ,^et

(a+6)* = /i* -f 4<n'-Vy + (j(/,2/>5*-f 4fl/r^+ 6-*
; niultiplyiiig this by

a+b we get

From these eKaniplcs we derive the following law for t{\e fr»rm-

atioii of the terms in the expansiou of d-^b to any required

power :

—

(1). The index of a, in the fust term, is that of the given power,

and decreases by unity in each succeeding term ; the index of b

begins with unity in the second term and increases by unity in

each succeeding term.

(2). The coefficient of the first term is unity, and thecouJlicii-nt

of any other term is found by multiplying the coetHcient of tlie

immediately preceding term by the index of a in tliat term, and

dividing tlie product by the number of tliat pr( ceding term. It

will be observed that the coeiricients e(]u;illy distant i'v{>m the

extremes of the exj)ansion, are '.qual. ^^
.

'
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Exercise xi.

1. Expand (u:+2/)«, (x+ 2/)', {x-^ij)\ (x-+v;'>.

2. What will be the law of sif/ns if -y be written for </ in il) ?

8. Expand (a-6)», (a-26)4. (26-a)4.

4. Expand (l4-m)«, {m-{-l)-\ (2m4-'l)'"-.

5. What is the coefficient of the -Ith term in (« — i)^** '?

6. Expand (a;2-y/)4, {a-2b^)\ (a^^/rJ)''.

7. In the expansion of (a — 6)^-, the liiird term is 60f.'^ '-^Z/^, find

the 5th and 6th terms.

8. Shew tliat (x+y)'^ -x^ -y'' = 5x,'/{x-\'!/) {x^ +xy-^i/^).

9. From (8) shew that 2 {(a - 6)* + [b - c)^ + [r. - ay] ^
5{a-b) (6-6-) (c-a) {(a- 6)2 + (/>-c')3 f (c - «)2 [.

Section III. -Hoknek's Methods of Mu^tipj.ication and
Division.

ExAaiPLES.

1. Find the product of hx^ -\ Ix^ +inx-{-n and 'tx/* -\-bx j-r.

Write tile multiplier in a column to the loft ol the multiplicand,

placing each term in the same horizontal hue with the partial

product it gives :

/.•a;3 -j-ZajS ^„ix -f;/ Q

nx'

+ hx

akx' -\-(dx^

-{hl:x^

-{-anix^

+ 'j/x'^

i-ckx'

•V\-nnx^

4- hmx''^ + Z'/zy;
f,,

-\-clx'' -jrcnix-\-<'n p^

akx'^ -ri'tl ^bk)x'^ + {a)>i f hi -^ck)x^ -\-{an-\-ljm+ d)x'- +
{hn-\-ctn)x-{-cn P.

Art. VI. The above example has been given in full, the pow-

ers of X being inserted ; in the following example detached coeffi-

cients are used. It is evident that if the coefficient of the first

term of the multiplier be unity, the coefficients of the multiplicand

will be the same as those of the first partial product, and may be

wsed for them, thus saving tlie repetition of a hue.
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2. Multiply Sx* - 2x'^ -2x + S by r/-^ +Sx - 2.

1,8 -2 4-0 -2 +8
+ 3

I
-f9 -6 H-0 - G +9

-6 +4 -0 +4^'2 6

/ ! 8a;« + 7a;* ~12x't4. 2^3 _ 3.^.2 _|_is^.r'>.

8. Find the product of (uj-3) (x+ -i) (a:. -2; (j; -5),

+ 4

1 - :}

+4 - 12

-hi -12
-2 - 2 +24

5

1 _r -14 +24
-5 +5 +70 -120

a;4 „ 0.^3 _ 9^3 ^().lj. _ 120.

4. Multiply x^ ~ 4x2 ^ o,^ _ 3 ^^y 2a;3 - 3

II -4 +2 -8

2 2 -8 + 4 -G [x^

U

-8 -3 +12 -6 + 9

2x^-Sx''-\-4:J^*-9x^ + V2x^-6x +9

In this example the miasing terms of the multiplier are supplied

by zeros ; but inst<^ad of writiug the zeros b,s in the example, yv€

may, as in ordinary arithmetical multiplication, '* skip a line
"

for every missing term.

5. M'lltiply x^ - 2a;2 + 1 by x^ -x^ + 'd.

1

-1
+ 3

1-1-0-2+0+1 . . . ,-

_1 ._o 4-2 -0 -1 [^*X:r*=a:«]

+ 3 +0 -6 +0 +8

05" — tjJC ^i'yjA _7j,.a 4.3

6.

G
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6. FmatheTalneof(u:+2)(u;+3)(x+4)(a: + 6)-9(a:4-2)(x4-3)

X^u:4-4)4-3(x+2)(a;-f3)4-77(a'+ li)-85.

4-5

+ 4

•4-3

(>

1 -4
4-i -10

4- 3

1 4-n

4-3

-13
•4- -30

4-77

1 4-3

i-2

-13
4- «

4-38

-85

9

7. Find the coo

cx + d and u:'^-^pr.+ q.

j

^4 +5J.-3- 7.r2 4-12:«

fficient of .cA iu the product of x -ax^ + ba:^ -

4-/'

a 4-6 -0 -f'f

j
+^/,_,ty,4.,y)

Exercise xii.

X' X \-x^ -x'^^+x 13\.

Find the product of

1. (l+.c4-a;2 4-a;3 4-a-4)(l-a;4-

2- (l4-a;^)(l -a;-^4-a:«)(l4-a;4-:i;^4-:c=^4-a.-^).

b. {x-5) {x+iJ) {x-D (^4-8); (2u;^-a;^-fl) (^*-^+")'

4. (a;^4-5cc2-16a;-l) (ic3-5a:2-16:c+l).

5 (6

Obtain the coefficients ot x^ and lower powers in

G. (H-^ar-^a;2 4-i\.x3-y^ .X4)(1 - ^a;_l.c2_^1 ,3 _
12ii

^•^)

Multiply 2x- -^3 4.3X - 4 by 3a;* - 2a;2 - x -1.

I

w
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MULTIPOCATION
A.Nj, ,.,v.SrON.

Simplify the folWiner.

'?; •
'''«' («) the Pm!«ct of the ^it «"

T''""''
"^ "'« ^^^o"''

oi tl,e seooud pair.
""" "'^ "'« ^"t Pair by the «m

(1)

(2)

(3)

(4)

X

X'

xA

x^
• ~i~X

1'3. Cxiven that tlie sum n^' fi xi

^o -1. iind their proT" " ^'^ "^^^^ ^^^^^-^Ws is equal

(1)

(2)

(3)

X H-^5 _^^8 ^^,3

+^''" +x' +x\

we find and suUract from i> the partialt"' 1
V^'^'"^ ^at could

would give the same result, could we ^'r'^''-^- ("^ what
each term changed), there would remam th„

'^
T""

*« ^'^" »'
which, divided by the monomial J. I" u

.P""''^ P™<J»cty',.
Tins .what Horner's method dTes'

1.,^"' ''' ^"°"«''''^'
secured by changing the signs of ild Tf °' "'S" ''ei"?
each term of,.,,

^^, respeoUvely ^ '' "^"^ »" f«<=tor8 iu

+

+

W»c«

+

4-

}

\



9.

-2x.

•

i -1, find

he secoijtl

' the wim

8 is equal

in the

lat could

for what

sign of

luct;>,,

tient Q.

being

[tors iu

,

.
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03

to

rw " r—

05 Cn " C- -^
. S • — '—

'

~ rT :-, ;> •"^ ^—

^

.

~ '^ l!.
'^ *

5 be tc r-- '"E
f^ —.

^ c ^
i:^-^:^

^ 1 < i 3 »4-l

U3

o "^ K^ ^H t*. ^^ r—<' '+3 fl
#b

> 00
' r— ;-i q

<-k» . ^ 0) C •• ;- '^ > "S Oi

J-
1 i 1

^ .2 ^T

^ :. •^

'J

\ -s 5
-ui >i ^ 0'. fl

c;

a
c q

,
to --

'^- s: d
c.

-^ a ^ -J
*->

• ^

J

:—
' r

c c c

— cc ,_, ^,

?; T^ oi ^ <A

!=l

+
K

+

•^ ~^ "c

4- + Q ;r:

2 .

^ a

CO

J -i .2 -S g

." "- to >•.
-^

a > ^' s
13 O) -i ^

^

r—

4

CO

• rH

-
h +

tf. y-

'r

tX)

^ - •-; ts)

a a

OG

--5

S C3 r-« ...«4

c r - :> :^ ;.

a.

c 1

::: ^ • 1—

i

^ 0) CO ^ •'^ -«-> «*-!

4-
>*

1

.t: ^- •>

r3
<4-H

3 CQ

jl ?^ J^ e>> 0)
1 c P <:?-

'^ J r-1

^^' -^ 1: ^ ""^
-2 ^ ^ r^ -^ -P^ CO -J CL' ^

-«^

h + ^ ^^
r- r-i

"Tli -^3 t^ a

60
Cfl

5^

>0

> -I V-

1
—^ ~ ^'
«C rt ~ >

l'» a ^ "^
r-J CO 2 0>

u5

—

<

2

a
CO •

:3Ts ^-

a
r—

1

^ '^ -' ^ (a

• •

•— 1—

t

• f—< • p—

(

C

,J3

IN

•-co,;3 .§

V
•

1 CI 3^9 ^
;-. •« ^ "^

•<-> e« OQ -. .,-1 w

1—

<

•I-H

00

T !.

\
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2. Diviilo Hr" +7a;''' - 12xA -^- 2j:» - n^T^ + 13a:- H hv r^JLpx-%

6

-3
+ 2

{x^^x^-^x'^^

?jx'^-iix-^-h -'2a: f a

Compare this example witii the soconc! fiTfl'TipIe of Horner's

Multiplication, performing a step in multiplivjation, then the cor-

respundiug step in division ; then anotlier step in multiplication

and the second (corresponding) step in division, and so on.

3. Divide a;^ - 3:^8 + 4a;4 -f 1 Sx^ - 7a:;+ 12 by x^ - 3x^ + dx

-

1.

j

1 _3 -^_o -4 -I-IB +0 -7 4-12

+ 8 i +3 4-0 -^) -30 -27
-3
4-1

-8 -0 -+- 9 +30 427 [x' -^x'-^^x^].

+ 1 +0 -3 -12 -9

^ x^ +0 -3a:3-12a:- 9; 0a;-4- ^x 4-3

The quotient is therefore aj* — 'dx^ - 12a;— 9, and the remainder

0a:2+8a;+3.

4. Divide a:« - r.r ..r^..^ _t.o,,4 ,^ r.^s 4. .1.^.2 4. 1 by ^3 _{_ 2a;- 1.

The zero coefficient in the divisor may be inserted, or it may be

omitted and allowance made for it in the 2a;— line. See examples

4 and 6 in multiplication,

I 1 _3 40 -5 4-2 -{-ry 4-4 4-0 41
-2 -2 +0 4-4 -4 -0 +2
41 1 _3 _2 +2 4-:^ -1

I

1 _jj _2 +2 4-'5 1: 4-r> +0

[x^ -f x^ ^X'"^] . The quotient is therefore x'^ — 3a:* — 2x^ -i- -Ix^

+ 8a;~l, and the remainder 5x,

5. Divide lOa;^ -lla;5-3.c4 420a:3+ 10a;2-f 2 by 5x^-^x^-h
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Arratipfinir p^ in ho ordinary nit'tlioil, ^ve have

10 -11 _ ;{ _|.20

+ H G -;{ C
-'1 -4+2
+1^ + i

97

5 2 1 2 + -1

4-10 4-0 4-2

f 12

4- '1 -M
- 2 -•1 4-H

21--12 -fin

Qaol.eat = 2^» -x^ --2^+ 1+ ._^, ,__^, ^,,^_,-

We first draw a vertical line with as mauy vej tical columus to

the righi, as are lesB by unity than the niunber of terms in the

divisor. This will mark tlio point at wliich the remainder begins

to be formed. Wo then 'divide 5 into 10, and thus obtain the

first coefficient of the dividend. We next multiply the remaining

terms of the divisor by the 2 thus obtained. Adding the second

vertical column aJid dividuig by* 5, we cbtain —1 ; we multiply

by the — 1, add tiie next column and divide the sum by 5, and so

on for the others.

This method is not, however, always convenient. If the first

term of the dividend be not divisible by the first term of the divi-

sor, the woriv would be embarjassed with fractious. We may
then proceed as in the following examples :

6. Divide x'^-r^x"^ -^x^ +i)x- -x + ',-i by 2x''^-\-x^ - Pv+l.

Let 2x= V, or x = ~.
-^

2

"Substitute — for x in the dividend and divisor, and wo have

^1
2*

37/4

04
_i_ iL L -^ -^ 23 ^ 2^

4^B 2v/3 ir
9.3

"^ '>a

8//

^ //•'— 2 X %•! 4-'-^-/// 4- 2^x %"-2 4//-f2-^x;-5

2^*

iya_|.^3_2x3//4;^j«_

_ y^' - <'/Ai+ -^.v^
+'-^ 1//- - i(>!/+*^Q

/y 3 4- //^ - <»//
4-

-l J.

li
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Dividinf? //<» ~Cu,* + t//^ -f-2 !//« - lOy+ On hy yS +y/9 - 0^+4 by

the oriliiiiiry mulJiol, anil the 'inotlciit Ijy 2^ wo havo

i 23
_1_ }U)va~ n4i/_-2H
23* tj-A J^ifiZCi^i'^T'

Substituting' for // its value 2a;, and simplifying wo get

2

7.C 17 1 .S!)x3-57a;-7_

8 2a;3_|-:c2-ac-fr

'1..

/?.

By compa' ing the dividend of A witli the original question, we

find tliat we liavo multipUed th(3 successive coefficients of the divi-

dend by 2", 2^, 23, &c., and. omitting the first term, we have

multiplied the successive coefficients of the divisor by the same

numbers. Dividing tlien by Ho'L-ner's division we get the coeffi-

cients 1, —7, 17, and for cocffici'nts of remainder, -39, 114,

and 28. The first of these divided by 2, 22, 2^ are the co.^ffi-

cients of x^ &c. ; and, -89, &c., are divided by 1, 2, 2^, Hence

the work will stand as follows:—

i*

x^-'dx^-\-X''+ y>x^~ x-i- 'd^2x^+x^-'dx+l
1 2 4 8 16 32

. -1

+ 6

- 4

1 -6
-1

1-7

+ 1 + 24
J. 7 -_i7
4-;i - 42

- 4

- 16+ 9G

+ 102

+ 29-68

+ 17 -39 + 114+28

1 4

1 -6 +4

X?
*Quotient = —

a5»

Ix 17

T+ 8-

Ix , 17

114.r 28

2 4
1 39^2 -

^
2x^-fx^ -3X + 1

1 39a;2 - 57a; - 7
8' 2aj"3+a;2_ 3.^+1*

It will, In RGiieval, be as convenient to ranltiplv tho 'lividnnd bv such a num-
ber as will muke its lirst t^nu oxaotiy divisib'o by tho li-rst term of tlie divisor, and
afterwards divide tlie quotient by this multiplier.
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7. Divide ^x" -\-2, by Hx^

-

2u:+ 8.

rix" 4-2 -+- 8a;9 -2x4-3
1 8 9 27 81 248 1 » P

5 4- 486 -2 4-9

+ 2 10 4-20 - no 280

-U -45 - DO 4-225 4-12(50 t-

5 _^io „ 25 -140 _ r,5 4.1 74(1.

CoefFs. of QMotiont=: -—

u

10 25 140

:{2 ;;» 8*

1 nr, - J-V"

:j4 8__24-8'

Quol.ioiit,= ^ _|-

'ir>x 140

27 "' HI

1 55;^ 582

br8a:2-2;c4-:r

Exercise xiii.

1

1. Divide G3;'' + rM-4-17a;^ -rv;-4-10^--2 b\ ;;x^+:i^ 1. '

o /.-... «_!_/;.>. .•_i_ IN • /^2_L«^» , a. n

lucli a uum-
1 divisor, aud

•)X \)X

;i. (-/* Cm/ 4- 5) ^•( f/
a -9 '/ 4-1).

4. (x''-\x->r -^x^n'^- ITj;//'^ -12//'^)-f.(r2--2.rv--8v2).

5. («« - a^t-tx- +aaa./4 - -;r«) - {a'^ -?Mi-x+ dax'- - x-^).

Divide

1;. AxA 4- Hr2 - 8a;4- I l>v ir^ - 1:, 4-8.

7. 10./:-^4-ru-^-90.*r"^ -4-la'"4-10x+ l byx2 -9.

i). Multiply x*-4x^" + Crx"'r^ ~4xn^ -\- a* by x- 4- 2a;(/, 4- 't-,

md divide tiio produce by x'^ - 2x'-^(i+ 2xa^ -a^.

Divide

10. x' ax4 4. / .,.3 __ /;.,.2 4. „x - 1 by a; - 1

.

11. 0a;'^4-7;/.-4 4-7u,-3 4-Cx=*4-fe4-5 bv 2^-2+.r4-l.

12. (;(•(./•* f ./ ^)4-yi^'.y^x*'^ ' //^) by hZ^2 .. j;-]^,/ + r>//'

-'^
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»0 MUiiTipr.icA'rroN and division •

!.'{. (;^« — 4Hl4jft^7Jj^4 4.Hl^3-H]^-+8r.u; -IK I by X- RO.

1 1. C^«-x^4- 2^* -2^3 +2x^+ 19^+ by JJxi^-U^i,

15. «0^+ 2//)a--/>(2^/ + 6)3 by (a- A) 3.

!

17. 10.c'"4-J(U" + l(U3_200 bv./;'4-u;»-.c-f 1.

. li). Multiply J-f i^,uj-18x=' Oj I- '^=*.<;- + :]^^ aiul divide tbe

product, by \-\r\}x — '>)x'^.

Find the romiiiiiders in the I'Mllowiiig cases

:

20. (x-«-f-:-5u'- + i^+5)-(.c-2).

21. {x^~)^x'^^\x-'ii)^[x- i).

22. (.*;»+ l./v*-}-l.;.c+ H)-^(^"-h-)

2;-3. (2,.c-*-/yM-i-0^x'-2//).

25. (5^1 +90x^1 +80^2 -lUUu;+50U)-r(.c+ 17).

If

Art. viii. Tho I'ollowiug aro examnlca of aiiimportaut use of

Horner's Division :

1. Arrange x'-^ —iSx^+lx— 5 in powers of .i;-2.

;
1 -6 7 -5

2 -8o 1 -2

-4
2

-1; -7
-4

2

-2
-1-2

-5

i 1

;

Hence, x^ - (5.i;2 +7^;- 5 = {x-1)^ - 5{x- 2) - 7, or as it is gen-

eraily expressed , u;^ - Ou;^ -h 7u;- 5 2= // 3 ~ 5//— 7 i f // = x - 2.



MT'LTIfM.ii ATI N ANO niVlHTON. 61

-RO.

livitle the

taut use ol

2. Ex})rfi8s x*-f 12r'»-f lTic3 4-<''«Jj;+28 in powers of x-hA.

-8

^8

-3

1 12 •17 sw; 2«
-3 -27 (50 -IH

1 9 20 (i; 10
-8 -18 -0

1

-3
2-

— M

1 ^\ -7
- 3-8

1 ; 0.

Hence a;4+ 12a;3 + 17j;« 4.r,Cr+ ':S = y* -7//'-' +10 if // = a;+3.

After a few aolutiona liave been written out in full, aa in tlie

above examples, the writing may be lessoned by omittin^j: tlie

lines opposite tlie merements (—2 in Ex. 1, and 3 in Ex. 2), the

multiplication and addition being performed mentally. The last

example written in this way would appear as follows :

-3
12 47 00 2H

9 20 6 (10)

6 2 (0)

3 (-V)
(0)

V
2.

3.

4.

- 5.

6;

7.

s it is gen- 8

2. 9.

Exercise xiv.

1 Express x^ — 5a;^ + 3x' — 8 in po v. crs of .*;— 1

.

a-=*+ 8j;2+6x-|-9 " x-{-\.

.T^-Sa^s +2 1x^-82.^+97 in powers of x-2.

3:«'^-a;3+U'-+5a:-8

x^ -Ix^ + Ux^ -lx-\-iQ

a;3_2a:--ia;+9

a;S-9aj3//+ 0./;.;--8y3

x^ ~ 5x^y + 5xy^ — y'^

u
jc+ 2.

t« x-2,.

n x-U.
it «-|.
<4 x-2>/.

i< x—y.

'X'
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10. (< S.r3 4-1 '2x^;/+ 1 Ox</'^ 4-P^' •• 2ff;+y. A ST

11.

12.

,.3 _ :t'v.a _!_ < r _ ^^ CI

x-h± •

bv writ

+ 66-+ ^

c
the lott

!

'i I

CHAPTER II

Section I.

—

The Principle of Symmetry.

Art. ix. An expression is said to bo symmetrical with respect

to two of its letters when these can be interchanged without

altering tlie expiession :

Thus if in a^-}-u^x+ ox^-j-.r^, we write x for a, and a for a;, we

/^'et a;'^-f-i«^^'+u:(/^ 4-'^'''^, which is identical with the given expres-

sion. Ho, ill x^'^ -t-b^x-\-ba~\-a-x, if we interchange a and b, there

i-esu\U x^-\- a- x-\-ab + b^X which, is identical with the given ex-

pression ; but it will be seen that tJie expression is not symmetrica)

with respect to x and h, or x and a.

An expression is symmetrical with respect to three of its letters

a, b, c, whon a can be changed into b, 6 into c, and o into a, without

altering the expression.

Thus «3 -f-/;3 ^(^3_Qabc remains unaltered by changing a into b,

b into c, and c into «, and is therefore symmetrical witli respect.

to ti.ese letters. So, ft^b-^l^a+.(^r-\-r"a-\-b^c+ bc», and (a-b)'-

+ (ft— c)3 -|- (c — «)*, are e.ich symmetrical with respect to a, b, c.

Again {x — a) {a—h)^-\-(x—b) (h — c)^ -f (x-c) {e-a)^ is sym-

metrical with respect to a, b, c, but not witxi respect to x and any

of the other k Iters.

Generally, an expression la symmetrical with respect to anv

n limber of its lettej's a, b, c, . . . h, k, when a can be changed

into 6, b into c, e into d k into /c, and k into a, without

altering the e}k.presbion. \ ^

Wi

1 V

x(.^a
2 S(

respect {

She

8. (x-\

4. (^4

respect tc

5. (ab -

to a and

0. a'{b

7. (ac-i

with respi

8. .c«-f

9. \x-' -

pect to X i-

10. a(a-

with respe

11. ab[-

respect to

12. a^b'-

With

13. xyz-\

U. 2(aa

15. (f^-

1% -
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\
'TV
2.

ith respect

d without

a for as, w«

en expres-

ad b, there

given ex-

yrmmetrica)

its letters

a, without

ngainto b,

Lth respect

iud {a — by-

t to a, b, c.

\)^ is sym-

\x and any

^ct to any

|e changed

I, without

A symmetric function of several letters is frequently represented

by writing each type-term once, preceded hy the letter s ; thus for

a-\-h+ ('-{- ...-[-/. we write Srt, and for ah-\-<(c-\-ad-\- . . , .

^bc-\-bd-\- . . . (i. e. the »^um of" the products of ecery pair of

the letters considered) wo write '^ao.

Exercise xv.

Write the following in full

:

1. ^a^h, ^{'i.-b)^, :ia{b -r), ^ah{x--r), -^^u-'h'^c, ^{a-\-h)

X{r—a) (c—b), ^ [[({,-{-(•)- -b^}, and :^a{h-^-ry^, each for a, 6, c.

2. ^abc, ^a^b, y^a"hr, v («_/,), and 2(V
3
(a -6), each with

respect to a, b, c, d.

Shew that the following are sytLUiiotrical

:

3. {x-{-a) {''i'\-h) {h~\-x)-]-(il)X, With respect to a and b.

4. (rt+i)2+(rt — 6)3 with respect to a and b, and also with

respect to a and —b.

5. (rt6 — ic,7)- — ('f 4-'' -u; — ?/){('?/-'(.;;+//) -.r//(<t-|-6)} with respect

to a and 6, and also with respect to x aud y.

0. a*'^(6— ?) — /^2(|^, _i7)_c2^/, _ ^) wiih. respect to a, h, c. .

7. (ae-\-bdy^-{-{br — ad)'- With respect to a* aiul //-, and also

with respect to c^ aiiil d"

.

8. ^'^ \- y'' -}-dxy{x^ ~{-xy -{ y^) with respect to a; aud y.

9. {a;-^-?/3+3x//(2^4-//)}-^H-{^'^--^^+3a;//(2/y+ a;)}s with res-

pect to X and y-

10. a(a+2f>)3+ 'j(/>-4-2a)3 with respect to a aud 6, and also

with respect to a and —b.

11. a6[{(r/ + r) {b+ r) + 2c(«4- /')}2 - (a-c)' {b -c)*] with

respect to «, />, c.

12. ^f2/,2^/,-2^::_|.^.j^^j^2u/jr(rt4-/'-f-r) with respect to ab, be, ca

With resppot to what letters are the following symmetrical ?

13. ;i?y«+ 5.7:.v+2(a;2 4-v2).

U. 2(a2j;- +/>••'//='> --2(i/>(.n/+ ?/z -1-2^).

15. (/'^-/i-')2-f 4(/i'{ /-f /<^^-«-^?./7i-2//-)».

v.

H,

'
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16. (x-\-i/) (x— z) {ij~z) — xiiz.

17. aM>'^-\.h'^c'^ 4-c--'a'-^ - 'labc{a+ h -c).

ID. (a+ /y)-+(^<.+ ''')^+ (/>-t')*.

20. i^a + h)^-\-{a-rY-\-['o+ c)^-\-[aJrc)'^-

21. (a+/^)'i4-(a-c)'i+ (//+f)44-(a4-c-)'^ + (f-o)*.

Select the type-terms iu :

•22. r/2 +2a/>+ //-' +2//.+ 2 +2m
23. a(//-'-r!'')-f/;ica_,y:i)_|_,.(,i'i_^2)4.(«^./,) (/,+ ,.) (c+ w).

Write down the type-terms in :

25. (.t'+//)'% (a;-2/)^(x+;y)«-a••• //•\

26. (x.^yy+{x-yy, {x+yy-{,c-yy.

27. (:o-+//+ 2)4, (x—y-~z)^.

28. (a + 6+c4-ri)4, (^,-' +//-'+,.'.' +,/->)^.

29. (rt+6)3+ (i4-c)3 + (c+a)3.

Art. X. In reducing an algebraic exprej^sion from one form

to another, advantage may be taken of the pruici-le of symmetry

;

for, it will be necessary to calculate only the type-terms^ and the

ethers may be wntien down from these.

Examples.

1. Find the exj.'ansion of {a-\-h-\-v-^il-\-e-{-kt.y

This expression is symmetrical with respect to a, 6, c, &c.

;

hence the expansion also must be symmetrical, and as it is a pro-

duct of <t6'u factors, it can contain only the squares «2, h^, c^, &c.,

and the products in pairs, ah, ac, (n. . , . . be, hd, &c. ; so that

rt^ and ab are type-terms.

Now (a-i-b)'^ —a'^-\-2ab-{-b^ ; and the addition of terms involv-

ing a, b, c, &c., will not alter the terms a^ +)iab, but will merely

give additional terms of the bame type. Hence irom symmetry

we get
"

\
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+ /;? +vV/H-2/v/-f2^r4-

4-^/2 -f2,/.-f-

+''2 +
Till 3 may be compactly written

2. Expaud {<i + b)^.

Tills has been found by actual multiplication—see formula
\J>]

—but we may also proceed as follows

:

(1) The expression is of three dimensions, and is symmetrical

with respect to a and h.

(2) The type-terms are o^, a-h.

Hence [a-\-l))^ =a^-\-li'^ \-v{(i/~h-\-li-{i), wlirr*^ /; is nnmen'ral.

To find tJie value of n, ])nta=f = 1, and we have (l+l)-* =

J-f-l+ /i(l + l); .-. v = n.

8. Expand (a;+v/ + 2)-'^.

This is of three dimensions, and is symmf^trical with respect

to X, y, z. We have

{x-\-!/+z)^ = {(x+y) +z} » = {x+y)^-\-&r..

-x^ \-^x^y-\-&c., which, are type-terms, the only other possible

type-term being xyz.

Now, since the expression contain:'. f^x~y, it must also contain

'6x'Z, that is, it must contain f)x-(y+z). 11 once

(x+y+z)^ = x^+dx'^(y-}-z)

-^y^ + '^y-iz-i-x)

-\-z^+iiz^[!j+x)

•4- niinjz), wiiero n is numerical, and

maybe found by puttinu: x — y = z=l in the last result, giving

(l-f1+l)3=:l+l-f.l+3(l + l)-l-3(T+l) + ?>(1-f-1)-fu;

ii'
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4. Similarly we m.iy .shew that

5. Expand (rt + ^> + r+,tc.)3.

Tho type- terms are ^(3^ ,^2/^^ ^ff^^^

Expanding {i(i-h'\-c)^, we get a'^ -^'A,(''ilj-{-Ga.bc-\-&o,

Hence by symmetry we luive

6. Simplify (a-{-h-'2r)2+{/>+ c-2,(yf +{c-\-a - 2h)^.

This expression is symruetrical, involving terms of the types

a^ and ah. Now a^ occurs with 1 as a coefficient in the first

square, with 4 as a coefficient in the second square, and with 1 as

a coefficient in the third square, and hence 6c/ 2 is one type-term

of the result : ab occurs witli 2 as a coefficient in the first square,

with —4 as a coefficient in-tlie second square, and with —4 as a

coefficient in the third square, and hence — 6ah is the second

type-term in the result: hence the total result is 6 (a2-f/>2_j_(^9

—ab— bc—ca).

7. Simplify {:k-{-ij-{-z)^-^{x— y — z)^ + (//'- z — xy -}-{z — x-y)^.

This is symmetrical with respect to x, ^, z ; and the type-terms

are x^, 8x^y, Gxyz :

(1) 03* occurs in each of the first two cubes, and —x^ in each

of the second two cubes, .*. there are no terms of the type x'^ in

the result.

(2) Sx^y occurs in the ^r^^ and i/Urd cubes, and —dx^y in the

second and fourth, .'. there are no terms of this type in the

result.

(3) Qxyz occurs in each of the four cubes, .*. ^ixijz is the total

result.

8. 'Prove (a^-^b^+c^+d^) (w^+x^+y^ +z^)-
(aw 4-bx+cy +dz) '-' = {ax - hir) 2 + {ay - \gw) 2 + {az - div) 3 -f

{by-cx)^+{bz-dxy'^+{cz-dy)^. {
•
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The left hand mt'inher (considered as given) is symiDetrical

with respect to the pairs of letterf!, a n.ui w, b and x, c and ?/,

d and «, tijat is, any two pairs ip-^ • bo interchanged without

affecting tlie expression. As tlio expression is only of the second

degree in these pairs, no toi'a cau involve tiireo pairs as factors
;

hence the type-terms mi.iy be obtained by considering all the

terms invoUing a, h, w, j; ] these arc a^w"^, a-x-, h^w'^^ h^x^

^

— a^w^, -—h^.'-', - 2r//>tr;*;, and are the terms of («»;— /;/(')
^ -which is

conseqiifii^ly a type-tevm. From (ax—bw)^ we derive tlie five

other turms of the second member by merely changing ihe

letters.

9. Prove that

a complete sqr.;i:o.

The expression will remain symmeti'ical if (u:^— //z) (//-— ca;)

(Z^ —a;/y), instead of being mnltiplied by —8, be subtracted fj'om

each of the j-r-iceding terms, thus giving

{x^ — yz)
{
(x-- - / 2

;

'^ — (//2 - xz) iz'^— a:?;)

}

'f (?/^ - zx) {
d/'-^ — zx 1

- —
(
z^ - xij j (a;-' - yz)

\

-flz-'-x'/y) {(z"-~xy)--{x-'-.z) iy^-^zx)}

-^ (x- - yr. )x\a;^ -\-y ^ +2^* - oxyz )

^'-&c.

-f&c.

~[X'^ Kv^+-^ — '^•c.'/^) {x'^-{-y'-'-i-z''^ -'dxyz).

Exercise xvi.

Simplify the following

:

1. (a+ /'-hn3-f-(r<.-f/>-(')- + (A+ c-«.)2 4.(t-|-a-?y)3

2. (a-6-c)iJ + (/>-./-.-r' + |r-a-6)-.

l-i. {a-\-lj-^c-dy--^[h-{-r-{-d-ay'i-Jr[('-^<l+u-b)^-\'

4. (a+b-\-c)^-a{h-\-r-a)-lj{cf-}-e~b)-cia-{-b~c).

5. {x-{-y+:i-J,'ny+{x-y~z-\-ny'+{x-y-^z-ny+
(x+y-z-n)^.

6. (rt+6+c)3+(a+i- c)3-f-(/;4-c'-a)3-f(c-+a-/;)».
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7. (x~%i~^z)^-]-{;/-2--;ix',-^^{z-'2x-?,>,)^.

Prove tlio followw.

11. ('^./•+/.//4-^'2)-+(/^a-f-n/+./^) ^ 4-:>a7+r/7/+;>.r)3+
— o2(.r-> 4-/.^ +r--'

,) ix^ +,y2 4.,2 ) _|_ I (./,+/,,+,,,)(^_,^ ..|. ^, _^ ^.^^^

13. (^<+/>+ ^~)4 = 2./4_f.4v,,.3/,_L(;5;,^o-2_|_i2v„2/,,,,

14. (2'0'^ = 2:<'*+-l^'/3/^+ C2a2/>3^.iO2;.,2/,^+ 24s«^>.v;.

15. (rt2+/,2^,.2)3+2(,,/>4-/„.+

(a6+ i^;+ rv/ ) 3 z= (r< 3 -I-
/, 3

_J_
^. 3 _. f^,fl^,.^

IG. (^'-/>)^(^>-r02 + (/>-6')2(._.,)2 + (c_a)2(,,_/,>,2^

m)-'5-3((/2_j_/,a^ 3^^

f«2+ /;2_|. •a/> r/c-H
17. (2r/-/>-c)'-^(2/>-^-^)2 + f2/;_^_«)o^2r-^-?,)2^

18. {rir^+2hrs+ r.'i^){ax^-{.2lm/+ ry2^~
{arx-^h{nj + sx)-\-c,<;j/} 2 = (rrc ~ h i)(n/~sx)^,

{m + ad+hd){bc - ad) -{-(he — ad) 2

.

^ ^

20. SliGw tliat there are two wa\s in which the ^iven prod
in the last example can be expressed in tlie form p^

^iven

two ways in wliich it can be expressed in tlie form p^ -pq+g

(ir-y)^ + (w^z)^-^{,v-z)^-i-{x+i/)^+ {x-y)'i^{x+z)'i +

22. i{{a+b+cy'+ {a-b~c)^+{b-c-a,y+(c~a-.by}^
^{{a'\'b+c)s-] ^a-b-cy^^(b-c-a)3^(c-.a-b)^}X

Inet

and

i{(a-hb+c)2^{a-b-c)2-j-{b-c-a)2+{ a i)»}.

l
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Slir-TION ir.

—

TH'. KY OK DiVISOlIS.

Any oxpressiou Tvliicli can ho retlnccd to the form ftx"-\-hx"'~^ +

(.a;«-2_|_ . ^ , . _|. _ ^ ^ ^f,j.^/-^ ii2 wliicli 71 is H i)ositive

integer and a, b, c, . . . . h, k are mJcpenilent of x, is c;"'^ioa

a PoLYNOiiE in x of der/rcr n.

The expressions /(u;)", F{xy\ ^{x)"", are used as general symb.^1.-^

for polyuomes ; the index n. m. indicates the degree of the vviy-

nome.

Theorem I. If the polynome /(a;)" be divided by a?— a, the

remainder will be / (a)".

Cor. 1. f{xY—f{(iY is always exactly divisible by x-a.

(Particular case: u;" — a"is always exactly divisible hy x— a).

Cor. 2. lifiaf = 0, /{x)'' is exactly divisible by x-a, i.e., /(.«•)"

is an algebraic multiple of x — a.

Cor. 3. If thj polynome t(xY on division by the polynomo

^(a;)'" leave a remainder independent of x, such lemaliuler vrill be

the value of/(u;)" when tp[xy" = 0.

Examples.—Theorem 1.

1. Find the remainder when x'^ — Ix'^+ Vdx^ — 10^2 -}. 9^;— 12 is

divided by a; — 5.

The remainder will be the value of the given polynome when 5

is substituted for x. (See Art. III.).

I 1 _7 +13 16 +9 -12
5 i

^5 ^10 15 -5 20

3 -1 4; 8
i
1 -2 3

Hence the remainder is 8.

2. Find the remainder vfhen (x—a)^ -\- (x— h)^ -{-(a-\-}))^ is

divided by x-^-a.

For a; substitute- a, then( - 2a)3 + (_ r, _/>)3 + (,, +/,)s ^ -Sa^.

8. Find the remainder ^\'\nm x''^'i-a'^-\-ir'-^(x-{-<i){x-i-h)[u-\-ij)

is divided by j; + t^-f"6.

)< if
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For X snhstitnfo - {<f-\-h) jind we get

-{a-\-h)^-\-(i^-\-h^ + „h[,i + l.) z= -'lah{a+ h). Seo Forrmib [6].

4. Find ill remain(!or when {ji^-{-'l<ix-1a")^{x^ -'lax-'2.u-)

+ 82(a;-r0*(.<.-+«)-t is diviaed by .r^ - 2^/'-^.

x^ — la^ may be struck out wherever it appears.

This reduces the dividend to

In this substitute 2^^^ for x^ and it becomes

-I)4r<^+a2a« = -32^<^

winch is the required remainder.

Exercise xvii.

1. Find the remainder when ijx'^-{-^M)x'^ + oAx^ — ^Qx-^-^S is

divided by a;+ 19.

2. Find the remainder when px^ — ijqx- -{-'Srx— 1< is divided by

x— a.

3. What number added to Ax'' 4- ?Ax^ + 58.1^3 + 210:3 _ 123a;- 41

will give a sum exactly divisible by 2:t;+13 ?

4. What number taken from lUa;^ « - 20^8 - l()aj« - 'H',)x^ -
8'9a;3+.20 will leave a remainder exactly divisil>le by 10a;~ — 11 ?

Find the remainders from the following divisions :

5. {x-{-lY-x-' -^.r-^1, and (u.^+^«+3)3 - (aj+rt+ l)3 -^ .r+2.

6. «"+//" -f ic- 7/ ; a;-"+//^" -=- x+y ;
a;'^H+i^y^-^u+i _^ j^_j_^^

7. (a; + l)3+.^3 + (^_l)3^a;-2.

8. (a;-a)3(a;+a)3 4.(a;3-2/>2)3 _^aj3+/>2.

9. {x- \-ax-\-a^){x^ - ax-^ii-^)-~{x^ -3ax+%i^){x'^ + '^((x+ %i'^)

-^-a;2 4-2.y3.

10. (•)a24-Ga/>+ 10^)^1)^3 -(ja//+-4/>3^(8i,,,4_y(5^^a/;2 ^ i(;/>4)^

(3a- 26)3.

12. («a; + />i'/)^+-«3^^y;5_|./^33j3_3^^/j^^^,^^-P_}.5yy) _i. (rt_^^j)(3.4.y^^

18. a;3+ rt^ _|_ /,;» _ 3^,/^^. -i- ,^ __ ^^ _j> ^ ; ^i^^j _^ ^. _j_ ^_^ g^igQ j.

x— a-'b, '\

I
n 3-



THI-OBY OF UIVISOKS. 41

14. Any polynoine dividrd by a; -1 gives for rdDtiiiKlev the

sum ol the coifiicients of tlif^ terras.

ExAMPi.EH.—Con. 1.

1. x''^-{-!/''^ is exactly divisi])lo by .'+.'/•

in '^x" -n^ is exactly divisible by x-nr snbstitntp -// for a.

2. y„x^ - px'i J^nx^u! A, p +(i IS exactly divisible by a;+l.

This may be written

|;,aT''-/.:c2+r.r}-{m(-1)S-p(-l)2+ 7(-l)l is exactly divi-

sible by jc- (
- 1).

8. (a;24-bX'/+'l//^)''4-(i^"+ "a'//+ -l7/-)-''' i? exnctly divisible by

{x^'hjY'. For {a^'-^+0^7/+^l//2)-''-(-a'2 _2:/-//-l//2)-^ is exactly

divisible by (a;^+(;.c/y+ 4//2) -(-x-a -2u://-4y/2), \viiich is

Exercise xviii.

Prove that the followinc: are cases of exact division :

also -f- x- +iy^.

5. {"ly-xY-^tx-uY-^^y-x).

6. (2?/-ic)2"+Hi-'^-//)-"'^^-y+«^-

9. (x-'4-:fy+2/'^P'+(^;2_^.,^+ v/2)3 ^2(a;2+ ,/S).

10. {a+ by-{a--hY -r^}.h[\^n^^l^).

12. («+ 6)'^"+2+ v"-''')*"-^'^-l'--f/^')-

14. 3a-3 - Ga;2 + 4.*: 2- .i;-!.

%\
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n

I!

I I

15. Any polynome in x is divisible by x—l when the sum oi

the coellicients of the terms is zero.

16. Any polynome in x is divi8i1)le by x-^1, when the sum
of the co(3fficieuts of the even powers of x is equal to the fium of

the coeflioients of the odd powers. (Tlie constant term is in-

oludoil auioiig the coefficiouts of the even powers).

Examples.—Cor. 2.

1. Show that a(a-\-2h)^ ^h{'la-\-b)^ is exactly divisible by a+ ft.

By Cor. 2, the substitution of —b for a must cause the poiyuome

to vanish.

Substituting; a{a-2ay +a(2a-a)^ = -n*-ha* = 0.

2. Shosv thsit {ah — xij)''^ —ia+ b — x — y){alj[x-\-y)-'Xp{n-^b)] is

exactly divisible by {x — a){y — a), also by {x— b){y~b),

For ae substitute a and the expression becomes

(ah-ay)^ -(b-y){nh{a-)ry)-ay{a-rb)):»

a'^{h-y)^-{b-y){a^[b-y)}=Q.

The expression is, therefore, exactly divisible by x—a. But it

is symmetrical with respect to x and y, hence it is divisible by

y—a, and as a; -a and?/— ^* are independent factors, the expres-

sion is exactly divisible by {x — a){y — a). Again, the given

expression is symmetrical with respect to a and b, hence, making

the intercharwjjj) of a aud 6, the expression is seen to be divisible

^y{x-b){y-h),

3. Show that 6(rt« "!-/>•'* H-c'^) - 5(a'^ +//3 4.c-iX«« + 6« + c») is

exactly divisible by a+^+c.

For a substitute — (6+c) and the result which would be the

remainder were the division actually performed, must vanish.

6{-(6+c)*+6«+';5}-5{-(6 + c)s+63+c8}{(6-|-c)2+63h-c2}

= 0{-(<')+c)^ + 6^+c^}-h30k'(6+6v(62+6c + c2). See [IJ and [6]

.

The expansion being of the 5th degree, and symmetrical in h

and 0, it will be sufiioient to show that the coefficients of 5*, 6*c,

b'^c* vanish, the coefficients oi 6^c^, 6c'*, c^ being the coefficients
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um 01

e sum
,um of

is in-

of M]ft former tprms in reverse orclor. ('alcnlatinpf the cucfTicieuts

of these ty)u' -terms we Ljet

which evidently vauiahes. Hence the trnlh of the proposition.

4. IfrT+ft.fr = 0, ^(,/
''-!-'>•' +'••"')= A ^" '+'>- +c3)-i(a3 + /v3 +,.3).

In the last example it has heen proved tliat the lUjfemirfi of the

quantities here declared to he equal, is a multiple of n-^-b-\-c, i.e.,

in this case, a multiple of zero, lience under the given coudiiion

they are equal.

Exercise xix.

Prove that the followins are eases of pxact division :

1. {ax— hyy'-\-{hx-aii)^ — [<i'^-hn'){x'^-y''^)-^a,b,x, y, a+h,

X" y.

2. ax^ - {a^ -hhW-^h^ -^ n:c—b. (Suhstitut'^ ax for b.)

o I
(ax-^hi/)^ — {a - b)

. .c +z){ax-\-hi/) -\- {a — b)'xz -r- x+//.

\{ax — oi/)^--[n-\-b){X+z)[((X—b//)-\-{a-i-b)^.iZ-T-x-ry.

4. Qa^x''^— dtvaj'* — lOaxi/ — oa-^'//4-^.*''"// + ''^.v^
-^ '-^"x — y,

6. l-2r/4a;-16-32rt3a;3 + 4'Ba2^s+ -9rra;4-ar'^ -- •(ma;-2.c2. i

7. {''.-d)a^^i:>{hc-bil)aJr\){b^r-b^il) -^ a+ ?,b.

9. «(rt+2/>)3-6(/>+2rt)3 -r-a-h, hIs ; -^ «+6.

10. a'^ -^'laH^+ a^b^ -ira^x^ -'lah.r' -yb'^x^ -=- {a~h){x^a).

11. a(ft-c)3+ 6(r-(/)^+r(a-6)s -^ («-6), (^-c), (c-a).

12. fl3(/,_^.)4/,3(c_«)4-r:5(a-ft) -r- («-/•), (/>-,;;, (o-«).

13. rt*(6-c)+ />4(c-a)+ o4(rt-//) -4- (rt-/;), (6-0), (c-«).

14. {a-bf{c-d)^-\'{b-c)^{d-ayi-{d-b)^{^a-cy ~ {a-b),

[b-c), {c-d),{d-a).

15. {{a- /;)2+(6-(:)M-(c-a)-}{(« ^/;"r2 + (/>-c)2a2 +
(c_a)262}-{(a-6)2c + (6-r)2a+ (r-«)26}2 -^ («__/.), (6-c),

(c — a).

16. (a;-ft/)(t/+2;)(z+ic)4-u:^z4-u?+ 2/+2.
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Is

k

18. (ah - hc-eayi-n'ih^ h'ir'-i - r'ht'i -a^h-r,.

EXAMIM.KS. COUS. H A.N]) 2.

I . Find ilie value oiAx-' +l)x» - :^x^ + 'J;0.»;+6 when 2a;» = Sar -4.

Since 2^;'' — .S^-|-4 = 0, we Jiave simply to tind the remainder on

division by 'Ix'^ ~'6x-{-\, and if it is iudepeiuiunt of x^ it ih tht

value sought, Cor. 8.

14 9 -5 23 6
8

j

e 9 15 -3
^4

;

-8 -12 -20
2 1

"2 "~ '

4

103 5-1;
Hence the required value is 10.

2. What value of c will make x^ — 5a;^ +7^: — /? exactly divisible

by aj— 2.

If 2 be substituted for x, the remainder must vanish. Cor, 2,

I

1 -5 7-6-
_ 2 -6 2

1 ~8 1; 2-6-

Hence 2 — r=rO. or /• = 2.

8. Wliat value of (? will make 6.r» — Hr^+rar^ -20a;»-f 10a;-5

vanish when 2a;2=33r— 1 ?

By Cor. 3, the remainder must vanish wlien the given poly-

nome is divide by 2a:^— 3x'+l. We may divide at once and find,

if possible, a value of c that will make both terms of the remainder

vanish, or we may first express cx^ in lower terms in a;, and

then divide and find the required value of a from the remainder.

Ist. Method, (see page 28),

6-10 4c -160 804 -160
3

-2
It 24 12C+86 86c -420

-12 -16 -8c-24 - 24c+ 280

8 4c+12 12c-140';^28(--140 - 247+120"



TMKull^ UK DlVlHUhh. 46

inder on
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divisible
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n poly-

ndfind,

naindei'

X, and

ainder.

l60

580 ,

:2o
^

H(;nco 2Hr = l 10 and 2l< = i2(». Hotli of these are ,i;iti:-trtt'd \>y

2nd Method. u;3 = i,.f(Hx' - 1) = i;.r« - iur= ;;(iU'- 1) i^ =

bubstitiitiijj,' lor r,(-< in tlic u'ivt'ii pois uome it becomes

Ox-* - fu;-* - 2(U-- +(lic4-iy)x' -- if -5.

Divide and apply Cor. 8.

i (3 -10 -100 28f + :{0l -24r 160
8

2

18 21

12

12

80 -420
~1« - 24 280

,
6

'""'
8 12^-140; 28-:~140 -24r+120

We thiiH obtain the same remainder as by the fornuir metliod,

and consequently the same result. A comparison of tlie two

methods sliews that they are but slightly dill'erent in form, but

the second method shows ratlier more clearly tliat c netul not bo

introduced into the dividend at all, but lie proper multiples of it

found by the preliminary reduction can be added to or taken

from the numerical remainder, and the *' true remainder" be

thus found, and c determined from it.

I'

Exercise xx.

Find the value of

1. X* -'Sx'^ + 4x-^ -?,x-\-i, friven x^ =x 1.

2. x'^-2x*-ix'^-[-inx-^ -Ux-lO, given {x-l)^ = ±

8. 2x-> - IxA+ 1 2.6-3 _ 1 ] .,;2 ^- 2a; - r> given (u; - 1) 2 -|- 2 = 0.

4. 3a;« + \\x" + l(b;3+7.r;2 +2a; + 8 given a;'-f 3.^;-' -23JT5-^0.

5. Qx-" -\-\)x'' - lirx^ - rjx^ - l\lx^ - (Sx -r 60 given 'AxA +a;-4 = 0.

What values of c will make the following polyuomes vanish

under the given conditions.

6. x'4 + 13a;3 + 20x2+ 52.r+8r, given X-+ 11=0.

7. x^ - 2a;3— 9a;2 +2c.i; - 14, given 8.r+7 = 0.

8. a;* — 4x-3 -x-2 + 10u; + 6t', given x^=x-{-'6.

9. 2ic* - 10a;=^ +4ru-+0, given a:3 + 3 = 8.r.

10. 2a;4+a.'^-7r'a;ii + lla;+ 10, given 2a: = 5.

Mi.



40 TFJKOliV OF DIVISORS.

%'

i

1

1 1 . 4.r4 -f-r-a-s -1-1 l(,a?- 105, ^'iven 2,7-« - 5x-+ 1 ^ =-- <>

lii. 8a;^ - 10:^4 4-o;3 - r^x^ - 114x4- -^00, «ivei) x^ = HiB-4.

1.'}. What, valiKR of /> and y will make ;k'^4-'^-^"' — l^a^^ — /u'4-';

vauisb, given x^ = ;>(.r — 1) ?

14, What values of j> aud q will make «' ^ _ 5^.1 <> _|. lOa*' — 15rt"

4-2yr/4 _j,a2 +^ vanish, given (a3 _2)3 ^«2 - 3 '?

Theorem II. If the polyuome /'(x)" vanish on substituting

lor ic each of the n (dliTerent) values a j, /-(g, a^ . . . . a„

f{xy'== A{x-f(,)(x-a2){x->t^) .... (x-nn)

in whicl] A is independent of x and consequently 's the coefficient

of i^;" in /'(./;)".

Co)'. If /"(;«)" and <p{x)"' both vanish for the same tn .afferent

values of x^J'{x)^ is algebraically divisible bv (pixy.

Examples.

1. x^+ft.>:~ -{•I)X'\-r will vanisl) if 2, or 3, or —4 be substituted

for aj, determine r/, h, c.

The coefticient of the highest power ''f .?• ^s 1
;

.-. X? i-ax2-hhx+r= {x - 2)(,r - 3)(u; f L) = x- -x^ - 14:c-}-24.

,;. a= -I ; />= -14: r' = 24.

2. .r'5+/;.c2 _|_^.j._|_^; ^yiii vanish if —3 or 2, or 5 be substituted

foi' a?, determine its value if 3 be substituted for x.

The given 'polynome — (.x4-3)(a7— 2)(ic — 5)

;

.-. the rnquii-ed value is (3-|-3)(3 - 2)(3 - 5) =-12.

8. ff.^.'3 4- 3/>.«3_|_3^a;_}-// will vanish if for a? be substituted —3,

or ,V, or 1^, ])nt it becomes 45 if for x there be substituted 3
;

determine the values of a, h, c, d.

The coefficient of the highest power of x is a;

:. ax^+'i)b.v^-\-'^rx+ d=:>t(x+'^)(x-i)(x~^[h)

:. «(3 + 3)(3-i)(3-U) = 45; ;. a = 2.

.-. 2x^-\-'Mx^ + 'Scx-^>l = 2ix+'d){x~\)(x-l\)

.-. i=a^ c= -3^, (i= 4^ :
•;
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1. If" x'' -\-i>x--i-^ix+ f vauip.li lor x—a or b, or c, determine /», 7,

and riu terms ol a, 6, i\

.'.
' -i-px^ +qx -{•r^(x-a){x-'b){x-c) *

= x''i~{a-^b-j-c}x''' + {ab+ br+ni)x~abG

.. p=: —{a-\-b-\-c) or — ^o.

q- ab-\-bc+ca or "^ab

r = — abc or — ^ ahc.

5. If x^ \-i)x^-\-qx-\'r vanish for x — <i, or 6, or c, determine the

polyrume tiiat will vanish for x — b + c, or «+«, or a-\-b.

Since a;^+/)x2 4-^.i;-j-r vanishes for x = a or ?^ or c,

.i;'"^ -/Ju;^+(/u;— r will vanish fo^' .<;= — a or —6 or — c,

and —p~a-\-b->rc\

But the required polynomo will vanish for

x= —p — a, or —p— b, or — p — c ;

that is, for x-\-p= --a, or —h, or — c.

Hence it is \.c-j-:>)^ —}>{x-{-i))^-{-q{x+p)—r =

x'^-{-'Zpx^-^{p^-^q)x-\-i>q ~r.

The following is the calculation in the last reduction. (See

page 3i).

1 -p 9 — r

p 1 q\ pq-r

p 1 p\ P'-^9

p 1; 2i>
,

6. In any triangle, the square of the area expressed in terms of

the lengths of the sides, is a poljmome of four dimensions ; and

the area of the triangle, the lengths of whose sides are 3, 4, and

5, respectively, is 6. Find the polynome expressing the square

of the area.

Let a, b, and c be tlie lengths of tlie sides, and A the required

polynome. .

1st. The area vauislies if any two of the sides become together

equal to the third side, hence if « f 6 = c, .-1 = 0, and consequently

.-1 IS divisible by a + 6— c. Simihirly it is divisible by6-+-r;-«

and bv c-{-(f — b.

<
'ij
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2n(l. The at-ea vanishes if the three sides vanish toj^etlier,

hence if a-\-h-\-i; = 0, A = 0, and consequently A is divisible by

We have thus found four linear factors, but A is of onlv four

dimension^.

.-. A = iii{a-\-b+c){hA-c-a){c+a-b){a-]-h-c),

in which /// is a numerical constant.

But 63 or 36 = w(;-{+-l + 5)(4+ 5 - 3)(5+ 3 - 4)(3+4 5)

— f^576///

;

m =
TTT-

(The above includes all the ways in which the area of a triangle

can vanish, for the vanishing of only one side involves the equal-

ity of the other two, or if a = 0, b = c, and .*, a-\-h= c, which is

included in 1st. ; if two sides vanish simultaneously, the three

must vanish).

Examples on th^ Corollary.

7. Prove that (.c+ 1) ^ ^ _^i 2 _ 2,r - 1 is divisible by

Factoring the latter expression we find it vanishes for x~0, or

— lor — ^. Substituting these values in the former polynome,

it also vanishes. But these are different values of a;, hence the

truth of the proposition.

8. {x+ /j i-z)-^' —x^ ?/•"' —2® is divisible by "

The latter expression vanishes if.Tj= —y, so also does the former.

By symmetry they both vanish if y— —z and if z=: ~x. Hence
they are both divisible by {x-\-y){y-\-z>{z+x). But this expres-

Bion is of tliree dimensions, as also is the latter of the given poly-

nomes, hence it is a divisor of the former.

9. Prove that {{u+h)' +{c+ d)^}{a-b)ic-d)+

is algebiaically divisible by {a— b){G~(l){b-—c)ia-d){b — d)[c — a)

x(« 4- 6 +/'+ (/), and find the quotient.

Let a = b and the former polynome reduces to

{i^,,^r)^^{,(^dV\(o--c){a-d]-^\(n+dy^-\.^r+ a)'>\{a -d){c~-ci)
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whicli vanishes, the second complex term dilfcring from the firnt

only lu the sign of one factoj-, haviu.cf {('— (^) instead of (a-c).

Hence the former polynome id divisible by -i — b, and by sym-
metry it is also divisible by a- c, by n-d,hyb— c, by b-d, by c — d.

Again, (a + i)'5+(r-f ,/).-> is divisible by {a-\-b)-{-\r -rd) ; for, on
putting a + Z>=r-((; 4-^), it becomes {—{<--\-d)}'' +{r+ d}^ which
= 0.

Similarly tlie other terms of the former of the given polnomes
are each divisible by a-^-h-^-c+d, and consequently the whole is

so divisible.

Now all these factors are different from each other, hence the

former of the given polynomes is divisible by the product of these

factoHB, i.e., by the latter of the given polynomes.

Both of these polynomes are of seven dimensions, hence their

quotient must be a number, the same for all values of a, h, c, d.

Put r< = 2, ^ = 1, c = 0, d =,1, and divide. The quotient will

be found to be — 5.

... {{a+by +(r-\-dy}{a-h)(c--- d)+ {{h-\-,')^ +(a + d)'} X

{b-c){a-d)+ {yb+ d)'' +{c + a)''>}{h-d){c - a) = -h{a-b){c-d)

X (b ~c){a- d){b - d)[c- a){a+ b-^c+ d).

N.B.—It i ; not always necessary to find the factors

of the divisor, as the following examples show.

10. Prove that x^-{-x+l is a factor of i>;^ 4_^^.7 _|. j[_

.r^+a:+l will be a factor of a;^^+.c^ + l provided

;ci 4 +a;7 + 1 ^ if a;2 4-.C+ 1
--= 0.

lix^'+x+l =0
.*. x'^-\-x'- +x =0
.-. x'^+x--\-x+l = l

X'

X

' = landa:i2=,i

.'. ^^-|-JJ+1 is a factor oi x^^-\-xP -^-X,

i K
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Art. XII Two other methods of proving this proi^ositiou

are worthy of notice. ^
-

1st. x^-\-x-{-l will be a factor of ic^'*+^'' + l provided it is a

factor of {{'x^^+x'^ + 1) ± a multiple of {x'^ -\-x-}-l)}.

a.i4_|_a;7-l-l differs by a multiple of x^ +x+l from

x^'^+x^' {x^ +x+ l)+x^(x'' +x-\-l)-\-x'' +x^{x^ -\-x-hl) -h

= x''-'(,c^+x + l)+x^{x''i-\-x+ l)-\-x^{x^-{-x-{-l)+u;^ (jc"" +X+1) ;

{x^+x+1)

= (x^^-\-x^-}-x'^+x^+ l){x^-hx-hi).

Henco x^+x+l is a factor of x^'^-\-x'' -^1.

2ud.
x^-{-x-rl

X-

a;7-l

x-l_
^3-1

{x'^]~\){{xy^ - 1) -x{^x^ 4 _!)}

But we see at once that on reduction both of these fractions

give an integral quotient, hence (a'^^+.«^+ 1) ^^^+a;+ l gives

an integral quotient.

11. o;^ +a;+ l is a factor of (ic + 1)^ -ic^ - 1.

If a;"^+a;+l = 0, [x-^-iy —x"^ —\ will vanish also, for in such

case x-\-\= —X?.

.'. {x-{'iy-x''~l=^{-x^)' -x'-l^-x^"^-^ X-' -1,

which by the last example vanishes if x^ -\-x+l = ;

.-. x'^+x-\-l is a factor of {x-\'l)'^ —x'^ 1.

For a; substitute — and multiply by y^ and ?/' respectiveh,
V

and this example hecomea

x'^-\-xy-\-i/^ is fi ffLctor of {x+uy —x"^ —y''

.
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Exercise xxi.

Determine the values of a, b, c, d, c, in the lollowing cases :

—

1. x^-^'dbx^ \-^cx-\-il \n,Vi\i='hQ'd for x = 2, or 3, or -i.

2. x'^^cx^ +dx-{-e " " .(;r3lior

3. x^+(jx^+cx+'2\:

4. (,x^-}-bx'^+(X+'.)0. "

0. <ix'^+rx'^ ~'d()x r>:
"

G. Slx^-i-Gcx'-^-llx+ v
"

7. //x'^ +/yu;3 4-r.(;- - 81 '' " x= } or 2 or 3.

X

" x- = :> or — o or 2.

:= U- or -4, or 2.}.

i = lH^or -3' or 1'

(( X = 2 or 1 ^ or 1 and be-8. <ix.^+cx''^ + (lx+e

comes 14 for x = l.

\). «j;'^+<''^"4-<^^ vanishes for ;<;= 1.}, or 2;^, and becomes 49 for

u =3, determine its value for x= —3.

Given that x^ — px^ +(jx — r vani-shos for x = a, or h, or c. deter-

termine tlie polynome that vanishes for

10. ^• = »'-|~l, or 6+ 1, or ( -j- ..

11. X' = a — 1, or />— 1 , or c — 1.

1 1 1

12. x=l - —, or 1 — 7-, or 1 ——

.

13. x = <ih, or bcy or ca.

14. x = u^, or 6'^, or c^.

15. x = a(b + c), or />(c+ a), or c(a+b). j ((ib-\-c) — q >.

<t-A-h b-^c c-fa
IQ, x= - or or -7—

•

cab :a+O^P
3

Prove that the following are cases of exact division

:

17. (a;-l)i2-a;«-f(a;2-a;4-l)2-u;3-2.i;-+2.c-l.

18. {x-l}^''-x^+{x^-x+l)'' -i-x'^-2x'-^+ 'lx-i.

19. (.c-2)io(2.c-5)io-x^» + 2i^(uj2-4.c+o)^ -

xS-Qx" + Vdx-10.

20. (u;2 4-4.c+8)^«-.r»'^-ic--^-5a;-3-r^3+ 6:c2-h8./'4-B.

21. {dx-4:)-'[x-iy^'-'X'^'~{;Jx^-Ux+iy^'-^{x-l)x

(9u;-4)(9.«-' -14.^+4).

22. {C){x-l)}'^-(2x^+'^x-'^)'^ + {'2x'^-Sx+ 2y3-^

(2u;2 4-3.i;-4)(2a?3-8x + 2)(x--l).

'im

i) ?i
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If

(^-1 l)(^;-2)(x'^.-S.r+3)(8:ca-5;c-l).

25. {2(.^^ l)(^--2)[2»-,ur2_3:«+ 8)3"-(3;..3_5.^_l)2o^_

26. l+u4+.>,.» -^ l+.r+.,;9.

27. a,-l"+^;',/-+y/lo ^ ^.3_|_^^,^_j.^^2^

Find the quotient of tlie following divisions in which I) denotes
ttie product

{b-c){r-a){a~h){a-J)(h-d)(r-^d);

35.
(/^+ 6')(a4-r/)(7>2-c'^)(a2-^3)+ the two similar t(3rms - D.

36. (b^ +c^){a^ +rl^)(b-c){a~d)-^

37. {M''>+c)2+«% + ,/)3l(/,_,.)(y,_,/)_^

41. The sum of the fractions ^, i,
i,

x increased by the
sum of their prochicts two by two, increa,sed ])y the sum of their
products three by three, increased bv their product is
equal to n.

««

M

-i- D.

-r-D.

-f-7>.

-i- D.
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42. In any trapezium the square of the area expressed in terms

of the lengths of the parallel sides and the diagonals, is a poly-

nome of four dimensions, determine that polynome.

43. In any quadrilateral inscribed in a circle, the square of tlie

m'ea expressed in terms of the lengths of the sides, is a polynome

of four dimensions, find that polynome.

Theorem III. If the polynome /'(a;)" vanish for more than

71 different values of x, it vanishes identically, the coefficient of

every term being zero.

Cor. If a rational integral expression of n dimensions be divi-

sible by more than n linear factors, the expression is identically

zero.

ExAMPTiES.

(x-a)(x— h) {x—h)(x-c) (x — c)(r—a)
+ + -1 = 0, if a,

[c — (i)[c — h) ' {a— b)[a—c) {b — c)(h—a)

h, and c are uneoual ; for this is a polynome of two dimensions in

X, but it vanishes for x = a, and, therefore, by symmetry for x= b,

and for 33 = c, that i^;, for three different values of x, hence it

vaniolies iwenucal';r.

2. {{a^hY+ {c-Yd)^){a- h){c- d)^ {{c+hY -^{b^dy-}

(h-c){a-d)-\-{{c-]-ay + {h-^dy}{c-a){h-d) = Q.

Substitute /) for a and the ex^iression becomes

which vanishes, hence the given expression is divisible by a— fe,

and consequently by symmetry it is divisible by («—&), (6-c),

(f— rf), (rt-c), {h— d), and (a-d), But the given expression is of

only /our dimensions, while it appears to have six linear factors,

hence it vanishes identically.

Exercise xxii.

Verify the followinj

x^y-z ^
,
(a;--/>-)(7/^-/^^)f~"-/>^^U---cS)f_.v3_^3)/^3_g2)

+
/,3(^/,3_^2)

+ ^,

^a;a 4-1/2 4.^3 „/,2_^.

c2(6-3_6--^)

^ i
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2. f'^! +i?'-'-*')'fl-''') ,(?/»-.=)(.»-..)

+

4. -~^ + -

XIJZ

0. +

a2(6-c)+6-(c-«)-fr^'(a-^)"""' =

(,/, - Di^b - c\c - a)
=

11. (i^^^)^+(/>^-^)^^+(c'^-a3)H

i«+)>)(^>+c)(f4.«) ~ =
(a-b)^ + {b-cyi-{.(c-a)^.

Theorem IV. If the polynomes f{xY, <p{x)- {n not less thanm) are equal for more than n different values of ;., they are equal
for all values, and the coefficients of equal powers of x in Lh
aie equal to one another.
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(Tliis is called the rrincipie of In'leterminnie Coefl'ieientfl. The
fnll use of it cannot he exliibited till the student is able to work

simultaneous equations.)

Examples.

1.
a^

+
6»

{a-b)[a-c){a-d) ^ {b-a){b-(%b- d)

+{c-a){c-b){c-d} ^ {d-a){d-b){d-c)

+

= 0.

Assume X'

{x - a)[x - b)[x - c){x— d)

A B
x—a x-b

C
+

n
(«)

x— r x — d

in -which A, B, C, D are niauijenuent of x.

Multipb- by {x-a){x-b){x-('){x-d).

.*. x^ = {A-\-B-\-C+D)x'^-\-tQi:mii in lower powers of x.

Now this equality holds for more than three values oi ic, hold-

ing in fact for cdl finite values of x.

:. yl-f jyH-C+2) = {ff)

Again multiply both siOes of (a) by a;— >t.

{x-b)ix-c){x-d) \x-b ^ x-G ^ x-dj^ '

Put;c = a

rt^

{a — b){a— c){a -d)

By symmetry

= A.

Adding

{b-^)[b-c){b-d)J.
= n, &c.

a'
+

/)3

+
{a-b)ia — c){a~d) [b - a){b - c){b - d) [c— a){c — b){c - d)

,
+ ,r=^r,)(ji:^) = A^B+C+D^Ohyi^).

(a-b)ia-c) "^ \b-c}{b-a) "^ "(c-a)(c-6)[a — b){a — c)

= (a + 6-{-c)2.
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Assume x^ ~px^-[-iix— r=-{x— a){x — l)){r r).

,\ x'-^-^ju:" -{'ix-\-r=^[x-{-(i}{x+ ly.{x-^<').

x^-hjjx'^^-^qx-'i + rx
, ^ ,

.4
,

^^
, C

«•* - /ix' -\-<jX — /' ' X-<l X -h X~C

(a)

(y)

Multiply by x'-^ —]ix'^-\-(jx — r oiiil equate tlio coctlicients of tb*^

terms iu x'. {lu multii.'iyiiig the liactioitb iii the right-haiui

inembor ol" ^), use the factor side of («).}

:. A+ U + c=tljr^.

Multiply both members o; {y) by x— u

Put x = i(,

C
\ (x - a).

t /

(a— /->)(«- c) "
'

By symmetry ''

2b2{h4.c){b-^a)
,^ ^

2c2(.+ «)(r+/>)
,,—-T rrr r = n and -7 <y a =6;

a '^{a+h){a-\-(') b^ {h -^ c){h + a) (r^^v-\-a){(- ^h)
'•

\a-b){a-c) '(f-c){b-u)
"^

(r7i:a)(c-.i)

= {u+ b+ c)K

IJ. Extract the square root of l-\-x-\-x'^-\-x^ -\-x'^-{-lkc.

Assume the square root to be l-\-'fx+ x'^ -{-r.r^ -\-<lx-^ -\-&g.

.'. 1 -\-x-^x- hx^-\-x'^-{-&c. = (l-j-(u:+/a-3+c»;» -f-^/x-i-f- &c.)^

= l+2((x+ {a^+'2h)x-+'M<'b+ c)x^-}-{'2.d-{-2ac+ b')x'^ +&V.
.*. 2a —

1

,'. a = ^

2d+2ac-Jrb'^ = l .-. ,/= • {1 - A^ - Jv I = Mi
1 II c, + j"

i'j"ff*

.-. 1/(1 +^4-^-2 + &c.) = l + ia;-f-^a;-+T^.«34.Y)^a;4+&e.

(Note.—As it is frequeiitly necessary to determine the coeffi-

cient of a particular power of x, a, few preliminary exercises are

given on this subject.)
n
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Exercise xxiii.

Detormiue tlio coclVicioiit of

I. X-* in (J-l-'/.'r)-'*4-ll4-/'a;)''+(l -'v)*.

± x" ill ( 1 -^'x+'lx- + M.'-'' )( I - .c -f .?.r- -!-.r^ - r,x^\

8. a;^ in (l+^j+lrS +8a;"« 4-4u;»-|-.*cr)( I -^•+ x-=* - .t-'-fx* -&f).

4. a;3 ill /l(.c -/>)(.« -f)(x--//)+ yj(u;-a)(u;-<-)i.c— '/)

+

('{.v-n^(x-lj){x~>l)-\-J){x-u){x-h){x- <•).

5. a;* in {l-ax)^l-^axy.

0. yj'i ill (l-h^fx)3(l-6^-)«.

7. In the product

{l+ax+ bx"+cx^-}-S:c.){l-a.r-\-/jx'^ -cx^ + ^c.)

prove that the ooefficieuta of the odd powers of x must bo all

zeros.

Determine the value of the following expressions :

g 1 1

* {a-b){a-c){,i.-\/)
"^ {h-7,j(h-r){h-cl)

"*"

1 1

lc--a)'(J^-h}{c-<l)
"^ {d--a)(d-'lj){d-cy

h(I

+
\a-b){a-c){a-(() ^ [b~a){b-c}{b—d) + <tc.

10. .-

11.

12.

13.

a'

(a~b)(a--c){a— d)

(a— 6)(a— c)[a— d)

(a — b){a — c}{u~d)

bed

H- three similar terms.

+ throe similar terms.

(( ((

-IT +

14. f.+mi+ji + t^o
(a— b){a—c)

15. «5.ltl)iii:£l 4. u
(a— />(a— c)

{a-b){a-c)
""

(i

M

H

<l

I
''1

18''

il

is
If

r
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*'•
(r»:--V,)(^._<o(./ ./)

^^^'''''''''^'''^'''°'"•

(n-h){a-r){a~«l) ^

20. . . +two «»imiln,r tn-ms.
(a— o){n— (•)

[For immprator nse x^-\-''2j)X'-^( /A'+^yi./- f (y-// - /•).]

- two similar tormn.

18.

19.

21.

A -i t

23.

24.

25.

(a— /^)(rt— r)

[For numerator use a;^ — 2/a;'-+(/'9-|-r/'ij- -(pq—r).
j

, ;w s + two similnj' terms.
[a — h){a— c)

[For numerator use .r{x +])).']

+ three similar tcrrafl.

V

+ <«

<«

\v
(<

{a— b){a — c){a —d)

a^{h<'-{-ed+ dh)

(a— 6) (a — r) (a — </)

hc-^rtl -\-db

{a -T) (a- c) (a -d)
"^

Extract the sqaare-root of (to 4 terras)

:

26. l+rK.
I

27. l-x.
\

28. l + C.r-|-3a;^+4a-'' +&c.
29. l-4a;-}-10:c2-20a;34-35a;*-56a;''+84aj«.

80. Extract tlie cube-root of l-{-x. (To 4 terms).

Art. XI. 1. Find the condition that ]>x^ -{-Iqx-^r i[;n([ p'x-

-^^q'x+r' shall have a common factor.

Multiply the polynomes by;;' and ;; respectively, and take the

diCference of the products, also by r' and r respectively, and
divide the difference of the 2Ji"oducts l)y x.

J) 'px
3 -f 2;> 'qx -^p 'r

pp'x^-\-'2i;(rx-\-pr'

pr'x^ -\-2fjr'x4-7T'

p'rx^+'Iq'rx+r 'r

(j,r' -p'r)x+ '2{qr' -r'q).2f pq ' —p V/\r+ (;>?•'—p 'r)

Multiply the former of these remainders by (pr'—p'r) and the

latter by ^pq'—p'q), and the difference of the products is

ipr' —p'r)^ —^{pq' ~p'q){(jr'— riq).
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a

a

m
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. 1

Multiply both numerator and denominator hy p and reduce by

Til. II., and Ex. 4 of Tli. II.

^m+l _,.m-f-l ^m+1 'S(px^'^+ '-i-\.2r/x'"+--\-rx"''^^)

X — a X - - h X — (' jix'-^ -f-o'/x'^ +8;'.i;-}-.s'

4. U px^' -{-'''>(jx^ + ''*>rx-{-^ vauisli for x = a, or 6, or c, oxpreas in

terms of />, 7, r, .s, thu following, a -|- 64- <-', a'^+ 1"^ -\-c^ ,
«^-|-//'*4-(;3

, rt"' + 6"'+c"'.

Divide a;"''+^ by x — a.

a
1

<e rt2 rtS rt"» api+\

1 a «2 t*3 . . . . . «'"
;

a'^-'+i

Similarly divide :c"''+i by x— b and also by x— c.

add together the quotients

= ?>x"' + (^' + /'+ '• )x"'~'^+ (/* - + f^'' + r 2 Ve',m—

a

gjwi + l ^'H + 1 /g»n.4-l

u;— ^< .< — A u; — 6'

+ {a^-[-h^+ c'^)x'''-'-r{- kc.

Hence, by the last example, the required expressions are the

coefficients taken in order, beginniug with the second, of the

terms in the quotient of 'd{px'''+-^ +2r/a;'«+2_|_,.^.m+i^ ^ {px^-\%ix^

-|-3/'x+s')- These may now be found by Hoi-iier's Division.

5. Writing s, for a-\-l'-\-(\ .Sg for <i^ -\-u'' -\-r'^ , (tc, express

(rt— 6)* + {/> -c)^-{-{c — (()'^ in terms of «, , .s.^, n.^, a^.

By actual expansion

U. „y^-\-{T-hy^A-{x- r)-^ -

rt* + />•*+ '-^ ^ Hu;'* - 4.S
J
x^ -t ()s,^x^ ~- 4.s-^x- f -s^.

Putic = rt, =/', =c in succession.

{a-b)^ +(c-a)4 =3^/4 -4.'?,rt'^+0-s'3''2_.4,,^rt^,,^

(/,_c)4 _f(^_a)4 =8r4 -.-4.,j^.H-^(5.,^r'-3
. 4N-3r4-.V4

in which s,, is written for 3 or 1 -f-1+ 1. i-*'-, a"-f />'^-f
<•".
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Exercise xxiii. (aj.

1. Determine the condition necess»ary in order that x^ -\-}>x-]rq

and x^+p'x+ q may have a common divisor.

2. Tlie expression x^-{-iia'^x'' + 'Sbx^ -^rx-'i-^}i(ix'-\-dH^x-]-P

will be a complet(3 cube if

f d e — a *

a b(i^

8. Prove that ax^-^-bx-tc ?.nd a-H6aj'^-|-ta;* will have a common
quadi'atic facwoi- if

b"c^ = (c8 - a'-i+h^){c"-u''i +ab).

4. Prove that ax'^-^bx^+c and a+6a;^+c-a;* will have a com-

mon quadiatic fuctor if

u--ib'^ = [a^-c^){a^-c'^+bc).

6. Prove that ux-^ + hx^+cx+ d and a+ /-./^-f <;«^ + '^^;* ^^'"^^ have

a common quadratic factor if

[a-^d) ''i = {b-c){bd-ac).

6. x^ +px^ -\-qx+r will be divisible by x^+a^'+ b if

a^ - 2»'f 2 _j_,;^^3 ^ qyij^r^.pq — (j^ and 6^ — (/^^ -i- /7>6 — r' = 0.

7. a;*4-?^«4-'Z ''^^^^ be divisible by x"^ \-ax-\-b if

a^-^qa3=p^ and {b- -i-qjib^ -q)'^ =p^b^.

8. Determine the condition ueces«ary in order that a;* + 4^^-

+69aj*+4ra;.+ t may have a squure factor.

If x^-i- Avx^ +fiqx' +4:rx-\-t vanish for x = a, or b, or Cy or d.

find in teims ol x, p, q, r, f, the value of

,rt»'• X" X" X
9. 4. . 4 ^. ^.

a; — o X — h X —c x — il

10. s«, 2a2, 2rt^ 3''*, ::::«'', »*'•

11. "Zia-b)^, ^(a-b)*.

12. Determine the values of the- '.xpreesions iu Ex 0, 10, 11, fn^

the poh'ijome ar* — lux"^ -j-x- u6.

i

:a,

^i^j.

f

/ ,/..
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;5!i

CHAPTER III.

Cfction I.

—

Direct Application of the Fundamental FoRMULAb

Formulas [1] and [2] . (^±2/)'* =;«''^±2^.v+//3, &g.

Art. X - 1. From this it. -ippears that a tvinomial of wliich the

oxtremes are squares, is itself a square if four times the j)rodiict

of the extremes is oqnal to tiie square of tlio moan, and that to

factor such a trinomial, we have simply to connect the square

root of each of the squares by the sign of the other term, and

write the result twice as a factor.

Examples.

1. -U-*- 80^-2 //2l}_ 400^4 = (2x'^-2(J/y-)(2x3-20/y-')

8. i^a~-hy^ ^{h-c)''^ +^a—h){b~c). This equals (a-6+6-cp
X {a-'b-\-h—c) = {a~r)[a — c).

4. .f2+^-+2- + 2xv/-2.f2;-2//^.

Here the three squares and the three double protlucts suggest

that the ex{>re«sion is the square of a linear trinowiaf, in a;, v/, z.

An inspection of the signs of the double i)iOilucts enables us

to deijermine the signs ^vliich arc to connect x, y, z: we ace that.

1st. Tiie signs of x and y must be alike.

2ad. The signs of u; and 2 must be dilfc.reut.

3rd. Tiio s.uus of // and z )\iiv,'.i bo aii/rf'tti. Hence we have

^-\-// —z, or —X— 11 -rz — - {x+'j — zi, ana the iacLors are

"tixcrcise XXIV.

1. ym2+12///+-l;r;^"'-2r'"+ l.

-" .7 ;
10.^-^/^ + -1 *'.'.'/'* +'-l//'*-

;5. l.iu~6-4-12(ii>(;-i--i(;- ; 'dijx- 1/-^ -llxy' -^Ly'
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L frF-^-l-in/S 4.•-V.7 ,4_l.^2;,?^J'.l.V;4,.4,

5. (rt + /,)5J+.-2 -,2r'(/r.+6) ; ?)r«

-

0. 2'i^(x~yyi-?.z{x -•'/)^ (t) +
^/.

2.

1fi/74

7. (a;2-v/i3-!-2i>2-//V,//-c2)-}-(//-.:3)S.

8. (.r2 - xf/ ) 2 - 2 (.r 2 - .r .7 ) (:i7/
-

// ^ ) J- (.r// - j/ - ) ^

.

10. (i^x - 4// ) 2 + (2j^ - 8.V i
2 _ 205.r - 4,7 >

f :h: - ^)//).

Iti. (5a;2 + 2a:// + 7//2)24.(4a;'-^ + G//^)2-2(4.^;-^+ G//-)x

OU'
.'>

'XII -f7y/2).

la. (t)"*(- a

2n

O
a

14, </-+^>2H-r2-2r/^>-2/>^+ 2rrr.

15. ,;,4.|_/,.t_Le4_0,,,-/,2_2^/2,.2 4.0/^3^2.

10. (./,~^)2-i-(/>-r)3+ (^--a)2 + 2(r/,-ft)(/;-c))-2(a-6)(c-a)

+ 2(ft-<')(a-c).

17. 4ff4-12a35+ 0/'2-MO^/2^^_iOr-2_24?>c.

FoRMUf.A [4]. x^ —y'^ = (x-^]/)(x—y).

Art. XIII. In this caso we have merely to tnlre the sqiiar*^-

I'oot of each of th'> squares, and connect the Tesults witii the si!?n

4- for one of the iactors, and with the sign — for the otlier.

Examples.

1. {a-^hy-{r-^d)K

This={(«+6)-f(r-K0}{(«-i-6)-(r-fr?)}

= [n -^b-^r -^ d)ia-^h ~- c— d).

2. Factor {x- -{-^xy-^-y^)^ ~{x^ —xii-^y^)^.

Here we liave
'

{{x^^'OX^j+V^)Mx''-x!i^'y^)]{{x''-^ryxvA-v'')-i'^"-x^^

= 2(.r- +2.C//+7/ )((b;//) = 12.7;//(;c+/y)2.

3. a2-62-f-4-2/>r-.

This = a2.-(/>.-r)3 = (rt+ /;-c)(rt— />+r).

'^M

J
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This = 4rt2/>2 __ (f/S _|./,2 _,.2)2

The former of these factors^ (a+ //;"-^ — r^* =(a+ /)4c)(rj4-^>~ '•)

and the latter = r- -{a-hy^) = {i--\-a-~h){(:-a-\-h).

the given ex])resHioii

= (</+ //+ f)(rt+/'-c)(c-+a-6)(^'--^.--f/.).

Exercisc xxv.

1. 49^,»-452,

2. lV/,2_i/,

9. 81«4-1.

3. 81«4~10/;4.

4. 100^' 3K.,2

6.

9 ..'i

1

10.

11.

12.

a

a I ti

le.vt.

r<- .//•*4- i.^

7;r*— c

oil'

Tff'

8. 4v' Yi »f/ " 2?

'

^14. (,i:-'+//^)3-4;«--^y^

"15. (a; + 7/)-— 42'^

(^ 17. 4a:2y/- - [x- 4-,/2 _ ,',-')->.

^18. [x •' +x)j - ?/
-

) 2 .- (re - - xy -

y

-
)

19.
(X' y'+z-y-A r-z-

20. {a+ :>-\-r^>/)2-..(^a-b+c-dy^.

'^ 22. («'-^ +//-' +4rt/>)-' - («2 +/,3^2.

\ 23. (rt.2 - /;:J +r2 - ./a)a .._ ('2«t.^-2AcZ)'J.

' 24. {x'^~y-~z'-i)^-Ay''iz^.

--27. (^;'^ +//2 +2;- - xy— i/z - z.n' '-^ - (.-«// ^-y^+ sa;)

J

28. (a:2 +7/2 ^gS _ 2xy+ 2xz - 2/y,:) - (/; -f 2;)^.

N 29. '-•,a2/>2^2/;^c'-^-f2(2rt2-.,^i _/,4_^.4.

,
^30. X^ + J/-^ +2* - 2,-2/y2 „ 2^223 _. ^^^^2^

^<

\^-
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Examples

1. a;" - ar '•

-f 20^ (X- - 5 '.x'^ \- 4).

2. (x-y)^ ~tx-i/ -lli)~(x-y-^-n)(x-y~10).

(^,2 _ at_|_^2 ) ^(0,,+ ;.}/;)
I. i(,,3 _,^/,_t./,2) _ (2a - 3Zj)

I

.

4. (a;3 -5x)'^- \){:r2 - rrx) - 40 = {x- - ox-\'i){x- - o.-r - 10).

5. {ax-{'bi/-{'c)^ — (7H — «)(rt.r-f /;?/+ <•) — mw
= {ax+by-\-c—7n){ax+ hj-{-(:-\-u).

Off

Art. XIV. It will be seen that the first (or common) term ot

the required factors, is obtained by extracting the square root of

the first term of the given exjn-essiou, aud that the other terms

are determined by observing two conditions :

(1) Their product -must equal tiie third term of the given ex-

pression.

(2) Their sum (algebraic) mnltiphed into the common term

already found, must equal the middle term of the given expres-

sion. Hence, to make a svstematic search for integral factors of

an expression of the form x^ + bx+ c, we may proceed as follows :

1st. Write down every pair of factors whose product is c.

2nd. If the sign before e is -f-, select the pair of factors whose

Slim is 6, and write both factors cc-f, if the sign before /;is -{ ,x — j

if he sign before ^ is —

.

8rd. But if the sign before c is — , select the pair of factors

whose difference is b, and write before the larger factor x-\- or a:—

,

and before the other factor x— or y;+, according as the sign be-

fore 6 is -}- or —

.

Examples.

1. x^ + dx+ 20. The factors of 20 in pai>-s are 1 aud 20, f* and

10, 4 and 6. The sign before 20 is +, hence select the factors

whose sitm is 0. These are 4 and 5. The sign before 9 is +,
hence the required factors arc (x+ 4)(.«-f 5).

•Mi.

.4 n

\i.

t »

i

tfei

/"
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1!!^

2. ic2-8^-rl2. Pairs of factors of 12 iiro 1 and 12, 2 and 6,

3 and 4. bign before 12 in +, tliereforu take pair whose sum is

8. These are 2 and C. Sign before 8 is — , hence tlio factors

are {x — 2){x— G).

3. ^2 -21a;- 100. Pairs of factors of 100 are 1 and 100,

2 and 50, 4 and 25, 5 and 20, 10 and 10. Sign before 100 is —

,

therefore tpke the pair whose difference is 21. These are 4 and

25. The sign before 21 is — , therefore x— goes before 25, the

lai'ger factor, and the factors are (x'-f 4)(x---25.)

4. a;2 + 12aj-108. Pairs of factors of 108 are 1 and 108,

2 and 54, 3 and 36, 4 and 27, 6 and 18, 9 and 12. Sign before

108 is -
, therefore take tlio pair whose difference is 12. These

are 6 and 18. Sign before 12 is +, therefore a;+ goes before 18,

the larger factor, audic— before 6, the other factor; hence the

factors are {x — iJ){x+lS).

Note.—It will be found convenient to write the factors in two

colunins, separated by a short space. Taking Ex. 2 above, pro

ceed tlius : Since the sign of the third term is +, write the sign

of the second term (in this case — ) above both columns.

'^1

1 12

(x~2) (x-ij)

Ex. 3 above. Sinco tiie sign of the third term is — , write the

sign of the 2nd term (m this case —) above the column of larger

factors, and the other sign of the pair +, above the other column.

+
1

(x+'L)

100
50

(a;~25)

6. a;^-84rB+-64.

Here we have the factors

1, 64

ic-2, a;- 82

4, 16

and since the last term has the sign -f-, and the middle term bah

the sign — , \^o write — over both columns.
""

IfV



12, 2 and 6,

/lio«e sum ig

tilt) factors

1 and 100,

^•e 100 is -,

se are 4 and

ifore 25, the

1 and 108,

Sign before

12. Tiiese

IS befoi-e 18,

; hence the

tors in two

above, jjro

itc the sign

as.
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6. x^-\-12j;~rA.
67

Here, since the Ja.st term has the .{^n . -. ,

(+)ofthemuldletenn over ti,. .1
""

' '
"^''^^^ *^^^ ^^^

«- .sign - over the ouJZl^^ ''"''' ^' ^^^"^'^^^^ ^-^-«. -^1

7. a^^- 10.^2 _ 144^

Here we iiave the pairs of factors :

-f -
1, 141

2, 72

^. oG

^+^, x-lS.
And since the sign of tlie third te-.-m i.the second term (in this caso - )

'

i

":,
""'" '''"^' ^'^^^ '^^^ «^

i^-tors, and the other ..,a (o7 J.e i-Ia • ^ "'^"^^^ '' ^-^-
column. ^ '^ i'-''^^ ±) above the othei

i: 4:

, write the

2 of larger

er column.

Exercise xxvi.

1. ^2-n^-H:.--_0.r+M:,..^7,_^j2

8. (</+ /^)2-2.'(./+ /;).__;.>,.2.

11. (;r^ -!- r'/-J- y/2 i2 I ^.'i Q ;^

12. ^7 3_.2,^(/,._.,.^__o,^/^__^.^2,

Jil^
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15. {x,^-Ux + A())- ^ 'lh{x^ - Hu^-f 10) -l.':0.

16. (a;-' -^//+ //3 )2 + 2.^7/ .6-'^ - :ry -f-//- ) - :U-'-'//2.

17. 24 - {jz^ + 2 ; x"4 - ^Ix^ - 8 : <b;« + 9x-4 //^ _ 10^
i

.

18. 6--"'-;-^;'"-2; a;«*-a;-*— 2; x"" - 'Ix'"y'' ~ Hif*

.

19. x'""-{a~h)x'"i/''~uh/''.

Art. XV. Trino'iiials of the Ibriv' ^/s' • +hx+ r {a not a squa e

may sometimes be easily factored ii <n ihe foilowing cousiJuifi

tions :

—

The product of two hinomiaLs consists of

1st. The product of the _/?>'.s/ terms.

2nd. " " seconil "

3rd. The sum (alfiebmic) of the products of the terniH taken dia-

;4onally.

These three conditions ^uide ns in the converse process ol

resolving a trinomial into its hiuomial factors.

Examples.

1. Resolve 6.« '-'--] 8x//+ G// 2.

Here the factors of the first term are x and dx, or 2x and i^x
;

those of the third term are y aad Gy, or 'ly and 3y, These

pairs of factors may be arranged

(1) (2) (3) (4)

X 2x y 2//

(\x 8a; 6// i\y

Now, we may take (1) with (3) or (4), or (2) with (3) or (4) ;

but none of the^e combinations will satisfy the third conlition.

If, however, in (4) we interchange the coefficients 2 and 3, then

(2) and (4) give

2x 3//, and

8a; 2//, where we can combine the " diagonal"

products to make 13, and the factors are
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?x — 3y, aud

TIi^^ coefficients ot (2), iiiptead of tlioso of (4), might have bet]

intercliangetl, pvin;,' llie sarue result.

2. Hu;'^- 15;c//+ C7/^

Here, coDipariuj^' (2) and (10), Ex. 1, \cc seo tliat ilirir dia^^onai

products may bo combiiicd to give IC, and the factors are

2u' — y, and 8a;— Oy.

3. r)a;2_20.r7/+ 6//2.

Here, again referring to Ex. 1, we see at once that it is useless

to try both (2) (iml (4), since the dia^.'^onal products ciuinot '

combined in any way to give ahiji;lior result than I'dxt/. But col.--

paring (1) Mud (4), we obtain by interchanging the cocflicit t*?

in (4) x~iiy, and

6a;— 2?/, wliich satisfy tlie third condition.

Oi-, we might interchango the coeflicients of (3), and iai the

resulting terms with (2), gettiiig 2a;— Gy, and

ox— y.

Here the laigc coefficient of the middle term shows at once

that we must take (1) and (3) together. Interchanging the eo

etticieuts of (1) we have

(rx— y, and

3! + %. The same result will bo obtained by inter-

changing the coefficients of (3).

Exercise xxvii.

1. ex'^-Slxy + Qf',

2. ^x^-\-Qxy-Qy-.

8. b6x^-76xj/+ 20y^.

4. 56a;2_36.r//-20y/2.

6. 560:2 _ll2Uv/+207/^

6. 56a;2-68.T//-[-2(h/3.

7. 66a;2-558a;//-20/y3.

8. 50.j:2 4.36a;// -20i/-'.

9. 5(ix'' -~61xy^20y^.

10. 56a;2+ 3a;^-20y2.

11. 0u;'^-16x//-6?/^

12. (;x^-\-5x!/-6y-^.

13. 56a;'2+562.T//+20//2.

14. 5Ga;'^-122a;.v+ 20//2.

15. o6a;2_102a;//-20//2.

10 56a;2-22fU7/+207/3.

17. 56a;3-94a;//+ 2U7y2.

18. 56a;3- 276a;// -207/3.

19. 86a.-2— 83a;//-167/2.

20. 72a;3-iya;//-40//^.
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/-

Art. XVI. More ffenprft'li/, trinorui.ils of tlio form ".r'^-^lx-rO

{II not a square) may be resolved by Fo'-mnla ./, thus

Miiltiplyiufij by a wo i^et n^x^+hfU'.-^ar. Writiii.j? z for nx this

hQconv'.Hz^ -[-/'Z -{-/(/',. Factor thia triooLuijb!, restore the value of

V aud divide tlie result by a.

Examples.

1. Gx^-hox-i. Mnltiplyin^T by 6, wo jrot (0,r)3+''>(0a?)-24 or

z- -^oz-"l\. ¥i\.Q.to\'\u», we .iijou (:-3)(c-f y), heuoe the required

i'.ictors are j^(6^-3)(ac-i-8)=.-(2.f— J)(;j.^-4-i).

2. 6a;2 - 18^v+ 6//3. Factoring r^ - l:hv + ;;0//3 we pfot (2-42/)

C--^//), hence the required factors are \{^x— \j)[^Gx — ^dij)=.

i :),(•- 2//)(2.c- 3?/).

3. 33 - 1 4;c - 40a;2 . Factorincf 1320 - 14~ - c^ we fjct

1 30 — :)( 1 ! -r3), lieuco the required I'aci.ors are 4*0(30 - 40a;) X *'

(44+40u;j-(3-4a;)(n+l(V/;).

Note.—The factors may conveniently bo arranged in two col-

umns, each with its appropriate sign above it.

Ex. 1, abovo 1 24

2 V\

ir(0.r-3)(6a;+ 8) = (2cc-l)(ra;4-4).

11

nl

1.1

2.

3.

4.

5.

6.

7.

8.

Ex. % above 1 8G

2 18

8 12

^(Ga;-4)(6a;-9) = (Sj:-2)(2ar~3).

[Another method of factoring trinomials of the form ax'^ \-hx'^e

is as follows

:

Multiply by 4a, thus obtaining 4^ ^x/^ ^\^^:ahx•^' iac. Add 6* — 6»,

;rhich will not change the value, 4a3^2 4. 4,abx-\-b' —b^+A^ac ; by

[1] this may be written (2rta;+6)' — (6^ — 4ac}. Factor this by

[4] and divide the result by 4a.
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' fix this

^aluo of

i) -. 24 or

required

t(2-42/)

/)
=

Ox) X *

two col-

Vac\ by

this by

\ I

Ex. Factor 5fia:9 + 137j;- 27885. Multiply by 'ix5« oi

2x112, 112'^a;3H-2.ia7.ir2^-G21(;i>lO. Add iH7=^ - liJT-V thtn

ll'J-^x3-r2.137.112.t;-l-187y-(iy7-+ 02l(;^U)) =[\Vlx-\-iul)^ --

(520r/K)'J = {(112a; 4-l;i7) + 2.-;03} {(li2.6-4. li;7) - 2000} ^
^112^-|-2iJ10j(112x'--,;ou).

We malti[)Ued by -4 X 56, '>7o must, tlierofove, aow divide by that

uumbur. Doing ao, we obtaiu as t'acLors (7u;-t-10«j}^8^— iG'J).]

Exercise xxviii.

1. lOx^-^-x-'ll '

2. .;o.;-2-29^-21.

3. 10.r'-i + 29.«-21.

4. 6u;3-3?^+ 55.

5. 12aa-5rt-2.

6. 12x'3-37x-+21.

7. 12.f'-^ + 37u;+ 21.

b. i5a« + 13^^6^-2064.

9. 12u;--a;-]

10. %':-i/^~Sxy^~6y^,

11. 4a;3 + 8^v/+ 3//2.

12. {'ih-^x'-i-Thx-^-dx*.

13. ^x*-x^f/'^-S5i/^.

14. 2.c*+^-3-45.

15. ix^-'dlx-y'^ + Qu*.

1«. 4(.^; + 2)4-37W3(.^+2)3-i.9,
</. 7-

17. 6(2a.'-i-3?/)3+ 5(G^2+ 5.r/y-»//-)-0(3x-2//)3.

IB. 6(2.c+3^)4+5(G.r3 + ;;^_y-0^-)a -C(3u;-2.v)*,

19. 6(x3+a;^+2/3)a^i3^^4+a;3//*- +?/•*) -385(.c''-a;//+v/3)a.

20. 21(a;2 + 2.ci/+2//3)3 - G(u;'^ -2x//+2//3;3 -5(^*+l//*).

Section II.

—

Extended Application of the Formulas.

Art. XVII. The methods of factoring just exj^lained may be

applied to find the rationai factors, where buch exist, of quadratic

multinomials.

Examples.

1. Resolve 12a;2-a;//-20^-4-8.<;+ 4l2/-20.

la the first place we find tlie factors of tho Jirst three terms,

v/hich are

4x4-5?/, ami

3.^ — 4^.

Now, to find the remainuKi tenns of the required factors, we
must observe the foliowiug" conditions

:

J

H

I

I
.
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1st. Tlieir product must. = -20.

*2ncl. Tlio sum {ahiehrnic) of tho produota obtninod by multi-

plying tlirni diuf»()iiiilly into tlie y's, mubt =41//.

.'ird. The sum of tJio products obtained by ur.iltiplying them

diM;^'onally into the a;'s, uiuvt -^x. -

We see at once that —4 with tho first pair already found, and

+ 5 with the second pair, satisfy the itquired couditiouH, and .*.

tho factors are

4.r+5// - 4, aud
,

8a;-4?/4-5.

2. />2+2/>r-27'-' + 77r-.3r8 4-/^7.

Here the factors of ;;3_|. pq —27', aro

/>+27, and

7'— 7-

Now find two factors which will fijive - 8;--, and which multi-

plied diagonally into the p^ and 7's respectively, will t^ive 2/)r,

and Ty/' ; these are tound to be — /• taken with the //>,si ]>air, and

-j-3r taken with the second pair. Hence the required factors are

p + 'lif—r, and

p-qt'or.

Art. XVIII. But the following examples illustrate a surer

method.

3. x'^ -\-xy - ?// 3+ 'Ixz+ lyz -?>z^.

Keject 1st the terms involvings,

2nd. " •
y,

8rd. • "
X.

and factor the expression that remains in each case.

1st. «-+»?.'/ -2//- ^ {x-ij){x+'lfj),

2nd. x^'-\-2xz '')z^ = {x->r'Sz){x-z).

8rd. -21/2 + 7//0- 823 = ( -v/+;V)(2//--2).

Arrange these tln-ee uair of factors in two sets of three factors

each, by so selecting one factor from eacli pair that two of each

set of tln'ee may have the same coeliicient of x, two may have tlie



1 by laulti-

)Iyiiig tliem

found, and

UH, and .'.

ich mnlti-

^ ^ivi' 2/jr,

I>aii-, and
iactors are

a surer

;e fficf;ors

) of each

have tlie

rArTORiVfi

"i:^::"=""""^-'"-'Ho™n,ec„ofi;
7H

iflclud
'"{r *'//'*). jji tiiis ^^Nn:ple tli

rtijd r-f-

hh'om the first set select

ti'e ;i;o

-ieiit of ;.• {mrjiri^u

«od foj 10 therewitl
tJ

Keneaf. with tl

1 H trinoniial. aj-^

't' couimnn tenus (irchid

a?—v-f ?'«

H'g Kigns;

if^ .second «-t, pjj.j

^' +-^// - 1^//» + 2x,~}.7>/, ^- a,a = / ,_.

we <'Hx-h-!/~2.

4. 8u.'--8^v/-3,ya4.

1st.

!/-'-i!r-hoO,c-\-'27,

i-c -;-{- a :){j'+ '2y~-.z).

oji^a _ 8^// -
2nd.

8.j;2+jj0u,-+ 27 =

!/'' =(?^^+ //)(^-3y).

8rd. -3//

3

the factor

7ab-{-

-1-27 =.

's are

6. 6^<3-

1st.

8rd.

o

(•->.<'•+ //+ ;j(.,;-^j,^._|.;j^

6a

rtr--20/.« + (Ji/,,._4y^.

7rt/v — 2i)//3 =

the laotor

20/-« + (ji/;^_4y,,

•«are (2a- .6+(J.)(ya + ^^_^.,|

Exe:

1. 7x^ ~

2. 20.i

•Sx* +

"cise x?:ix.

«J'--%»-6.c-20i/-J6.
• 1 5x'/ >.v2-68.c-42//--S8.

c». »:

•^V/^~-.v' + l(Xr2-.l7.,a
4. ^0a:^-20.y3 4.'i^,,^^2

VZ/^ 13.

6. 72a;2-bV/3-|-

^^^-f-h)o?/.

»•
'''^^i/-\~i'A'/-~mjx + 2o.

x</~12i/2^-riu:-~

7. 8.r3+ l8.eyy_^y,^:i_j_2

8. f^^2+0V/3_ia,.-

i V.

,f2-

.y-«^ ,
•>

9. ^^^*-10^4+ l];c2.3

-.7 - r o .>'3.

.
f> ^ - u

10. 15x4_l(|,/4 ^>,.2„2
+1%^|-2%?2^,|

i:-^.(

11. 4^/« 15/>3-4.//,_21

//=^-l-152-l+M,/-.V;J

•>.'•- 4-1 Ox -^'J.

1- m..

12.
i> (]/;

a + />'i+c* •i^''=6^-2/--.
26-3aa

fi3

,Jm

'J .
'!

.</ . I
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i I

;ii!

i II

I 3

Art. XIX. Trinomials of the form ax^ +bx^ H-r can al-^vays be

broken up ivto voal factors.

If a and c have different signa, the expression may be factored

by Art. XVI.

li' a and c are of the same sign, th""e oases have to be consid-

ered : i. 6 = 2v/(ac), ii. 6>2y(ac), iii. 6<2v/(rtc)

Case I. b = 2i/{ac). This case falls under Art XII., formula

[1] . where examples will be fonud.

Case II. 6>2y(rt;,). This case falls under Art XVL, where

examples will be found. The following additional examploa are

rasolred hj the second method of that arllcle.

EaAMPLKS.

Here we see that (:^//^)^ will make, with the first two terms,

a perfect square, and we therefore add to the given fei-jj^'^^'^^^o*^

(|//3)3_(|L)/3y.>. The expression than becomca

4nj4 + aa;=//3+(«^"\3+^4_.^^.)a

= (2x3 +%2 + }y'-')(2x3 + 12/2 -^-/yS)

= (2.c2 +27/3)(2u;2+ .iz/2) = (:b3 +2/3j(.la;2 +2/2),

2. 3a;* + 6a!»+2.

Here multiplying by 4x3, and completing th® sqr.ar8 as in

Ex. 1, we have

36.tf* +72.^2 + 02 + 24- 62 = (6a;2 + 6)2 -12

==(6x'3 + 6--|/12)((3u;2 + t)+|/i2), which divided by 4x3 give

the required factors.

8. a;(;4+^u;-'+c.

Proceeding as in P^x. 2 we have, by multiplymg by 4a,

^{2ax''*+b-\'i. {iy'--iac)\{'Zax'^+h-l/{lj-i -4ac)j - 4«.

i\ i\



^n alvrays be

be factored

be consitl.

I., formula

VI., where

^ples are

^o terms,

i-i^ressioa

\

\

re as ia

x3 give

PArTOTlrNO.

^'Xercisc. xxx.

fi

.4_i_ -.

/^2. a:i+

3. 4,^4 _^ I

/->.4^^•4 + 14.r2-f-I

H.^-'f-L..-:

•X-j-?/
)

4. a;4+ 7;>--//-^ + ;:^^y4. ^4

-,-?/

'ar-'v^ + S

4,,4j.9^.y,_f.|,^4. ^^^j^,^y_^^^^^

6. a;r4+ Sa:^7=+.l 7 4. or],., ,

'(^i-h/.0=-f-3r4.

0;

7. /J.r4-i-2r\r^-|-2; 4^^4 + 12^2 + 1.

^^'-+05.

o n
(//-f-

' rv „. •>

9. 9x'4 + .14a;2+ 4; 2a;44.l

10. 2a;4+.l2a:2-M5; 7x^ + ^

n. 8a;4 + 8Gic2y2+.20y4 . 7^i_|_2,'

12. 7(a-h}^^lG(. -h)2,2^r^^4.

13. 3:k4+ 6^2,^2 ^o,/4; o^,^_j_/,^^_^^^

14. 49a4_84a2//^-j-22Z;4 . 9

+ 20.r2
'>..o

J-'^,/4

s^'^ + ir;(;/+2)-t

'/ 207/4.

'rt + 8r/2/;2 4./,4

/'2)2-+2('«_/,)4.

15. 49(/M+ ;i)4__84(m*

Cas- III. ft<2i/(
Art. XIII. The foil

•n3)2+22(,;i_,j)4.

«^). This ca se may Im bron:::!,t „nrl

duction and resohitlon.

owmg examples illustrate ihe
nndev

i>iccess of re-

X*~7x^ + 1

E: :A:\rpLES.

We liave to throw thiq into tlie fo
r* _ 7 v2

rm n^ ^h^
/a:2 + l = (,.v^l)8_j^^2^^^,_^^

2. 9.^4 + 0^2^2^4,^4 =
-I-

rj.?
7/)(ox +2>r' -\-'dx!j)

3^)(a;^ + l-3;j;).

= (a:^-+2//^

3. a;4+y4^(^^2+_,^2)3_2;i.-2

^{^+}l'+xy\/'2){x^j^y2_; /^
4. ^4__,^2^.4.,,^4^^^3_^^^jj

//'^r-9;*;~>2

Ix'y){x^ !/' xy).
>'V^

ax*

-/>)rl
/>!:«»
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Art. XX. It is soeu froui tiiese examples Ihr.f v/p h?.Y(* merely

to add to the given expression what will make with the first and'

last terms (arranged as in E->;. 5) a perfect square, and to subtrnct

the same quantity. 1;; Ex. 2, n. _</., the square root of 9.r,* = Ba;-,

the square root of 4 2/ '* = 2// 2, .-. yu:- -f-^'"^ is the binomial whose

square is required ; we noed :. 12a;2y^ ; but the expression con-

tains 3a;3^a
; /. we have to add and aubtniot I2x''^y^ - Sx^^y^ =

Hence we derive a practical rule for factorinpf such expressions,

(1). Take the square roots of tiie two extreme terms and con-

nect them by the proper sign ; this gives the first two terms of

the required factors.

(2) Subtract the middle term of the given expression from

twice the product of these two roots, and the square roots of the

difierence will be the third terms of tiie i-equired factors.

6. a;*4-y^ca:-?/2-|-v/4. Here ^a;* =a;^, yy^^^i/'^, and the first

two terms of the required factors are x^-\-y'^ ; twice the product

of these is +2.f2//2, from which subtracting the middle term,

YfrX^y^, we get i'i'-X'y'^ ; the square roots of this are ±'lxy.

Hence the factors are iC'+.v^ + ^.r//.

Note that since ^/y^ = +//^, or -y^, it may sometimes hap-

pen that while the former sign will give irrational factors, the

latter will give rational factors, and conversely.

7. x* — llx^y^-\-y^. Here, taking -f-.y-, we hp.ve

a;2-hJ/2-f-x//s/13, and if;» + //« -u;//v/13.

But taking —y^, we have

«2 _ 2/2 -t- 2xy, and a;2 - t/S - Jir//.

Sometimes both signs will give rational factors,

8. lQx^-llx:^y^-\-y^. Here we have

(4a;2 +.v^ +'Sxy){ix^ + y^ - cxy, and also

{ix^---y^-\-5xy)\4x' -y- -6xy).



ession con-

sxprossions,

s aud con-

o terms of

Exercise xxxi.

77

'+2O .1 .1
.' *

/ f 0v4 .,.(

W-'l//-*, l<).r4.|_,^4

^•'+1,
5J//S 1-j '> ,2

;i;
4 T „o

ix'^-hi,,c^-^i)^
.;.H.f.4

//4-.,.4 + ll a,,

a

•^ //

6. 4^4_^^4_3j^^2^

^-^^+4/

X-* -f y/^

V. x"" + 04. '+4.

8. 4;«4-a.2 + l, 7,,2,,a

' ^
.' /•4;/,-4 + l(i//

4 ..
'>;../,:,./;-//

'"''^•'+'"^v^~(2./.4-y0.t-^

/r~f.-^-3tv/4, ,.4^^,4.4

10. lC./;4_05^^.,^y^
^

11. 4a:4~ljii

//^, .t.'*'"-f 2^"'-'V/''
i»i

^"i- 10x2 +4, IM •2,,'i

^.-.-^ 2/y2

12.
//2-f9^

<^V/''~{h:^

(f

r4-f0..2^:
i?/^

+/^H(«+/.)4, ]4.,44.(i^^^
13.

(^^+//)4-7^2(,,.^_,^p_^^

14. ('/•+/>)4 + 7,2(,,_|_/^^,_^^.

16. 4( -f-A)4 + |,(,,_./^

17. ( M-y/^-,

J'

)2.

'//)'* --7(./;--i 4-
18. (^/24-.//y-fA2^4_|_7^^^3

19. l«r/4_|_4^^2_|_|

20.
.^.•'*-4]..;2_f_j(j

21. ('^^4-l)4 + 4(.,2+ i).^2^i(3

'^02«

0(^-1) (•^4-])4+ 2(u-2-l)'->_|„

Art. XXI. We can apply m Art \]Tr < r
fiionsofthefbrm...4+,.,j;;;; .'^ ^n

^"'"' ^'"'^''^"^

Examples.

1. (^x^-^Ax^+nx-H. This

ii

«
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2. Ib"i + I0.r^~d0.>^-I70. Tlii-^

= U(^^ - ir,).L.Wx^x^ -i) = (x'^ - l).;il(^2+ 4)+ i0a:}

= (.^'--l,i(l].,"H-l(V-L4>i).

a 40u:^ +"'''"•" foO^r- TOO. ThiR

= ]0(Lr'-l<;)-|.l;V2.r2+4) = (2.r"+4){]0r2.r2-.4)+ in^}

Note.—To rletenniDe r, take the ratio of the coefficient of x^
to the coefficient of x.

Exercise xxxii.

Kesolve into factorg

I 14. HOx'^ ''d2x^?/-^rAxi/-n20t/*,

\ 15. 24.^4 -12.C-'^//+ ;i<tey/3_]a(),y4,

j

] 0. 2.k4 ^ la^r? ,y _ ,q^.,^3 _ .5J 2//4.

17. Ux^ + lOx^-Ux-U^l
18. 40.r't_|.3O3_|_0{)a;_ loa
19. ] })x'>' ~ 1 2.c3 y_|_7.2.,:y:{ _ 4r,8//4.

20. 3.«4 4.3^3y.|ll2.|^y3L 4«y4.

21. 5.^4 +4u;3//_ 12.^v^-45//4.
22. 4a:4-14a;3,/+2.S^y3_i0//4.

1. x*-^2x^ + C)x-9.

2. 2;r4 + 2.r''+r;u:-18.

3. a;-t+ :};c"5+ l2.«-lO.

4. Hx-i'-^x'^-Ax-iS.

5. 5a;4-H.r3_i2^_45.

G. h)x^+'>x^+n()x-'^A]o.

7. i;r4^ij0;c3 4.4^_^1^^

a 25.r4-4(te3 + s.r-i.

9. 37f>-4-3(b-^ + l8.r-96.

10. 63;^4_3()^.n_|.52a;-112.

11. 810.^4 + S_1 3,3+ 9^ _2i
12. 242.^4 -33a;^-3x-- 2.

23. a;4+80aj3y4.iG;c//-"^ - ,i,:y4.

24. 2;k4 -a;3^_|_6^^;} _ 72^4,

Art. XXII. Formnlas [1] and [4] may somef ,. , be ap-
phed to factor expressions of the form

fix*-]-kv^-\-cx'^^rhx-{-rZa.

This may bo put under tlie form

a(x'^-\-r^)4-!>x{x- +y)-\~rx^ =ff(x^ -^-v)^ +hx(x^ + >')+
(c-2«r)x3, which can sometimes bo fictorud.

Examples.

1. x^i-Gx^ -\~27.r'i+imx+720.

VVe have x^ + 7 .y,)-i.C)x{,r2-j-27)+ 27x^.

= {x^+2iy+Gx{x'' -'-27)i-Ux''i -PjCx'i

= {x^-\-27-'rSx} 2 - 30:^2, which gives the factors
«3 •8.r'-t-27, anl x^-^9x+27.



-^
r^r^^ it f,

+ <.^-"^+4;/;^-f-2(

/
'^•+ 2.')

^l^j-'-fSj-'-fi
TJ lis

•CX + r>)-<

-l(U-2

[.VI + ^-F2^;+^./10»

Resolve into factor;

iSverciae xxxiii.

a?' 6x-3 -i- 97 ,.2
/^•--lG2^-f70Q,

X

O. X

' + -^^- + •^^^+ 8^+16.

70^+

4^*-12j;3

4-14x^ ~ 25.1-2 _ '>'^^o

8

9.

7. 10.«4-24^-3_i6^2^i2^+4.

-f-4^-3_v_i9^2,^2_|,4^_^3_^

11

12.

liJ. 4.^:4^4^.3 ^^
y^

14.
^~<^<^-^'V-10.;y3_|_25 4

16. 9^'4-fl8x-3y_52.^2,/:i_

1

iy^

17. lU*-flO.^;3^+ i]9

V'-12.^;//3^4y4.

r2T'^-^^2+2U.6'//^-f.44^^

70

Section III.-F.cTomNo ,, p,^^,3^

tot'w 1":..^^;;^^^^^^^
^^ ^-^^-«-- winch can be reduced

:i'
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Exam PI.KS.

1. Faotoi acx^ ahx -hr^x + h'^if.

flero we soo that only one power of n occurs, and we tliorofore

groiq) together the terms involving this letter, and those not in

volviug it, getting

= ax(/x — b) — hc{cx—h) — (dx - hc){rx— h).

2. Factor m^x^ —vina^x — tnnx-^n^d^.

Here we observe that a occurs in only one power (<i^).

Therefore we have

— a^{)nnx— n^)'\-',7}^x^—vinx

= —H(f^[nix— 7i)-hvix{inx — n)

ss {)nx — n)()iix — 7ia'^),

3. 'Ax^ + Uix+ dhx+imb.

Here we observe that the expression contains only one power

of both a and 6. W^ niay, therefive, coileut tlie coefficients in

either of the foliowing ways ;

a{4x-\-iJb)+{'lc^+3hx),

or, b{iix -f- 6(1) -I- {'2x- + 4r/a;).

Now the expressions ii\ the brackets ought to have a common
factor, and we see that this is the case. H'jnce,

= 2a(2a;+ 36)+42u;+36) =^{2x-^'db)[x+ 2a).

4. ahxy + b^i/^-^-acx — C'^

= a(bx!/-^cx)+S^//^ —c^
-'<x{h !j -^ -) -{-{b

/J
-^-c){Ij >/-(.) ={b}j+c){ax-\-by-c).

!,-^-{%i-]-b)i/^-^(^lah^a^)y-a'^b5.

= ~ b(y^ — '^(///-{•(('^

)

,2>n2«-»?/

= 0/~/^)(//-'')''-

= bx{2x^ — iC-y/4 -ifm/ — '11//'-^)-+-^^^^;=^ - x-y-{- iaxy — %i>i'^)

=
(//+ 63;V2u;» -a;2v-f4*.f^ - 2,///^;.
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FACTORINo.

And 2jS _
= a{4.

•f^^!/-h4axf/ — 2af/^

^•y-li//-')-f2x3-^;-'

^-"f/C^'*-~!/)+y'{'2x-

-H
'+(-«-/>'U^-(L>'//y tl

^'^•'•-'^^H^•^-h2,o••-^-f-,/'-^

8.
){j-+ u)'

= </ij:^

-^(^•2-X+.1)+ya-(;t.2-^.^.j^
^^_,,^^_^

Exercise x XXIV.
7)(-^--a;-M).

•^ .'/ -,r-2;.

(('

2. .7/u7/4-//-'y/S^
6. -/>2^2._^ •-«=;,• 4- ,,2/; 8

-//•J^.- ,/,a

,S,.-'

X-^-\-„'^h

a

10. *f^+{ac— lj' -/,'"v;

12

'-la

14.

16.

/M-
(-(Dx-^-df.

»r.

^'•+ ''<^')^j -</6f.

«2a,3_w3^.2

18

19.

20. a^bx2-^^^|^9

21.

22.

2:3.

~bc-^ai)x+ (he.

c~ca~ab)x- ahc.
a^x^y-~a2xy^ahj2^,,,.^.^_^

/2,>.3

^y -f ac(la:y-^hc(/7/''i
X^Z-xyz-^aij'

•ocz— htfyz.

iJK ^o } n s\ ... /

'y^z-

2 ^'b^c^'^-b'^c'^xu-
x-\-an-{.

~i((

mix

yz.

-U-2;/'-'^2

2(). X^ -W2^4_
27. 1

28.

29.

-^'.y^'2 <CHr^zx^h^ 2.^2

a-^.c

(^«-l).x--(a_/;^ij
n-~w-n^\i a{j

3./!3_ </-7/;-
'•c-+(^?H-/;

w: •npx^ - (/i

{h~c-^rd)x^^,j-^abc-aU^acd)

V'V)-''" ~(w^-}-

-1^^ + '-).

npn~~nC'^n

'''^yz-t rt-2

'^'+'V^— -m).

^i/

•4_r
CX*

'//*

ij)x~n^q.

m

ill

i
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80. wV=.'-'''-f-'"«/'V''-(/';//2 -,i^»i'')j:h/'2 ..(^3,i^_,^2,,,2),'>y»

Art. XX. V. Some' lines an oxpresslon winch floea not come
directly under the precoainp; form, may be resolved by first find-

ing the factors of its parts.

Examples,

1. ahx^-\-(thij^ -n-xtj-h-xij.

Here, taki-:- ax out of the lirst and third tt'Vms, and hy out of

the fjecond and fourth torms;, we have

ax{bx — ay) — hy(bx — ai/), and hence

(ffx — hy){':r— ti>/).

2. x^ - (a-\-b)x^ + {a^h+ aJr-)x aV)'2.

Here, taking the first and last tcrma togotlicr, and the two
middle terms together, wo have

(a:2 +>ib){x^ -ah) -(a-Jrh)j'^ -{-ah{<i-^b)x

= (.r 2 t ab) (

j'2 - ah) - (a -u I),.
[

./.2^ ah
'

= (x'' -ah){x''-^ab-0!-^h).r} ^-{x*-ah){.r~a)(.r - h).

3. x -4;c"-f-3. Tills eqnals
3,Hm __ a-m _ 3(^^.w _ J) ^ .r' (y;^'" - 1) - 3(x "-

1)
= x'''{x>''-i-l)(x"' - 1) - 3(.f" — 1)

= {x->^-,){x'"'{x>>'-\-i )— ')].

Exercise xxxv.

1

.

a^ —ah -I- ax - i^w.

li. ahx'+h^xy'-a'^xii nhy'K

3. ;/;*+• ic^-'rl.r - ^f^.

4. a'x+ 'la^x''^ -T-'l ix^ -{-x^.

5. ara;2 -f- {^nd — /)("),z; — /)r/.

7. (I'-h^+iix ac-bx-^br.

{). «3-//-'+^-+^//+//^

il. 26+ (/V^ -:n.c-2(^a;2.

12. x^+^)x^ - 4.

l:-5. ,o» -/;2v -2/-7'^ + 273.

14. ./,3_^r^2_2. '^

15. HaU^-2ab^ 1.
^^

IG. //3- 3//+ 2. ^

-

17; 2a^-.rV) -ah'^-^2b3.

18. //'"'-{-^'.•«_2. --'-

20. rt3_4,,^3_^u/,.s^

21. a-'"i-3a"\""+2r'-2^.

22. «a:3-(,,2+//)a;2 4-A2.

23. 35.r'^"-Gr/-a;"-9rt.4.

24. ./3/,2 4.2^/,r-2 - „3,.'>_^-,.2,

25. nnr -ab^+h^ni-tn^.
2G. ' - ()«2 4.27,,4.
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27. (x-yy'^-\-{l-x+!/)(x-y)z-z^»

28. 24m'« -28m -//+ •' 5'""- - 7n\

120. j;"^-"+.<;"//"+.<;'"//''M-//
"^"•

Sf.CTlON IV. Ari'I.lCATlON i)\'' Till: ThKCHV of DiV.SOKLt.

An. XXV. By Tiicorcrn I. avo jM-ovr iliiit

;4;''_a" is ilivit^ibU' by .'—<> ulit'ii/s

x'^ — a''
" " " x-\-(i wlicii n is evfn

x'^-\-(i'^
*t *» " x-\-(i wlion n is odd.

By actual division we lind, in the .above cases;

—

^""''"
= ^-^ +.--..+ .

.". xa'^-'-^a--^ (!)•

'^"^- ^ ^-^-^'-^a^r . . +^'<"-— a-^.- (2).

X ^li

:''+"'' = ^"-^-a;"-^.,+ . . -xu'--^+u:-^ (3).

a? +a
ExAMpr,r,s.

1. Resolve iuto fnctors. x^ >f^ ; liere ^-y is one fnctor and by

(1) the other is x^-\-xii-{-ir.

2. Resolve ^z^+ i/^-'')^ ; hove a-^{h-c) is one factor; and by

(H) the other is rt^ _^,(/;-o)+ (/>- r)-.

:}. Txesolvo X''
-^ 4-1024//' ". This = [x'Y-k- {(2//)3}*, ono factor

of wliicl' is a;=^ + i2'/)-, niwl bv (B) the otlier factor is

= .,;i 'J -.U''v/iJ+ i(U-''//4 -()l.ir\v'' +250//«.

4. Resolve (.c-2//)^+ i2u;- //)3 into factors. ,^

Hcie by (3) v.e Ita e

(-zl^'lL+ij- •"-^^(x-2,)-(.-%)(2.-;/)^-(:.-v)= ,_

.•. the factors art; '^ v\

\){x-y){lx'-^'Ax'i+l'/'). \J

, I

1^ i>:

\

\ m
1 1 •

'ir i-iil
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5. Kesolve a;' -{.x-^i/+M'h/3 -\- x^jj^ -f x//* +//'

By (1) we 8oe that this =
(..;=* + //3)(-

X —
// X

3„8- x'hi''+x^a» -x'-iir'-\- ra, I •an. Tiiis =
(/

I -J

-\-u

- {^^^''){'*^''j2^}
__

(.c'' +*<")(.(•» -rt^')(u;:'-h"'';

x~\-a x-\-a

{x^ ^a^){x^ --x'^a-i ^ a^){x--a){x' +xa-\-a^ )[x^ —xa+a'^).

Exercise xxxvi.

Factor tlio tollovving :

—

1. .c« -//«, x-3 -1, ^-i 4-8, 8a-'5 - ii7u.•^ 8+(;-*^-\

*) a"' 27^3-01, aia-_/, I

8'Z//'

a. i^'md a I'tictoi- whioli, !milti{>liticl into

4. By what factor must x'-"' ~ Ax- ij-\-i()xir — ij^u'^ be multiphed

to give x'* — 25lw/'^ y

6. Factor ^^ -\..cS',j-\-x''ij'^ j^x^i/^-^-x'^'J^+j-' n ' -\-xy ^'

f y '

.

Fiud the factouH of the foil f)'

y 8. />(uv'«-.rM + ''u;i.f"-' (t- ) -{-U-^yX-- <i).

^ 11. («3_/)r)^H-SA3,.:*, .ci"i-„,i".

12. u;-
«>
V/.6'- + He/ 2^ _ ,/ :{ -^ /,3

,

13. x'^ -\-^!l'^
+ '^Xfiixr 2.*;// + 4v").

14. 8.«-^ Ha;//^2.<;+ 3//)+27//^

15. 1 — %c+ i./; ^ - S./; ••

.

16. 0r^+a4/;c+</^/A'r^4-a26;^- +a/>if ^ -f/rV;*,
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Art. XXVI. Tlie principlcH illnstTJitcd in Section IT., chaj).

II., may he applied to t'actov various algelnaic expressionp, as in

the following ctues

:

1. Find tho factors '.f

lat. Observe that tho expi'ession is aiiiinnfiri'iil with respect

to a, h, 0.

2ud. If tliore be any uumnmial factor a mast bo one. Put-

tin;^' a = 0, the expression vanishes. .•. a is a factor,

and, by symmetry, b and c, aie also factors. .'. nlx'

is a factor.

8rd. There can bu no other literal factor, hecanso the i^iven

expression is of ouly iltrtr, dim'-nsions, and dhr is of

tiiree dimensions.

4th. But tliere may be a nuvierical factor, ///. suppose, so tliat

we have

{a-^b-\-c){«l>-{-Oc-\~(ui)— {a~{-h){h-\~r)[c-{-(() = niahc.

To find )n, put a = h — c=i m this equation, and tii = l.

.'. the expression = ahc. '

2. Resolve u^{h~cj-i-h'{c-f))-^r'^{a-h).

1st. F>»!.' ^/ = this does n^tt vanisii. ,. r^ is not a factor,

and by symmetry neitlier is h nor c.

2iid. Try a binomial factor , this will likely be of the form

b~c
;
put /> — « = 0, i.e., /> - <; in the given expression,

and tnere resuhs

a-(c — *•) rf-c'2(c;— a) -f 6'"-^(rt — 6'), which = 0,

.*. /> — 6- is a factoj', and by symmetry c — a and a — b are fac

tors. Since tiie given expression is only of three

dimensions, there can be no i;;heL' lltendiiMior \ but

there may be a numerical facLoi, in (say), so that

a^^h-c)'\-b'^{c.-a)+c'^(a-b) = rn{a- b){b -c){c -a).

To find the value oi ???., tfive «, b, c, in this <.q nation, any values

which will not reduce eitiier side to zero; iei a=i, 6 = 2, t' = 0,

I 1

!T

k|
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i

..nd we Ijijve 2 = »/>( — 2), or ?>»= — I ; so that the givei. expres-

810!!= —{a — h){h — c){c — a), or (a - //)'6 — r)(/c — «;).

;?. Resolve u^{h^<-^ \^lriu:-\-rt-^) + r'^[a-\-h')^ahr(ahr+ l).

Ht'r<' we see at oncti timt there is no nuimnnlal tkrror:

put />+<•- =0, i.e., /*= — c'-*, and the exjTCssion becomes

u3( -r-+t'"'')-<:*^((.--;-<'-) + ''^i«+ '-*) -<•'*'( -«-^<*+l) wiiich = 0;
.'. li-\-c'^ is a factor, aud by symmetry c-\-(i'' a:al a-\-h'^ are also

factors ; and proceedhi^' as in former'cxaiapit s we lind /</. — 1 ; z.

the ex.j)ression = (/>-|-t'2j(r-|-«^){"-f ^^)«

4. Kesolvo into factors tlie expression

As before, we find that thero are no monomial f;»Cr>:-s.

Let a— 6 = 0, or« = A, aud sub^titutint; b for a the expression

becomes zero ; hence
a — h is ;i I'actor.

By symmetry h - c

}nid < — « '*

Hence the factujs are

ni[a l'}{0 — c){c~a).

To find m bt a -0, 6— J, «='2, and wt; liav«

{) — 2/u, or ;/t=o,

Tlio factors are, tjierelore,

3{u-b){b -(){(' -a),

.>. Resolve into fact<)rs

a^,b <-)-i-b^{c-a)+r^{a-h).

As before, we find that there are no monoini- '"actora.

Let (I- b — O, or u-b; substitutin.LC 6 for a, ti:u expression be-

i-.)mes /.ero
;

therefore o — h la a factor.

By symmetiy h -e "

and (—a *'

Now tlie product of tliese tliree factors is of thnf dimensiontj,

while the expression itself is of /'"//;• (timensious. There must,

theicfore, be auothc lactoi oi our dimension. It cannot be h

;
-1,1

y

%
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expres-

4-1).

icii = ;

are also

iH— 1 ;
•"•

s.

tjxpresF.iou

4,1

<k.

%

|r3.

L«6sioii be-

limensiouy,

(here must,

Lmot b« H

monomial factor, fo?- tlio eTfns<?inn In?? no such fnotors. Tt can-

not bo A hiiiomial factor, such as a-\-b, for tlioii, by aymmotry,

h'\-c and <'-f-'f would also be f'ctorK, wliicli would ,t,'iv(^ an

ex]t;ossion of nix dimensions. It cannot be a trinomial factor,

unless a, /^ nnd r ar^ similarly involved. For instance, if a — h-\-c

were a fact(»r, tljcu, by symmetr}*, b~c-\-a and r— «-{-'' ^vonld :«lsn

bo factors, and the dimensions would be xix. instead oi four. The

other factor must, *,heiefore, be a+ h+ r. Hence,

a^{6-c)-^h^{r~(i)-\-c'\a-h) = m(a-b){h-c){c-a){a+h+r).

To find HI, put a = 0, /» = 1 , and <• = 2, and we have

— 6 = C'lii
;

/. m = — 1.

Hence the factors are

-.{a-h){h-r){r-a)(a-^-h+rf,

or, {a-h){a-c)[h-^c){ti-\-h+ c).

C. Prove that

is exactly divisible by a-\-h + (\ and iiud all the factors.

hetfi-\-h-\-i-=:{),ova=—{h-\-r); substituting this value for a,

we have «

; -(/)-f r)34- (/;+ .•) -J which = 0, and

therefore a-i-h-^-r is a factor.

A"^ before, w^e fmd that there nre no monomial factors. Since

a-i ;,^r, the factor already obtained, is of otifi dimension, tlie

0i.''er factor must be of tiro dimensions, and cannot, therefore, be

a binomial ; for if a+ Z^ were a factor, by symmetry />•+ r, and r+ d

must also be factors. The factors in that case would give a

quantity of /o?fr dimensions, w'hile tlK- expression itself is only

of three dimensions. Nor can a--{-b^ \-r^ be a factor. For

if so, the otlier factor must involve :i numerical multiido of the

first power of ^f, and, therefore, on taking the first power of a out

of terms involving first and third powers, wo should have left

some numerical multiple of ft^-{-h'^-\-c''^, instead of whicli we get

t'l

t

,

i' tlm
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I

h'!!

I

l!

|.i|

'/'^ 11^(^4- f)». Nor can a- i-{l>-\-c)'* be a factor, for symiuefry

woulii require two otiier iactors, viz. :
//-' + '-f-" i*-', ji.na «•'+('< +''j^.

tims j;jiviii«^ H quaiitit.y o!' serr/i Unneusjoii!-:.

The only factor H'.tinissiblo is, therefore, {a-\-o-\-<)^.

11 once

To find III, let (1 = 1, b — 0, and r = 0, and we iiavu 1 ~m.

Hence tlie factors aio

7. Siniplify

<i{ff-\-c)^-{-b(n+ c)'^-{-c{a+ h)2— {a-\-h){a-r){b-c)

-{a-b){a-r)[0+ r)+ {<i-h){h-c)[a+ r).

Let f( = {), iind tlje expression bcf^onics

b(--{-rb"-\-hc{b — c)'-'br{i)-\.c]-!)r{b — c), wbicli e«umls zero; there-

fore a is a factor ; by s\'niiietrv b and c are also factors.

Tiie ex})rcssinn is of thveo dimensions, and nhc is of three

dimensions, there (ninnot tliovefore be any other htei'id factor.

H<;ncc tlie cxi)ression = i,i(t})r.

To Iind wt, let a~b=^c= i, and we have

-1+4+ 4 = v;/;

m=r. 12

.*. the expression =VI(ibc.

In the preceding examples the f;-i,ctors iiave been linear, bnt the

principle applies equally well to tho.se of Ijigiier dimensions. . (^!S;.e

Th. ii. Cor.)

8. Examine wliethei- x"+ 1 is a f;vci,or of x'-^" + Ijr" + 3.r" + 2.

Let a;"+ l=0, or x"=-\, anil substiiiiting, ilio expression

vanisb*^,s, therefore, .^•"+ l is a factor.

J). Examine whether a2_j./,2 |y ^ factoi" of

Let a^~\-b- =0, or «^ = — />-, substitutin,:r, we havo

li/>*-a//-* -'i/'^H-rtZ/S whicii = 0, and

therefore u'^-j- b- is a lactor. '

si



y 111 113 '-^''.V

,-\-c)*

= J».

ero; there-

's.

is of iliree

]. factor.

?«r, bnt. the

,';.)
•" + 2.

:xpiessioii

FACT.'i.iSii.

10. ?:-ovfc' iliflt ^^-1-.'/^ is a lai^i^v of

(/ _|_, »/,_},,,•'/,-' -^../'-Vr'' ff//*-l-/-'^,

Let «^ -•-.'•' -0. oi «/' -//»; f-'istilnli.' ,
wr Imvo

(/
-'/,3 _,^/,4 „/,.'._}.,,•-', .a* I mc >j = U, uftl

therefoi-ii u'^-^-b'-^ i» a irtr.i

.xcvv ...... V

Resol V<; IDlO .:!<•• Oi-f*

1. (^-(//-fr):' -(x-a + v^t+r").

8. ^
„•--/.-);'+ 1

62 .-' ,;{ +•(• ii
\:«

//+-)-+//>.: -I-.' )--i-A''- • //)-"-'-''i/^-

n. (./+/',* --(/^-i-< )•' -»-u--'/-)'

/.v«.

8. '/:'(<• A^i+ Zr»u/ — <• )-f. ''(/; <i''^)+,tl>ry(ihc -I).

11 ./:-»//•-' -f .6--//-* + ./;'^- r..:-2*4-V
» .1 »*f * I.I '' " *'

1.1. ^/4(V.
.../,3^,_^/;4^^_,.3)4.,,.4^/,_,,S)4.„/,,.(,,^/,a,.-' ..1).

L >. u. //^2'i-f//-*(2- "./;-) + -'(.'•-

-

/ - 1.

.IfS. (r/.-f/v-'-'rV'' + ')'' + (' i")" f

4 10. Shew that «A 4- /-'A- r///-J - ./,3 1,.,^ ,r^ ^- J, !..>• n fact

/2l). Sli'jw that (a-+ '/)' .'•^- ;/• == 7.*;;;(x- i-//K'"

/til. Extimiiu' wheth-.' x- - Tt^'+l' i" u i':n lur ol

O'-

//-4- ./
)-

til^l

!,»<

I

1 .'(
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J>(> rA( TiT.TNO,

:i'l Shev tliat n - ^ -'-'• is a fnctov of

i^M. Hliow that <t' -{-'>> '^^ f^ i.ictdr of

a»id liud the otiior factor .

iil. Find tlic liictors of a^{>j-r]-^!>*{c -~n)-\-r.'^(a-h).

Sr,(Tl(»^ V. - yACTORINC < Por.VNOMF, PY TrIAI. DiVISORS.

li

Art. XXVII. To fhid, if possible, a rational linear factor of

tin poiyiiome.

x"-j-l>x" '+/•.••" '

\- H-U-f/.-.

Substituto r-5iicco<<sively for a; cv'oryi'nonsnre (1)otli |»ositivi» Mid

ii»>^ativo) of tlui term /.-, till oup is fonn 1. :mv m, that makes the

polyiiooi*.'. vani.;h, thru j: in a :!l !)o :t t.i-. -j- i.! I'u' polynomo.

1. Factor ^-3 + 0;,.^.!.. .:,4><.

Tlio measu'-es of -4 are ±1, :fj2 and ±4. Since every coefii-

cieut of tlie givou polynome is positive, the positive measures of

4 need not bo tried. Uaiu*^ tiie oihers, it will bo fouud that —2
makoH tlie polynome vanish ; thus

-9.
9

7

10
-1 i

4
-4

Hcnee tlie factors are (ic + 2)(J;-4-7J;•^ 2).

The labour of substitution may often bo lG«scnrfl b-- rLvati?;-

i)ig the polyu!)me in ascending powers of x, and usmg 1 -f-

(measure of A-) insteaxl of the measures of A*. (This is really

sui'stitutin:^' 1 -i- measure of k, for l-x). Should a fraction

occur during tlie oouvkc of the -work, further trial ot that measure

of k Will be neciUess.
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isons.

factor of

m:v--(-^ the

:crv coefu-

^cp-siues of

that --2

lusiug I -^

I5 is really

la fraction

it. measure

V WMPLva.

2. Fnotor .r^-rVJ -Of>j!-f(;0.

Tl if^ mtsasiireH oUU) are hL ±2. ±'l -^ ;>, ivc. Xeirl ler

-{•1 nor - 1 will umko tiie pulvnomu vuuish. Ti-y li ; thus

(!0

;i)

- !()

IGA

A fraction ocfuniiivr wo iiocu iC'i no I'Mrtli' r.

a fiacLioii, as lUit,/ t-iisilv hv m'.hi. Next ti"v '»
; tl

o
v.ill ;ilsogivo

Ills

00

20

- 03

_20
-h) i

Afr v-rion ;;'<••;'.) occurimjf, we m;iv sto;>. — ;; will also rrivo a

tisutioii. Nexr, iry 4 ; thus

00 m

Next tTy — 1.

t«-i

li

-12

-fiS

ID

- r.v

-10
li

-l.l).V

Next tvyii-itg '"> wo find it fails, then try .j, thas

~1
oO

12

-08
-1-2

-10

1

- 1

The rpmaiiiiler vanishes a^ roqnlrecl ; tlio factors arc. therefore,

Art. XXVIII. When /.• has a larofe nnmber of faci-ors, the

numbei' that iioe<l 'ictually bo tried can often bo eousiderabiv

lessened by tlie following means.

Add togethoi- ail tho ooofliuicnt.-^. f/ x liiicluiiinp; the constant

term k) ; kt the sum bo caKed /:,.

i'
m
iH

^uj

i

1

1

!

i
V

'€

HI
M*i,l;f

. Si
I'

: '|,'5i,.-1

!
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i,i'

I- '

i

From ti'in siiiu of tho cnrflicionts of the pven powc.s of x
(inclndin^' /.) tak<! tli." sum of tlie cooiViciouts of tljr^ odd powers of

x; let the i-ciujii ulo • l)t) c:i!lod l,\,. ( In iiie o' {ficit'iits are iu-

clnd<'d tlio sii^'iis of tlie tprm>,).

1st. If /i-, vanisli, x— I will l)o a factor of tlio ]>olynome.

2iid. If /.'jj vauisli, x+1 will be a fiictor of tlie polyuouip.

Hrd. If l)i)tli /^-j and /.jj vanish, .i*'^ —1 will be a factor of the

polyiiome.

4t]i. U jM'itlici- /.-, It'll- /r.^ viinisli, (writinj^ p for "a positive

measure of k ^'reatcr than 1 ")
;

(a) We need not try tho sui>stu,ntion of // for x nnlfss /' — I bo

a measure of /f, , and />+ ! a measure of li\.

(/3) Nor need v/e ti-y the substitution of — /> for x unless /i-^l

be a measure of Ar,, and /> — I a measure ol /,•._,.

(In trying for measu)es, the signs of A, /.-,, ami l,\j may be

neglected.

J'JXAMI'MIS.

1. Find thv ^autors of x^ - U)x'- -(io.r-f-C.;). (^Sr-e \i\. li above).

Here A = GO; /c, = J - 10- 1)84- •>'»=- V-i,

A-jj = -l-l()+(i:)+GU = .lli:.

Tabulatins: the trial-measures we t:et

12 1. 2, Ji, 4,

60 2, 3, i, 5, <?, to.

112 4,
f
i,

12 3. 4, 6.

(;o 2, 4, o. (}. IG,

112 1, 4,

10.

(It is evident that 12 is the iiigiiest pleasure of 60 wo need try

in tlie upper table, lor the next measure, 15, would give 14 as a

trial-measure of 12, and liigher measures of 60 would give higher

trial-measures. Similarly, 10 is tiio highest measure that need

1)6 tried m the lower table.)

fuJ

!( '!
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c.s of X

jowevs of

i are iu-

le.

ijie.

Lor of Uie

IV ^lositivo

iHy»"l be

Vj iiuiy be

:;. 2 u'uove).

I'o need try

ive 14 as a

[rive liiglioi"

[ that upe<^

ill the upper tjible, 8 is tlie oi)ly meaHnre of CO that ^'ivoH a

full cohiiuii
; Jiciice oi" thn positive iii«'i'.-uu;a of GO we ut-ed try

only the sulistituMon of 8 for x.

In tho lower tnhlr, 2, 8, jiud r> ^'ivr I'lll .(.lumns, hence wo
must try the suh.^litutions —2, -8, —5 for «.

On trying the fiMir snhstitnti'tns to wliich we air tlms resfrifted

we find - r* is the* only one for vvhieli the poiynouie vjuiinJies.

(See K\. 2 ahove).

2. Kind the faetor^ ..f .r4_|_ i
.•,.' - IOj.2 -|-i;7r - 120.

/c= -120; /., =1 -f-12- Ki+ Cm 120= HO;

A\^ = 1-12 - i(l-i:-7- !:''»= -2.';m,

80
120

238

1. 2, 4, 5,

2, o, 4, C, 6, s. 10, 12. 15, ,tc.

80 , 4, n,

120 2, 3, 4. 5, 0, H, 10,

238 1, 2, 7,

16,

15, 20, 21, &c.

14, 21.

The upper tah'e jrivps us as jt tiial-measure, and the lower

f^ivos us —3 aiid - 15,

Trying thes».^ W(. i;et

1

- 120

- 20

07
- 20

7''

-40 12 1

-1
-120

" Z 40

07

40
~ 35r

-40 12 1

8

-1
-120 07

8

-40
— 5

12

8

1

-1
15

' Z" H
"

i, - 8 X^

1 1(1
.1

'
!
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O4 FA('fi>niNa.

Hf'TKMi X \-lo nui\ x^ ~ :;^''' 4-
'» /; - 8 are lUfj fiU'tors.. Tlir» lattor

CHiiiiot ho roRolvccl, tor onr fables abovo toll ns we iiood try only

x— d jr-f 3, ami x-\- 1.1. 'Uho tiixt Iw^ have bpcu found not to be

factors, and I/> will not nioaRUie H,

4. Factor u-« ''27x^-\-lix-{-V.^().

^ = 120; /.-, 1- i -liTH-l t+1'20- H»H

/<„ = l-ii7-lH-12(»- 80.

1()S

HO

lOH

HO

1, 2, 3. t>

•>
O' 1;.

9
10. 1 1 5, (^c.

lo,

3, 4,

2, o,

.1, 2,

i».

10, Lii, I.*;, .ti

Tlio nppcr tabic <j:ivos uh .•> and 4, tlie lo\v('i- tab!.- <rives ns o

and U itM." these in onb"- we {jot

-1

120 1 1

40

40 IH

27
IH

I

0.

10

10

— i)

Hencp r 3 is a factor.

Hence .1* I i« a factor.

Honco .rj-2 is a faf^tov

and tbore roniains r-f- ">, a factor.

Hence the far'torw are {x-i^){iK-'i){x-\-2){u +5).

5. Factor .^4 f,x'^-\-{(f -l)j'- +pj' 7.

/^o = l +/'+('/--- 1) -/'-7 0.

Since both A;, and k^ vanisli, the j'olyuome is divisible by both

a;— 1 ami x \-l.

-V

4-1

-P

?-/'

- <7

G.

bo re

may

"•li-

liy ^/ •

I SlM! 1



»*M. Thp lattor

upod ti-y only

'on 11(1 not to be

p '^ives us - 2

3 is ,1 factor.

t i« a f.'icf.nr.

If
Honoo tile i,"i,... r i

'ACTmrixu^
or,

.r"

J

'^-"''"r' "' + '/) 4- •>,/«• ••

2,

tf

*-a

;«

— «
"' + «

1

</

</

c/

n

\i<t

a-

f^^nne tJie factors ai-e

7. Facto^- x'^ -

(^•f^)- 1^

(^'+-U-2 +(/>+.,,.)

^'+").

:c - L'>r.

/,-, = - 1

T(

f7 -f/,

le

'^.y either b

'-ctursof/^-,,otli,"rtl

(J + ^?-.' /;

+ 1

lUll 1,

risiblr by both ami /-^ j^ at tl

Jior by c+i. jj

'e raino fi,ne ^livisible I

•»'o 6 and r. h

owfver, /,

1
is not (livisiblc

I ^« ^iivj.sihlo bi

«»e substitution of c for a:. (So 4 oc

^-1.
^'^ uec'd o]jj' try

(.r-f-,:)
(^' + <'<^) _

/,

«(?

•rt

'K-

lie

Hence. tJje factor

i'l <

1. 1'

\^ (1



r\CTt i:i:,«j.

Exiri'c.c Axxvtti.

1. ,,:i- 0^2 + !(•'/

2. ur'-D^-'-fiiC/- -M.

J.

i2.

I

h-i. n./-'-f;;'.u tr..

•I. ^••» - iLV+n;

1). ///
•'« - iini • n 4- liHV -' - !>/« 3

12. /r'-l-A-', 4 ,7>r2-|-JjJj,-3.

If >. X -i-;i'--f-^^-f2.

Ih. //3 :{y,a (•,/,_ H.

1«>. ,r»-f;;rr»- :;„•-—7"+ 0.

20. //"'--i;rt'"-fl !(/-" - ('..

21. <r^ Ih/ii^^'-fM;//'

2li. ./•» W-'Ai! 2<//>3-f-2//^.

2(; r/4-2^/3 + :'H/a- 2./-fl.

2.S. 2w "

2U j-» - lu:» hJ i:<jr« -2.SK,-|-2:)2.

80. X'^ -\)j:'\i/+'1'.L'>/''' -r^U;/-^ -lo/y'.

Art. XX IX. To linj, if possihir, a ratior.;il liucar f»u,*tor of

tlio j)(jlyiJ()ino

w^"+/.u;" '-hex-" -4 H-Ax ^L.

First Method. .Multiply tlio j)i)lyii'>uio b> ''" V

(aa;)"4-6(M"~'-h'/ri"-'^)"~'M H-a''-Vt(t/u;)+ a" 'A-;.

or wiitiuij; y loi- </./;,

y"_f /,,/'
I ^ ,,,//"-• f -f^r "hi/-\-a"~yc.

Factor tins polyiio'jio by tlio motlioJ of i.lic la.s' artioK'. lopl.ico

?/ by ax, and «]ivi(le tlio result hv ./" '.

K\\MI'I,K.

Factor 8.^^ + nx^ - 'ilSx'^ + 4Hx- 20.

Multi})ly by 8^ and express in terms of 0.r.

(8x)-t + :.(8.c)3-99(3u;)2+887(8:/j)-540 ;



lar fu'.:tor of

Ueri! /

2\n ^ 1' 1 p
•2. ;,' ' "• ""• -^^. l:;;i, 21.1.

r,.j(, 2, 5,
HUH)

I
J,

1

- C)i{)

^ I ~i;i^ Vjh"

-09

^'"di aro tl,e liiotors.

Art. XX:<. ,s>„,„,
^VrtAorf «r -,.

'"".1 whie,, ,.„,,,, ,,, ;,.:,'.,;;:»' " ' one. s,v ,,....„, ,^

""-. f."-«.e.. t..i„, of that vai„: :;.';;:' "; ' ^ " """^''-

'';«™n,etl,e,,olv„„,„ei„„J ,;'';"'" "T-'-'Lv be I.otfer
"' «' ^1' ...Hfoa,l of p^ .„ ,^Jt " ^ "'" "^ ' ""'^ •>»" value.
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To reduce tlip niunlxT ol" irial-mciisiut's, calcnljit" /r, and /r,, as

directed on paf,'o 02, Oion 1,2. 3 l)old as on t-iuit page, bul iii 4

read /» — m for j)— i anil /'-{-ih iov />-f 1.

ExAMPr.ES.

1. FactoL J^^r"4-171a;2-22;r+480.

/fc = 480. /•,= 31)4-171 -224-4^0 = 005

/,-' ^ -3(14-1714-224-480 = 037.

rn may have any of the values '.1, +2, ;:3, + }, ±(j,

+ 12, ±18, 4:30.

'- o

III forming the iablo write out the mofidnres of k^ ; take ouch

measure in succession and add to it eacli value of ;// separately,

should the sum measure 480, i.e., k, add to it the snme value of

m, and should the new sum measure 637, ?>., />•.,, keep the mea-

sui'O of 480, writin«: above it the value of m usod. Sliould the

sum in eitliov case not be a measure, nnofher ^aIuo of m roust hr

tried ; when all the values of m have booM tried, anotlier measure

of 005, i.e., k.^ must be tried till all have been tested. (Measures

of k, ov 005 have been used in this instance because tiiev are

much fewer than those of 480 ; measures of /i\ or 037 would Ii.ive

done equally well).

III -i-3. 4-1, +3
«05 1,

r
/

480 4, 6, TO

GWl 7, 7, 13

_ o _—- ^ —

5

3
1

(

-0 -3.

10 10

10 16
1 13

(Tl)o

"»tlier li

Tiie 1

HO, and

iiavo be(

2. Fai

/;iOO//3 ^

Heie 7

I-

^Ttnc<i the onlv substitutions that need be tried are

3

T
H -2 -3 -0 -3 f 1— _. , — , lor —

4 10 iO XG 10 3

Ari'an'^ement in ascendinjr powei's of/*.

By actual trial, as below, we find 7j? is the only one of thc^*^

f^iving a. zero remjiiMd.T.
i)
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Hence 5r 'Iz is a f;ic*tor, liie oLiiei- l)t.iiig

The latter factor bciiig hoLuugcuooiis, Hit! uiethjJ o( this article

may be aji])Iied to it.

m = ± 1 or ± li. /• = 12, /.-, = :;, /.-^ = 15.

m = l, 2, 1, -1
8 1, 1, y, 8 The other coliimus

12 2. 3, 4, 2 are uut. full.

15 5, 5. 1

12

1

2 U

2

8 2

-3 2

1

-2; u

2

Heiicc the trial-substituLioiis (arraDg< meutm asceuuiiig [(Owera

of a;) are A, ^, !» nf*

-8
()

~-l

_ 4

1
;

Final factor is 2//+J!;.

Hence tlie factors are (;c— 2y)(2.r- H//)(x-|-2//), and tiiese, with

the factor 6a; — 22 already found, give the couipiute resolution of

the polynome proposed.

(The factor ^x - 2z, mi^^lit easily Jiave been got hy the method of

Art. XXlil., page 79, but the present solution sliows we are inde-

pendent of that article. It may also be obtained by rearranging

the polynome in terms of //).

Exercise xxxix.
Factor

l.ai:3_20a;3+88a;-2(); x^ -Ix^ij -h^C^xij^ -Vly^.

2. l'2jc^-\-bx'ii-\-x>j'^ + \)>j'^
\ b^^-14./:+{).

8. 3x^~\^a.v+ '(^x-r)a'^\ 2x-^-{-\)x'ij+lxy^ -?>ii'^

.

5. 4//*+8/)3<y4.7y,2,^a4.Hy,(y3_|.;.},^4.

6. 150x'^ -725a;3;y+<);{ u-^//- +'.l20x//3 llf/i//*.

7. 86x* -G(9 - lij)x^ -- 7(9 + 14//)^2^ 4-8(49 - \Oy)xn^ + 180»/3.

8. lOu:* -:c3(]5//+ lz)-|-''2(4()//'-'4-' v'/z)4-x((»f>//3 --i0//22)_24//''?
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tliis article

colnmus
full.

iiiig powers

2^+ jr.

Iiese, with

jolutiou of

method of

e are incle-

^arrangiiig

''''-1263.

+ 180//3.

2) -24// ''2

C'-JAPTEH IV.

SLvnov
I.-.DlV.^iov \lr

Art. xxxx
'i^iy qn()ci(

Wl

oi-divni

'^t «ar. oit,.,, b„ ,.^.,,1,1

'e» oue qiumfdy is to b. U ivi((f(l l)y aiioti

^-J^U, (,] //,,///

3- Divi.l

wo see at o

- E

ns.

y obLitiuetl by resolviu-
t'l

utr

10 divisor

^\'Il'(j.;s.

H ^r

tieiit,
^/ -/>

'"'• ^^'Ht cijo dividend

'>>

J)ivid

('•-'/) = ..-/,ry —

,

+'/.

V r/. -\l>+r-,l, Here
('-•-'0^ aiid .-. q„o.

^' tile product of
./-'.f

(ru ^/3 + .

/.^ f ^;~

r-- (./ -^
arui ,r'{

a- 'V;+ .,;-•)

dend
«-/•

<(!><' — I)

I>ivideud =

.6"y
1 a '

Hi

+x-i L y '' * + ^/2.,.

''•^•+^~), and tile divisor
^ (luotifiit is ii-i-x.

')*('. />'•-• b

a a - /;

>' '/' htJC. rv

')<

TJie d

>-("-f/>-c).

)--tJie(juotieut =„~{,h

ivi

-^3
, •>

-f-^-'^+ :^/A(,,_|./,

<i-A-'.

'^"l'i"-\-h~r),,\,[,^
'>)

-r>''-^r-^~ah-\.hrJrra,

1 IS ex 'i(^tly divisible by

'^<(^>{il-{-U)-\.'^„l,r^

U-j-h'> —
,

Divid

quotient

<3 X^ ~j;i
y+ ./;ay3-._,.3

The dividend is (Art. XX
this (hvided b

V.

V ^;;<
.'/•^ =

('-^+.y^^)-^f^+_,/)^
«//+/

B^Huijt t:,::!:"::ir-':!H-::'r+«) v .(«+^)o

and

/>(..;

^(r/+ /.)(,/Ai-^'J ...... V

dividend and di

x-~ax-{-,r-i)
'f'«+ n2y^,^^. -

visor we bave

7. Divide r,/.^.4^.,.;</^.

quotient =.c2_„,,.^,,a
a^c-f-*^"^)

^•t:'- ~\-bx .'+-\"'-H<./+,.,,+.,.(,,.+4,)^,.,.^^

|! li
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I

Faciorijig tlie dividond (Art. XXTII.) wfi have

:. the qnotic'iit = t}K' hiUer iaclor.

6. Divide Gx^ - lH(ix-^-\-]^]r>2j.2 _, l;->,/,3^_ r^„4 by 2x'''-?,nx-fi^.

This can be doTio by Ait. XVI I. The diviHO)- is 2x' - a^ -- H>ix,

and we see at ouce tiiat 8ic- 4--"'"- luust be two tenus ul' tlio quo-

tient.

MnltiplyinEf diagonally into the first two tor?ns of the divisor,

and adding the pioducts, we got -fT'/'-./r^ ; l)nt -f ];j^/2.r2 j,^ y^,

quired. .-. -\-(ia-x/^ ia still required, and hh this must come from
the third term multiplied into -Hfx, that third term must be
— 'Znx-; :. tlie quotient is 3j;2_|. 5^,2 _.2.,,^^_

NoTK.—By multiplying the terms - 2ffx, — 8^^^, diagonally into

the a;-'s and a^'s respectively, we get the reiUiiiniug tei-ujs of the

dividend ; it is, of course, necessary to tost wliether the division

IS exact.

9. Divide %i* -d^h-^UaV)^ -ru(h^+ \M by a^-b^-2ab.
Here, as before, one factor is <i-—h- 'Ifth; .-. tiro term?, of

the other factor are 2a'^-\h^. Multi))lyiug, as in the last

example, we get —6a^h^; but - ria^/^s js joquired. .-. _ fi,,2/>2

is still needed, and +;)t//ns the third term of the required quo-
tient, which is therefore 2u^ - ib^ -^3ah.

Prove that

10. (H-X- + X- +

Pj'oduct
1 X"

I X

-f r'-')(l-x-h.'r2

] -f .r"

i-j-x

-fx-')

..''.n

u^
'i

= li-y-i-f-x*.* • • • • +.;
.in-a

11. Divide (.<2 _/,,.).V|.q/,3,.3 ]^y a"--\-hr,

= {a'^-hr)-^+{'lbryi hy (,/^ -hr)-i-2bc

^>

m



I iiffX,

ilic quo-

! divisor,

';- i« rc-

mc fi'om

must be

nlly into

s of tlie

div.'siou

lab.

erms of

the last-

red quo-

-x»-^)

.N,

r^PTs'iv.

^2. DiVKlo 1 f?.9:":7047

Bividcan = j.,.^|^^^.^.

'-^1:rM^y l-^ii,. •-f-12l.r'i

D
= ;J -(ll:r):

•viRoi-rj^^j^^..^,
_^^

+-'^^'^)"}{1-,11^)::}

^'i"tient = ;i -_
(11

+ 11^:).

;y^3

(^^''V}{^+n.

Exe
T?
iul f^

1. 1™

^cise xl.

)0 annffonts ill ti it» followiiio cases

a;.

^. J— L?:7.4

3. >.I6

**+x'« -0:4 4-2^2^^' + 1.

+ rr'*^« a 1 6

4.

-^a;4-„2

-fa^2,/2_oo
«-^--f /•/'

%**-^a;-2
^' J— 4^2 4- 12.^3-

Z/-

!;,-4

'r/2_0,,_,.^,,o^^,^.^_^.

•^ 1 + 2.r - ?-•.?, -

,

"/-./: +
//•'4-:-*-f:

O''./;-'.
<?

•';'--f-«-
>'/' //V,

// - 2.

1 I.

+ 2.;^6^-i.l >v,v>

•3„iJ
+ ^^''*-f-2./3-

10. ^/' 4-/7 •

?j'tJ>^Wi^

2v263 ^,,2
+ -//--

./a_/,o_
(,/•

J 8.

14.

'/"(A

X'

^' + /.?+ 3.

O^/- —,//,_!_/

3

o(/a;-4.;-],r.';c-«3-L./,:j _^
15. a;< -7/4

16. X-

2/*+2^ + 2a;3;r2 --,,._
-(«+ '

//" J

a+ h.

:->^^-\-ihJ{.a')x^^j _^

.'/'+----~1.

IS.

19.

/• «•'+:»% -1-^7/- +//3 --
a--,

.f+ .v.

a;''?,y+ C '//'

a'^-^1,4 _^.4 . a .,

20. r74_.,,^,3.

''*//•"* -L :/''' //4_

/'2-2.3_.l_^ „

X-lf^ -L XlJ^-y. ^

rtC

a+ 8c 2/a
2./3^_{.2i4^0

7>-'-_,2
^-z/^

-J,

2]. r/2/,._/,

22.

'a:

f/ (/>-,;j:

'.r^:?:.-i --
^^" -4- /y

)

+ "!<'• -0"'+'

^c

\a

'6a^c^ S^^c-Sc^-

{<t-~l,yo ^ 'i - - ^//y _ at -{-h,

10(I

!J!<
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1

. ^M- //
' + ia/ - i -:- x- 4- .'/

- i

.

^ ix-l)a'i~yx- [)a-\-;}.

Art. XXXi^. Tac iliGii .ST ('ommon I'AcroRof two a*?el)i"aic

qnuntities may, in general, be readily found by lactorinp. Tiie

H. 0. F. is often discovered by taking the sum or dilTorcnce (or

sum (i//(/dirtei-encc) of t'ne '^Mv».'n expressions, or of csoine multiples
of tiiem,

EXAMPIiES.

1. Find the H. C. F. of {h-c)x--{-{'l<,h-2'(c)x+u-'h--a^r,. ^m\

Takmg out the common i'dctov b— c we get {()-c){x'^ -\-'2(ix-\-(ii>)

and {l>-r){(a-b)x-((--i-j-ah}
;

.'. b — c is the H. C. F. of the ''iven expressions.

2. Find the H. C. F. of

'^ -r-^ fZ + z-xiz+ t/z—ZX :r>i2. f\m\

1-x- y-z^- xtj -f ijz -\-z.'.— xijz.

Their difference ir, 2//-4-:\--2.,,v/- l'2./; = 2(1 -;s)(//-f-2).

Their sum is 2 - 'l,r-^'l,iz - ±ci/z = 2(1 ~x:{l f-//^).

.-. thei-I. C. F. [s{[-^x).

3. Find tiie H. G. F. of x" + ;}x ^ Hx^ - O.c :i, juid

T])e annexed metliod of finding thi' H. C. F. depends on the
principle, that if a rpnintitv measures two otlier quantities, it will

measure any multiple of their sum or dilVerence.
';.t t
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MKASffiJKs AVI'^^ -^M' .wr-..Tn>i,..;s.

*' I ?
-

" - '^ ^")

- a
{<0 [=f^'-r>)]

("')

f.O

4rj

(Ox.-J

('0x5

(' ) V r,

('0 X i)

^ - 2 - • 7 ,

~''^ - «

.>—r ~~ + ^ + f ?{ + ,;

io^+20 -_,o -co ^:J
— "_~ ^— 6-2

'r'>e noeJJic-iems we writ'

'^»ltiplm\ bv 2 and ll ,

"""''^ "" «'•''•" term,- '/,: •

'^"'^

oi- the H. C J •^"".''^"'«'-'«'-^'>«
>vo,.ld I,,vve l.-e^tl ,

•

""'

7"'' («> and
(4) till ftev I eo :! -

°'' "" f""--' -th U,e,„ aJo «ot contain r.i.e .„„<; ,
™
^ - «--. Wl,eu («) ,,„

(to hud oulv
(,,, ,,^ J-^^f^

" ternK „ ,, ^^^e convenient

-'a,„,n« the »., „, nf; ~^':'';_ '^o ope™.e on ai
4. i'ind the HOP o

""''' *" "''••"•^.

15 —41 .|_2S

^"''" SamM2. (r) i, ,,,,

0')

(''1x2

r;'J

jji

I

.ri
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tlieipfove. the H. C. i^^. KpsoIvp (c) into factors. iJjr—1 is not fi

factor of {(i) and {h). If. therefore, [a) and (A) lia'^*^ a common
factor it is i-^./- — 4. On trial 3x — 4 is found t'> be a factor oi (r/)

and .-. it is the H. 0. F. of {a) and (/>).

n. 1^ x' -{-vx-^q, \ir\(\. x^ -^-I'x-V'' i'^^'^Q » common factor, prove

that tliis factor is

a? + If x-a hf-> the common iactor tlien tho rfraairders
;?—

r

on dividinc: thf> <]fiveu expressions hy a;— 'X; mn«t be Zrivo, i. <'.,

a'-^ + oa+q=zO, and a '^4- '"+•«=: 0, or

.5 - /V

^p-r)(> = s— q, .*. «= --\, and

X~il.z=x— -'.--' =x-\-p-r //

R. What vahie of a will maVe f/-a:- +(<7'f-':1)./--M. lud

a*-'j;3_|.^2 — 5^ have a common meavnve.

They cannot have a monomial factor. Neither can they have

()ne of two dimensions unless (n -\-2) vanishes, Lp., unless a = —2,

iu wiiich case the expressions become 4a;^ + l, and ix- —1, wliich

have no C. F. Hence if the ^iven quan^ ities have a C. F., it

must be of the fi)rm ;c+w; dividing <^r^:?;"-f-a2 —5 bv u*H-w, we

liave for remamder,

r>.~n^ 1
a-ni^ + a- ~-6 = i). n^ HI' =

._, ;
.*. m= — -|/(;*5 — <7-), in which

\/{^ — (i-) must be possible and intej^rai, .*. a- -4c, (o- = 1 £»ives

values to ni which on trinl fail) and « = ± 2, of which the positive

valup mu^tbe taken, and .-. 2a; 4- 1 is the C. F.

7. If the H. C. F. of a and /; be c, the L. C. M. of

fi Zi fi

Lot (i = nv-. h-nr, and .•. a^ = m^' c'^
, h'^-n^c.^. Thn<?

(<r -4-/) ) = r (#;/ +w ); (,«i -~l> ) = r [m —n ), and

an

©qi



-7 is uot H

ft cnmmon
itiJi- oi (a)

tor, 2^rove

pmairdcrs

hey hnre

^ ./ = - 2,

•1, wJiich

C. F., it

C. F

AMj MifJ.TIj., fe».

8. If

*(;//'! _,,,i\ '''(///*• (/«)

expres.oio'is
j^ ,.4
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rt«- /;«

('"^-"-). .-. tl,

and
[^-(t)' Measures

-'I-c-x-r.

Let ^ -^/"^eL'i. other fact,

«"^ tJie reiut.01, b.twen.

©Q'taiii
i*r

'S cotit'iiiii

(^'+'/n=:

o;-, fcj

«'

!ieu

r- w/'

;/;<

r/^
* — »)

•
'. ^yt = '2.

'ir/fH

«» =

•«, auj

y . or // •; -

'f, ma''i^f.

a- U'j _.
V' 2" '=./•, ana

and «3-_
0" 01- U«^:=

4 "^
.>-, 01-

Or th

+

Bivid
us

las j:2

27
= 0.

•*- +y*+/- by(.

.ind as this ^^j, K^
,i

/•-
. ^-.

^S co.fij,;,^t6 '^"^^ '^^- '^^^ vui

(^^^^.:;:!-^"'^^-^-^-

lies ofx. v.-P ]*'V.T.havo,bveqn^t

Of

And

y+or/a^O
•/•- !>//3"'^-O,

— - / i/
'

/•-

^'Ijorefore -- j. '/

If/'

:i7
= 0. as bef(ore.

^J'nd the H. c.
1- 2a;4 + 3^.;,^

E
^- of fclie fo]j,

xercise xli.

a_L^
•3

3.

+ {^-MM-^-f(;,^

*-«-^, 3^4

lowiiia

^^'-(;'+ y)a;i^ +
ax^ —

'^•^~2;c3^..p_^^5.

a. ,•3 + (''-l).

lu +3.

(«-3),

5. 1

C.

'ar-f-rt.

>•

^'+ ia;3--^4 1
•1.1

a'v; '+ .

TV,«-y^-'4.j

^f''^' i c%-

^

,'•..6

6'c

?«

f .rn':

1 ^'-i
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7. a ».f' !

// * 2^hr» -f //-yr^' 4-r/ ^ A^ - 2rr *A, find

8. (xi'j:-\-h{/\^ (a - h){x~^z ^(/i.r *- lnj)-\-{a - hf^xx, and

(«u; -^//)^ ~ {a-\-b){x-¥z)\t(£ hif)-\-[a-\-b)'^xz.

10. rt3'"4-a-"''-|-'-'"' + l, n'id ^i"» -««»"-!-.« -|.

11. U x'^ -\-(Kr.'* -\-hx-{-c, aim .t;^-)-'rx4-//, have a LOiDmon fa<'ioi

of one dimoiisioii i/i ^. it iiiasl ijo u.ie tile iucto.h of

(a-a')x^ ^{h-h')x+r.

12 Df^termiiie tlif H. C. F. of (a-/»)'' +(6-f)»+(r -rt)», p.nti

13. Find the H. C. F. of

2(,;3_2_yV_.,/+ 2).6-:«+:3(//3-l)a:8--(2//-'«-7/2- 2./-M), and

Sj;^~i!r'+0!/-2)x'^+7{y^ ~'lf/+ i)x -(3^»--0.v' 4-// + 1).

14. f i' x'-^-\-}>x-\-(^, and .i;- -t-;//^; f>/ have iicoaimoa unear lactoc,

shew I hilt

{n—t])^-\- ii(ni — f))^ = m{in--p)(n—
(i).

l.j. Find the L. C. M. of x^ - 3x'^-\-^x-l, .r» - x'* - x-\- 1,

X* - 2x^ 4- 2u; - 1, and x^ - 2x-' + liu; - - :ia;+ 1.

10. Find t:ie L. C. M. of

X'^-^i')x'^ + nx+iK .f:"5+7.r2-f 11^4-8.

a;3 + Sa;a + 19x'+J2, and x« + lia;=*4-2(ix+ i:i.

17. Find the vahie of i/ wiiich will make

2(y2+//)x-3 + (ll//-2).«+4 and

2(.V^»4-.y')^^+ (li2^=-'-iy)^2+(.'/2 + 5//);« + 5// - 1, have a

common measure.

18. The product of the id. C. F. and L. C. IL of two quantitiew

i« equal to haif th? sum of their squares, one of them is

2.«3_ii^3 4.i7a;_6 ; find the otiier.

19. Ifa;-f-aaud re — a are both- measures of x'-^ +f)x''* +qx-^i\
shew that pq = r.
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rn A^ \i ,•

(•^-'0». Sji

.r«^-f
V-'^-' /• au,

^»^ ti.ut va>/3 -

i x^

-'• ^'tiie a. c. y

yz/S.-.,;;;#...,
'"^•-f-/^ 1 "*ve n e

^. C. .\i 18

0/j;.{ -^/"^* -t- ^yuuti

•>r>

-^•f-( /// - (/..S

•^•- + m^-f-n.bo..4.«,thei.

It .,

^y. If

^'/•'-f J. and
•'•+ ". siievv til

"^^"'^^'^+ -/0^+.

^'., sii

a; *-h/Ju:-~i-
(/'-]i3

i'"-':K'"^-4-/0.

*^*^V tij.-u ti

7' 'UK I .,.-'.

u

H coumjuj, fnctor

>y/

ii4. if ^.

a
'^'i- i.. C. M

'"•'•+
^', na Vc

moii i

+/

'+ </ lor tlniij^. il Q^

'^•^• + 1, aud^a
"^"'^''~-*-^«^^'-/^)(;..-

acior, slieu' ^1
lat

-r-M-'+y^.^2^
1^

</

y-ve ^;-« foi-;i

a),

coca-

»>
o.

mu] if

^'^^^ the if. c *^ or

^^- -ft' ^ bt. t

-\-c^(u~./j).

[a^ -b'^'^'+(^^--=)^'+ (.«

'^^^ H. C. i.'. of

''*}^

^^^c J^.~ c. u.

^^ « ^"ci /., a^a ^ ^^^^^ ]^

^^"d ^S /^ tile a. c. IP of

of ", 0,

'^1. If

is

^^' C\ M. wjii b,

-^i-f be the fi. (j p

aiH'O

Of.,;J

^'- ^'' ^f a, h, aiui

'/.and

'» tilCi

•« +('^+a'-cj.,.v4(
f a^-f /

-^•/^iiew that fci,e f, ,. .,
above) ivill k. ..

" ^"- ^^^

rta

>vej wiU be

^9. i^iad tiie H. C

of i\

^)^+(
til* >ir

'^ qii-tutities n, fi

« -cj(a'-,.^,

i^\of

^:o.N

11 X=:,l'i4_.^
X. 2 (-olv^od

!>>;?

'-^"+ x'+ ilx^
+h iim

o
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KxAMl'i.Kb.

Hero tiie unmerator is evidently (^' //'•) -^ (a; -y), :iud t,h6

deuouiiuator its J
^;''' - //«

^+ Z/

The iTsulfc is

6^//(j^+ //)(x*+x7/+ //-) [),i:f/{x+ i/)

Here we see at once that the mniievator= (^- 5 i(^ — 7) ; and

it is plain that u-~l is not a factor of the denominator; we .-. ti^

X" — 5 (Horner's division), and Had the nnoticnt to be x^ —6xr 6.

.'. the result = ^-/^
.

5.

6.
x^ -i-'^x-jj-d

The l'act('rs of the inimeiator arc at once seen to be ^*-f-2a:-f3,

and ;f^ — 2a;+ 8, of which the latter is one factor of the denorain-

ator, the other being (Horner's uivision) •- — '2x --7 : .*. the result

X'-{-2x-^'d
18

x^-2x-7
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E
Redncp f,|,p foil

xerc: ^c xiii

«'- 7.^4-0

owinc. tn M,,,> M^.p,^ fm ins

X' 2.r'-J

Hj-;

tr-ue'
1

t»

7//8_ 17

^// -l-fo;

'+^/V^-U„4
if*+OX^ tffj-^„i

X'

"< .'.O

•'«'*' + 7ar^;f

-f9

4
2/>+ (//-

2-f/;,r

''»"' + J0«4,v+rj^.,
;k8

(t'Kr-4.'>„'J *•!.•^^-'./•^'a.o,,.^:{-Wri»-i4-.r4
_'>fb-4 4..^2_j

Si>J'

.r^ — .,«
- ii.r« -

'' //-^^^;/a

x'-j-.
X*>/'i

x~l'

V/4- '//'-f^-* !/• r ^"'v'* -J-

Q'." II- 4-.

'-•-//' -L

11)

o,,i

4a 3 J-'* —
.ii.t* X- •

^"'x*~-Sax^(tx^-^l
a /•«//+;/»

a
-L /-II

8.

0.

'!.y'~~'')^hi{c~-

ab(.
ll±:Z^<i~h)

o XH-y'i

a'

(n+ h + c)

('^-^)+i'Hc^a)+;;zi^::T^

^0. From Ex. 4 (solved alSore)

<"/ u
+ (c-

''^^^ovv that

n.

+(^-^)»
^(^-^;(^~c;(.-^

12. Shew that

V

n
^^~±(t~A\-^(r^

(a~.f>).'>u.,f,:z~)
^u

+-(r-~o)' I.n.f'l'<J
<?-;/, 2 •^^>-, )^ + ('^* -^f)2

/i:



112 rKArTif)\a.

Art. XXXIV. In rcducin?:^ coin'olex fr?.o<-iorjs it is often

oonvftniont, to multiply hotii terms of tho eompiex fraction by the

L. C. M. of all the d^moininatofs mvoJved.

1. Simpiiiv ^^ --^ --^^ ^ '.

H«ip the L. C. M. of all the denomi?ifttors involved i? 12

;

. . iiiultiplyiu., h'oia lerms of the compiex fraction by lU, and

r^moviug brackets, we have

6ar4-H-S-fn;« _ 19.x dx

':hl~ix^ll~ ~ 4— 4^ 1-x

•J. a—
i+nh

1+' L Here mnltiplyhig both terms by 1 -^ab, w3 ^et
i+ rti

1 i-db'^uia — i') a--fl
= /;.

X-14i-
0?

1+ ,- — . Here miilfciT»lvine both "^erms of the frac-

tion T'hich .allows x — 1 by 4 — a;, the given fraction becomes at

1
onoe

have

J5-1+
4.-X

', and now m iiltipiying both terms by 4, we

4_

3x4a:—4+4— y^

It i]iay be observed thf»,t when the frr^ntion is reduced to the

form - - -- — wo mav strike out any factor commoji to the two

lUnoimnalnrs, and also any factor common to the two numerators

;

it is sometimes more convenient to do this^ than to multiply

directly by the Ti. C. M. of all the deuomiiiatora.

t
\'-

;:



fF-.uri'iovs.

IVi

iJ-erf. the i,um.vHf:ar or ./ .
''' ~" ^''

"''-^^^' '

^--r 'ie„o,„.:.,,„;
i, ;.^;r;; .

''- —'-^o,. ,r ,?!;r^'^7

•• w." nave ''('•'T-'^'r'-f (a— AiaL , ..

'""
^"'; »•". a-d «m„i,fv .:,, .!,,.:_

'°'^^>^»° -^ompiex <«,.,„,_

C.

'!'/

2 r
~~:. 4- —
a- ' /,!.

1

i

c

S^^piUy the foHowinr..
o •

1

1. ^:iif^zja-xn
^H

t ,«
'

)

1 + «
a:-?/
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tt ~'4-/''=

'ii

"

4. --i

_,f( a-

j-ii-

II' ->r

-I-/.3

A 2

f/
+

rt^*

a-f-/'

+
a — I)

6*- (i

a - 'J
I, »

+ -7-

fi

I>9

ll

n
a-\-o f—

o

0.

.r—

J

+
7/ - 1

//

+
z-l

— +

o

//•
+

,''i

A 2 +
if^h^r

a
+ —

ac an

8.

0.

aS-(-//3/,4. ,./^S _|. /,S ,^2_L2,/A-f-//

/I- rc'/y 4- a/; 3 - a^ — <>*

+
10.

h-^-C /;3_^^2_rt2)

:i6c i

a

li.

2(1 -x")
_
(1-

2( 1 4- j;"i

+ n +.?'V

VIWW^WA ^.{-.

1 -"«

)

+ 1

a?— + 1 +
1 2 ^— X

V14---

ir

a/'

V



v^heii X
o

\(t,t'

Art.

^o«nd, it

XXXV. When t}]

^(i-^c"^)'

'^ ««m of seremi f.

oi' redu
•actioos

CMne-

ei-, and combme tiie i'e.suUv

ii<-> taie

,*-! <'It oiice

J^v^^o (or ^on

il^'iAMJ!>j,HX^

1. Find the sum of

-i^--2/^^) = ^^v; no.vadd
fchis io _ .--

fr

ai^d Tvoget ':^''±/^*)=-U-V-^o^2

^'-Z/*

Jl .'>

V



I
Ml

I.JI

no JTtA.'TIONS.

2. Find the snrji of

i-x Sx

1-.C "^ ]+^-3 + l-f;g4

1 -.,r

Hero, takii)-' tho first aud the last toi(etlu3r, we liave

taking this result with the second fraction, we have

L + L\ _ «^- .

now take D.-is ix'snit with the reaiainin^' fraction and we get
1 1 \ Urx

8.
i-x"^ +

i \ U)X

i+.t-*/ " r-x/
XM X

those whose denominators are ahke, we liave
ar'n't_1 x'^~-\

The work is often m.^de easier by comi>\etiwj the divmous repre-
sented by the frartions.

4, lMndthesumoll4-
^^^_-j^^

- ^^_-^ By dividing num-

eratorij inlio deiiomintitors, this

'>

X X

X-'l ' X—i

1+ --2 +1

Q Q

-:.'• li 2.<;+ 2 !>a;-2 2,c+2
'i'yx\-'^ x-vl ./-fJ

I o 4-

X - 1 iC — o

_2_ ^
2

2

^t: we iiave, by division

1- 1 +X~l X~K\

2 2(2a;-8)

T, or

2('2x-8)
«;-2 x--K\ x--'-i x-l (a;-2)U-6) {x~l){x-l)

~^'*^
' ^^

|..-^ S.r-f12 ~ ^2 ..H^^.7,

[denominator = {x- - 6xr +1'^(^^ o^') -4- 84 |.

1.

o

o

O.

6.

- 1
/ .

f).

2.r-



'e get

n iMiiVi

^ repre-

ig uum-

2

;ioa

c-S)

)(^7)

^^'j'»t] t],e val

^^•A'/fifjVS.

'^0 of 1J7

a J--^ i>h

Byd'Vision, ? -f.

a

hi-/

.•/. ^Vi-'OD .r -.
-/y

.C~ '>

= O= -' + 4

^'t
-f- 7

•I A

a -^-'Zh

x—2«( "^

\^J'J±f>U-.A.,h
-.J ; out tii ^ <i'^-HU£..tV ill J »e f^^CueU

f'^^e Villus

>iiii(.;o
{(/ + 6)^ ^4../;

01 t '^^^ giveii
f'^pJt'seiru

' Js Li.

E
S^'np-i/y fchp ^r

^c^cise xli^

Oowinu.

h iL~ </-
_f.

•^'+^/a7-f-^/3

:c+ /-^

*^t"

a

-h
_-3«2/^4.;-.,,/,

/»3

1

rtS-i?,.'}
^/ /;

(.u +

2~x

a

a ~

+
..'/

'(=-^j--^ X

X a-

'2x

4
~h a I)

-^ + x

,(b - /,,

<(

(1

4^3 (''+^) + 1

4«-

>. :
~ "^

2x~l

{a~~x) "^
.;

+
^'^(^24. «^

•> I

1 - aox

1-D + a*

'^ A — LV

2.7:-

:^-f2

9

'(^•^--Ij
4-

.r-J

^i\h•^-^l^

H)
{x~i--2)(^r-i:sy

•f'l

-f J

> ~.:i

Hx

I?','

^K^j

I I

I r '•'

J 'P <
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jn.

H! \< I IONS,

O/
J'-^t./) _ 2(/,; u:) _ 4(r'-..y2) .i(.,.t j_,^4)

•^ //

11. (rt-i) f

'+ J

+

^'+.'
+ l~;/4

1
I

I ^--f-/)- ^ (x-4-A)^'
j

+

4>

I u: + </

1 .. I

12
] <'/ - j;

II' ~ X

+
iii.i'

'I .•'/• + .rt-f

•J,.

a

+
\a-.,

''^ + .

LO.
^X -4 i'lx-\-'l lO.r+ lT

11,

\)

a

1U--8 LS

//

+ .o—7T, 4-
a' 2.r«--/.3_J*' — it'i"

a^J^b'^ „-•- /,:J
-^

[a~-b)[<ri-^lri) (C^ —h*

V2.,+ ^()" 117V/+ 2c<.c

8^+ II
+

0'^ + 2u;
IH.

10.
4x 17 8x--H() U)x

X 4 2u; - 7 + 2a;-

5

.'')3r— 4

X~{ '

17. Find the value of
a-{-l)~2c "^

.i-\-h'.'.~Id

vlien ^f + ^' =

18.

It).

10.

21.

'V).

ar
r'fn yx" ,Sn

.•n _ ,,1 fv-ir x"+!r x"->f ' .r"+v

2»

(,r_6)''-l (,i_/,)"+ i ^a-hf-l +
^ct-6)"4-r

+(^2_6'->)(^,3^/,2) -r (/,2_,,..w-ro_^^^y).
U'3+,/-')(^.~'^/,-)

1+.
+l-x^ -r 14. 1 ./-•'' + i

,/3.^,,'>/,.^,,/,U 4. /,3 uz-f./,):.^ ;»„./,
( (I - - ft\

ni^'i -^ /y.i ^ {a-hy^^^ab (n-hb)-' -oZ-i

•A-b-

'uiu

Tiii,

n
a

J
metr

2. n

Here

uunierat

='«coiia is

This va



•^+//+^- a,Hl the result J'l'.
'

' ""'' '^' ^^^^^ ^^''^e

•
•• «'e have - "*(« " *J +i,Y« -^ ,.) , ,

^ '"*'' " "A

-^•(^:^S::j'. -;fo. Staler
^"-

-

I

'



i'ZU FKAiniONS.

:

is ol" tlie tliii-d dp^^icti, wliilf- tho wJiolo expression rises only to

tlio louriii, hi'tiff ;/•« ciiiiiiot hi' iiirnliutl. 'Dw) otlicf I'nctoj' liiust

thei'filbie b»; oi tin- ionii ii.':-\-n, In irhicli, ni is a imniln'r.

To uiiUn-iuiuo n \n\v .c = (), and tlie exnressiou b'^c.>uios

ab<'\(i — h-\-b —<•-}-(• ~a\ =0; .'. // = 0, oj* tiie other factor is vix.

To determine /// m\i <i = 0. h — \, v— - 1, and /// will be foiuid to

be 1. The ^umei-ator is .-. x[a - h){b — c){c — u), and tiie result i3

.r

{x-.„)[x-b){x-r)

8. Simplifv 1 _|_ - — ,

^0 — i-)'yC— a) [(•~ii)[<i h) {ii — lt){(j -- c)

L. C. M. of denominatoi s is {<( — b)[L> — c)(c—a)
;

.-. tirst numerator is a- —b-, and by symmetry

.second
.

"
//-^ - r^^ and

third r'^-,r-
;

tlie sum ol' the.ie = U, vvaicn is tiu! required result.

4. Ileduco

o o

+ -f
(x •//)-+(//-2 =

- * (z -^)'

i^r .y !(//
- 2 1U -u;)

2
1

-r
X — 1

1

I, -- z z — X

Her*- the numerator becorues

2iy - z){z --x) + 'l{x - !i){z--x)+'-l{x - y){ij - c) +
(x—ij)--\-(ii — z)--\-{z-'x)-, whicii is evidently

5.«3
I

(/3 — /y3 j

+ /;3
/>» rt'

Observe that tlie denominators become the same by changing

the sign between the fractions, and that the expression is sym-

metrical with respect to a and b. The numerator of the first

fraction is rt^ --!-(>>'<'•'<) 3 _H- l.2r/''/y "4-8^/3 (f;S» and bv symmotrv that

of tlie oilier is -1^-- <J//V/3 _ I'lb^ a^ Sb^a^ , Their sum is .-.

a' /,i'-4.(j(^3/;,3(,/0 _/,.!) __y,,;};,;{^,^o _.^g)

= (ft"

= (^/^+A^)(f/'^ — /'*^)'^ and since the denunmiaiur of tho given

expression i.s (</• -~ //"')•'• .'. tlie result is a'-^ -\-b'^.

12.

la.



only to

)!• mudt

I* IS nix.

foiiiici to

result 13

-- c:)

•)»

;3haugh]g

is sym-

the fivst

jtry that

um is ;.

y
ho given

SiiD I''i^y tile toll
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xercise xb
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0VV1U'»^

I'x- 2f/\ a
w; I

u;-j-i/

«+:!//, a

+y /-
^^•~//; «

— a /

*>. ~ '^-f^

(/.-c-)(c--^) -f .-;;-
<^-f-(

4. ,

(c-uXa-:^; -f
^^^_

<?+«

^)(^-r)'

(a-^)(..^ + ^^-;^7r-.
"-'^ /y-

(^-aj(rr;:) + ^j--

c —

6 a''
(''i-fO(^+c%

(«+^)(^'+.OUTi:^-f
/5.a

+fO

+ «)^(«-fZ;)(^-..,,j^

(^-y/(.c-^) -f
^ ' (y~:

2^'

•^ + /.) (7/ -f -)(>;_.

+ r-
8.

</•
'^1^ ^;

"^
(T:

?-
^(ar-f-'c)

('^ - ^Ji^-c) + .r:
68

•C.iZ ~^^~U)

Q.

{h - a)\l, —. -f- ,^-::-

(Hf?
(<:-aX<.--i)'

10. ^3 1:

1]

(6+^^«
)(^•-ra~2 +

^) ^
(:̂ i-a—li

(«+/;::27)-^+7r2^]

6j(aH-Z»^r27)

12. ^
Z»iJ--,,y

+ c--~a''i

IS.

^^+ ^^^ "^ i^uj^ +
*• d'

(u-bXa^c)U^,,. +
c'-i

K^-u) -^ -^j-_
A3

^j{o-c)(7Ti;)- +
(c'-«j(,._^-j(=;^

?•:•!



J -- P\TI08.

15. l'V+''')lH:_(i'_-:ic)*'-f(«+'-)j^ 2__ _ 2 C

i« 1 + -.1 ^_ . _ .1

a;(a:-<g^u: 6) a(i-w/;(;c-a) ' t>\^b- u){x—b)

>i\

\

Skction' 111.- -TJatios.

Art. XXXVII. If -r = a>l = hr. Now,

dividm^ atl~hc bv ca we liavo — = --

*< aif--l>i: j)v c'rf

r/a' — hr ])y ^//>

«

a

d

e

a

• • •

Al
Wd + ??C

RO -^ = e^cli of the gi en fractions

For

vib+nd

(!L
wn-\-vc \ I)

(I).

(2).

(3).

(4).

vtt.

\ (t
'

a
(nih-i-iirl) --

a

^b+vio+mi vih
'^«*t«'"'j[r"wrrr«»»tt;ij» ^^ tb^aam

nd iiil> + nii
or -;

A very important casn of this is ??/=!, ?i= -fl, bene
a

Al
.-h c— 4

so
n+ /> ~ r+^i

(5).

(G).

For by (2) and (5)

a a

d

Or th
(1 - - h

US : r

c~d ~

^-1

-T-H-1

c?-'- /)

c4-^/

n~ h

It + h

c-d

C+(/

d

ff

Jf ai

upper g

r.i]f^ cor

peiideat

1i;
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C'^uerally, to prove tl.at if ^ o

J mh-i-n,!-^];,- - 7- or _ or Jl.

J
(7)

"•-Wr-^*^ '^

h

ma±pr

r

—— ^ /'a
'lO-^nH — — 0^"

,

'/

, and _
'^ n

For !^' ^ l^'
__

"///..+;„.

'^^
'7'^ ~ m±qd ^^(^^

or tic.

f8)

me.

mi

But '^' _ />« .

[f ^ <
e

b ^ d ^ J ^^^ ''- = -^

Vfanb±qd+,,- ~ ,/44.-^-:^-r = .to., = _ ^ ,

1' au upper si^n bo taktu in

'

"" ''
' ^^^•

"Wersign must be takai, i^I
"™''""'' *''^ -^o™spondi.,

'•" corre.po,„li.,
lo.v.r J-l ! i

'''^""'"""'tor
; if a lower .^a"

I'eudoat of each ot.er.
° '

""""'^''^ ^' '"^ ^ig^s aro i h:":

f ; (

W.i
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]ti4 i AiiOH.

RXA'MPT.'Rf,

n r r>a — ih fie — ^,(f

1. If-- = - sliow tliat ,--— -, ^ r'~;'rT

TLp Qfivon frnetinn =-

<* JB--4 C--4
rr

'T
-^ n 7-r -f •"•

Dlvidin;:^ tlio <»ivoa fractiou by 6^ we have

*>— 4- S

—

^/-

8/-J
-"

, and this becomes, on fliibstituting for-,-itseqaai-j.

8. If 8flr = 27;, findthe value of ^^^j^-^g. This =^ |~ 4. 1

F̂
«

[by dividing both nnmerator and denominator by

a 2
b^]. But from the given relation —- =— we have, by subsc

a • •

tuting fory
(i/'r+ l)-^(^-!?) = -^^(-^)=-S^

^;

4. If-- = -J. Prove t. .t

h ' d

a

r

X

We have— = -J
= ;r:^f ^'^^^

— + i)_i- — _[- 1 ~ — , and this multiplied

ft ft4 /«-L ft yt

gives ji = (7q:;y /•



a. If '"'/•"^'~h4-r ,.,, ^

'VnIf.n|v,Mtf hoth terms nf

d ff«„.nce of „„^„,,^
''"^''-"•« of den„«„,„,„",

rs '

a
'

For
f;-.-- -...+..4-..

"^^

125

Also .^=Cl^^_^2j.^2j_^,
A»

/73 •But ^ = .^i,
/w /,.

Iifi.nce the rrqnfrpr? po„,.|,-.^^

'"""' fractions „/,,„„-„„, ,

tais as»nu„d .ettp,.^
-'^e" equal, and to wort in terms

7. jf
a+h

,^

.wove that S2.+o,V,+a7. = u"'''

*+l=rT" ""''^ "^"'^ f'-aot,OB. = , ,„., ,

i

^n ' I

i !^t
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or —'- 4. '

c -f tl

= j'{(i '-h-\-li ^c -|-6' — a) =~ 0.

;. adding tliese fractions we have S2n+ {ioh-\-'-2lG = 0.

This example migiit also be worked as u paiticular case of (7),

fchuB

/>+ . (-\-a

Mh-c)

20(a4/;)-^15(A-|-r) + ^2(r+./) _ 82./ 4- 356+ 27c-

m{a- h)+ {JU{b ~ c)-{-m{c - a) ij

8. If li- + '_.

<-« ^ /"a

2(;
f
a r e

) ^.—-;-— — - - + — - , prove that
d ( d ^ t }

/ a +(-{-('
Y a ^

rp..
ransposmg termb, iV;c., we iiave

«^ 2</(r 6-^ ^3 2ct^ <•»

6a "
/></ "^ </-

"*"/-'"-
.// + ;ii = 0-

or (T-Trf^iT-yf = «^

that is, tiie sura of two essentially positive (luantities = ;.

.•. each {,'/ them muiju = U ; heiici^ we have

a c e

y - -^ = 0, and y

7
Als(»

a

''
[b'l-

ij-\-d+/' '
' 6' ^ \ '>-\-dtj\

'

^4-// />-'+c/--f/a



Exercise xlvi.

2. If ^ '•

n2

«• Given the same, .J.ew that oaeh or .r .

'^'''

"cu 01 taese fractions

4. 11 2^==3,, write down the value of

127

>}>a—r,c—pe

ml) - nrT^pf

^ d "^ ~r ^^'^w that _
/>

"=

C. From the same rcAn^;^. ^^ iei.'Uions p,.ove that '^

8. If 1/ ('^-f.^) 4- ]/(^ -;,,.)

V'(«+«)-l/(,,_^.j = '/, prove that a; = ^''^.

wa:-4-rt-4-/> _
l4-«2

9. If /''^4-^-f^
_^ wor--^^^

10. If ^-^

tii^n each of these fractions = • ^

^•+ //+^ ' " + ^'+^ Hot hnmg zero.

11. If^+ /> ^ 64-.^ ,^^
«-/^ 2(/;-e) = 3(7—̂ , then 8a-|-9/;4.r;,^0.

12. If '^~l:^j^(('^_z^) 1

Va-y^a'-.x) = —' shew that
"-""

^ (^~''Y

13. If
-1-.'/^ y^-„, " ~ ^'^-'

^^^ateach^ti;^.!,^^'
^)' '"' "• ^- ^ ^- ""eqna], shew

01 tnese inactions IS equal to ;.4-^^_,.
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14 if-^^+ '-^ + l //'J+^y+ i

^^'
x'^ — '2x+ 3 ~ //•« — 2//4-3* ''^"^^ ^^*^ eacli of tliese

fractious = (^//- 1) -^ (^^_ 3)

.

'^' ^ Vn^_i_5j = 'o-—r~' shew that „ =i -.-•

16.112,= ^^ show that ^-_^^ +,-:2;.=^-

17 Tr-i^''+^''l W^>'+'-^\ 1 /r2+a2\
^^- -^^ 4 \a2-_>/ = y\/,2 _,...>; = -^V2-_-^2/' Pi'ove that

25a2+2762.f22c2=0.

a2
IS. If

/;2

x^-1/z y- -zx z* -
= (^^4-^2+^-2)(.^4-// + 2).

^i/'

shew that a^x-^-u^ij-^c'^z

19. If
u;

i!/

a+i_c = /;+c-« = c+a-6' ti^enwill {ii-b)x-\-

{b-c)y-{-{c-a)z=0.

20. If

21. If

ace
b ~

(I
~r — —r then

J

aa4-(^2^,/j\2

/y^'4-,/2_|.;'2 />4 4.(i4_j.y-4

bx + ciij <i/-{-Lz ((z-\- ex

a— b c —a shew that

{a-^b^c) [x-\-ii 4- z) = ax+ />//+ az.

22. li

.c»-5.cart-a3 4.5^^,2 .c_ a

a;»'+^^rt + .ca2+ ^z- .C + ''

shew that each of these

expressions =1

2^- If T (a+ /J = tIaVw =
iT](^-f:^'

^^"*i a, i, f be"» ''>

dififerent, shew that ]f>a + 116+ i5 =0.

24. If

2i5. If

IX -f //Z\^ _ 1 - .V'

\y-\-zx] \~x^
piove that x^-^-y^ -\-z'^-\-''lx>jz = 1.

a

ic-i/ :«/- 2 z~.c
shew that a-\-h-\-e-~ 0.

rt

20. If __ = -_, prove thjit
a-Vb _ i/{ac)-\-j/{bd)

a-~h "

I
'(«c) — 1/(6(/)*

3



L of these

8

o

prove that

{a — b)x H-

+7*
'

«ATJOS.

27. If 1 ^ ^ /
^ ~d

~"^
7-' ^^ieu each i

^b-hTr,4~^fif' ^(^^ce shew that

25r+2^;, = *

IS oqnivalent to

y
X

^^^+2^-, - 2^:^-^-::--, when
V2.4-2^ - ^^^ ^ z

28. If _i __ r ^^+2.7-//

29. If _<^
a

(z/+ e) =

a;

tt

^A^^-^z) c{x^--ry Pi-ove th^t

(y-e)-ff(.-^.) -f--l
f^- //)-0.

30. If

^ny-
'''') '^ ^z-=^) ^

T/--) + t^m-
mij

y)~\-

nzijii3i^:rf;jy ^^^Qn wiU

in -~c\

81. If 2 ^ v{ay^^a-^s^
nZ

z'=0.

—
, and y = i/(«r2-_^2\

^ l/{az^^a^ X - y shew that

129

^^\l

) JS

M
tfiii

Lch of these

a, 6, c be

-2a;V'i = 1,ia/*y,

0.

0*

32. If ^1~-V-
a- 62

Z" — xy

33. If

** 1» shew that

m n

y
= — . and ?1 __ //'

o

prove thai; iL

^ />2 = ^:^ - 1.
11-

a« + -.-r -f-

i-j

a
4. If -:i := .1 _

/• "^ ^(\, th en
a
Un

^
,
f,'Jn

-d^

i

' ' 1:.

^m
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130 COnPI.ETE SQTJATIF.S.

^*i' li -r =
-jf-

= ~ - , . . - -, then
h, IKj b.^ /;„ ^

36. If —- ,
-

KOC

A n
a (>

and (J + B-i- C){a-\-b-\-c^ = Aa + Bb+Cc,

•1, ^^ ^^'

then will .,
., + 7—-77,

and also -

1
+ Ji C

1 1

,rh Ilk

37. If -2 = 77
r/.

and
3

</' 6^
= 1'

then will1(7- + V + —j =j7Tr + 7-7 + -7-

3

Skction IV. — Co:\iPLETE Squares, SiC.

1. What quantity must- be added to x'-^ + i;x to make it a com-

plete square '?

Let r be the quantity.

Then x''^-\-px+ r — complete square - {x+ y~)^

Equating coefficients we have

•i| r= p

r = P' P

4 \2/

Or thus: Since (a+x)^ =^a- -\- 'lax -\- x'^
] we observe, (See

Art. XII), that/Vmr times ike product of ike extremes is equal to tke

square of the mean,

.-. Ax'^r^p'ix'^
; .,

/ /' '-^ N

.". /• = -A- 1 » as before.



^OMPL.yj, SQrr.^R,,^

7'

'^^-^Y />^+>

4

>

r

—

7/2

^"^o^, if the expz-ession ],p
^

'

-"«t vanish
; he.ce we IJ, ' '""'^^'^ ^^"-^' ^his remaiuJer

A-

;>'

Now, ..nco this y^^i ;;r'f ^' = '-' + 2,/(-)..+.

3- iJetermine the relation amongst a I,
\

-^'=. 1, we have 4a2^.f6,+,^o)^,,^^
^

, 1
f.

4a2 —
J- = 1.

Or tlins

:

Assume /7 2 ..2_i_; f /

'-'^"--«=^—ehr::^:::;;:;!^^^'-^^'-

4rta "" V ~ ^' '^^ before.

Ii

s,
iiJf!;!

.' V,
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COMPLETE S^JUARES.

4. Sliowthat if x^+ax^ + hx^+cx-\-d be a oompleto square,
the coefficients satisfy the equation c'^ -a^d = {).

Is it necessary that the coefficients satisfy any other equation ?

Extracting the square root of x^-{-ax'-^-\-bx^ r-cx+U m the
usual manner, we have for the final remamder

Now, if the expression bo a complete square, this remainder
mufit vanish ;

and, that it may vanish for general values of x, we
must have

4

~T) ^^ ... (1),
e —

a

1 / a 3

=

Eliminating b - we have a^.^s./^o
4

(^);

(8).

The coefficients must satisfy the equations (1) and (2), and
therefore either of these equations, together with the equation (3),

which results from them.

The same result may be obtained by assuming

x^+ax'^-k-bx'^-\-cx-\-d = {x^^}^ax-^ ^d)^

= x^-\-ax'^-\-'lx^ y/d

4-la-'.c^ ax^d-^d.

• • (1)
Equating coefficients, we have 2v/tZ+|f*^=6

and a^/d~c
From (2) we have c^ — a-d = 0, as before.

5. What must be the value of m and mi
4a;* -12.i;3+25a;3_4///a;+8/i is a perfect square ?

Assume the expression=
{
{^Ix^ ~'dx+ y/{Sii) }

3

= 4^-4 12a;3-i-4a;'^v/(8yO+9^'^-C.^;v/(8?0+ Sn.

Equating coefficients, we have 0\/(8;i) = 4»i .... (1),

and^iN/(8>0+ 9 = 25 .... (2)|

;. w=2,
wt = 6.

\



0'- ".U.S
:

Extracting Hie »ou«v» .-
"^

•--udcr i3 found to" be ( ITIV:: 'if "^"'""'^ wav, the
wave

. ^
^''' + --n^+ S«-ic • • «,

4;;7 + 2i=o. or /,, = (;

' " ^^ ^"^fc

a.d' .. r,,:!-^^-^ -^-+'^ ^^ a complete cube, shew that «.3 . ,,3.

Equating
coeilicients,

""''''^^^'^ *-'-^3aM^^-f-^

6- = S«i,/5 ^ ^
(1)

^ «^ {2);dividing
(1) by(2),

Also, '\ V

dividing
(3) by (2), ^^3,,. (S);

7. Find tlia relations siiki^fin^ i ,

-* + *-^ +«-3+2+; °: >""?" "• * ». ". '. when

Equating eooffidents, we W^^''^+'"

v,'lieiice bd^lQac,
'

^-tional auadratic factors ij; btTtoX '' " '''''''''' ^^^ *-o

equal to .Il_, ^ ^ '^"*'^' ^^^ative, and

(1).

(2).

(Sj.

Hi^;1

, i'.'f

IMI

jo» -'47'
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134 COMPT,ETE SQUARFS.

Si;i("^ — .f >. a Merr^^ct aonaiv, let it be n^.

Assume :e* 4-//a;'''-|-7^2_t_,.y _ ,.2

^ .." ^- (m-l^ w. ')x-3 -f mm 'x' - ii(m vi )x n^.
Equating coefficients, we have

nun

'

m —m' —
r

n

^mm, ' = 'iq
;

r2
• — „- o

Exercise xlvii.

1. What is the condition that {a-x){b-x)-c^, may be a per-
fect square.

2. Find the value of n wliich will make 2x--{-fix-\'n, a perfect
square.

8. Find a value of a; which will make a*'*-f-6a;3-f llu;-4-3;t' + 31
a perfect square.

4. Extract the square root of .

6. Find the values of w and n wliich will make
ix^-4x^+ 5x^ -mx+n, a perfect square.

6. What must be added to x*-y/{4x^ ~lGx'^ + lQ)-4x^ in
order to make it a complete square '?

7. The expression x^ -^ x^ - 16x^ ~ 4x -^ 48, is resolvable into
two factors of the form x'^+mx+ ii, and x^'^ + nx-^S; determine
the factors.

8. Find tlie value of c wliich will make Ax^ - cx^ -f 5^:- +
''^

+

1

a complete square.

I
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10. If ,„ ,,

.,;^''"*"' -'''x<'= -./')-,.,w|..

13. Find t,a
+"*+'/• (iuutijcm.

a factor „,,.:J!;^,!f^.^''^;'--!Hoi, w.H n.ai.e ..» + „,„..^,,

^oemcents satisfy die re-.tio^,
^'"^'^ ^'^ " ^^^^^^^^ ^1"are, tho

''^- («--)»
; »hew ti,Ht („,/:i,;

+ ;"-^ +' » exactly diviaable

exactly divisible by (.-„)/" '' """ ''• ^''"^^
-'+P^:'+y, i,

20. If a-'i+jja^.^. 3 •

«l^e>v th..t «=-„_i^o ' "^ ^''+''-»'+«^.' +„,,+„.,

'<Vw.-e,,sheyr"am'''''^'''"^'''
''" "'^ P™''""' "f two completa

* ,i*(

I I,;

|;



130 RFXATION IN INVOLUTION,

22. Prove that .r* -^px^-\-f/x^-^rx+s is a perfect square, if

p^a— r, an;I q = 7- -f- 2 y.'.

2.*"'. U a.r^ ^i]by- -y^t;x-\-rl contain ax'^+^hx+r aa a ^actor, the

former will be a complete cube, and the latter a complete square.

24. inn^x^ +px+pq+ q^ be a perfect square, flucljo in terms

of m, q, and x.

25. Find the relation between p and q in order that

a;^ +/'.«" +7:K+r may contain (u;+ 2)3 as a factor.

2G. If a;-''+/>a;^+7^+ /• be al^^cbraically divisible by

7)

Sx^ -{-2px-\-q, shew that the quotient is x + -—.

Relation in Involution,

U

I'
'*

11
I

I

Art. XXXVIII. If ^a' = />/)' = rr', prove that

a-\rh')xa' = aa'+b'a' = bb'-^b'a'={b+ n')xh'

b+ c')xb' = bb'+ c'b' = re'-^r'b' = {c-^b')xr'

c4-a')xc' = cr' + a'c' = nu^-\-c'c' = {a-\-c') x
a-^b'){b^c'){c-\-a')xa'b'r' =

Bu

a'

'"'a'a'+6)(6'+r)(6''+<0x&'c

«+//)(6+ c')(^.' + a') = (rA'-f/;)(/)'-fc)(c'-f-rr).

+ b')xa' = aa'-\-a'h' = bb'-\-a'b'={h-\-a')xb'

a

a

a

a c)xa =—: /F// / j^na

.'-i^i

ac — cc' — ac = {c'--a)xc

c')xci~('(i' — ac' — cc'— nc' =^{c — a) X c

a+h)(a-\'h'){a' -c){a' -c') X (aa')^ ^

b>-{.ai)(b-}-n/){r'-a){c~a)Kbb\cc'

bbi.cri={aaiy\

and {c. '— o.)(<; - a) = (a— r) (a— r')

:. (n-^h)[a-\- b')[a' - c){u' -c') == {al +b){a' -i-h'){a-c){a -cf).
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138 HI.UfI,K KylJATIONS.

OHAPTKIt V.

SiMPLF Equations of unk [Tvkn(»wn Quan-tity.

Art. XXXJX. Pretiminary Equations. AUbonsrh the

following,' oxorci'^e belouj^'s in tlioory to \,\\\a ciiapter, in practice

tliG ntimrncfit uxamplos should immodiatuly I'oUuw Exercise 1.,

and tlie htemi exnuir-les Exej'cise ill. Like those exercises, this

o!ie is merely a specimeu of what the teacher should jijive till his

pupils liav(3 thoiouj^'ldy mastered this preliminary work. But

few numerical examples are given, it being left to the teachnr to

supijly these. '

Exercise xlix.

What values must jc have that tlio following equations may be

true !'

1. a? -5 = 0. a;-8i=0. x-a = 0. x-4-3 = 0.

2. x+U = 0. x-\-<( = 0. xh'd = 6. x-i = (i.

8. x—a~0. x-{-(i = c. X- 1>= —c. i)—x='d.

*4. 8-a;=lU. 5 + u;=ll. 9+,t; = 4. 7-x=-5.
6. 8+.1;- - 0. a—x~'dh. '!(( =x-f-'6h. ?>a = 5b x,

6. 2.c-G = H. .M.t,'+8 = 20. «.<• = ./-. nrx=Om.

7. '{ix = c. (Lr - u. ax = 0. {((-{•b)X= i>'\-(l.

8. {a — l>)x = h^-(t. {t<-^l)x) = {((-{-b)'. {a--h)x = a^ -b^.

d. {>(+b)x = b''i-a'. {<(.- -«h + /r'i]x^n'^i-b^.

10. {a^-b--i)x = <(~ b. (n^ b'^)x = ai-b. {u- +b-^)x = l.

11. {((-^x — b) = [((-{-/>). X ((-\-b = b— x-i-a.

12. '2<i —x = X— 'lb. «x-\-bx = c. (tX — b — CX.

1«'3. ax - b = bx — c. i<x ~ ub — uc. .
v

14. ax u^ —bx -i'*. ax ~u^ ^bjc— b'^.



5nus:h the

n p fact ice

xercise I.,

•cidos, tliib

ive till }iiH

ork. iJut

ieaolicr to

s may be

b^.

1.

15. f7;rwrV-^A.l /,,..
icu

/>

22. -182:= J -8; -":

'

r/;p

23. ^^^ = ^' . .r

-4.
, a; = -

= f

:

= ^

o a

n

27.

u— b

-1 = 1- I

I ^ 1

'2 'X
.9

n

X
S

28. -^ -L '^ :^P>

29.
^ r. - f] ._

0>;

7

ti

T
1

(I

X

a

X

h
_7

X '6
+

h
+ -=0.

6*

;S./- ~ 4
= 7-1-

'^-'?JX

84. (l{bT^.c)+h{cx^n\^ '

r

I ;•

.

i fls'

i
•,



140 fil.MPLK EQUATIONS.

86. a{bx-a)-^h{,:x-h)-{-c{ax~c)=^-0.

37. a(x-2lj)-\-b{x-2c)-{-c{x-2u)=a^-\-b»+c*,

88. 3(3{3(JJu;-2)-2}-2)-2 = l.

39. 9(7{u(3a;-2)- 4}-G)-8 = l.

'^^)- ^{ia{^(^+2)-t-2[ +2)4-2} =1.

41. i{ia{M.« + ^)+4}+0) + 8} = l.

42. Vh{lih'C-^)-U-h)-l = 0.

44. if{A(^{^G^a:+4) + 8} + 12)+ 20}4-32 = 68.

45. im§{l(.«+7)-3}+G)-l}=4.
46. r[(2{p{n{mx — a) — b\ —c) —df —ii=:0.

47. (l + 6d;)^+ (2-f8x)3 = (l+ 10.d)'-'.

48. y(2.c-7)^ +(•!.«:- 27)2 = 13(-l.c-t-lo)(x-+G).

49. (8-4.c)^+(4-4x-)2=2(5-{-U)3.

60. (9--4.c)(9~o.c)+4(5-a;)(0-4u;).= 30(2--.<')*-

Art. XL. lu order that the product oJt two c- more factors

may vanish, it is necessary, and it is suffio; jnt, that one of the

factors should vanish. Tlius, in order that (x — a){>;— b) may =0,

either x — a must = 0, ox x— b must =0, and it is suiiicient that

one of them should do so.
m

Hence the single equation {x—a)[x — b) = i) is really equivalent

to the two disjunctive equations, either u;— a = or u;- 6 = 0, for

either of these will fulfil the condition of the given equation, and

that is all thao is mquired.

Similarly, were it required to find what values of a; would make

the product {x—a){x — b){x — c) vanish, they would be given by

.c— a = 0, or X — 6 = 0, or jj— c = .•. .c = rtor6orc.

Hence the single equation

{x-a){x-b){x-c) =
\

is equivalent to the three disjunctive equations

u; - a = 0, or j; — 6 = 0, or .c— c = 0.
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8IAIPX.I: KWUAXI0N3.

^^'ovs doe., tl.at is, .fJ^!^^^^ ""^' ^' ^^''^^' °^ ''»

-^^ fc>oJve^4_,.3_

*. Solve x^(a-~/.\^ •>,,

°" 01 the expressiou are (Ex >

5. Solve 221:,»_i^_g^Q
Here we have the facto'rs n^ .. ,

,

and 13v._i_9_,,
^'

I"tl^-casewehave2(..._a);o,(,,^3,

_r Solve («_„).+(„_,^3^"- -

ii'e expression is equal to sLj, "'
,

-^'i^ereWe vanishes J:_:l;::i^::^):
and for ^'-^-0

'

^

''.-.(i'l

I m

i
" af 1

I
I
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Exercise 1.

1. If au equation in x lias tiie factors 2a; — 4 aud 2.r — 6, find

the corrfiapondiii!:^ values ol x.

2. If an equation f.^ives the factors 2x- 1 aud 3.e— 1, what are

the corresponding values of i« ? ^

8. If an equn tion gives the factors Sx^ — 12 and 4x — 5, find the

corresjwnding values of a;.

Find the values of x for which the following expressions will

vanish

;

4. x^-2x-{-l; Ax^-12x+ d.

6. dx--^; x''-{a-i-l>)^ : x~-2a.ri.a9.

6. a;2 - 9x + 20 ; 4;r = - 1 8^+ 20.

7. x^+x-C}-. x^-x-[2; JU=^ O.r-28.

8. 6a.'2-12.>--fG; na;2_13.r+G; (>.r2 - 20.^; + G.

9. (jx'^ ~ Tix - 6 ; G2-2-37;«+6; G.r-+.*:-12.

10. A cert.iin equation oi the fourtii degree gives the factors

a;2 —x-~2, and 4.6-2 — 2.?! — 2. find all the values of x.

Find values of x m the following cases :

11. x^-2hx''--'SI/'x = [).

12. x^ -xx'^+a^x-a-i -0.

18. x^~2x-\-l=(); x^->lx+2 = 0.

14. x^ -2ax'-^ +2rf^x— fi^ -^Cl-

lb. x^-]-{h+r)x--h('x-(j''.c-'hr^=0.

X — d , X — 1)

16. — 4-
x — l> X — a

{a-bY
(x~n)[x-~b)

17. .r^-/,.r'^-a^x-~a^h = i).

18. 8.r -"^ 4- h(hx'^ - (ki 2 h ^x - id ^ n 3 = 0.

19. x^{a-b)+ a^{h-x)+i>Hx-a) = 0.

{x — /') (.*.' - '•)
,

(.'• - <'){^' -(') _ ^

x^ —a^

{x— a){x-~b)

20.

21. X

{a-h){a-c) {h -<•)(// -a)

2x— a\ *x-2a\ 3

u;+ a/ x-j-aj
= 3^2 _ ,,2

a; w

ai



S'^i-'n f,qvAtmm.
22. t'+"+').^-_.,,_,„,

'

ax

148

1

v-^. J. - ^'3,

^''t. XLI In I

niustiated in ihp T. T '"^ ^>^cfciouaI equation, f).
"

•

1- Solve "-^^^^

7
tiere, instead of mnir ) •

-;«..».„cirri-;- ?•'»--«'".
^

'^^' ^^^^ ^asfc, getting

—— . *4

9

14

2. -- —^ 13^-2

J-'i this case t'.l-;,. x
'^

-^^

//' Oil-^ ly^;

yo -

-^^'<-.J(>, iiei)co^.=
4.

' m
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ii,

I

I
i

It is often advantageous to complete the divisions represented
b}- the fractions.

3.
4a:- 17 m - 2?a;

= X
X 54i9 S3

Hero, completing the divisions, M^e have

f^ 17 _1_ 2a; X
9 U 9

10a; ^ a;-9-2 = .r+,- _

8

a;

a;

- 2 = -

9

_6_

a;

or ar = 3.

a; — m x— n ^

, am-\-h rn+fl
V a -j .- + r + =^/-Lc

a; — m x — n

{am -I- .'

) (x— ?? ) 4- (ni -f a )
(a; ~ vi ) —

(am-^h 4- r/i 4-'^/)x = (^/-|-t')//m + hit-\-dm.

5. Similarly may be solved

ax~\-h

X — m.

cx+d
x — n

rx' •\-fx — (1

{x— m){x—n)
4- -J—IT + /

~" ' w

—

"\ = n-^c-{-e-^'- -r) '

a; - m x— ??. {x — v\){x - n)
= 0.

(a/w,+ 6) (a;- ?i>+ {ni-\- d) (x - 7n)+ {
e{ ni+ n)+f}x- em.n -.7 = 0.

3a;+l ^ a;-l3a;

+

.-. 44 -

7.

43 13

8:^4^ + /^ + .7-1 = ^2, or

18 43

^-1 ^ 3^Tl' •'* ^^^+13 = ^^3^- 43, and «= 14.

25-,la- lGa;+4»- . 28
4- -f

a-4-1 '^ Oa'-fti a-H-l

Taking the last frnction with the first, and miiltiplying the re-

suiting equation by 15, we have



presented

= 0.

i-ff = 0.

: the re-

Si'W^i.E
k.^(;ations.

145

/5 +

= 75 4-

x-a
fj-i-f

-f-

x—b
+

X ~c
a+c ^ 6^:

Rr = '>

=-- a.

35

7, aiid X =

or

.^^

x— a

f>+
~ ~ 1 +

wliicli

a + 6'

+ X

- 1 + -1 =

+ *^":i''+^_+^)

ni

X+ a

IS satisfied by ^_(,,^_^^^^^
/>+«

= 0.

+
n

X ~b

» ••.!/'

t>f + ?l

^''+''>-fc.

i/J—C

'<^:zj^ ,
w(^_

X—(i +
which may be solved

10. ^'^±^ 4.C4-9

x~b
'•) _

ni-Ar-n,

as in Ex. 1,

ic-{-l 2^+4
__ l^'^.6'-f-7

12,

iiX+l

8 +
^•+1

2

- 2 ~ I

i2^-f 17

2^+4
= 5 -|-

o

^+1

3.C+ 7

2^-f4 -
a^

2

3.C + 7

3^+1
- 4

3^+4' or

o
oO;-f-4

can be divided by 'djc-\l
This

The result of the division is

giving
3.,;+7^o or x^ -7

I

h
9^;2 + 15.c+ 4 = 2^'2 4.

2..2-_^C.f+4 - ^x^. ô^-f-4
or

^ = 0: tlie 1

C^-f-4, or 7^-a=: -
•^sult of the division

can divide

or a; =

li'i

I

j r

7

I

I
i.v '. f J

'I*

• iiril

UJ



140 SliMlT, FVUA'.'HkNS,

2.

o.

8.

9.

10.

11.

12.

Ixercise li.

lOx-4-]' V2x-h 2

c.«+i8 Ux+ir)

6x - 25
+a =

53- -4

2ir-f iC

8. —7a:4-l

4x-7
^x~'.)

a-+ 2
4- 3'

+
14.

+
^+x 10 - 3cX 19

a
+

'dx — a

3{x-a) ^ 2(.r+r/)
- 1

iC

V>x-\-i

Sx^ 1

2a; -35

iC-12

+
p>x—rs

X

x-2
2j^i

+

4-

18a: -6
x-U

2x'- IC

X- 4

= 1
a: -

a; — +
a;— r>

a;-8
-Q

L--12 "

a;j-l

H;^3)

2 +
7 . 3.^-10

;-l3
^ >

x~ /
+

3ar- n
a.--h 7

a-4-1

+
a:+ 4

4(.T+:i) ^ 5ar+13
6_(2ar2+3)

_
5-7

~2a'+r

7a: -f- 55

1 - 25a;

+

3a;

a:

2a'
= ^x-^

3a;2 + 8

a; - V

17

^ +
a- -9

2a; 4 a;-10 +

= G.

_9
20*

a;-8

32

18 -K'
3-2J

a; 28- ox

13. —7. -

U.

a;-2

30 4- f5a;

a-M "*"

5a; —

4

14{a;-l) ~

2+2ia;2-^a:3

(i - 5a;+ a-

10a;- 11

30

X
+ T

— rrx = —
X— 5

60+8,

a;+;

X 48 + 14.

7a^-3a;-9

7ar^ro ~ *

IG.
-f-

-9
.* rr

x+1
x-l

4-
a;- 8

x-6

'^



9

2u'

4

x~H
32

^iT-l^

X

3

SlAfPMi: KQ|i VTKtXs.

J 7. f:_~-^^-9
147

x-li -h
f^-7^'--17

18. '^^^ + 7

^-U
-^•^+0

+ r~-'r, = -"^^
,
4^+10

1.9.

o
t' —

,

2x -4:
-'^•-4 O

20. !7«-fG

21,

22.

LV-7

2^'+4?

+
l.r + s

2r-H

X IL

lit

-f
^•^--il

~3
42 •

u;2_7

^-i:

2 "" -

'^-12 - ^.r^ +
2 -6>

-'-10'

O./;r--j(I0-_3^)

28. _ l-2.i

24. r.*^
+•<?-

*L>

1)
+ 1+.

+ .-.T-

;^()

^
o1:^-7 +

-(.<;- i-lj •+
g^

x-~l

'4-i
; y(:^^+i)'

x~a
x'-4 +

-\- tx 18

.6 -A +
X ~h
X a

(

—«;

</-A):

(•«- '/'(.*;-/.

26.

27.

28.

1~U'+10,

8.6*
-f- ^<;

+ 28.^+ 117

%-.^-)

'^-f.'-'

f«

l:.6'-f O/'/t

= 18.

1 O Johx—b 13' X -li
o:,x

) I

,

l-c-l'A -
I 3.',:c— ,S

13

2(^-1):^ +
2(x~- 1)

^
J(^'- -hi

)

29. 1:^(5.i;+4) - i .;
—

13|a;-^]0'""

U5.C

(•^-i)(^^ + l)"

> ~«t

3 =

30.
Hx

8[x'^ -. 9

«K 1
-f-

2u; h 1

'^^- 1;

— i

f/u; — — :.6'"

4./;-f
.-;

2i.c;-j-i
;

.(;^ -|-

;c+3

j^' -)- 2

>l^3x
2



143 iT'^iri.K KprATTONS.

oo 7x - so r^x-1
UA,

110^ 'x-8

2- 21.T

21

42.r-.171 2.r--9

S':).
18a; - 22 l-hOx

13 -2:r +«^+ -tr- = ^^^

1

101 -G4x

01

4-Oy
'"^ - ^ -^ _ o _^'^^'' ZJ^

'"^'
2;«+~ 6 "^

'2a;-f iT " 2a;+ 9
•

2.>r+ 7

86.
1

T-r +
1

x+a + h x—a-\-h H-
1

x-\ra
+ =0.

/> x—a—n

Zi'i

Art. XLII. The results deduced in Section III., Chapter

rV., may often be applied wifcli advantage.

Examples.

^
ax 4- h m

i

cx+rl ~ n

•
(ax-\-h)(J-{rx-{'d)b md—nh

• •

{cx-h'^)(f — [(ix+b)r

md— nh

na — mr.
(page 123),

X—
na — rnc

2.
ax^ -^-hx-^c a

(fix^^ -\-l>x+c) — ax^

(mx^-\-n:>'-\-p) — wic^

hx 4- c a
',' = — i*ce.

nx-j-p ni

~ (page 122).
Ill

6.

'ill

8.
?3>f-_7

x+4
'Sx- 13

X - 4



= 0.

Chapter

^MTlo.Nj

UO

x~hi'

in or.+ o 4- /,
11' __ vx-c^rf

>fj'

njr

f)

fiix^rt +h

Hero by (G)

oi- Cy4.
;->figo J 22

r
' "^ (w - n,)i

(tc.

Pf^.^e 122, wo hflVO

''er, and sq

l/(« — ar) ^-1 •
^^' ^«ncol]fncyt]ipo

imnn/T,
in ieff, l,an

o»
f^ U3om.

«
fi—x

2x

(^-1)'3' ^Jience, again bv (G).

(^+ l)^+(«-l)2 = 27

x-=.
in'

4a
:^^

«-+!

^^24-1

^. ^^^—!l±i'I- 1/0

V(^~~<f+^~+^/(x~^

sqnaring and again applying, (n),

Xo-h) and r = «.

I
.

, I

I
' 1

3';)



n

:*

^

J50 SIM Pl.t KQUAT10N3.

Exercise Hi.

1.

2.

A + 2^
-''

~a-x =^'^
a-x =" h-:x

;3.

4.

6.
2^3-5.,'4-« :^2_7.,,^5 1
2u;«-7^-h3 - x^-\)xY^ 1

c.

ax~h-\-c ~ {h + cy-i
' 1

f

«

!«

If |/(^+.'/)4-i/(x'-//) a;

!/(•«+//)- 1/' (^-y)
= — , shew that

x~y = 1.

8.
2^'-

sx — «>

<;+7
. 4./; -5 _ l(U-82

•+1] '

12.,.+ 10 - 5^.-8,V

57^-48
1 9x'+18 ~ V6x +"1^ '

1 f ru- - 29 ^

10.
21fU-78
810 c G()

21^+7' ?
. iiix~a h

30^-7
18(U+23*

nix—a~c
~ nx- b-~d

11.
.^•«±_v/(-ix:::^-;_) ^ ^^ v/(i2..+i)-f y(i2,;)
3.C-- ./{Ajl = 18

. a;3 + ax - - hx+a x^ +ax- b

.3 _ (IX f'X+

1

.X" — C/.e + h

13. "^'^""'
r •^"

^ +''! * '^" - •'•) A +/'

i/(^Irt- u;-) -^/(2a-.,;) " ya

«:

i^x^ + V. Hx -f

b.^3-12.(;^+^

4,.; 2+ ')X~

X + .J •i^t," 6u.'+4
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^,1:
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ir>2 aiMPLK l!:<^IJAllUNd.

t

i:

» .

1. Solvu 2-}-v^(l^ -9^-^-8) -2.r= : here there is but one

surd, and it in convoniont to mako that surd ono Hide of llio equa-

tion aud transpose all the latioual torms to the other ; this gives

y/{ix''^ -\)x-\'H) = 2x—2\ squaring' botli sidea, »

4^a__i).,._|_H =4^a-8^'+ 1, .-. u; = 4.

2. \/{a ^ x)-\-y/{a—x) = 2>/.r. We mi^^ht square this as it

stands, but th«j work will bo himphtiod if we firht trauHposo, thus

y\a+x) = ''lVx— V{>i -.c); low squaring,

a-\-x = Ax+ a--x~'i\/{ax -x" ), or

^ = 2\/(rt/;— .6-^). Af_'aiu squaring,

4'*

uj2 = 4«x' — 4.C-', whence ^ = 0, or —

.

8. Clear of ra.Mcnls

l^^u;+i^//+^/2=>u. Transposing',

|iKx+ i^//= -f^z: cube by formula [0],

'f'-\-!J+ ''>f'C>/(iyx-\-^^:,>)=-^; and subsiitnl ing /or

^x+ \y>/ '..Hval':. - j^^«, t'-iri bocomed

X \->/-o^'xi/i= -2,

xf>/-\-z = 'd^'x!/z; .-. oa.'uug again,

{x+i/ i-z)^ = ''21xijz.

, a-\-x-\-V{'^^ix+x'^) ,

a+x •

Dividing and transposing, we navo

\/['l((X+X^)
= 6-1, .-.

a-\-x

division in left-hand member,

a

2ax+ x^ ,,

^-\-2ax-i-x^
1)8 ; agaij by

a-

x-{-a

a

+ 1 = (6-1)
a

a-\-x

= 1 ;
^/\l+{^-lY),oi

V{l-{b~\Y),ox

1

o

b.

C.

— -f 1 = &c.
a



is but ono

) of the equii-

r ; this gives

3 tliiH as it

uujjobo, thus

,Litnl.ng lot

)* ; agaij by

},or

168^. Solve t/74j-3-Lio\ .

^^^ W« fhn identity
^^^)= V^'i7-f 8.

^-^clividin.themoJl ^ ^ ^'^^-^7^»-

Exercise liii

11

12.

1/(2,

f^

[lit- r.

•i-;.
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154 SIMPLE EQUATIONb,

13.

14.

15.

16.

17.

18.

19.

ir(..-+i)-,r(.c-i)=,rii.

jTil + )/..•)+ 1^(1 -i/^) = 2.

Clear of radicals ^a+^O-^/c.
11w

l/(a'^'-f'X'')'

20. SoUex+i/{a"-\-x^)

21

.

Clear of radicals ^x+ \/ij+ |/.c— ]/?».

Solve tlie following equations :

22. |/'(l + .c)+ i/{l+u;+ i/(l -•«)}- v/(l-«)-

+ l/^
iiS.

24. ]/(l+.>;+.c2)+ y'(l_^.4.^;3) = ,^,^.

25. v/(a2-uja)4.^.j/(,t2_i)^,f^^i_a;'^).

27. v'(2.«''+5)+v/(2x2-5)= i/154-A/5.

28. ^/(3a32 + 10)-l-v'(S^^-10)= a/17+\/3.

29. V(3u;2-t-9)- v'(3.f2-9)= \/34 + 4.

80. A/(8«-3/>4-x'2)-f A/(2<t-2i+.c3)= Vrt4. v'a:.

81. A/(4a2-36'-^-2.c-*)+ v/(3rt3-362-a;3) = ./H-».

32. Clear of radicals, if (2.r) - if (2//) - ,f (2z).

83. i/(a+^)+ 1/('' -.c) = 2x -: y'{ •*+ i/^/^+x'^)}.

84. y(a;2^-2.^t•) + l/(•^•^-2r<.«) =
?iv/j;

85. vs:-v!/

iiy/X-

yx-fa

y{x'-^2ax)

= y/{x-a^y

86. y{(2r<+.r)'-^+/.2i ^. j/.|(2a-.«:)2 4-/v2} =2.'?

11
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ir,6 SIMI'LK E(^TTATlONS,

Tlie left hand member vauislies for x = (), and /. by symmetry
for a = and h~0; :. it is of the form W7a63; in which m is

numerical.

Put x = a=:b, and m is found to be 6,

.*. the equation reduces to
*

(ifibx = rthc,

lx-a\ s _ x-^a+ h

\x-hj " xI^2/)'+a''

m —n~a — h, then we }iave

and X = }.r.

5. let a; 6 = 7//, « — a = ?i, and .'.

W-' n — (m - n) 2n W7.

/i^ m-f-(//i— ;/)
~ 2/M — w

.'. %)\ * — 71WA 3 = 2?? ^ — ?? 3 /^,^ and

2(m4 - 7/4) _ ,)jn(m^ -7i'-) = 0, wliicli is divisible by m^ — n^,

:. w^ —n^ —0^ or m-\-7i = ;

Bnt m-\-n = 2x-rt — h = 0^ .-. p,:~^a~\-h).

1 x^-4xA-2
_

] a-2-4.r-f8 2 ,r2-4a:+3 5

a;3 -Ix ~- 8 ~y x'^^ix''-6 ^ Is*
6.

j-3 x^ ~4x-\ '

(>

Let y = x^—ixy then this equation becomes

1 ?/-h2 I v+ .-J 2 7/+3 5

y 2/-:i+T' J/r-^-y ./-6=i8' ^^^y division,

8 ^ //-I

1 1

^ G //-3

5

i) .7:16 = 18'^^

1 1

// - (5

1

//-<;
"^

//-a

- = ; this may be written

1

//-6
7 = 0, or

2/-1

5 3

;^3i + ^TTg
=^' • 57/-15+ 3//-3 = 0, or

// = 2| .
•

. .r 2 - 4flr =r 2|-, or or-' - 4y; +- 4 = 4+2{

,

and a* - 2 = _-f
ft

. We might assume {.r - 2) ^ =y, when the i^iven

equation would take thfi form



i^b^ = ahc.

symmetry

which m is

n, and .'.

by w^ — w^,

division,

5

18'
or

tten

ten the j/vven

8

''''''^^K EQUATION;

+ 1

And reducing as befo

//-7 9

2^-6J-^(^^2^,
'^6' we should find

18'

ar-2 =
±l» as befo:•re.

1. ** +a^x^+a^.

x-h

2. ^^N^4

Exercise li^

^%-f.rt2/5,.

iC''+ 2r«^/_
(^/-~A)^--f(2,,^A>.

-2^/2/>
«:

«; '+ a7nf^2 2c

%̂ cx.

a ^-^-fX a
X

= 2^'^^•+A>

-fc)(r/-fAj
(^=^^-T) +(^-

a
Sab

+

«'''-f2

a2/^3

1*7,7'

^*-llxZa2^

= 3a:

iC-^jr,

63

a

'x~-a\ 2

a'^Ax+

^' — Sax —ft 'J

i( ~-x-i-a)= ^-a
xi

(«+ 6-f..).4(^,2^^.

10.

n.

-(''~^)(x~~b)(x-.c)
(a3^fy. ~hc^)

ax

1-

+

ax

bx + =r J

^ar ^/-f-/;-f-^.j9 _ I

/

a

he + 1-/w

12. (^-*)'

ai^
+

1-
r;?:

«/;c 1 + a

oh

a^ - /;2

^ 1*^^"+^J.+^^^

« + -f

13. X 'Mb + c)^+Sb{h±,)
(I'be + 1 +

a

X=b'^.

X,

157
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158 siMpr.r-: equations.

14. x~-a-'A^/{ahx) = h,

15. nx^-\-\Ox^ -40.r=176.

111

'I

IG.

17.

18.

11).

20.

21.

iC

(«+ «')
=

X-' —

+
rtC <i.r

{a-hY (a^-b-){a-\-b) {a - b)-

a+h
2cx^ a

^' 4- ,T~ ='-»- Tr
-h 1- ^*aj

1+ ex a+ /> 1-f cx

4j.i^ia^~i]Sx' a

2x+ a
_ = }^{Ax^ -Sx^a-^nxa^ ~2a^).

+
3ix2

x^-Ux-^-'IH ^ x-3~17./j+ 70 3^2 _i4;^+4o

8
+

8 x'

,j.2^Qx+ rj
' x2-Ux+^5

x-\-a X -b
+

;2-10.6'4.0

(<i 6)(f-^0 (rt-6)(/>"f) ^ {h-c){r-a)

a + c

{a~h){b~r){c-a)

22. {x-aY-it{a~^>)^-y-{h~xY=x'^ a'

23. a*

;c4- 2rA »

,r — ^'

+ a
In + 2x'; 3

- =2^/.

24. {x+ay^-{a-\-l>)'^ + {l>-'x)^-={x-^n){x+h)ia-\'h}.

25. a;3 -(^-6)3 _(a--a+ ?>)3-r/3+ (.^'-r/):^+(./-/;)3 -4-63

26. {x+a)^-{x+!j)^-ix-by-(2ay4-{x-a)^-^{a+h)^-\.

{ab)^=a^-b^)e. »

27.
X-^(l X — lt a'

x~ + ivx+a- 2*2 — c/^c+ ^r' a'(.r4-H/2.7;2 +a4")

28. {xAra-\-b)^ .^x.^n)^~.[x+ bY.^x^-{a^-b)^-{-a^Jrh^

= l%ib{x'''-^((( \-by-].

29. -

80.

a

X-

((. — X l> - ;« c — x
+

/,2„ r/"
H- ...--/. =

Sx
— (lb ah-]-bi'-\-ca

1 (/,_,, 3
) _^ ,,:}(^ „ //i

) ^ /, ^^a _ .^s
) ^. ab:r{ab .• -

1)

=:(./-;t-2) [0* — a ')'



by

•X

X

3 4-63

a+/>)3 4-

-•-

«*)

a*+b*

•^^- (1+^+ ^.2^3 =''l±i

«^'^i^U. KWATIONS.
159

' 82. ./ -^-^rt

33. ^«

« b
^ 3

37.

38. /n(5x-~7)
x~~a^2h

(2x-~.4) -i^o.

30. .i. '--6^-1

45 -f

Q" *
•. 7r

^•~— a6-~i/

40. i,^ '^--2x-~3
-f — x'^-o

•^'---2^-24
2 ^' ~?./;- 35

41. f,..

58t

ha-

X^ — 9^-48

V{x^

i±

(c-i~a~-b-~

+a)3 -,.:7 +

f('

^')l'-~
<t'' /;3\i 3 ,_):^-8^. + a~/>)3

/!»72 ._ a 2 —

x^ -(a^fbjs + ~.~~

43. iij^ 4
-(a-b)^'

^-f-1 + '-7x^6

89
8^'

;t-ov V

4~
/

130

.57

-!.. O + -_,
9 •68

.6-t-;

II

'<' ri



M SIMPLE KQUATIONS.

44. 61 i^:£ii^ J^.r4-ii5

x-1

61
(

or7x-3
X—

4

7a; -1-30

)

—- H- B63 =

-3-}'

45. (a;+a)(a:H-3a)(x+4a)(u;+(Ja) = ^4 + Ga2(^:.'-r7./u;+6aa).

46.
x-^Ca +

2
+

x+:^a x+a

Exercise iv.

1. a{b-x)-tb{c-x) = b{a-x)'\-cx.

2. (a+bx){ar~b)-{ax-b)=ab{x+l).

3. 0'-6)(a;-c)H-(a-fi (^-}.c-) = 2(/.a;-Ha^).

5. (a-6)(«

-

c)(a-^x) + (rt+Z/)(«. +c)(a-j;) = 0.

6. {^-lj){u~c+x)+{a+ h){a-i-c~x)=^'J^a-'i.

(solve iu {a;— c}).

7 (wi+«(a+6-a;) + (a-/M)(^-^) = a(m-i-6).

8. vi{a+ i'-^x) = n{x—a—b).
9. (;^t+;i)(m _ ^ -or) + wi(x- /i) - n(x - //i) = ,n^ - n*

10.

11.

12.

m — x

III
+ -

n-x p—x

a^b — X
+

n

63( a;

-i-

= 8.

c^a — a?

= 0.

a — a;

'be

1-

- + — c— x

ca ab
- = 0.

au;
lb. ^-rr- +

1 — iiC 1 - ca;

bo ca
4-

a^
= 0.

(Deduce the solution from that of No. 12).

14.
a— bx

'be'"
+

ex

ca
+

(; — ax

ab
= 0.

15. (a+ 6+c)a;
a'-^-\-b''

a—b
'labx

u-i-b
-f-

a+b
a
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102 SIMPLE KQUATIONS.

r^l

m

81 . (a - T)(h- .«) - (c - x){d - x) = (c -f- r/)a; - cd.

82. (a;-a)(aj~6)-(a;-c)(ar-(0 = (V/- <y)(r/-/>).

88. {{a^-h^)x-r(b}{a~(a-hf')x} -[-'2<fh''x=:

{{a+b)^x+ ab}{b-{a~b)x}.

84 (a:+l)(a;-|-2)(u;+8) = (;«-3)(y'+4)(^'-fr>).

85 (x+l){x-^2){x-^3) = (x l)(x-2){x-H)+ ?,(x-^\){ix-^r

80. (a;+l)0c+4\'a:+7) = (a;4-2)(;c+ 5 \

87. (.'C+ 2)(a;+5)2 = (a;-{.3)2(a;+6).

88 (a;-l)(a:-4)(a;-0)-a;(aj-2)(..;-0) = 100.

89. {a+x)(b-hx)(r-[-x)-{a-x){h-j:){c-x) = 2(x^'-\-r,hr).

40
(:c-«)(a;-M(a;-r)-(^;-r/)(^-/>)(^-r)

05 -t^
(x-<iy,

41 .T(a7~«)2-(a; -a-i-6)(a;-ff+r-)(.'c-A-r) = (a2 4./,^.)(/;4. .),

42. {x-a+b){x-b-^r){x-c + d)-x-{x -a+ (l)=:br{,l-a).

43. (a7-«.+/>)(.r-6 + (;)(^-c+fO-«^(^-^'+0(^-<'*+^)

= bc{d — a).

44. (a;- 2^<)fa;- 2/>)fu; - 2^-) - (x - a - />)(.-«- b-n){x -c-n)
= (a+ b-{-r){a'i+b'' -\-c^) -dabc.

45. cr^ — (aj— a+/0(aJ— />+ c)(a;— c+^/)

= {a-{-b-i-c){a'^+b'^+c^)-2{aH + b^c+ c^a)-%>hr.

46. a; („_l)(,_l)f,_l) +
\

xl \ X I \ X ! ^

a-\.h-{-c

X' X

47. {x^a){x^b)^-{x^'c){x-^a) = {x^h){x^d)\{x^.d)(^x.^^r).

48. (rta;+6)(a.c-c)-a(&-aj)(«:6'+i) = a2(a;-6')(a;-6)-

49.

50.

a{ctx— c){c — x).

2a;- 3 8a;-

2

a;—

4

5.r - 1

+ -
a;-8

3^;+ 2

3(a;4-l) " 2(7c- 1)

hx^- 29a!- 4

"a;3^r2"^T32'

.f3-30rc+ 2

(>u;2-(J '



SnU'LK KqVATlosa,

l)(l.r-M).

'-/he).

',~d)'K

V)(6+ •).

\<1-a).

\-d)

t

c— a)

the.

\
/
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I

I

Ga.
ax - 2a.

ax~2b
ax — 2b a

ax-^'Ia 1

a
+

a —

a -h

64.

65.

2x^j-Sx+5
Ix^ - 4.<:"-f 2

ax^—lx+c
vix^ —nx+p

a

m
ax^ -hx^-\-ux-d

+x
I X

nix^ —

1

nx- -i-uix— t^

' ax — b

nix~n

i-f^

1^ !^+if
'l-x 8 - 8 "^ jT-

67.

^1
a;-98

_71
x-U

21

•44

_71_
^-52'

a;-6 + -

a

;c-ll

9

+

2

iC-12

2

68.

a;

X

69.

70.

71.

;i;

m
X

a

;-61 «;-l.

5

-6 +
4

;c-9
''

1

-6 +
8

;c-3 '

— w a—b
'— a X — m.

+ 6 a+c
X—b

X--8i x+
8

x~7
1

-10'

5

a;-2 + .-
4

-5

m -- w a — b

X--/; x — n

b+d

81

iC—

c

a; -(a+Z;+2c-f-(/)
?+c«

i^-(aH-2^+7-f,

= {a-b)c'K

73. (!?^^)(^-^)
.

(^-;>)(a;-ft) (j(,_m)(a,_c)
64-< ;-^a +

aH'^
= 0.



«MPM.: H„;ations.

70. *'rj^
,

x-24
/;
+

77. "~*
, *-.r

' '•' - a/,

78, -^^± ,
2no^^

Hx

79. --^

80.

x~\-a'

JC —p
~

1-^J!!l±in:z2^:drl!!l^n)l.~ „,„,
«--7 ==0.

8. ^^.-K^-)(^-j,(.__-OHj.^.^;^^

D.PmiTxoN.-Any
quantity which s„I. f

.

,-/--»/(.) vanish, is sai/to t^ ''f '°^ * -^^^ the
il'us, rf „ ,, a rout of the equation /^ - .h ^'"'«''"»/W = 0.% Th I if»_ •

'W-O, then/(«) = o.

/(«): = 0, and',, mustlo^rooroTthf "''• '""^«""« /(x)», then
-lv:ng ae equation we are LllZ^^:'"'^^^^'^ '^ W n
* "hioh will make the corresuond,! f

"^ ^'*'"^' "^ values of

-I " to Unci a value, or

1C5

1'l

i i'



V)Q BIMri.K KQUATIONS.

values, of x which will rnako {x- (()p{x)'^''^ vauish. Tho poly,

uomo will ccrtiiinly vaiiiHli H one of its factors vauislicH, wluitlior

tho other docH or not, and will not vjiiiish uuIchh at leant duc of

its factors vanishos. IIonco (x— u)(p{x)'*~^ will vanish if ^-a = (),

quite irn.'Hpoctive of tho value of <p x)" 'K Also, if ^(x'j""* =•- 0, the

polyuonie will vanish, irro.spcctivo of tho value of x — a. \i fol-

lows, thctefore, that if /\j;)" can be resolved into two or more

factors, each of these factors equated to zero will ^ivo ono or more

roots of tho equation f(x)" = 0.

When there can bo found two or more values of a; which satisfy

the conditions of given equations, they are sometimes distin-

guished thus : Xi, x^i x.^, (fee, to be read •' one value of x," •' a

second value of .c," "a third value of .c," «fec. Thus, if

{x — u){x — h){x — c) = 0,

Examples.

1. Solve ^»-inx'+'llx-lS = 0.

Factoring,

(x-2)(x-S){2x-^)--=0,

.*. a?! = 2, a^j^ = 3, ^3 = 1 i.

.-. x''i-{a-{-h)x-]-{a-\-c){b-c)=0,

:, xi-{{a-\-c)-{-{b-c)}x-{-{a+c){b-c) = 0,

:. {x-{a+c)}{x-{b^c)}=0,

.'. x^ =a+c, X2=b-'C.

3. x''{a-b)-^c>,'^{b-x)+ b^{.r.-a) = 0.

.'. x'^{a-b} --x{a^ -b'^)-j-ab{u- b) =0,

.'. (x-a){x-h){a-b) = 0.

If a— b = 0, the given equation holda irrespective of the values

of ic — a and x — ft, and therefore of the values of x ; but if a— 6 is

uoi zero, a;, =a, x'j, =6.
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X B

167

* •

1-fl «»(u;-l)
lA'+l\ » //I

6.

.-. X - "+ ''

^ u-}-b

= 0,

84

4l>*

2(4f))-n4

8(8.i)-2(48) = '8-

Subtract term by term fro:n the u,o„titwse«

' ' • • .Cj ^^C, X :^ ft

7. Find the .«ft„„i roots ot z^ io\ ,

'

Factoring the left-hand memLi,,^'^-''"^+'''' = 0-
^

Since a?s_(u. , 7
"«-h/ = o.

I:

; 41
, i



\m aiMPr.K RQUATIONH.

Any literal equation of the second, third, or fourth degree,, and

many equations of the higlier degree can be resolved tnto a series

of disjunctive equations. A full analysis for the first four degrees

will be given in Part II., mc mwhile the following special forms

of the Theorem in Art. XLV., will enable ihe student to solve

nearly all the equations commonly proposed.

(A). In order that two expression.^ ha^dng a common factor

may be equal, it is necessary citlier thtii: the common factor

should vanish, or else that the product of the remaining factors of

one of the expressioiis should be equal to the product of the

remaining factor.] of t> e other e'ipression, and it is sufficient if

one of these conditions be fulfilled. In symbols this is

If {x—a)f{x) = {x— a)<p{x?j, :. x^=a oi\f(x) = <p (x).

(B). If an equation reduces to the form (^)nx-[-n)^ = c*

{mXi-\-n)—c = Q and

or (mx2-\-n)+ c = arJ

X, —

^2 ="-

»

m
— c~n
m

(O). If an equation reduces to the form

— qa— nh

w,h-{-pa
then a; 1

=

(mx-

\px + q

qa — nh

I

^2 = (See Exs. 4 and 5 above).

(1)

m,h —2)a

(D). If an equati-" i appears under the form

{a— x){x— b)=:c,

then a;^ =:l[a+ b-{-r), x^ =-^(/7-f 6-r),

in which r^ = {a— h)^ -4r.

From the identity {a — x)-{-{x-h)z=a— h

we get {a-xY -y2.{a-x){x~h)+ {x-hY = {a-hY

(2) -4(1) .'. (a-xY-''l{a-x){x--h)-Jr{x-hy^

= [a — i) 2 — 4c' = r '-^ say

..^ {;,,--,•)-(.'«-/>)} 2 _r3 = ().

.-. { {(i-x^) - (;c 1
- h) } -\-r - 0, and ,-../•,= \{iL+ /> + y)

;

or {{a—x^ — {x^—h))-r = K), and .-. x'o = .^('t+6 - »).

(2)
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170 SIMPLE EQUATIONS.

But -- =;;,

This <»qn.<ition was solved iu Ex. 10, hence z Diav be treated as
known.

x^+2x+l __ z+ 2

x^ — 2x-hl ~ c-2*

•*•

U' — 1/ ~ 2 — 2' ^ ^'^^^^^^ solved in (C).

12. (a-a:)4-^(?,_;c)4_c.

In the identity

Letu = a--x, v = x-h, .-. u-\-r = a~ b findv^-{-v4' =r,

.'. {a-h)^ = c + A{a~h)^{a-x){:X-h)-2{a~j:)^{x-hY

y^YiiGzioc {a-x){x-h)

.'. z^~2{a-h)2z^{a~hy = h{c+ {a-by}=t^, say,

.-. by (£?) Zi-irt-6)2_i;a3=(rt_^,)2^f, ... 2is known;
But (rt.-a:)(.r-6)r..2

••• l>y(i)) a:,=J(«4./,+r);ir2 = l(r/+ 6-r) (1).

in which r^ = {a-b)^ ~ 4z,

= {a-h)2-H(^a-by-t}=--4:t-S{a-h)'i

"i

or (rt-i)2-4{(a-6)2 + «} = -4(-3(«-6)2
and i2 = |{c-+-(a-i)4}.

Hence a; is expressed in terms of a, b, and r,

r is expressed in terms of a, b, and *,

« is expressed in terms of a, b, and c,

and the expressions for r and t are cases of (/?).

Itet a-x = n-e and b-\~x = n + z :. n = ^ (a+ h)

The equation reduces to

.-. (n2-23)(27i3 + 0„23)^,,/,(,,3^^,:,)

(2)

(3)

(1).
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172 SIMPliE Ki^UATlONS.

The proposed equation now becou.' .3

l/{x-h){Zriy'
-1/0

(..-/>)(2--L)i

' (^-1)--'

(2+ .1)4

xC.

a-
,, a form solvefl in Ex. 11.••

(2- + l)(;S-l)2

17. (.f-2)(.f;-5)U-0)(x--y)+ (//+ 2)(^-4)(?/-5)(//-ll)-f

(«+l)(^-h5)(2+B)(c+12)=.f(^-4)(./;-7)(u;-ll) +
(//+ l)(/y-l)(//-H)(//-J0)H-(2+2)(s-f-8)(z+10)(^'4-ll).

Let x' -X'^ — llx, !/'=i/''^-dysbndz' = z--\-l'dz,

.'. (.c'-fl8)(.c'4-30)+(//'-22}(//'-f20)4-(3'-i-12)(2'+40) =
a;'(,j;'+28)-f(y/'-l())(?//-f-b)+(2'-|-22!(c'+ 30)

.-. .c'-'+48u;'+5-104-.v'^-2//'-440+ ;;;'2 + 52c'+ 480=:

x'2+28a;' +//'2-2//'-~ 80+2 '^+52/4-060,

.. 20x' = 0, .-. .c^-lU- = 0, ;. ;ci=0, a;jj=:ll.

Ex6YCise Ivi.

What can you deduce from tlie following statements ?

1. A'B = 0. 2. A'B'C=-.i). 3. (a-/;)^ = 0. 4. 12.f// = 0.

6. What is the difference between the equation

{;c-5;(/)(a;-4?/-|-3) =
and the simultaneous equations

x — i)y = and x — 4:1/+ = 0.

What values of x will satisfy the following equations ?

6. x{x-n) = 0. 7. ((x{x+b)=0. 8. {x~a){bx~c) = 0.

9. iix'' = 'i'>«x. 10. .c3 = («^/,)^. 11. ^(^.a_.a2) = 0.

12. a-x'^ = h"x. 13. u;'' + (a-.c)^=//2.

14. x'-^-\-{a-xy-^ = {a~'2x)^. 15. (a-x')2+ (.t'-6)a ^a'-'-f/jS,

16. (<t-x-)(u;-6} r .'.=().

17. (a-.c)3 -(tt- .c)(.'B-/>) + (a,-6)a=rt2 4-tt64-6a.

18. x^-{a-h):r^ a' Z.O.

19. .f •* — (a+6 -f c)u;" . , t/; -|- k- -|-ctt).r— a^c = 0.
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Ki'Vp.'.fi
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KQTTATIONS.
1"^
*c

20.

22.

(•^-5)(^'-f4)^0^ 21.

i4.

'•«-84=:0.

^eorvaiaeHo/xwili

^^+29^ -80^0.

iatisfy the

a;' lu^' 2 -fso

5c{. 8^3 +

Solve
^hefoliowixjg

0. 25.

10^

+

^ = 0.

^3-2^2^5

27. (a~icj2
•

f^ -

equations

'-'-j-O^O,

28.

30.

32.

a \f^ -xy^^u 2(1, ..XO(b-x)^,
29.

(a-b) 3

«^(^--;f)2 = /,2^,,^^^,

X—h
34.

•<^ —

a

''')' = 0. 31. /^_n2
33. ''i'^t>-~x

{x^iy.

a

ss-
(.

*•'""+*)(•«-«+.)=(«.
«-6-

.»-«;
-/>)^

^^-\-{a-i.b-~x){b^

X
-X'

^+
eY(.,-2 --

1^.

X
a -i-c-

37. •^+^:^ ^ a±b^

^8- («--^)^+ (a-^.)^^

c-a;) = 0.

^).c-<-a-~i).

39, X\a+ b- X
•iO. {n~.p)x2^^^

')+ {a+ b

{a+ b^.2x)\

+ c>= 0.

41. ^x2~^b^_^^

43. ix-.

in)x-\~tn~n = {).

42. ^-^^-^'.^r+c

+a,^-b

^. (2a -i

^^- (2.H-2..

46. (3c

•^)

2(« + />b=
(,

W('it;2 •fix-i-p

(i-x

")' = (2i

2xy

Wi-w

/^+.c)(Z,_^^.

47. (3a>.^+,,)^

48.

0( ^)-(, «-A-^3.

'• <-~*)~-^(a~,)^.
o8^ja.
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m
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Vti flt:\rpT;E equations.

-t-(«~6-)3.t-.

50. (.c'^\-l){x+ V,){x-4)(x-7)-h(x~l){x~-?>)U-J^-A)(x+ l)^9ry.

51. U'~l){^:+ o){x - 5){x-i'J)-r- ^x-\-l)i.i: -ii){x+ i>)^^x^',)) -t 18

r>9

= U.

u;-

54. x

1

u;

^'

= 8t.

^

56.

68.

60.

62.

6

OD.

66.

67

a — x
+

..:-/>

a

IJJ

// —

rt

u;

ni,

n

5;).

l>o.

57.

rj\

61.

./? + - =
a-\-h a-h

a +i"

a + x

b+ x

a ~x
b^x

+
h+X
il-\-X

•>i

h+ X

a - X

III, II

in

;f^ -\-(ix+ II-

x" —ax -j-ii'

:8.

—dx+ a''

{a-xX--\-(j.-~hY _ r^

{a-~x){x- b) ~ ^
*

{x-\-a)^-\-{x-hyi _ a3+/>^

4a?>

a ' X

X — b
+

x— b

a— X

m
n

{x-\-a)-'' —(x— b)'

{a-xy-i-(x~b)^

{u-x)[x--b) (a^-bn

(a-xy'^-i-{a-x)(x-h)i(x-b)^ 49
{a~xy -{a-x){x~ b) f [^x - b)- VJ

2rt2^-

o~2
(I {ii-x)-\-{a-\-x)'i r-f-1

(Also for c; =^ 5).\a-^-^a{a-\-x) + {a~ xy- '" c--l

68. (5-x)4+(2-a;)4 = 17.

69. x^+ {a-x)-^-c', a;'t+ (j;-4)'^--^Ri>,

70. {a-xy + {x-~b)^ = {,i--'>)^. 71. 0/ -:.')•'•' -|-(^-^)'''=c.

72. af^4.(a_^)5=:.,,5; o."^ h (6 -.,!.•)
''' = ^<^56.

73. (a-x')'(j;~6)2^.(a-.c)3(^..-6)-*=rt-63(a-/;).



«-f.r-Hl)

){x + l) = m.

h a-h
b ^ u+li

- -'a*

TO n

It III

c.

m
n

--.5).

bY=c.

175
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89.

91.

3-* + 1

{x^-x+1)

a

h

PIMPLE EQUATIONS.

90 > + l)-r.r^+n
_^

(a;-T)2(a;3-a;+l) " b
'

(iK3-frr+l)8

x(x-[-\)^ - h
'

(«-l)4 - /,
•

97.

99.

101

(a?+l)(a;3 + l)

(a;-lXa;3-l)

(a;+lV*

9G.

98.

x{x^-^l) ~ b
'

x^-h_x4-l x-^+x-l
' {x+iy^

'

' {x-iy

x(x^+l) _ a

(x'^-Tfi = J-

(x+\)(x''-l)

(x- ij{x^'+ ij

102. ^^^)- = ^.
x^ + 1 />

103. 2(r/-.;;4-9(a-cr^srr-7))4-14(a-a;)-\a.--6)3-^

9{a-x)(x-by+ 2[x-h)^=:0,

104. 4(.i-a;)4-17(^*-ic)-(a;-6)2 + 4fa:-/04=O.

Find the rational roots in the following equations
;

a

T

a

J

a—. 100.
b

a

T
a

105. X' 12x^-hA9x''-lSx+iO=:0, [Lets; X 3 _
106. x^-6x^+7x^+6x-S,

107. x'^-lOx^A-'SSx- -50x+2i = 0.

108. 'S2x^-iHx^~Wx-^-\-21x+5 = 0.

109. iB:^-6a;2+oa;+12 = 0.

6«J.

110. JL
X x— a

14 5

9 _
a— 2«

4

5—— 4- — - - nx-oa ^ x~4a ~ ^'

111. . : _
a;+20 ^ x+o a-

4

14

112. ?^-+i-^
a;

a?— rt

«— 3a

a;+8i7 ic

a;—

a

' x— 'Ia ~

x+Tja 2x— 5a

a; -4a x—C

+
a;-40

4

a; -25.



n

a

J

a

-<6x'\.

•^IWP.'.E K

118. ?±4 ^^^
'jrATio.va.

a;4-2 +
^' i-

114. i.

^' - 1

177

20

JO- L>

"^:^ +
^-1
x~~ fj

-f

+ 8

X'-S

X~ij
20

x-~ + — , 31
j: —

115. |/(^^-^2__;,

.C—

110. ' - ("_l+2^') + 1/

)+V/(.c9-,/>2__^..X

v/(a-

7)1^x^

LV)-

)-]/(^2-c3-a-) =

117. V{x^-
118. i^ K (•«"-- ^3)== X.

110. ^^^Iri^.tT^/f^-o)
:c)^- V(6~

120.

vi<^-x)~^^y,VZ7A -
I' i-

>7 _^ <<+ 6-2j
a:j;.=^,

^)

121. ''^^^^^•^l±r(.^-A)ij

//—^

t/(2«).

I. :»

1^ (^'- - X). + f''{x-b)~~~ ='^-6.

i,' i'^-x), awi V for f{x^b)l

I .|*~
t

0.

4

a -25.

!A

( tl

m
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P

I':?

CHAPTEli VI.

SlMULTANEOliS EQUATIONS.

Art. XLVI. There are thiee fj;eneral motliocls of resolving

simultaneous linear equations, 1"^ by substitution, 2' by compar-
ison, 8^ by elimination. Tiio last is often subdivided into the

method by cross-multipliers, and the method by arbitiary multi-

pliers.

In applying the ehmination-method the work sliould be done
witli detached coefficients, each equation should be numbered,
and a i-egister of the operations performed shouhl be kept.

Ex. llesulvo

Eegister

?fH-2r+lu;+8//+ lfi2=57.

w+8/'+{)x-+27//+ 81z::.179.

n + ir -f l(U4-()4//-f25<)s = 458.

M-f-5t--f-25.<;H-125//+ 025z^075.

(2)-(l).

(8) -(2).

(4)- (8).

(5) -(4).
(7)-(0).

(8) -(7).

(9) -(H).

(11) -(10).

(12) •(11).

(14)-(18).

(15)-f-24.

^{(18)-Gr:iG)[.

A[(10)-{12(17) + 50(ir))}].

(())-{8(18)4-7(17)-f-15(l(;)}.
(l)-{(ll)) + (lH)-f-(]7)+(lcn- 1

u V .r.
!/ z

I I 1 1 1 == 1'^ (1)
1 '^ 4 8 10 57 (2)
1 3 1) 27 81 179 (8)
> 1 10 <)4 250 458 (4)

1 5 25 125 025 975 (5)

1 7 15 42- (0)
1 .5 19 05 122 (7)
1 7 87 175 274 (8)
1 9 01 809 522 (9)

2 12 50 80 (10)

2 18 110 152 (11)
24 194 218 (12)

f; 00 72 (i;;)

84

24

1

90 (11)

24 (15)

1 (10)

1 2 (17)
1 8 (18)

1 4 (19)

5 (20j

hai

(«)

8(2

A

will

tion

Ar

tJius-

For
fcJ IUS-

Sub

Oivi

qnotiiMi

valu(> ()

[ ^Vri

ihe gon(

Ex. 1



f rcRolving

by compar-

!(! into the

iiiry multi-

ild be clone

niimboieJ,

(ipt.

15 (1)

57 (^)

179 (^^)

458 (4)

075 (5)
42-

(«)

l'2t^ (7)

y?! ('^)

5l>ii ('•^)

HO (101

15l5 (11)
21.S (1:>)

72 (i;o

1)0 (M)
24 (15)

1 (10)

2 (17) 1
8 (m 1
4 (ID) 1
5 (2Uj I

1

An oxnminnfion of n.. i,

^"'^

A /,'OiiomI sy.stcninfip „

A,.,
,

"^•^+'v/+.-,=.-o.
•

Anangutl,ocoolIic-.o,U.stl„„l

^/,
^, (^r

"\ 7 '.'
"•

tlM,.s-
' ""'"'tylmsonally from ,i.,,t f„

,
.^

,

vali.0 of ,,.
•'-. 'J'e secuiad ,j„oti«ut will bo tlio

fWl-itiufr / r, ,,

lI.r4-5_v-f)H = ()

fu---7/y-f;{l=,o

-7 '^1

_/_ ;>^ (>

-77 I55~to~8
^^ 470 ^41

II
II

;!

W* I

1.

I 'I





IMAGE EVALUATION
TEST TARGET (MT-S)

1.0

I.I

b^m 12.5
|50 ^^*

m 1^ |22

H: us, 12.0

1.8

1-25 1.4 1.6

6"

V2

^
c^.

c^>

y

7

> '>
>«^

V Hiotographic
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IHO srr.iii/rANEOi H k^uations.

Ex. 2. i:^ _2. L^ ?!i

X y
--- 1.

22 HO
- 17.

12 -25 - 1 12

22 HO - 17 22

8«() 425 - 22

-5r>o -«0 -204

yiu) ariH 1H2

1

2

1

6

II

1 1

r y

.'. r- 2 niid ?/- 5.

f

2*^ Let tLe e(iiiation!^; ])P!

Airango the coefficients thus

a />, '',

a

«o

/>, r,

•J 9 -^/.

/"/
.

— ft.

n

.

— a

— (f,

Soloo^irv,' tlio first throo cohunnH form tlie diagonal product-rt

from left to riglit downwards, thus :

TJie.

and ge]



STMITf.TAN'KOrS KQI'ATIONS. IRl

a, /., r,

\

rt., i'o Tjj

^^3 ''3 ''.I

\ \

<7, /^, '•,

'T., ^' . '•.,

giviiif,' rt,/'2''.t

«2'':{'*i

"3'' I
^3

Foim tlic diagonal. {u-fjJnots from vipbt to left dowii wards, thus:

"1 /'j '1 giving .'/'gr/

3

i ..1

.'11

J

?

I

([ pvoduct-rt

"2 ^'2 ''a

/ /
'^3 /'a '»

/ /
"i ''1 ""i

/
^.^ ''o '*'

<'^^''.i"^

^H^'l"!

From tho siun of tiio foj-nior prorlnffs fn!co f!ip snm of the latter

products obtaining a remainder, wliicii call /i',.

Similarly form a 2° remainder, //g from the 2°, S° and 4° columns

a 8°

a 4^ "

//, " 3\ 4^ and 5°

R^ " 4^ 5^ and G''

Then r=7?2 -^ ^1, V^^^^-^^U^ z-^R^-r-U^,

and generally

K\. 3. ar4 2//-4?-f20 =

Ifi

jS'

-1i
• 1 1.

..ih

i'r"



Ib2 .ilM.i.lANhiiCb I'Ali'

I

I

i
'

8

i)

8

2-1 - 1>( 2

-7 -()

6 5

ti - 7 - (;

1 -Tj

2i -7
2;) -;5

] -5

- -I

o

-10;") -2H8 2S -500 (Hy-7yn= Ifin

-iOO 700 '1:52 U T) x5x -1= - ]()0

~ HI - 20 500 -501 7x2x-(;=- 81, ,U-)

2SO :ii)2 oco -oiif)

]'.)() 000 - 15 210 ( - 1 v-7v7=3J0(;
-00 10 'IHO OKO -(•) x5x;i = 00

.') 072 -Kio 1 5 X 2 X 6 = 50. *tc.)

150 12H2 M75 12:55i)

-•145) -HOO l;);{5-2225

2 -8

a;

II II

V »

Exercise Ivii.

S(7lvo tlio following syslt'iiia of eqiuitimi'^

1. 2.r-f8//=ll

8,r+ 2v--:50

11, 12//--: HU)

l).r-|-Hv=:HO.

2. 5r|7v/-17

A. IKr 85//+ iar::0

]5.r+ 2H// 275 =rO.

!>./

<>y;

+ 7// -7
-f Hv = 30.

7. 5./-+M//-f-2=.(l

,S,7;+2//-+-l=0

0. 10;r-f-7//-f-U^0

Or -I- r>// +2^=0.

II. J[.,-4-|//-<*».

8a'-4?/ = -l.

0. 8r+10//- 5 =
2H// = 5.r+li).

ft. 21.r f-H//+0(U

28//-2H.r-|-18 = 0.

10. 28.)-+15//-41-=0

82r-|-21// r, r-o.

12
1.'/

-•

^a--^7/-fn = o.

22.

21.

2(i

28.

4..
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ion

15. l-.')x-2//=l.

17. 6.r I.V-hl^ 0.

l-7u; -'2'2y+7-9 = 0.

11). B-fu- ^2/,//= 18-h I U— 8-0//.

II. ^.r+?// = 17.

It;. 'jx=Mh/-i-'i.

I!./-- l('w/+l.

18. Klur -n-l// r. 1.

•lUx-'ll// -1.

»>i
2|.(;4--8v = 22.H- I X — on

it

0. i<iC.)

20. _ 4- — =

22.
in 2-7

- I,

21. -" + - = n.

= \.

2:i 17x - — = J5. I

24.

•8

4-

+

-h

H-0
= 5.

10

— 1

J

'>:5

iO.

l(Jx - — = ±

')X

Uh

+
!/

-rr + = :n.

//

4^

I

|U.

2(; ^ju:-K//+ l) = l.

28.
:-u-+l

;.6- - .1

2

7//- (i

80.
15x'+l

"45-./

12//4-10
-_ o= -JLit.

27.

2!».

;+2//

8u;-2

2u;+//

(>-
!/

X - 11

= 8,

iX IH

81,

8// - 5

8x4-

1

4-2// "

X4-//-1.



!84 SliMU.MANEOUS Kt/1'ATIONS.

I

t: ;

S2
-9i

6 ~ H^

7-2.V
'5 ~3x

oo.
.*:-f2//4-l

2x'-//H-l

S.r- //

:j JC-I/+
= 5.

3i.

80. *^-:2.r- y.f.8

Hi).
^+1 __ //+2 2(^-y)

3 4 ^ 5
"

/; -8
i/

8

2 ^y

x-2//• 8

8
= 4.

8a; -4//+ 3 4x~2v -9
= i.

87.

38.

31J.

40.

2{){x+\) = \r>{,/ + l) = }%c+!/).

(.c-2) : (y/-f 1) : (.6--+-//-^5) :: ;> : 4 : 5.

(.c-5) : {//+JJ) : (x-+^-i-4) :: 1 : 2 : 8.

x+ 8 //-(-8

2^ 8

y+^

r)x-Q

2(//-i-l) 5i/+7'

41. (^-•l)(//+ 7) = (.r-3)(»/+l).

(^+ii)(.y-:2) = (x+2)(//-- 1).

42. (^-l)(.v/-8) = 8(;V+ l). 48. (x-f-rK-.V Fl) = 5.c-|-5)//f 1.

(^-l)(4//+ 8) = 8(7x--l).

44. (3x-2)(5.v+ l) = (5.c-l)(//+ 2).

(8.c-l)(7/-f.'i)-(u.-+rv(7//-l).

(x+ 2)(8//+ lj = U.<;+ lo// + 2.

AT5̂. xi- !/ = 87.

z-\-x = 22.

47. l-8.c-l-9y= l.

17//-M2 = 2.

2-{)0-21u; = 3.

49. » ,1 — 0.

!»;— 1

Ti/
= 2.

4(5. 2r + 2// = 7.

7.'-+ l92-29.

.</+««= 17.

48. 6./:+ 8//4-22-217.

6^-8// = 89.

8// -22= 20.

GO. Ilx+lhj = l0.

'I'^xi-2'^z = 20.

8i>/ + 8^« = 80.

nu.

01.

08.

07.

u
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x-y)
5

il

••"

3)(!/+-i)'

'iH//- IK

51

5H.

57.

no.

Gl.

68.

07.

.V+2-a;= 13.

z+a:— y= 7.

r4-7/+c= 3.

'2.*-f-4//-h P2=13.

Mr+n//+ 27z = :i4.

3^+ 2.'/+ Hz -no.
5.r-+- //-42=^l).

2X-3//+ c- 0.

^_|_ 2// 4-82 = 82.

2./! + n//+z-r 12.

3.c+ 8.'/4- 2=17.

3.r;+ //+ 82=15.

j;+8// + 3.:;=13.

.^•+ 2// -72-21.

3^+ -2//- 2 = 21.

».r4-A.V+ ^ = 8G^.

ix+y
x + 1

yVi

2+1
z±S
x+l

x±y
y-z

^•t! = 9.
x-y

2/+2! _ 1
J- 4-5

05. -—

.

iz = 18.

2.

4.

1

= 10.

62.

(14.

CO.

08.

00.

02.

04.

./• •-V-f2 = 9.

^M-2v4-42= 15.

.,;+3//4.92 = 23.

7.'- +«')//+ 72 =100.

x-'2i/+ 2 = 0.

3.C+ //-22 = 0.

.,+//+« = 9.

x'+2// + 3: = I4.

^•+ 3//+ 02 = 20.

x4-// + 22 = 34.

J- 4- 2//-;- 2 = 3:s.

2./-4-V 2 = 32.

.)•-!- 2// -2= 4-6.

//4-22 -.»•= 10-1.

z+2x-y= 5-7.

x-4-//=li2 4-H.

//4-z = 2iv-14.
z+.r = :5^^-32.

2.U4-3^//f4];j = 140.

3^.c4-4]//-f-.^iz=175.

2^^+ 3i//+4^2 = 167.

60.

68.

3a;+.v

z+T = 2.

3// +2
= 2.

82 4- a;

?/+ l
= 2.

a: 4-

3

2/ + -?

2.

2/+ 3

a;4-z
1.

«+3
x-\-y i-

Ct IB if
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1

1

.. 4 8
t>9. — - —

X y

2 3

71.

= 1. 70.

= 4.

^ 1

U 9

X]l 1

x-\-il
" 5

J/2 _ 2.
y+z " 6

zx 1

z-^x ~ 7

= 0.

72.

6 4 5

u-
+

//
- T - *•

8
-»-

H

u

5
+ — - 4.

X
+

1-2 10
= 4.

2

Xlf

-ky - 3x

xz

oZ2.C-

4y - 6z

73. (.c4-'2)(2?/+ l) = (2x+7V.

(2/+ n(2+2) =(//+ :i)( 24-1).

74. (2^ l^(y+l) = 2(.e+ l)(y/-l).

(//-2)(24-3) =(// 1)(2+1).

76. (a:+l)(5y/-«) = (7.r+l)(2y 3).

(4.6— l)i2+l)-(:c+l)(22 a).

(i/+3)(z+ 27 =[ny-G)[iiz-l).

76. 2U-+l-n/;-f-422 = 115.

6(2a;+»/) = 3(8.t-+«) = 2(2/+2)

77. 15{x-2y) = 5{2x-~Sz) = 'd{y+z).

.21a;H-31?/ + 4l2=135.

78. 6x{i/+z)=-mz+x) = Sz{x'iy).

= 20.

= 15.

= la.

IP

— +
2/

H = 9.

79. Sx-\-y+z = 20.

8//+a;-|-4?/ = 30.

8w-fG.c-|-z = 40.

5u+8i/-l-:b = 50.

80. a;+2-f 8// = 83.

6?* + ^-1-2 = 11.

All •^x-\-z= 11.

8w tx'+ ^ = 11.



m.

85.

«'^^^^TANK0US
K,tr.TIOXS.

82.

187

81.

8«.

f'^-^^ + ^y-^ = 47.

'•^+^//--J?=17.
^^

T^^-U-i
Art XLVII Tl •

^-^-^y+i.^n.

'*+.'/l(y+s)=/,.

^"''i-lv the e„.at,-„.. .„,,,„, ^„, ^ ^

D-.de this equation by .]K:t,,L,^~^'"''^^-

•'
- 7—

,
and therei'orp h«

' ^"^^' ^y symmetry,

^ence we get
'

"'""^^""^--^^^''eWveaby.,,.,^.

If

al

.

! ':«
I il

-ft*,
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Z =

fl* a;-fy-l-z =

ax-\-bii-\-rz = .

.

bcx-\-<'(in-\-nhz-\-{a — IA{h — c){c — a) = ()

cx(l)-(2)^uve8 {c-a}.r-i{t'-0)y = O.

.'. y = i _, and biiniliiily,
b—c

{a — b)x

Substitute in (JJ) those values of // niiil z, and reduce,

.-. x{u -l>){r —a) = {„ - l,)(h ^-v)[(' - a),

.'. or x = {/> — <), .•. 11 = 1' —(I, z — (i — h.

8. a{yz—z -•— xij) = h[zx— X!f — i/z) = r[xi/ — yz - zx) = r//z.

Divide the first and the last equations by axijz
;

.*. — = — «, — _ — , and iieuce, by symmetry,
a 90 y z

1 1 1 1

/;
~

y/ z ' X

1 1 1 1— rt .mm —. —

•

C Z X ^

6 ^ c
= —

2

X

1 1 2— H- — __ — —

>

1 1 2

7 + />

= ^— -—-••

z

and by symmetry,

4.

(1).

(3).

ff r

tfa;-j- />?/+r2 = 1

«2X+/>2V_|_,.22=1

a^x+ h^y-{-c^z = 1

_cx(l)— (2) gives a{r — a)x+b{r-/>)y = c-l
cx(2)~(8) " a^{c-a)x-hh'Hc-b)y = c-l
fcx('l)-(5) " a/>(6'—</>-«2(c._a)^ = 6(c-l)-(c-

or a{a— b){a— c)x = (c-l){b- 1),

(l-M(l-e)
.

a{a—b){a—c)
'

whence y and z may be derived by symmetry.

(1)

(2).

(3).

(4).

.(5).

1).

X =



(3).

try,

try,

...(1)

(2).

(3).

(4).

(5).

(c-1).

.SIMIJl/rANEoVtt Kt^lJATlO.NH. 1H{)

6. Eliniiniite r, if, z, u (wliicli iirc supposed all ditTorent) from

tl»e following eijuatioiiB :

Snbtnictiug the second (Munitiou from the first,

.*. X — ii
= l>ii— ox, or

'

{l+'i)r = {\-^l))!l = {\iy symniutry)(l+r)s = (l -^,{)u.

These relations niiiy he also obtained by adding kx to both

members of the lirst e;]uatiuii, hij, to both members of the second

equation, &c.

Now divide the first equation by these C(inalR.

1 _ & r </

1+7/
"^

l+'h + 1-1-7
"^ 1+7/*

1 a
And since _ = 1 —

, wo liave
\-\-(i If a

/.

1 = 4. - -4-

d
+ -•

l+</

Exercise Iviii.

1. Given ox + ^// = c

a 'x+ // 'y = r.

'

2. Given hx = fnj

ilx-\-in I = rf/-{-nc

3. Given ftx •{- htj+ ^2 2: d.

^ ,
h'c-hc'

and that ar =
,

,— , -,i
b a -on'

derive the value of f/

(i(<hn— en)
and that x = , ,- >

lie — (1(1

derive the value of //.

and that a; =

a(d-b)(d-r)

u''^x-\-h^y i-r^z — d^ the values of y and f.

I



lf)0 SIMir,TANK<»rH Ki^rXTloNS.

•1. Tlicrn Ih n Hot of »'«jiintion« in r, >/, «, it, and »r, witli corrr«

pondinff cooffiiMoiits (a ut j-. tVc). ". ''. '', ''• 'nid «• ; one oi the

cqmitioiiH is

x~l>ii-{-iZ'\-'lti-h'H\ writodowu tlio other?.

Rolvn tlio tollowinf^ tqii;iti<>nH :

// Z , f Z

// /» in /»

'',

fj. jr+ (tf/^hz = m, ti-\-tiz \ 1'.i-= n, z \ iix-\-l>ii = }>.

7. .i'\aii-l, yi-fr: III, z\-rii=:ii, n\-(lw = />, /r 4- «•./• = r.

H. Kliiuimito x. //, s, (supjioscil to he all dilTcroiil) frum tiic

foilowuHT Of] II ODIOUS

X~l>il-\-rt, !f=zrz-{-ii.,', z=z(U'-\-liV'

9. Klimiujitc jr, //. z, iVom

.V-f2

10. Ha villi' ''ivcii

= u.
V

2+. •+i/

=s C.

X = A'/ 4- 2 f ''" + ''"',

y = rz-\-,(ii^!ii-\-(ix,

Z = tlii + i'il-\-ftX-\-h!f.

Shew tliat
a

+
h

+ - + +1+'/. ' l-j-h ' ]-\-r
-^

1-1-,/ ^ 1-f
= 1

Art. XLVIII. Resolution of Paiticular Syytoms of Linear

Equations.

Ex. 1.

(1)-h(2) + (3) + (t)

8(1)

.f+//+ C = rt (I)

//-f2-f'/ = /' ('2)

z-\-n-\-.r = r (H)

?/4-a,'+// = f/ (4)
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corroB

- r.

lum the

=r 1,

of ijhiear

(ft)

(cn

//.)

The values of x, ^ uiul 2 may iii>vv by wiitttu down by sym-
metry.

The foUowinn; is a variiitiou f tlio above im (hr.'l, iiiMilicubk' to

a much luuro gnueral HV.stiiu.

A.88ume the auxiliuiy equrifion

*<-h^-4-.'/+2 = s (5)
.'. (1) becomes s~-ii = (i, /g\

(2) - «-u:=:A,
(7)

(8) "-.'/ = <•,
(8)

(•n

n— x-hf
S -11 = 1',

» is now a known (luantlty, au<] may be tivatcil as suuh,

(.'5) + ,^0) + (^7) + (H)+ ^'J)

(0)

m (0) K'iviug « = s — a
.. (7) •' X=: t-b
- iH) - II ~~ s — c

•' (9j " Z^H-,t.

!/z = n{i/-^z\,

ZM=:h[Z-{-X),

j'ij = c{x-^H),

1 1 1

y z 11

1 1 1

Z '^ X ~ h

1 1 1

.f y "

(1)

(2)

(8)

Ex. 2.

(l)-«i/2.

(2) -r 6Z^,

(3) -r CXI/,

This may now be Rolvod like Ex. 1, using tlio rocii)ror.'ils of a

b, Cy X, y and z instead of tlicse quantities thcmsulvcs.

Ex. 3. «,"+ //, (^+//4-2)=:P, (1)

a„x-Yb,^{ll-\-z-k-u) = c,^ (2)

«3//+ ^'3(2+"+^^=^;j (8)

«42 + ^4("+u;+//) = r4 (4)

Assume the auxiliai'y equation

u-^x-\ ij-\-z = s. • (6)

r
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^1) becomes ^'^-v -(/'i --a^)it = r^

ij-a,
s — u =

^l -'^1

Similarly from (2)

- (1)

(t

<i

« — a; = i

bo - a» *' />, - a.

'4 ^ 14_
S ~— -v — 1

-«4 ^4 - <^4

(0)

<7)

(8)

(0)

(5)+(C) + (7) + (8) + (0) {i,^'':a\+l>~^,^ 63*-^+r/-c;j»

= s+ +^"-'^+.;-V,+^--;^(io)

From (10) we can at ouce get the valiio of s, which may there-

fore bo treated as a known quantity.

. .

by<i-r^

m(G) givmg ^ = b^~ir;,\

and the value of x, y, and z m vy bo obtained from (7), (8) and

(9), or they may bo written down by symmetry

Ex. 4. «/.C+6(//+2) = C

a!l-\-b{z+u) = d

(iz-{-b{u+x) = e

aii+ b{iv-{-i/)-f

Assume u-\-x-}-y i z = s

(:).f(2) + (3)+ (l) {a^'lb)s =c-}rf+ ''+/

Hence s is a known quantity and may be treated as such.

From (1) and (5) bs—bu-\-{a-b)x = c,

bii— {a-b)x— hs—c,

Similarly from (2) and (5) bx - (a - h)>j = bs—cl,

«« "
(^;j)

«' " bi/— {a—b)z—-hs — e,

«« « (1) " « bz— {a— b)it = bs~J\

ft(7)+(a-;,)(8) b^u-(a-b)^!/=:abs-bz-{a-b)<l,{n]

^9)4.(rt_6)(10) b-iy-{a-b)^u=:ab.'i-b3,^{a-b)f,{n)

(1)

(8)

w
(6)

(6)

(7)

(8)

(9)

(10)
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(C)

(7)

(8)

- s
-a.

*-- (10)
-rt

ay thero-

(8) and

(1)

(2)

(a)

(4)

(5)

(0)

ich.

(7)

(8)

W
(10)

l-6>/,(n:

ty,a2)

^=(ll)+ (rt-M2(12^ |/,4_(^-/,)4i,, = a/w{/>2 4.(a-6)2}

The valuob of x, //, aud z may now be writteu down by sym-

metry.

Ex. 5. .i3+«2''-4-'///+z-<^

The polynome t^ -^ xl'' -\-iji+z vanishes for t = a,t = h,t = c\

,'. by Til. II.,. p. 4G, for all vahies of U

t^+xt-^yi+z = {t-ci){t-b)(t-^'^

^ts ^(^a+ b+r)t- -\-{<ih-\-l>c-{-c>iM-abc.

,-. Th. III., p. 53, a;= -{a + h-hr\

y = ab-\-h(-i-i(i,

Z= — dbc.

Ex. 6. a;4-//+z+"=^

Employing the method of arbitrary multipliera,

(4) + i(3) + »i(2)4-«(l) ''^-^4- b^V-\- <^^z +- '^^^ '*= w

(2)

(5)

+ /«2, +///^ +Ic2 +ldi

-\-mf( + inb +vtc +md
+n -f- n ! + n -f 7i

To determine x assume

d3+ld^+»nl + /i = 0,

n
• 35=: .

-

But the system (6), (7), (8) has been solved in Ex. 5, from

which it is seen that

I- ^(J)j^c-\-d), ni = bc-\-rd-\-db, n- -bnl,

and a^-}-a^f+am+ n = {a-b){a-c){u- d)
;

(7)

(8)

(9)

t\\

m
'ii

*u
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i|

m>\

'. usiuf? thoHe valuus in (0)

Tlic values of//, z ami u may now be wiittc!) down by sym-

metiy.

X
Ex. 7.

Assume 1

//'

X

a

n

X

a

7^
— a

X

-—-— H- = 1.
)// — m—c

n— h

V

+ n~c 1.

= 1.

(1)

(2)

t~a

_L. " _i.

p— b p — c

t-h t-c ' {t'~-a)(t— h){t-r)

But in virtue of equations (1), (2) and (0), the first member of

(4Wauislies for t = in, t = n, and t = n, and .*. t^ + lU^ + Ct+ D
vanishes for tlie same values of if, and .'. Th. II. p. 40,

l^^BL^-+ (Jt+i:>={t-m){t-~n){t-p),

X y _
t.-b

z

t — c
.'. (4) beconn^s I —

f — ti

{t-w){l.~n)[t-j,)^

{t~((){t-~h)[t-c)
*

To obtain the vabie of x uiultiply both sides (if this cfjuation

l/jf-'i) _ z[t-jf)_ _ {t--m.){t.-n){t- p)

{t~h)(t~c)'
t — a—x

t-b t-c ~

Now t may have any vniue in tliis equation ; let t = u,

(a— m){a -)}){(( -p) ,

(a-b){u-n)

substitution (x!jz\abr) will give the values of ?/ and

.*. X =

z.

Ex. 8.
X-\-a !/-{-b Z-\-G

V 7

lx + mi/-\-nz:s:s^

0)

(2)

(2)

(1)
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By Art. XXXVII.,

x-{- , ,lJf-h ,7+c l,i'-\'iiiii-{-uz-\-Ut-\-iiih-\-nc_^

~ ~
,f

~ r ~ li>-\-inq-^iir

C^)
_ _ J — = /; say

,-. M^pU-K, ir--<iU — l', z = >ll — c.

1 Ex. 9. i/z+ ZX+.I-!/ - (''+ '' + (')x>jz (1)

tjz + zx zx \- XIJ XIJ+ iiza" ~ c
(2)

(t)

(l)-^\'/»

(2) -r xyz.

— _j- - -j- - = a-\-h±>

— 4- - _l_
__ + ~

a

Page 122 aud (3)

(4) aud (5)

//
z ^*7

b

o •>^ + - +
X U

a-f/>-\-c

y

4- - = 2o'.

y

^ = 26.

(S)

(4)

(^)

(6)

Ml

!^;

0)

(2)

(3) -(6)

Ex. 10.

(1)

= a 6+ .

= ,<4-/>— c,
-- = -a-\-b-\rC.

+x*-|-^ y^i>— + •'-— = 2

X — b
+

//-

a

—

c a —-l>
_ o

«+ <? -1 = 1-
u

ij+ h

— rt — /> 4" <

~'u4^

(1)

(2)

(3)

m
^fti
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Similarly from (2)

(3) and (4)

x— n— 6+ 1 a — h + e—ij

(I — c a -b w

a-\-c

a — b^

But unless ^L^ _.
'^\

1, this cannot be the case except for
a+c u—b

a — b+c — ?/ = 0,

in which case a;— «— 6-}-t* = also,

giving x=-a-\- b — c and y = a — b-\-c, (6)

a-\-b a— cn
a— h

.'. a2 (6)

i3_c2=0, or (6+ c)(/>-c)-.0,

h=zc, or h=—c.

But if i=+e or— r, (1) and (ti) are one and tlie same equation

;

hence if (1) and (2) are independent, (G) cannot be true, thus

leaving only the alternative (5).

Ex. 11. 2ax={b + c~n){>/+ z), (1)

2h!/ = (r+ n-b)(;i4-x), (2)

X
(1) and page 122 (o)—^

b+ c— a

(«
<2)

^4), (5) and

<t V
'

2/>

x-\-!/+z

b-\-c+ 'a

x+n+z

y

(4)

(6)
c+a~ b

''a-\-b-{-c ~ b-\-c — a " <'-{-a—b ~ a-^b—c'

^
a;2 ('a;+//_+2)2+x2+;y2+22

Beduciion and (3)= —'-4 (7, 3:^"^ 2:^:^.2
j

/. x^ =(Z^+c-a)3.

= 1.



Ex. 12.

blMULlANEoUS EQUATIONS.

1 1 1

ax = f>>j = cz = — -}- — + T"

a

a

t - 1-
ZX XIJ

1

(t-\-b-'tc

197

(1)

(2)

Uso from (1) ^a:?/5 — = - 1 1 -
^ ^ "^ yz xijz \x y z I

xy+ i/z+zx "

x-y^z^

(2) X (3)
a' a-\-h-\-c

l^y-z^

Ex. 13.

.-. a^x- = a-^b + c.

y-\-z — x z-\-x— y x\-y — z

a

xyz—m^

(1)

tlien
xyz m-

Hence the value of r is known and from (3)

Ex. 14.

xyz— o

rx—niib+c),

y+z = 2axyz

z-{-x=2bxyz

x + y = 2cxyz

y-\-z z4-x x-\-y x-\-y-\-z

a-\-b +c"La 2b 2c

X y z

6+c- a c-^-a-6 a -irb-c

X^y^Z^ =
xyz

X'^y2z2 =

{b-^ c - a){c + a— b){a-\-b — c)

{b + c-a){c-\-a-b){a + b-c)

(3)

(1)

(2)

z X y VI

(1)

(2)

(3)

(t)

I'

»
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Hence tbe value oi x^ii-z'^ is known, call it ~ and suLstituto

in (4)

X

6 + c—a

rx = b + c a.

Ex. lo.

in which r^ = {b-{-c — a){e-{-a— h){a-^h — c),

]l^-\-z^ -x{n-\-z) = a

z^ ^-x^ — ij{z-\-x) = b

X^Jf-y^ -z{x-\-ll)=:d

(1)

(a.)

(l)+(2)4-(3)

(1) may be written

(2)

(3)

.*. x-\ry-{-z =

"^{x"" + >/' +z^ -X!i -yz-zx)=a ^i-\.c (4)

ic^ + v/
'-^ + - - - J\x+ // +2;) = «

x^-\-y^-\-z^ ~z[x-Jry-\-z)=G

a—h b — c c — a

x-zy-x z-y

^ ^ ,y-xy'+{z-y)^ + {x-zy^

a •^i>2^i.^_ ah -be- en

w
x^+y^-\-z^ —xy - yz — zx

2{a^-\-h'''-\-c^-ab-hc-ca)

a+h+c

(9)

2{a^+b^+c^-'dabc)

{a+ b+cy'~

Write r2 for 2(a « + ^^ -f -c^* - 'dobc).

x-^y+z =
a-^b+c

II
Eeturning to (8) (.'c+^+i^)" =

I 1,
(4) 2(u;2+t/2-fz2--^

if
^^1

if ii
11 m

^ - -— i

2{a^-^b^-{-r^ ~ah —hc— ca)

— yz — zx

u+b-^c

a+ //+C

0>)

(7>

(8)

(9)

:io)

(8)

(11)

(^

9.

11.



<^

tituto

l-c

(1)

(a)

(4)

(7>

(8)

(9)

(10)

(8)

(11)

(5) and (10)

BlMrr.TANEOUS KQUATIOsg,

o _ fl2+/.''+<
a-+2/3+2- =

a:*-'+//^+c3-.

tf+^+<?

100

(12)

rx = a

.'. ra:=(a+/>+O(=»:-+//^ + -^)-"0' + ''+'')

-=/,a4.ca_r<(/;+r).

(5), (0), (7) are symmetrical with respoct to {Tyz\nhc)
; (10) ahows

tbis substitution does not affect r, and consequently the values

ot y and z may be wiitten down at once from that of x.

Exercise lix.

1. ax+hij-=:Cy

mx+ny — d,

3. ix-\-by = c,

nx-\-ny = c.

2. nx+hfzse^

mx — mi = d

X

a
+ f = 1.

x+y = c.

+ 1-1, X
G. - +

r + y
a

= 1,

7. ax+bc = by-{-ac.

x-\-y =c.

9. ^a 4- c)x—(a — c)ji = 2rr5

,

K*

+

b)y — (a — 6)a; = 2ac.

11. — = -r.

a

.1?

a

V

y_

a

= 1.

-\ = "',

X +

y

a

y
= n.

10.

12.

x—n
y-e

a

— y = ((—b.x-y

x+y
a~b+c

a b-c
a +6

j'iil

i-

»
!
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18.
U - rt+A 14.

C-\-(l

h+ (I

ti+b

X- h

a — c

+

u — b
= 2.

15.
m — a

X

+ ^% = I.

10. a;+.'/+2 = 0,

m-6

~n + y
w -a n~bT = 1

= 0,

17. ar-|-,/+z = ^,

ax-\-by^rz^ m.
]H.

u: -a y-/^ z~ c

X

l- -. +a

19.
5;—

a

y~h

+ ,
- = 1.

l{x - ft)+ w(// - 6) + »(2 - c)

= 1.

« - c 20.

/ar-f-wy 4-7^2 = 1.

'^1. aj+y + gsa^-i + r,

bx-\-cy-\-az = a'^-{.h'^ -\.r^^

cx+ay-^bz = a^ -{-h^ -{.r^.

22.

ax- f b//-{-cz = m^.

a^+2/+2 = 0,

23. a;+y+;^: : /?l.

«x- r 6_y+ C2r ^ ft/) 4- Jr 4 <•«,

(b - c)x -;- (c- «)^ 4- (a- 6>

= 0.

21. ax-^bi/^cz=:r.

X
:
y : z = a : 6 mx~<ny, qy=pz

25. a:2/4-2/z-|.2a; = 0, «y2-|-/>2.r-f-ra;?/ = 0,

6ci^24-aca:34-a/;.cf/.f.(a-^,)(6-c)(c-ft):c//z = 0.

26. {<^^-h)x-\-{b-\-c)y-\.[n+a)z^ah-\.bc+c^,

{a+c)x + {a+b)y-\.{b+c)z~ab+ac+br,

(b+c)x-^{a-^c)y-{.{a+ b)z = a-i-\-b^ + c^,

27. mx-\-ny+pz+ qu==r.

sn.

87.

« y
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b)»
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28.
rCz/Xj.) !/{.C-\-z) Z[x+ f/)

z —
a111

X y z

a Vb-c

29. {^a-h){,ii-{-Q)-aj^hz^{c-->i){>i-Y^^, -cz h'^c-0,

80.

62.

84.

a.r-}-h>/~ I,

bi/+ cz~ I,

C2 4- «x- - 1

,

aj-f // = a,

aj-j-z = t*.

1 1
1 = 2a.

y z

— -!- — = 26,
z X

iil. ly + mr — nt

7l.r-\-lz- //',

VIZ -\- ny = I.

83. //-f2 -X -
,

«+^-y = —

.

Ill

Im
x+)/-z - —

,

n.

85.
1 1

y 2

1 1— + —
Z X

X y
= 2c

X y z

2
= T'

2
""

c

80. (^ -f h)x-^(a - h)z = 2hc,

(h-\-c)y -\- {h— c)x = 'lac
J

{c-\-a)z-\-{c — a)y = 2ab.

c

Z X
y Jr

= a. 38.

6,

« +
«

a

// = ('.

aj z

—f + 7- =tr c~h.
c-\'a a + b

11

!

( !

! :1

'I
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\l-k-z-v //,

STMJ:i.TA,\KOfH KgrATlONS.

!/-^X-U=:(l^

Exercise
Resolve

1. 0'+f>)x-^(a- h),/ -..2(o^ -\-h'') 2.

(<*- A)a; -h {a+ h)>/ = 2((/2 _^2)

3. 2a;— 3// = m, 4.

ic-j-^tt-rf'^^= a-6 •

7.

i«+.'/

» y

a;+c y-^i>

a+ 6 ~
a-i-c

0.
a;-?/4-1

a;-y-l
= a,

a;+2/-l
= ^

11.
«-y+ l

rr a,

x-hy}-l

x-y-1 = A.

13. {a-^r)x+ (a- c)y= 2a6,

(«+%- (a-b)x = 2ac.

6.

8.

Ix

x'^-y^^h.

« ?/ 1

a+/> a — 6 ""
r/-j-//

(a 4- A— r')a; - {n — l>4- c)y

y " a — i-\-c

X—a a — b

y— a a-^ h'

X «3. /^3

y a3-f-/>3

io.

12.

«-{-_?/ I_l

X — y-^ 1

a;4-y+ l

aj-y-l

a;

14- ^>

?/

a-l-6 + ,73-6 = «+^'

a; ?/-- + y- = 2a.
a

14. a2 4-rr.r-f-?/ = 0,

62 + 6.^+ ^ = 0.

17.

19.

21.

28.

26.
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15. //-|-?-a' = a,

a
17. - -f-

!J

— -f- —

— +
ii

y

= 'l,ib.

= 2/h

= ILra,

10. 7.r4-nv + s = rt,

7«-H' 1^' +// = «".

ic-ii){u-\-lj)-rzi-a,i' = 0,

•<'•-}-// f2 = 2(a f A-fr).

ii

19. - + -- =u^h, '20.

6 + f c — a

•—— + -
c -\- a a -b

= b-\-(

"C7 + i:
=t'4-(<.

21.

X
- +

V
r-0.' (• — a It — It

b- + -.-7 =
(-' c — a ii -\-h-{-!>

r-r: +— -
4-

h^ (' c — ( t ,1 -\-b

')
•^a.

4-
a n

+
a-'l

= 1
.;.» ./-•//

-r +

X— +

+ , V = 1,6-1 ^ /y-2

-1 +
t - •J

r = 1.

x'-f.V

Z.r.

- = rt.

= ^.

t

*
23. _

a
+ f

+

+ ^ +
a

« . ?/
1 1- 4- - + ;- = - 4- -r + —

<f (I

If

24.
a; '/

a h

mx-\-nij-\-])Z-\-qu = i

25. ax = bi/ = rzx:(li(,.

y'i—Z'^-.X u.

26. 7j-\-z~au,

x + z==bu,

x-^y = cu,

1 — x a

27. x+!/ = }n,

z-\-u = a,

U~U=: b.

4'
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1

KytJAtlOSS.

^ 28. Il3*-f0//-f?-" = «, 2U ./.•+ r»V f rt^Z 1 a:'*^+ff«=0, 1

1

J
11// f Vz-\-H-X=h, a;+/;_V-h/>a2-i/>-u-f />*=(),

i 1 U+JJx+x— y = f, rf?+rv4-''''«4-c3»/,-|-f;'*=U,

f l\n-^Ux \~u~z^d. y-fty//+(/-Z + r/aw+ t/*=0.

80.

,, -J- » — A

I

1.

82.

iirz-

?/

a. f //4.z = rt,

«+ ?t 4- *• = f,

n -\-v-\-JC = c/,

81. X 4-// +2 -" = '«,

?/+«+ '/-/• -6,

s-f /^ + r- ;c = f,

u-\-v-\-x—\i = d,

v-{'X-\-y-z = e.

8fi. 2u;-v-2+2'f r = :} 't.

2// — » - M + 2r — j: ~ '.'>h,

Iz - n— r+ 'Ix -
// = ''>c,

2/6 — *J - x+'Ii/ —z = i^d.

'JtV —x- //
+'-2 - n *= 3^.

8.'

4-/U- = (/,ti

88. X- !/-^z = a,

f-M4-t' = C,

t'—aJ 4- // = «?.

//4-2+ <*— '" — iC = ^»

tt+^'+aJ-y— 2 = rf

v-{-x ^y—z — u = e.

rt.87. i'-2.c+J3?t-2//4-2 =
^._- 2//+ 8t' - 22+ <t = h,

y-'-'2z-{-'6x — 'III+v = c,

2- 2<t + 3//-2<'4-x = rf.

M—2t'+ 82 - 2.C' +1/ = e.

Exercise Ixi.

Resolve the following systems of equations

= a.
l-\-x+x^

i+y'+y'

l±y+x^ _ ,
x^x+l

x+y

a
x-1

V -1

= i2
y

_-l\ »

-1

(1+^)0+2/) _ i±«
{\-x){\-y) l-a -i- 1+^y

rt- a"

<*2 4. a"
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=0,

.=0,

4=0.

^

= rt,

=6,

r
= c,

z^d
i^e.

//+ 2 = a,

2+ Jt = /',

ll-\-V:= «.

1-4-^ =:J.

f+yr:<J.

-r

4-r)fl-//) _ \-^h

0.

iC // />-c

7.

1-a;// a

«4-.'/

1 — Xlf

x-y
l-f'7/

2/.^

X - 'tl

.'•-f.v

1 — J//

1 + <V

8. - ' -"-
H>

9.

1 - xi/

x-y

'la

r- /^*

1 -T xy in

2A

nx-y

1]

Xi/l = 111^.

''-^•'-1/

j_,,
y^z = 2ax;/z,

x-i- y = 2cxyz.

x+ y- z 12. ax- l>y = rz,

" c'
'

1 I 1

18. //- +z - — x(// + z) ~ a,

x^+y^ -z{x-^y) = r.

14. 2^/ic = (i+c-<0(//+2),

2A// = (^-t-<f--/>lU--r2),

{x-{-y-\-zy' -hx- -\-y-^ +2- = 4((/a -|-A2 +,.2).

u; — 1 </ — 1
15.

2/-1 6-1'

«3- 1

10.
x^ -xy^y^~ a ~

y3-1

17. xA-^x^y^^y^ =

x^ +xy-\-y^ = b.

a.
18. n _x^ + !/

x-y - xy

x-y

x+y
X

19. ary 4- — = a{x^-^y^)
20. x3=a(a;=^4-y/*0-6.^ry,

I

It

2/



n

f

^it;j;

20() SLMrr/rANKous equations.

xy-
U

= /.(x-2+^3)
y'-^ ^ b{j~ -^

y"^) - oxij.

21. 4r(x---f ])=(,^+/;)^.<;_,/j2^

22.

23.

h-{-

'la
{•^'\ •'// + //")U-t-//).

A -,

'la
(.6- -+.(•// 4- //-)(.f+//).

- h.

or

//+ //-

x{yiz)==a,

y{zi-.c) = h,

z{x-\-y) = <:

27. x(x-^y+z) = a—yz,

yU~\-y-\-z\=h-ZM,

z{.c-j-y-+z) -c --xy.

2J>. -+i/^=(/2,

x-\-y = lz,

x-y= cz.

81, .,•- _ fj^
~

«x.

x-j-y=/>>z.

p- -y = cz.

24.
xy

= a.

.6'//

"~

(//+^.)(//H-.'-)-^,

(2-t-.<0(2>//)^f.

z'-i -{x-y)'^=c.

I
, 1 2./

30.

i/-

y
"ih

T +

32.

X

7/ =
2-1

.+ 1'

{x-y){z+l)--2a,
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CTTAPTER VII.

J

Examination Papkus : Educvtion Department avd University

OF Toronto.

\hz.

I.

1. State tliG rules for tlie addition and subti'action of Algebraic

quantities. Express in the simplest form

(,.4-,, _ h)jc+ {a+ b- c)i/ -\.(h-{-c- a)z

{<i-\-J>—c)x-\-{h-\-r—a)i/-^{c-]-(( — b)z

2. State and prove the Index Laws. Assuming tliese to he

. general, interpret x~'".

Find the products in the following: cases :

(2) {n-[-h-{-r){h-^r-n)ic-^a-h){n-^h~c).

3. Prove the rule of signs in Division.

Divide : [Apply Horner's ]\L"'thod to (1)]

(1) .r«- 22.^-4 +G0x^-r)5.i-3 + 12^+4 by x-^-f 0^+1.

(2) x^+ y 4- BL-c-* by x^-ii + Uu;-2. (;)) cc"' - 1 by a^ - 1.

4. Find the square roots of

(1) 4a;^'"- —-x^"^ 4-

(2)
7^

/>2 r3

•J

..on

a
O 9-

a
+ 2-

a

5. Distinguish between an algebraic equation and an identity.

Solve

(1) (^/(l-2.r) + i^''(l4-2uO = 3.

1 '

I

ri; »a

H<^

•5' Ml
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.ti

II

a

x-f-'I x—V, x — 6

6. A person bou^'lit a certain number of oxon for $820. If he
bad been able to purcluise fou)- more for the same sum, each

would have cost him $4 less, rind the number _of oxen. Ex-
plain the negative result.

Jl shew that "I+M+jr. _ HUS^I.
d c2 + 2cci4-'3(i'* d{c-'d(l)

(2) Find tlio value of .r« - 200a; '^-1-198^ 4+ 200^ 3 _ 197^.3

-nOT^when a;=100.

8. Three towns, A, IJ, C, are at the angles of a triangle. From
A to C, through B, the distance is 82 miles ; from B to A, through

6', is 97 miles ; and from C to B, through A, is 89 miles. Find

the direct distances tiu'ough the towns.

7. (1) If — =
h

'«.,

II.

1

.

Pj'ove x"" -r flf" ~ a'"'"".

Simplify [a+h-j-c)^ -3(a-f-7>+r)V+3(rt+ 6+c)c3 -r».

2. Prove the rule for finding the L. C. M. of two quantities.

Find the L. C. i\t. of

a^^h^^c^^o,r,hc, and {a+ b)^ + 2{a-{-b)c^c^.

ac

id'

a c
8. Prove -7- X -r

d

Bimplify
l-.r3

13,3 +
i-x

1 -"^T2
•X l-x'^'

l+x-\-x^ l-{.x'^

4. Keduce to their lowest terms —7,-
,

—-—:r, and
a-^^+rt"* — 2 '

a^—b2-c'^_2bc

5. (1.) Ua^-pa-^+qa-r = 0,thenx^--px^+qx~ria exactly

divisible by x-a.

(2.) Prove that {n-^b+ c){bc-{-ca+ab)-{b-^c){c-j-a){a-^b)h

divisible by abc. Is there any ottier divisor ? 8.
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6. If^ =
^,_J

«--, then i^ (•;..+ V..') =
,
_J_/)\

m+»

i^^
n—iii

7. Solve the equations

—

3 -2x

('•)
2J+1

7-2^
4.r" -2

JC+1 ix-h^ 12x+17
^+ 2 ~ 2a;+ 7 (ix + UJ

8. A person going at tlie rate of p miles an hf>ur, and desiring

to reach home by a certain time, finds, wlieu he has still r miles

to go, that, if he were continuing to travel at the same rate, he

would bo q hours too late. How much must ho increase his

speed to reach home in time ?

9. Of the three digits compiising a number, the second is

double of the third ; tiie sum of the fust and third is 'J, and tlie

sum of the tiiree digits is 17. Find the number.

10. A owes B $a due m months hence, and also $6 due n

months hence. Find tlu; equation wliioli determines the time at

which botli sums could be paid at once, reckoning interest at 5

annum.per per

III.

1. Ifa:=10,
//
= 11, 2 = 12, find the value of

.r2-(y-f-z)2
{

- X ~,

—

r i ^^^ subtract
f

'^ x+y + z

{if —z)a 2 + (2 - x)ab-{-(x— y)fy^ from

{y~x)a^ — {y—z)ub~{z-x)b^.

2. Dividea-h(rt-fi).6'4-(a+ /> + ^)a;2 f(a+h+c)x''^

+ ra;^by I+x-^j-'-^-^-x^ ; and find the square root of

9-24x-+5ya;3 _ 110^3 ^i^o^* - 14(U-'-{-100.c«.

{b+ c)x^

3. Solve (1)

4x^5 a;+5 2./- 4-

5

x+1 x+4 ~ xr^
X? -_10

~;c+ 3
+ ic.

i

' \i

111

i 3P
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4. A boy bought a number of oranges at the rate of 45 cents a

dozen ; if he Iiad received 20 oranges more for the same money
tlie wliole would have cost him only 40 cents a dozen. How
many did he buy ?

6. A farmer took to market two loads of wheat, nmouiiting to-

gether to 75 bushels ; he sold thorn at different prices per bushel,

but received on the whole the same amount for each load ; had he

Bold the whole quantity at the lower price he v\oula Lave received

$78,75 ; but had he sold it at tl.ie iiigher price he would have re-

ceived $90. Find the number of bushels in each load.

6. Show how to find the square root of a + ^/ h.

Find the square root of 1 -}-
j, ( 1 — a^

)

7. Solve t) - +
-1

x-'6
and find the value of %

when ^/a;2 — 80.^-f-81 = 0, has equal roots.

a c a+r
8. II -T- = -—, prove that ,- -

,

a-^b V(ac)-h \/{bd)

and
/

that
(I ^{ac)- x'{Un

9. ^how tlmt a ^{b~c)-{- b^(c — a) -j-c^ [a — b) is exactly divisible

by a-{-b \-c; and resolve the expression into its factors.

i ~.

ill

IV:

1. Multiply « 2 _|.,V2_c3+ 2rt/^ by a^ -b''^ -j-c^-{-2ac, and divide

the product by a^^ —b- ~c~ +2/;c.

2. Simplify

18r;2^3 ^'^ab{x-y) iMr-d)
^

S{r^-(n)\
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cents a

money

. How

itinpj to-

• busliel,

; had lie

received

have re-

vahie of t

/

divisible

id divide

I

8. Find thoL.C.M. oi4.^•''-y//^ dr^ -10^//-{-6//2. and 6./;''

-

13!(7/+ ()//2, and the G.C.^M. of l+J'-^.r-k-x and 2x'+ 'ir*4-

\. Obtain the sqnavp root of i — H| .1, inul fi'id the value of o

whea ix^ — Vlx'-^ 11 -\-'x' 'i'^
— 12.»7/'^-|-4v"* is a perfect square.

5. DistinfTuish between an I'./iiation and an i(l*');!in/. Give nn

example of each. Wliat value of m inakes (x — -i)^ — ix- l)(x — o)

= m an identity ? Can any value of m make it an equation ?

G. Reduce to its simplest, form

l/(2^f.-)-i/(l+-'-) ^ 1-^-1 •'{l--l->_(l_+rn

y (\-^xj-i X '1 + y { 1 -f l'- ( 1 ~rxj \

7. Solve the equations

,,, 2^+5 'Ix^n 4.r-5
<^> .+2- + .-T - .r-I = ^•

(2) 7%-5.r = (."-%)(.r+ 3^), .

_ 2 5 _ _ ^
x—^y x-y^n ~ 8:^

8. A person perfornied a journey of 22^ miles, partly by car-

ria<»e, at 10 miles an hour, and partly by train, at 86 miles an

hour, and tlie remainder by walking, at 4 miles an hour. Ho

did the whole iu 1 hour 50 mamt:^-;. Had he walked the first

portion, and performed the last by cavriago, it would have kiken

him '1 hours 80^ minutes. I'iad the respective di.staucos by car-

riage, train and walking.

9. Solve

3,4.3 x+l _ 42-4-0
__

12a;+17

;c_|_.i
~ ^4-2 ~ 2.t;+7 i}X+ l(3'

10. "What value of y will make 2x^ r'dxy+ (jy^ eracily divisible

by X--8?

Tf a and /> are the roots of the equnlion x^+x[-l=0, show

that^^^-//^=0.

! iiti

it
': li
; ' »

:!

11

!^1

li:;''

I:

l;i|
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V.

1. MnUiply

Prove that

(J:«— _?/)^ ~(x-hj)^ is exactly divisible Tiv .r-f-y.

2. Express in words the meaniTip of the formula

(x+ n)(x+ h) = x^ \- (a+ h)x-{ ah.

Rplaininpf the order of the terms, how will the right-hand
member of this expression be affected by changing, in the left-

hand member (1) tlie sign of b only, (2) the sign of a only, (8)
tlie signs of both a and b ?

8. Simplify (a+ />)''+(a-/>)4_2(a3-/,2)a; a,nd show that
{a-^h-\-c)(b + c-a){a-\-c-L){a-{-b~c) = 4.a^b3

whena*-f-62 !)

. _ ., (t c ad
4. Prove that ^

—

'- — = -;

—

b d bs

Simplify

\2ab~
\ f ah^ ^

. 4«(a-f^>)

6. I went from Toronto to Niagara, 35 miles, in the steamer
"City of Toronto " and returned in the "Eothsay," making the
round trip in 5 hours an^ 16 minutes; on another occasion I
went in the " Eothsay " {- hose speed on this occasion was 1 mile
an hour less than usual), irom Toronto to Lewiston, 42 miles and
returned in the " City of Toronto," making the round trip in
hours and 30 minutes ; find the usual rates per hour which these
steamers make.

_2

a

o. Solve

(1) 1 _ 1 = 1. 1 _L.,
X y a X y

(2) u;a4-6^'=5,/(x2 + 5x+28)- 4.

7. Find three conseoutive nuaibers whose product is 48 timee
tlie middle number.

4.

6.

Mi
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8. If m and n are the roots of ax^-\-hjr+ r = 0. then

Show that if ax^-{-bx+c = has equal roots, one of thtin is

given by the equation

{2<i^-2ah)x-{-ab'-b^=^0,

m
x

n

//

n

X.,'j

9. If — = — and -77 + ^ =l prove ihat

1. Simi)lifv

lax'^ — ay^ +'lhxii

VI.

+
\I)IJ- -hx^ -^%1XU\ '

1x''-\-y^

2. Divide a' — 6^ — c^ — 3a6f by a — 6 — c, and show, without

expansion, that

8. Resolve into factors x^~-^.c^y^ -{-n^, and

7.e2 _Gv3 ar//4-l^.'^ + 33// -36 ; and prove that

b^[c-{-a)+c"{a-\-l') — a'^(h-\-c)-\-aljc is exactly divisible by

4. Apply Horner's method of division to find the value of

6a;«4-497a;* + 2UO;c3 4-10Gx--21Hx-2000 vvlien a;=-99, and

the value of 6.*:^ +i5.c^ - 17^3 _ (j^^ -|-iOa;- 2 when 2.^-' = - 3.c-i- 1,

6. Find what

^/{tt-\-x)-\- V{(i —x) \ 1
2i7/>

--^—'_i_L_:_J / becomes when .c =
\/{ii-{-x)— V{a-x) l+/)«

6. If a and 6 be any positive numbers, prove that

(/

- + IT" > ^'
a

+ — > 2.
a

ill:

ir

fl

!

'

'

n

\: %
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7. Solve the equaiiouH

—

-i

= 5,

X + V
-4

IT*

(2) ;r4-2.v+.^2 = 14,

8:r+ //4-'22-ll.

8. Tlicro arc three consoontive nnmbers such that tho 3i\m of

tlieir cubes is equal to lOf times the product of the two higher

numbers : find the numbers.

9. (I) Form an equation three of whose roots are 0, |/'( — 3),

and 1 — 1/2.

(2) If one of the roots of the equation x'--\-px-\-q = Oy is a

mean proportional between p and q, prove that

10. Two trains start at the same instant, the one from Bio A,

the other from A to B\ thev meet in H hours ; and the train for

A readies its destination 52^ minutes before the other train

reaches B : compare the rates of the trains.

VII.

1. Give some application of the *• rule of signs" in Algebraic

Multiplication and Division.

2. Find the numerical value of the quantity

hc{c ~ a){n — b) - co{a— h){b— c)+ab{b - ('){c - a),

when a =10, i = *01, (' = 0; and prove that if

;t = — ._ , then will a-f-o . ' ^ IL._._Z1__

a + h a+b-c-^x



KXAMINATION PAPKRS. 216

a 3i\m f^f

vo liiglier

^ = 0, is a

;liat

m R to A,

train for

her train

Algebraic

8, InveBtigate a method of tiiuhng by iiispoction tlie rciuaiiuler

after dividin.f? any rational aud integral function of u; by x-{-(i.

Show that tlie quantity ;

Ih divisible by each of tiie qnauliLict^ x+ /, r-f />, u — 2x, h~x.

4. Investigat*) tJie rule for linding the H.C.F. of two algebiaia

qnaiitities, showing under wliat UuiUatiuns factors may be iuti'o

du^^ed or suppressed at any stop.

Find the H.C.F. of

(1) (jx^-lx^-V^xi + \\)x-(S fiuiXx^^-lx'-l,

(2) {x-\-]i)[ax^-btr')-xij{a-h){x+y), and

{x - !/){i(x^-l>t/'^) \-xi/{(i - h){x-y).

5. Prove, by general reasoning, that the value of a fraction is

not altered by multiplying or dividing both the numerator and

denominator by the same quantity.

1 3 "^
__ _ -^ ^

12(2.<--f3)
~ 4u-^+l)'

Simplify (1)
12(2u:-3)

1
(2) J •> - + -'

\ ^

1

1

1

(x-\-a)ix-{-l>)
"^ {x-(t){x-b)\

6. Solve, with respect to x, the equations

,,, a;-l8 2.*;-24 11a; - 84
<1) - 4

- -^ - 11 + --^2-

(2)
6x^-^x~s _ Z^^j:^^^_-9

5x-4^ " '7x-l(y~

(3) x'^ -ax-\-by, and ?/^ = l>x-^ (ly.

1_
~ 44'

x-3
35.^3 -78^ 4:40*

VIII.

1. Define the terms "power," "root," *' index," and "coeffi-

cient ; explain also the reasoning by which it is shown that

{b —c) — a~-b -i-c.a

\';

iiiii

> <i

,:«
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2. Multiply (x'^-^j-i/ f 7y-')5« by (x—yy.

Find the valneH of a aiul b which will inalje

aj'* 4-^^*4-'' (livisiblo by c+p, and also by x-t-q.

a. Divide ^«4-//®+2^!8//» by (^4-//)», and

4. Investi^'atc a rule for the extraction of the square root of any

algebraic quantity, and dtdnce the rule for the extraction of the

square root of a number.

If to any square number be added the square of half the num-

ber immediately preceding it, the sum will be a complete square:

viz., the square oi half the number immediately following it.

6. Find the square root of .

(1) a^x''+2abx^ + {h^-h2ac)r,^-\-c-'ix-''-^2bc.

(2) i:^-i^^iJ+lJ-}J^+^J.

6. If x"-{-ax+b and x^ -h<i'x-bh&ve a common measure, it

<X "f" f(-'

will be X+ —o~» and the condition that they may have a com-

mon measure is 46 = a- — a ^.

Find the H. C. F. oi x^+p^x^-\-p*' and x^ \-2px^-{-p^x^-p*.

Find the L. C. M. ol 2^a;2-f ^-20), S^ic^ -a:-80), and

4i(a;2-10x+ 24).

7. Find values of a and h which will render the fraction

8x^-(ia-}-b)x-^a+ 2h^

6x''i-~{Sar-fb)x-a+dP
the same, for all values of x.

8. Solve the equation 2+ y'(.c+ l)'a:+6) - •i/(a;-l)(a;+5) = 0,

and account for the circumstance, that the values oix, determined

from it, apparently do not satisfy the equation.
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IX.

217

1. Prove that o{2n-\-l)lfi^ hn-n4-l)-v(2f \-^){n' ^n-aTi)
.•=:(rt-?j)».

'2. Tf rt, h, and c arc posijive qiumtiticH, and if a > h and c>^ K
prove that

e~ {(i — l>) - I'— <i-\-h.

Assuming this equation tu iiold good wlion a, h jind c are unre-

stricted, prove tliat the ('X]>ression -( -«), occurring in an algeb-

raic operation, in equivalent to -j-^r.

H. Wx'^-\-(tx'^ \-h and x^-\-]>.,-\,i have a coninion measure of

the form oi v^-^mx-^-n, then a''/>'/ (''
— 7)''

4. Find the TI. C. F. of

n.'^ - b' - (ihxi/ -^ abx-^ ir\ and a"x^-h^ir'' \-'i"l>x'^i/-!>-xir '»

5. /I and /J are two nnmberH, eacli of t\v • digits. Tiie left-

hand digit of A exceeds that (tf />' by x ; the excess of A above />'

is y ; but the sum of tlie digits of /> (>xceods the sum of the digits

of <4 by 2. Prove that >/-\-z = dx', and give an example of two

ducli numbers as A and /i.ah r

6. If -y- = - = —r^ prove that each of these ration

fa
.3/

and also

7. Solve the cquatioii^

,-x x-\-a X ~a J)-\-x b— x

x — a x-\-<i h — x h-^-x

(2) a(a;2 + //2)~/;(.r2-?/2) = 2a

{a^ -b'i)ix^-ll^) =-.hih.

8. A farmer buys a sheep for $/^ and sells b of them at a gain

of 5 per cent. ; at what price ought he to sell the remainder to

gain 10 per cent, on the whole ?

9. The sum of three numbers is 70 ; and if the second is divided

by the first, the qaotient is 2, and the remainder 1 ; but if the

third is divided by the second, the quotient is 3, and the remain-

der is 3 ; what are the numbersw

M
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X.

by x+y-\-z,

2. Prove that \^ x'^-\-pr.^ +']x-^fi^ bo 'livisil)lo by »:'— 1, it

i>i also (livisi])lc lu* a;'' —o'.

8. Rxpliiin the reaton for introdnoincf or snivirossl.if^ fa'^t >ra in

thn process of findincj tlio H.C.F. of two alj^obv.iical qnautitieifj.

Why is the name " Greatest Common Mi-asiire " objccti' liable ?

Find the H.C.F. of x^-x^-x^ x-'l and 'iSr!^ -"^xr ^'^Sx-I.

4. A traveller leaver A fo- B at tlie same time tliat another

) \i,voH /) for A ; the former walks at the rate of tS miles an lionr

till he hfis peiformcd half the distance ; lie then rests for an hour

;

al'ter v.'hioh he resumes his joninoy, walking: now at the rate of 4

miles an honr ; Llie second traveller goes at the rate of 4 miles an

liour till he has jj^ot over one-third of the distance between B and

A\ he then rests for 40 minutes; n.fter which lie resumes his

j )nrney, walkinp: now nt the rate of 3 miles an hour. The tra-

sellers reach A and B respectively at the same tirae. Find the

distance between A and /i.

h. Show by examining^ the square of a-\-b how the square root

of an ali^'ebraical quantity may be found.

Find the square roots of

(1) 25a;4.-30r7a.34..49'/2r--2Ur^.r-f-10.?4, and

(2) ^: + <; - \^^ i'-l v/2 + ±

fi. Show that // - ", V/"*, when m and v are integers, and m. is

divisiblo by n; and state tlie principle on which you would maiu-

laiii the truth of th<! equation for all values of w. and n.

7. Solve the equations

(1)
iX' • .•;C 9

(2) (8a;~ 1)2 + (43- -2)2 = (5a; -8)2.
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-1, it

,it,iea.

, liable ?

ai lother

an hour

Ml hour

;

rate of 4

iuilo« an

en Ji and

iumes his

The tra-

Find the

luare root

and m is

hid main-

b. Two reifnlar poly^'ous aro .so related tluit the uumh^ i of

t-lieii' sidca is as ii to y, uad tlio luuguitudo oi tiioir au^^luh ab u to

4 ; tiud th,. li-^uivo.

1. btate in words tlic eeveial operations to be ptilornu I in

order to ohluin tlit- rusuit exprcndcid uy ino roilowing alt,».b.;uval

txprosiiion :

Alao iind its vahio vviion « = 6 — 4.

2. Two men, A and li, dig a tiencli in 8'^ diiy;i. li" A were to

do more work by one-third than ho docs, and 1 1 moiu woik . ;/

one-half tlian he does, tliey would ili" the trouoli in 2:1; liay.s. in

what time would ^*aeh dijj; it alone, ;iL his jH'Cscnt inu-. of w,'.!; V

3. Perform the multiplications in

(1)

/ 2x-*+ 8.v*
)

(
2^^ - 2//^

j
(

.U.«4 O^rSy^-l-O.v^
)

(
U* - fM.'//^ +• ^y' [

(2) {l-c'i-Uy^'i>j^)[^x^~lxi/+U^).

4. Divide

(1) j;4+()-f81x--'' hy ,c'^-3i 'Jx-\

(2) X* — {a-\-h +pyc^ -+- ('/;^+ /v'
- c-i-<i)x~ - {u(j + 67 • rn)x - qc b;?

iC^ —2)X-\-q.

5. Show that /!-'" +^ — .c'''""^ ih' always divisible by j; j:l, m and n

being any positive integers.

6. Define a fraction ; and from your d( finitioii jii'ove a rule for

adding together two fractious with dilLiuut duuomiuators.

Add together the fractions,

tt^ - he h- — ra c^ — al>

(a'^b){a-\-f) {lr^i-][b +('.)' {c -^- a){c-Y b)'

A 5
I

)

»
lf
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7. Solve the following?; equations :

(^) -f//-)
.(J

//

KM) ,3 ... V 21

XII.

1. When HI, and n are whole numbers, and rn greater than n,

a"* 1

show that — =«'""" and that -7,- is correctly svmbolized by a ".

li. Multiply(«-/>)((H-/>)(;f- 4-A3)(^,.4_|_/,4^ . . . to (/*+- 1) factors.

H. Divide 1—x by l-~'2x, to 5 terms, and w^rite down the

(r-) lii'i term, and the remainder after (/'+ !) terms.

^L [f the number three be divided into any two parts, show

that the difference of the s(iuarcs is tliree times the differeiice of

the numbers.

5. Mnd the L. C. M. of I -Sx+llx'^ +2x^ -2ix-^, and

6. Wliat relation must there bo between fciio coefficients m, »,

p and q, in order that.

{x'^ -{•mx-\-n)^-\-px'- +<]x

may be an exact square for all valued of x ?

7. Solve the following equations :

1+x^ lz-^1 -

rM--/>2 _ ^/{ax)-_b

V\'ix)+b

-'+//

H. Given x+n+z^ (1^ = 1' [/, ^nd (x-hiz+z) ~ z.

9. Find a number expressed in the decimal notation by two

fH'dts, whose sutn is 10 ; and such, tlnit if 1 be taken form its

double, the remainder will be expressed by the bame digits in h

revvrsed order.

(3)

n
r.

xz ^ , VZ
1, ,

= 2, and '

x-\-z y^z
= 3.

fortrif

121;

IS i>.

'M
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1. b'ind tlie vahie, when fl? = 2^, /> = 3^, r— l.Vof

("/>4.c-)(c+<0(" + ^)

2. Show tliat the vahie of t]i{3 expie«sioii, in the rrocedinf»

question, is u(.,l aiucsrocl L,,' cbani^iii'^' (i niuo u-\-x, i> luLu b-{-x, autl

c illfc c+ ./r.

8. Multiply (i 4-^? ^)(l-i-(<2u;j^l+</ .;.!•) .. . il+rt„.c) fo 3 torma.

-1. A speculator borrows a sura of money at the yearly interest

of 7 per cent.
;
pai't of the amount he Invests at 8.^ per cent., and

the remainder at ; and, at the end of the year, he finds tJiat he

has made a profit of $75 ; but, liad the former i>art been invested

at 9 per cent., and the latter at 8.^, his profit at the end of the

year would have been only J^jiGS. Find the wlulc sum borrowed.

5. Given ((x-\- l>i/ = c, a'x-{-l)'i/ = e\ determine the value of

wx-\-nf/, and i\u , one uo;iLi.L..^o w.-... .,!...-.i luo vuiuo beooiiios

indeterminate.

a^ «2
6. If-^ - -^ =

an-X

a. if a«

a"

a;-a.^
then will rt, -f<7

3 -t-^r^ 4- , . . + «„=:-;—
7. Eliminate x .liuI y from tlio oqnatioua

X -r ij ^ a'

'^' = X-rSx'^U^

(5 = //+ 3^'//'.

n^fin

S. Tf ;uj-4-^'^4-'=0 a- d i ^x'^ + h^x^<\ =0, then will

1). Find that number of two fi^Ljures to winch if the number
fovmod by chauj^inu' the ])l!ices of t:ic '!. 'is l)e}t<!fled, the sum is

121 ; iiiiu u i<^ki oi«mu two uuia.^v-n > u^ .yv..^^.c«,v.k.>.«.i| Luy ioLuuind*'r

lb i>.

'M

V
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n

XiV.

1. Simplify

{b- i){h - u)n:-\-(,
] + {(J - u)['- - h){a -f- h)\ .

2. State the law of ludicos, und [>rovc it for positive integral

iiidicoo ; aud assMuiiun- it to bo gjiioral, interpret the expi\ :-;sioii;i

x'"", X , where ni and n are poaitive li^tcgers,

'6. Having given the equations,

jc + 1/ h 2 = 0, Ji
'

H- .V '4-z '
^^ 0,

prove that a- [ijz - y 'z '
> -\- A- 2.'- - 2 'x ') + ''^ (.'7/ - •'^ '// ') = ^J-

4. A travel] er P sets out to walk from A to B, proceeding at

the rate ot 8 miles an hour; and, 8'2 minutes aftervards, another

traveller Q sets out to walk fro^>i H r.o A, proceeding at a uniform

rate. They meet half way betwixt A and B. P then quickens

his pace by 1 mile an hoar ; and Q slackens his 1 mile au hour.

Q reaches A at the same time that P reaches S. Find the dis-

tance between A and />'.

6. How are equations classified ?

Solve the equation;;

—

(1) m:nx+anm=^n'^.r-\-'iiu^..

(2) x' ./;••' -h'/*-v/2 = B'i,

t). What two numbers are those whose difference, sum aud

product are to each other as the three numbers 2, o, 5 ?

XY.

1. What is the mcanii!!^ of ihe symbol.; </, a-, a-^ . , '?

Show a priori that </"= 1 ; liow do you know that aO = ba ?

How is it proved tliat the multi[)lication of like signs gives a

positive, aud that of unlike signs, a uoguuve result.

(^)
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aiul

II :

gives a

2. Fiud tbe value of

when (/ = 1 , h~ —\, V — f

.

3. Simplify the following expression:

{ac - h''){ce - ^/2 )
-f {iw - c^)(hd - c^) - (nd - 7jr){hc - ra)

4. /' and Q are traveilinj;,' aiouj;' tiic same road in the snme

direction. At noon P, wlio goes at the rate of m miles an lunir,

is at a point A ; while Q who goes at tlie rate of n miles in the

hour, is at a point B, two miles in advance of A. When are they

together ?

Has the answer a meaning, when m — n is negative ? \J',\? it a

meaning when w = n ? If so, state wJiat iuterpretatiou it must

receive in these cases.

5. Show how to find the Least Common Multiply of tvro or

more algebraic quantities.

(1) x^-ax-2a^, ir^-^ax^^ fimlaa:-^ ~.r^.

(2) x^ - X- >i - a~j:+ '(
- y and x^ + '/.r^ - xy^ - ^///2

.

In what algebraic operations is the Lowest Common Multiple

of two or more quantities required ?

6. State and prove the principle upon which the rules of Addi-

tion and Subtraction effractions are founded.

Simplify the following expressions :

(1) [;,:|;7,)3 J'(r+'rf)"2 + (/;+r)'2--(./,+'0'
"^

[c^a -hY- ~,n

(^)
a;2 _ ,/3 ':. z'- + 'hjz ' <i'^l>

z^-\-'lx)i a'^-\-<(-h a{((-h)

p ~ '(7/"+7<T/>

'liih

tri-h^

7. If ax--hii-\-('[x-y) = {a - J>){n+h - r),

hil - <z -\-(f[y-z) = (^ - ('){i'-\-^— ^)^

cz-(iX+ b{z-x)^{c~(i,){c+ a—h)

then will a2{h-c)+b'^{r-a]-j-r2[a-h) = 0,

8. P is a number, of two digits, x being the left hand digit, and

u the right. By mverting the digits, the number Q is obtained.

Prove that 11 {x-{-yXP-Q) = ^ (x-y) (I'-hQ).

1^

m
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XVI.

1. Show that.

{a^ — h-^yx'^—y^)', Dud that

2(«. - }>){a - c)-{-'2.{J> - c){h - a) -+ 2(c - h)[c -a)

is the sum of three squares.

2. If .s = rt +/>4-t'+itc. to n terms, then

! _|_ --
-f.
—-— -f iVC = ?l-- 1.

8 a s

8. Show that r/— ft, h— c, and c-a cannot bo all three positive

or all three negative.

4. Extract the sqnaro root of

4a;8 4- o./;« - 12a-i+ lQ>x'^ +0 - 2:r(n.c« - S.r* +0a;2 - 12).

5. Given ^//>- H^'+'0(/'+7)+/V^^^

c^/__j(c+r/)(;)-f7)H-y)7-0,

find the value of;^ —7, a,nd show that if eitiier a or h is equal to r.

or ri, then p is equal to g, uUiess a+h = c-\-d.

6. Find the value of — , liaving given

V

3-5" __ ^^y2n ^''_.7>(.r— ;/)"

7, Prove that {a — i>){b— c){c — ((} is a common measure of the

quantities

8. Find the conditions that r)'.j.'>;+ /;j?/ = ^', , a^x-^f'c,y = r^, and

fl. iC-f/>o?/ = ''3 niay be satisfied by the same values oi x and y.

0. Two persons, A and 7i, start at the same instant from two

stations {c) miles apart, and procec-d in the same dii-ectioii alone;

the line joining t)\e stations with velocities («) and {h) miles per

dour. Find I he distance {x) from the stations where A over

hakes B, and interpret the result when a ih.



sitivo)S

iial to c

of the

'2' ^^^^

hI y.

bm two

in alon£;

lilcs pe)'

\a over

KXAMINATION PAPKIIS.

XVII.

225

1. I^xpress in symbols tlio i-esult of snUrnctinf]: from unity flio

quotient obtninod by dividing Iho sum of a and /> by tboir product.

2. Multiply tojTether x^-y<i-{-l>, x-- V<t-{-h. .,--f,/a-/> and
X- Va-h

; and divide 24^3 ...'22^<^/>-h 2rt-c- iiu/>--}-i:7«/^<- -?Aac^

+ r>/v'^-22/A'r4-l0Z,6'=^ + 8c3 by 8a- :>/'+ b'.

8. If x+<i. be the 11. C. F. of .,--f/.^-f^y iuu] x-- r/''.^-+7',

their L. C. M. will be {x-\-a){x-\-i)-a){X'\-!>' - a).

IShow that the difference between

X X X a

x—a x— b x— c x — n x h
'^ X--C

IS the same wiiatever values be given to x.

4. Prove, if tie four fractions

hx+ cy-\- dz ex+ dy -\- az dx -\- ny + hz (tx-\- hy -f <-z

b+ c-i-d—a c-j-d'-f(( — b' d-^a-^-b-c' (t-\-b-{-c -d

are equal to one another, their common value will be equal to

x-\-y-^z
1> as lonj^ as a-tb-{-r-{-d does not vanish.

5. What do you mean by sulviny an equation. Slion Ihat 3 is

a root of the equation

'S+ f{x-2)

6. Eliminate x between the equations

x'^-\-—r. + 3 L; H -I = VI, and

Xs_-

7. If
a

+

r3

1

c

3U

X

1

= 71.

1
, a J), c are not all different.

8. A cask, A, contains m gallons of wine and n gallons of water •

an another cask, B, contains p gallons of wine and ^y gallons of

water, how many gallons must be drawn from each ca ik so as to

produce by their mixture b gallons of wine andc gallons of water ?

I

(

'' VI

!
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XVIII.

1. Multiply togetlier the factors

1-^, 1-t-u;, 1+^'-, H-:^*, and 1 +..'.'',

and show that if n is any uuevcii numbe •, the smn of the nth

powers of any two numbex's is aiwayb divisible by the .;ulu of the

numbers.

2. Find the numerical vnhT^ of rlio expression

.here a, h^ c are connected by the equation a'h — r)^ — r{l,-x-ry- =0.

3. A lias a younger brother, H. The dilTerence hetv/oen their

ages is % of the sum of their a.Gje:^ By adding Iwi . ijf's age to

5 times i4's, we obtain the age of the father; a ud by subtracting

twice i^'s age from 5 times A's., we obtain the a,\'e of the mother.

Show that the ago of the mother is ^Y that of the iathoj,

4. Find the II.C.F. of

X'^-(;lci+h)x^-\-a(%(-{-h)u--a-{<(-\-h), and

5 If J_ 4. -- = — , shew that
b c a

(a+/^-(')3+2(6 + c-a)3 + (6-+ a-M3 = 2(/>-f
•:•'«.

0. Show fully how the rule for finding tlie square root of a

given number is obtained. If n 4-1 figures of the square root of

a number have been obtained, i^rove that the remaining n may be

obtained by division.

Extract the square root of

^^(«- + 'f !-2^ I
+y-2'- +'2r(y -\-z){>jz - x'^).

7. r'ind the value of the expression

7.-7/ . (/+ /> h
'^ •". wnen .t; — -- , v = —
l-\-x[i a-b a
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8. SoU'o Vac pnrntior!<;

:

(1) l(.r~2u)-i^y.r + i],(]-^ip- --C:ri) = ().

(2) v(2x^-\-l)+ v'(2.r2 + ;'.) = 2(1 _ ,,).

9. Divide- 21 int*^ two ]^artF, so that fccu times ene 01 them mav
exceed nine tiiuto the other by 1.

XIX.
1. Multiply tngothcr

aT2-)>.rr+^/H->-^^-f|;
0:^ ^'^^:r~a-- ^x+^'f— ^.

Divide this product by

and extract the sqiuu >..• root 01 tuc (juotitjiit.

2. Iix+y-^z= — -i H = 0, sho^v thnt
W If z

(x/' +)/'' -{-z^' ,

'-{y" ''-'//"' -^z" )
- xj/z .

B. Find the H. G. D. of20./:i+.>-- - i -.lua lox*-{-lox^ - 3a: -1-3

;

also of (a:4-//)' — ^^ - //^ -'i^-l (a?' -L'/'^)-.

4. Giveu that r?/; - (a + h)(x -lA-j-^.xji = .
),

find the value of (x — y)'.

5. Having givea

x'''=y^-iz- -2ayz

y''=z^-\-x^-'lJ>zx

z'i=.,v^-\-y^-~%'xy,

1-^2 -• 1_6!^ "^ 1-^2'

l-\-x+y/(1,r-\-x'-)

1— fl?+ V (2a;+a;-)

7. Determine a; in terms of a and b in order thnt ,v''4-2'r^ +
^h'-'x''^ — ^((^x+A.h^ may be a perfect square.

8. A company of 00 jiersons consists of men, women, nnd

children ; the men are 4 in number rnoi-e than the women, nnd

the children exceed the nuinber of men and women bv 10. How
many men, women, and children arv^ there in the company.

Show ll'.a^

\

t

\

it



228 EXAMINATION PAPERS.

XX.

1. Divide {l-\-m).r^- [ii-\-u)xi/[.f'-y) — {n- l)i/^ by

x^—xij-^H^.

2. If x^+px^-\-qu'.-\-r is exactly divisible by ^-S-f-^^ar+w, Uieti

nq — n^ = nn.

5J. Piove that if nt be a corarann mo;isnre of ;> and 7, it will also

moaaiuc the diire;\.^ce of any multiples of ;> and q.

Find the G.C.M. of x* - px'^ -^ iq - l).r- -^'>a;- • aud

x^ — qx^ -!-(/> — ] ).<-2 4- 7.r - p.

4. Prove tho rule for multipiioation of fractions.

Simplify »^'r (.7^)^. ^
'' iz

\2 ^2 (x-?/)2.

X' {z-^xy-^y^ ^ (a;+//)2- z2

and
a a

fi' h--i a- 6-'
4-

a'

5. What is the distinction between an uieiUity and an dqiMtion ?

iix — (( = i/+ h, -yiowQ x— b = y-\-a.

Solve the equation

IGx-in 4(te-43 0,0

-

30

8^-7 +
2{}.r - 24

4j' 5

H. Wli.it ;i 'c aimnltaneona equations / Explain why tliere must

be given as many independent equations as there are uniinown

quantities involved. If there is a greater number of equations

than unknown quantities, what is the inference ?

Eliminate a; and J' from the equations ax-\-l>y— c, a'x+h'y :=c/.

a"x-\-h"y = c".

7. Solve the equations

—

( 1

)

f/{n + a-)+f {n-x>^- w

.

(2) iix+ii-\::^ Lo, 3//+z4-.'' = 'i''5, ^z^ x-\-y=\l.

8. A person has two kinds of foreir^n money ; it takes a pieces

of the first land to make one £, and h pieces of the second kind :

he is offered one £ for c pieces, how many pieces of each kind

must he take ?
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FXAMTVA^TOM I'VPFRS. sei)

f> A periion gtaT^^ to wnlkto a railway sinfi^n fm** nnf* p half

miles off, iutondin^ to arrive at a certain timo ; but after walkinpf

a mile and a half he is detainod twnity iiiiimfps, in consequence

of which he is ohlin;ed to walk m. mile and a half an Jionr faster in

order to reach the station at the appoint, d time. Find at what

pace he started.

10. (a) li ^ = — th-nwill
"^^'*

=

(h) Find hy Homer's metliod of division the vnlno of

a-'' -f 2000:4 -f-'iTOa-^ - 281)"2.i;'^ - .'38(i.r- 81 2 when u-= - 28i).

((•) Show without aciual rauUi]-)lic;i.fion that

3(tt4-6)(//+c)(c' + a).

Note.— Ti]. Ex. H. p. 87, nft:^r provinjr that a-i-h+ r is ;i Victor,

we may proceed as follows to discover tlie remainijij^ quadiatic

fiictor:

The quadratic factor must he of the form

in which w and n are independent, hein;.' either zero, or a positive

or negative number. To determine them put r--U, thou the

given expression gives

but also = ni(ii^-}-h")-\-nah. :. vi = I ;,nd7?=:2.

a2+62-t-c2+ 2(aZ/+ k-i-raj = (a-}-6+ c)2.

,1

1

%

h pieces

kind :

ih. kind
m

V.'
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XX r.

lit s

1. Fjl)(] fi)0 Voljip oT .y.H
I

, M /I 1 \ 2

wlioii ^/ =r
J

, A rr
.\ , .,- ^ 2. Simplify

2. Find, oy Bymmctry, t.lio siiin of (a ^h^r)'^ - ia-^h — r)'^ -

(a-h-i.<-)'^-^{h-,i-\~r)'\ and oU'f^ - A:,i^.>-\-'iSa''x' -'lux' ^nj'"^)-

and (^/-^ +'ia'X'\-n<i'^y^ -f 2ro''-4-;^.fri )•-.

3. Explain and iilustrafco iiio signs >, <
Prove: x^+y'^'>%,->i. {x+ij \ zY :>^x}i+!iz-\-i'.r)^ nnd

^•''+/7''4-2''>''.'?/z:.

4. Dtferr^im^ the value of a: -•-//- r+ '^^^'^/'z' , when .a-' 4-y/ -z ^

0, it..; oi a'' -\-lax/'-\-^x'^-'6(r^ -[x'^-'rliix'-' ~tix^ -'6u'^), when
«= -1.

5. Show that (r/"') '7 = r/"7 .

Simplify X
( y )

X V(2.')0), and divide

X —Q<tx -\-ba x+ %("x -'la'hyx -%t''x-\-u\

0. 11 11 = h ix-\- -
j
and v - 4

j
// -f

- -

j
prove that

7. Gold i;'. 10 1' times as heavy as water, aud silver 10^ tim^s.

A mi.-ved mass weighs 4,160 oiinje'^, and displaces 250 ounces of

watCi'. What proportion of gold and silver does the mass con-

tain ?

8. Shew that X+p.c-\-'p'--{-rx^ is a periect cube if j/-'=%,

and (j- =3pr.

y. Solve the equations :

,x-2 'x-h'^.

(2) {x^~^y^Y+x^,/^x--!r-r-+x^-!/''=S2S, x'?_T/2=:8.

X 2x+i/
{^^ T,T + '/- =^^

.V |/// y
, r-f8 — 4?/.
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U

4-
2

10. X person buys two bales of cloth, oacli containin;^ 8') yards,

for i^'2.iO. By soiling the tirht at ;i gain of as maoh per cent, as

the socoiul cost him, and t'lc socond it a, Id^s of as much per

cent., lie makes a pi'olit of ^plt) on thu wli 'lu. l'\.i I mc cv>.it

;»iico ])Ci' yard ol each bale.

SECOND CL.\SS TliiACUERS. 18H0.

h wiii^n

livide

OX tinr."'S.

)unces of

ass con-

f jr-^^l-

_,/0=3.

XXll.

1. Find the value of ^«-f-.^-t -10ar-'» - ina.'-^ 4-«1.'' t-«l when

j:= --7
; and the value of .i;^ — 3/u'- -l-(;i/'^H-7)*^*~/''/ when

,,- = a-\-p. (Arrange the latter vesiilt according to powers oi it).

'1. What id the condition b.iiu ^-j-.^ ^u.Ui oc a iac: »: uL

Fuid the factors of

^,,). ^f,2 -ah) -\--2[lr^— <(!>)-{•>' <- /'3)+l(^r-M3 ; and

i^h). {((x-^h){hx + c){cx-{-u) — {ax i- r )[l>x-{- <n[rx + 1>

)

3, What must be the rchition among a, />, *;, tiiat ,t.c~ -}-''> r^t

may be a perfect square '?

{^(i). Extract the square v )ot of

(a - Z^)'^ - H't- +/>^)(<* -/>)-+ 4('^,4 +// ^
j t- 8r/-7/-

.

(b). If 5 be subtracted from the sum •^i the squares of any foui

consecutive numboro, luu roiuaiiider wiii be ti j_)erfecb square.

(Prove this.)

a n
'"^ T = T = and

///

(a +c 4- (;)(/i + /+ ''_)_ _ ^<^' i-cl+ cn

prove that
ji^:^]i_^^^^ir.^-,„:j^^,)

- u;.j^,i,„^f),

5. [a). Reduce
ah{x^-!l^)-^x>i{n^ -Ir')

,il>{X^il^V'^!IUi-+lj-)

(b). If x>/-\-;/z + zx = 1 prove that

1-, .•J +
U

-V

to its lowest terms,

4,*7/2

{l-x'){i y^]{l-z')
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%

G. Piovo tlwit

A h 4

(") =x-4-i (^•''- n.

i
.

.'i 3,

7. Solve the equations

—

(w). (/> - i')KX - a) -'
-t- ('• -a)(w~ h)9^(a-lj)[j: - o)3 -= 0.

(c). ./;4-.v4-2 = 0.

a.t'-f-hif^vr. - 0.

^ x-\-o X+ l

nUST-CLASS TEACllKUS, 1.S70.

XXIII.

1. Investigafr> yiorncv's method of division.

Divide .*;'^ - lU-'* - 31x-^ +2.:;.<'« + 8.*;* - Hr-^ + 19.».'2 4-8,^ _|_ 10 by

3a;-*
— '21^-' -1-9^— 0, showing tin- " tiiial remainder."

Find the vahie of ±i'''-\-m\U^ -'d'd^x-^ + iij'dbx- -VlOlx+ '^'ll,

when x= - 402.

2. If /'(.<;), a rational and integral function of x is divided by

X'+px-^t/, the rcmanider is —
,

where a, /S are the roots of x- +j>x-\-(/ = 0.

Examine the ease where />- = l^y.

3. Show without actual expansion that

(( -[h - (!) + /; - ( r - ((Y^c -[U^b)
~

(a- 6) ^ + ( o - (') •' + (c^ «)

*

(1)

1^)



0.

4-10 by

[iviclcd by

a)
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4. Find tlio value of x and </ that will rondor the fractiou

o Q .

", ~i> ",~o / irv the same for all values of 2.

6. Show how to find the sum of ?t terms of a series in Geo-

metric progression.

(1) Show that the sura of n tortns of the series

l-hr+(l-f-2;)(l + /-}4-il+3/)ii+/)«+ . . ., is// [i+r)\

(2) Sum to infinity the series
2^4:t}

"*"

T^i'.^
"^

(} HIO"^ " " "
'

6. Explain the notation of functions : prove that if

/•(///) = 1 4- //JX+ -[Z -•«^+*^^» theu/(///) X /(//)=/( //f -I-/*).

Show that in the expansion of (l-j-.i;)" the sum of the squares

of the co-efticieuts =
1-2-3

. 2/t

(1-2-8 • • • • //)2

7. Solve the equations

—

/T^ X a x—b x— c

o-fc a+c ' a-{-h

(2) x^-lOx-'+ H^x- -5U.f+2-4 = 0.

1 1

(3) 0.
-\- = 12^'3-7.»-4-l.

21.i;2 - 18./;+ 2 "^ 28a;2 - lou'4-2

8. Give a brief account of mathematieal induction, and show

that a square of a multinomial is equal to the square of each term

together with twice the product of each term into the sum of all

that follow it.

Find the sum of the products of the first // natural numbers

taken two an .1 two together ?

^ X y z
9. 11 — = '/ + ^> -,-~z -i- x, = X + V, proveat) a '

'!> ^

(2)

(»)

X-

1 1 l+a l-\-l> l+c
b c ~ \ — ah 1 — /jc 1— ra

a{l- he) ~ h{l - ca) ~ <•(! - ab)

\ i - be V 1 - ca Vl—ab V 1_ U V '\- ca V^ 1 - ah

a b c ~ a b c

4

!

r I

1'

'' 'I



231 EXAMINATION PAPI- RS.

I

m

J^^U
V.

1 1

11

10. ^B is divided in C, so that AB, BC^AC^ ; from CA is

cut off a part CD equal to 67j ; t'roni DC is cat off a part 1>K

equal to I)A ; from i'>'L> is cut off a part equal to EC, and so on

ad inf. Siiow that the points of section continually approach a

point C such that ^6" = L'C.

14. Eliminate x, //, z and ?t Irom the equations

a^x+ b^y+ c -iZ+ d ^n = {).

12. A railway train travels from Toronto to Collingwood. At

Newmarket it stops 7 minutes for wattrj and two minutes after

leaving the latter place it meets a special express that left Colling-

wood when the former was' 28 miles on the other side of New-

market ; the express travels at double the rate of the other, and

runs the distance from Collingwood to Newmarket in 1^ hour

;

and if on reacliing Toronto it returned at once to Coliingwood,

it would arrive there three minutes alter tae first train ; find the

distance between Toronto, Newmarket ai:d ColangwooJ._

FIEJST CLASS TEACHEKS, 1877.

xxiy.

X'{y~z)-\-!/-{z~x)-j-z-{x— !;)

x'^!/'+x->/'^-fx^z-+x^z-^-\-!/^z--i-!i-z'^+ 2x-i/^z-'

^ ^ ,
iix+iii -\-l iix-\-ti (ix-\-in ax-\-n-^-l

2. Solve (1.) -, 1 -h , o= o+ , -,.
^ ' axi-iir-l ax-^n-'I ax + in - 2 ax-j-n -1

(2.) #^1+,/^;+ 1^13 7;^ = 2.

3. A, B, and C start from the same place ; B, after a quarter

of an hour, doubles his rate, and 6', after walking 10 minutes,

diminishes his rate one-sixth ; at the end of half an hour, A is a

quarter of a mile before /•', and iialf a mile before C, and it is



n CA is

part DE
Lid so on

pioacli a

^vood. At.

lUtes after

ift Colling-

e of New-

other, and

1 1^ hour

;

-jliingwood,

:i ; fiud thu

A.

l]x

x-{-n -V

a quarter

[) minutes,

lour, A is a

I, and it is

f^AMTNATTON PAPFR3.

observed that tlio total distfuice ^y^,llaKl by the thvee, had tl.ey

contim ad to walk uniformly from the first, is G| miles. Find

the original rate of each.

i. {i.) Investigate tlie relations iii!i,t mn^t oxist between the

constants in order that Ax- -^ /h/- +('z^^ -\-<iiiz-\-l'j-z-\-f'xi/ sliail bo

a perfect scpiare.

(2) Find the conditions that the vahies of x and // derived from

tiie equations (ix-\-^>y= — -^— = ''" maybe rational.
i '' X If

5. If ;/•'- 4-;>>*-f-7 and 3;2-j-w..r-(-" have a common factor, then

will {ii— (j}-'{-'i{iii -p)^ = III {ill — i>)\^it -q)'

0. Prove (r/'")" = ^/.'"", whether m and ??, be positive or negative,

integral or IV-ictional.

-*- i 4- i ^
Show that (a!-'"+a:''")""' =x"' « xU-'"-"4.r" ")>^

7. 1. li -r = -T then \- = '

(2. »
Tf

^,,^,.vz.i;irz7,r:j::;7;i) = ,
^,(^,.

^. _ ,^„^,.„^,
Mien each

1
of tiiese fractitms = — (a"+ A''+ r''+J").

8. If a; be very small, show that

—

;:.-l-2a;)^4-a+^.r)*

2+ 5.r-(l-f b-)
h

= 2 - 4.r, very near] v.

0. Prove that 1 - w- + i ., ,v..
- - --^- ^^^ ^^^ -i-.. =

1- .
2-' 12 .2^

.
as

10. If a debt $a at compound inlei'u.st be discharged in n years '>y

annual payment of $ — , show tlint (l+r)"(l — wr) = 1, wherm e r

is the interest on $1 for a year,

\ ^

H:,

F'

il

'•il



i
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11. Solve~-(l .) 3a;2 _ 2.c?/ = 55.

6 6
(2) r?« ini-'>7^4- 10^a;--18;K 4-40

= a-^-L^--A-i9.

(3) a^h'^x' -ia b^x^^ =(a-h)^x''

FIEST CLASS TEACHEBS, 1878.

1. Simplify N"±f_\

XXV.

2

v~

and
X 2 - r// _

(// Z')2

(a; +2)2 - y/2

2 Divide
iK

a

X O -\- X

V 2 -iz-xj^ z^-{x-y)^

ar'

o{a — x)

i

S.

shew that (-9«2) =i{
^/(6r/)-f. ^{-(Sa)}.

Ill n r r2 //2 ^2

^* 17 = 7=T^"^;7^+p+7^='^' prove that

m^ II- T'

4. Find tlie relations between tlie roots and co.efficients of the
equation «iK 2 4- /^a;-f- r = 0.

If?// and n are the roots of the equation ax^ -^-hx-^c-.^O, show
that the roots of the equation acx'''\-{2ac-h^)x-\'ac=zO are

m n— and—

•

n m

5. Solve the equations :

(1) ^•24-2l/;c3-2.r= 2.r4-8.

X
(2) -

// X ^'
// X ^'

(8) xz = y^, x+y-^z= 12, x^+y^-\-z^ = 91,

9.

'imir,.
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f>. Two mc M start at tlie Hamo time to meet each other from

liMvns -wljicli are 28 miles apart ; one fakes five minutes longer

than tlie other to wallv a mile, and they meet in four hours. Find

each mnn'r, rate per hour.

7. It /', Q, !,' bo respeciivoly the /)th, 7th, /-tli terms of a G.P.,

shew that

} 2 ;-{

hum to infinity the series — 4---:7+—
:7
4- <tc.

8. Find the amount of $/ at compv)und intercHt for « years, r

being tiie interest on $1 for one year.

Rnjiposing $p to be withdrawn at the end of each year, what

will be the amount at the end of 71 voars ?

9. Determine the number of combinations of n things taken r

together.

The number of combinations of n things taken two together

exceeds by 6 the number of combinations of 71 — 1 things taken

two together : find n. •

U). (1) Find the limit of (I -f I)* when x increases without

imir.
.__i

(2) Find the (r-f l)fh teim in the expansion of (3 — Ha:)

a-2 - nx - 3
1 1. Determine the limits between which lies „ .2 .9, 4.1 ^*^^^' ^^^

possible values of x.

FlIiiST CLASS TEACH KiuS, 1879.

XXVI.

7, Prove thnt, 2\{a -h)' -^ (h-c)-' -{ (r- nV] =7{a-h)il-r)
{ -a){{a-hy -^(h-cy+ir-o)*}.

2. Extract the square root of ^/A- 2'^^/(f?/>— (^^^ ;,^^^ fj^jd t,he

8 mplest real forms of the expression

,/(3H-4v/-l)4-i/(3-4i/ 1).

• H

"11

j

i I

' 'lit
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8. S')lvp the eq.iations :

(1). 2u;4-f-;>;'^-ll.>'2+x--;-2 = ().

(2j. y^ \-!r+z-- (('

z-{- 11 - z =('.

(B). y(u:2 +rM.-H- 1)4-1/ (:^--frb; -4)=,r-4-4.

4. Prove tiliat tlie number of [positive integral soluti'^ns of the

c
eqwAtum (fx+i)ii = r cannot exceed -, +1.^ • ah

In how many ways may £11 15.s'. bo paid in half-guineas anr]

half-crowns? •

5. If x!/ = /th[a-\-h), and x^ — ri/-\- //- =(i^-\-/>^, shew that

/ .r

11. n z.n =0.
\ a h ! \ a I

G. Given the sum of an arithmetical series, the first terra; and

the common differenco, sliow how to fhid the number of terms.

Ex|)Iain the negative result. Fx. How many terms of the series

G, 10, 14, &c., amount to OG ?

7. Find the relation bet.vccia /) and q, when x^ -\-pr + x = ^^ hns

two equal roots, and determiuo the values of di wiiicli wiU mai\G

<i^-}-nhix-\-a^ a factor of x* - ax^ -\-n^x- — a^x-^-a"^.

8. In the scale of rela- ion in wJiich the j-adix is r. <^hew tlijit

the sum of the dii^'its divided by r-1 p"ives the same remainder

as the number itself divided by ?• — 1.

9. Assuming the Binomial Theorem for a positive integral

index, prove it in the case of the index being a positive fraction.

Shew tliat the sum of the squares of the co-eflicients in the ex-

pansion of {l4-x)" is |2??-.:-([ w )2^ fi being a positive integer.

10. Sum the following series :

—

(1.) l + S.r+n.r'J+Ta-s+c^c, to n terms.

1 1

(2-) o ^ Q+ Q TiQ-^ &c. to 71 terms, and to inhnitv-

5.
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EXAMINATION PAPERS.

he, - ac, -ah
11. Shew iiidt i,a__c3,^/- + 2^/r,

-

-a'-' - 'Ini,

0», ("+''}^

«(bc{u-\-h-{-c).
•

289

is divisible by

FIKST CLASS TEACHEBS, 1880-^Grade C.

Prove that

XXVII.

1. If in ax^ \-^hxij+cy^, kii+ lr be aubstitutecl for ./^ and wu-^nv

for //, the result tal.es the form .»'lu--f2/>''/r+ C'<;^. Eind the vahie

of (/• " - JX')-^(6- —ac) in terms of /.-, /, m, n.

'2. Resolve a{h —(;)^-\-b(c — a)'^ -{-<{,/ - />)3 into factors.

'^"^±^^l±Ow'^ .4.r3 4- /.V34. , 2^

Ht'(V
~

xyz

iiu = x{Bi/^-Cz^), v^--y{Cz'^-Ax^), w^:^{Ax^ Bij^)-

'.;. Extract the square root of

^a-uy\b-cY^{b-cy^{c-ay^-\-^c-ay\a^ hy^,

ana tivj cube root of

A(a-b)^+{h-cY^{c~a)''~-'6{a-by\b-cy'{L-ay'^\,

1. Ehminate x, y, z from

^w-f /Ay+^'<^ = 1
rt

?/

/.•(./;3+y/2 _{-23)_{_0(7^^ w.y+ nz) -\-h = 0.

,5. SimpUfy {/(•4+3/) + y(-l-ny)

and (

«|/6 +/> \/a

'^/a+i/b

-l+jv'8\--^ -14-.yV3

r> ; \ t 3

-} +
2 +

in which j= V {— 1).

6. Given the lirst term, the common

of terms of an aritlimetical progression

terms, (ii.) tlib sum of the squares 01 the terms.

diiference and tlio number

,
find (i.) the sum of tlie

m

I
i
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7. Solve tlT' pqnations

(i.) ( ...r)^ -(..;- A)3.

,i h

(11.) x^hii= ^ +7 =^1-

—1 —1 -1

(iii.) x{i/+z )~a,y(z+ x )
~ h, z(.r-\- ?/ !=«•.

8. T'/liat valno (otlif^r than 1) must be f,'ivou to r/ that one of

the root8 of x'^ --2x-j-q = 0, mp.y bo the square of the othoj-.

If n, b, c are the roots oi x'-^— px'-^ +gy — r, oxprcss

in terms of p, q and r.

9. A vessel makes two runs on a measiinHl mile, one witli the

tide in in minutes and one nt^ainst the tido iji n mimites. Find

the speed of the vessel throun^h tlie water, stud the rate the tide

was running at, assuming botli to be uniform.

10. Five points, A, B, C, O and P lie on a stiaipht line. The

distances of A, B, and C, measured from the point 0, are a, h,

and 6' ; their distances measured from tlie point P ixi:ex,y,z.

Prove that whatever bn the positions of the points O and 7
,

alth
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hat one of

le witli the
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bte tliti tide
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9, are «, h,

' are x, y, z.

ud 7
,

6) = U.

Section I.

—

Elemkntahy Tueukfms on Polynomes.

(See page 80, t>f set/.)

Theorem I. If the polyuomo/ [xY be divided by .r— ^^ the

remainder will be./'(«'/)"

.

D'Alptnherl's Proof, /{x)" is the dividend, x — a U tlie divi80v
;

let /\(a:)""^ be Llie quotient, wliich is necess;iiily a polyuome o*

degree ?' — 1, and let y^ bo the rem;iiiider. Then, since tlie pro-

duct of the quotient and the divisor added to the remainder re-

produces the dividend,

But 7? does not contain x, liuuce it will I'emain the same, not

merely in form but in nctiutl voJiw, whatever value be given to x

Take the case x = o., tlien (x—u}f\(xV~'' vanishes for its factor u;—^»

does so. hence H = l\a)" . Tiius r,lie remaindei' is the value of the

dividend wheu x has the va,lue which makes the divisor vanish.

It has been objected to the above proof '' Division can be per-

formed only wlien there is an actual divisor, therefore in assum-

ing R to be the remainder oif(xY -r-(x — a) it is assumed that ans

7>ot equal to a, and although R will remain unchanged for all

values of x that fulfil this assumption, it cannot thence be inferred

tliat it will do so if the contrndictory assumption be made. In

such case the only legitimate conclusion is that there being no

divisor there is neither quotient nor remainder. Therefore,

although /(a)" may be the remainder in the case in which x is

not equal to a, yet the above argument does not prove io.'' This

objection confuses arithmetical or numerical division with alge-

braic or formal division, division by a (lefinito quantity with divi-

sion by an undetermined or vai'iable quantity. The following

proof does not involve the assumption x=:a, and consequently is

not open to the foregoing objection.

''

!
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Lnrfrnnffc's Pmof. Tjrminti. x" - o" is divisible by s$ '-i, ii w

be a positive iute^jjer.

By actual divisi-rj

j;" - n"
= ,:"-'

Xn-l an-l

a'
.!• — (I X — a

:. x" — r?" is divisibic hv x~'( il'y-^-'/""^ is so divisible,

hence x"~^ - (i"~^ '• " .r->i '^ y'-'--a"-'' ....

TJins we can rednco the cxponoiit niiii, by nmi until ai I;ist wo

arnve at, x^—a^ is divisible by x—a i^x~(f is so divisible. i>!it

x—'t IS CGvtaiiily divisible by -.tselt', .-. .*•- ~a^ is divisibleby .r - ",

.. x^ -a^ is also divisible by .r -n, :. so also is x'^—(('^ aud thus

we may go on to any p,)sitive i,ufce<ji'iil exponent whatsoever.

Theorem. Wi-iting /'(.«)'* m polynomial Ibim arranged in

ascending powers of a*,

•*• f{x)'' -f^u)" =A,{x-a}+ A2ix'-^-a^)+ A^{x^~a^)+ . . . .

^A„{x"-o-).

Bnt every term of this polynomial is divisible by x~a, and the

highest power of x in the quotient is a?""^ got from the term

An{x" —a"), SO the quotient may be represented by /'i(ic)"~S

Theorem II. If the poiyujmo /"(.<?)" vanish on substituting

for ;/; each of the // different values (t^, n^, a^, . . . . af^,

t\ienf(xy'=A{x—n^){x—(u) (x — 'fn)^

in which A is independent of x aud consequently is the* coefficient

of.>;" iu./"(x)".

Since/(f*i)=0, :. fix^' ={x-^ ^'^)f (.rV'-\ In this substitute

a, for X, :, miG~\fia^Y =0# it brconv: •; () = («,_, —fii)J\{'^n)''~^. Of

this pi\diict the factor «2 ~'*^i ^^'^^ ^'^^' vanish since by hypothe-

sis tto i^ ^1^^ equal to r, . thoi-ofore the other factor /'i(«2)"~^ must

vanish fciiat the produe: may vanish, and consequently ,/\(;i:)""~Ms



* *, a n

isiblc,
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sibio. H'.^^'
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oevcr.

,riTiiigGd in

»)+.-..
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./\(:c)"-M8

APPKNKIX. '2l;{

divisible by j; — f
/.J, . Let the (juoht'nt l»o denoted l)y ./'...

(.•-^)""^^

/(x)" =(^ — </,)(^' — r/._.)/"jj (./,)"
'•', Substiluie «'.. !or .»• aud ])!'oce(d

as bci'ore, iii'.d it will be pfo-'od lliat .'; — "g b :. hictor o( J\.(:\" .

Coiitiiiuiiig to n faotn-is we i^cx, a quotieai i?idc|)iu l-nt of x, since

e;)di division reduces th" expoiT'iit of .>; l)y unity, .* tiuiiliy

Cor. ll'/ix')" and 9(.c)"' liolh vauiHli fov the samu </ diU'erent

values of ./•, /(x*)" is al;T<braicaIly 'livioible !)y 9(x')"'.

Let
(/.J, '/;j, <*3, '(,„ bu the ^^z dift'urent values of w for

wliicli fhe ])olynomu:i vanish,

.'. J\x}" ^{j:-a^)(x-a._,) {.,— ((„) F{x)"-"'

.-. i{x)" -i-0{.i:)"' = J'\xy'"'-~A,

which is ;iii iiitagial fuiictiou of x' since .4 does not, contani x.

Theorenn III. If the polynoine./'ix-)" vanish fctr more tliaii

' n difforfnt values of a; it will vanish identically, the coellicieut of

every term being zero.

Let a I, </o, "3 «», <'„+! h<i ;/-f 1 (liffcrcnt values of .*;

foj" whicii /(x-)" vanishes,

.-. fix)" =A{x~(ti){x~".^){x — a^) (x — a,^)

Substitute rt„^.i fiu- x, and since. /(«ji^.i)" =0,

.-. 0=A{a,t+i - n^){<in+i - rt'2)(t<;,+i - a-^) .... (rt„+i - r*„,

But none of the factors Un+i —^1, ('/i+i — ^g, &c. vanishes,

,'. .1 must be zero, o>;

f(x)" =0{x--ai){x — a.^]{x-~ag) (,«;— a„)

and the factor, zero, will be a factor in the coethcients of every

term.

Theo em IV. If the polynomes f{x)'', 9(.6')"' (*^ i^o^ ^^^^ thsLU

ni) are equal for more than n dHTerent values of x, they are eqnal

for all values, and the coefficients of equal powers of x in each

are equal to one anoHier,
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^(u;)" :=--y;., -}/;, ds-f//o^--' + y;H.c^ + . . . . +/>>'",

{A.,-Ji.,)x' -^ .... 4-01„.-^ V"

and this is a polyuomo ol' do^M-ec yi at most. liuij{j;)" =<f>{.c)"* for

more tliaii ?i ditlorent valucH of .y,-, tluil is ./'(.'•V 'p(.f)"' vnnishu.^

for tlies(3 values, .-. by Thoorym U.L. J'U)" -(?(.'•;'" vauir^licd ideriti

cally, and tlio oorl'ticients y1„ - />y, /I, — A',, /!._, -/A,,

/l„,-i;„„ ^l,uf2, ^lm+^, l,i art) uli o(iiml to zero,

.«. yly = L'o, /li = Z>\, A.^ — Ij.^,...A„^= li,,,, .l/uii-O, ^l„i^ji = 0...

/Voffi fo Art. XVII. To find, where snch exist, the factors of

ux'-^ + bx- -{-.xz -'r'!/'^ +.'///2 ]~liz'^.

Multii^ly by Aa

Aa^x-^ -\-A(i!>xi/ -\-ia('x2-[-At(en'''^ A- ^"!l!/^-{-'^''''^'^

•

Select the terms coutaiuiiij^ ./; au ] coiaplote the square, thn^

Aa-^x'-^ A- I'lhxt/A- i'cxz + b'V/''^ A-'^bixzA-C-z'^

- (/>3 _ ^iae)!j'^ - '2{bc- \L(Ui),iz - {c- - Aah )z^ =

If the part within tlio doubl'; hrackcb is a square ^.ly (iii/j+ hz)'-^

the given cxproddioii cau be written

which can be factored by [IJ . Factor and divide the result by

4a. If the part within the double bracket s not a square, the

given expression cannot be factored. If h and c are bulk even,

multiply by a instead of by Ad tind tlio square can be coniplctod

without introduciii'^ fractions. If e is less than a it will be easier

to multiply by Ae instead of by -la and suioot the terms containin':*

y. A simdar remark applies to A.

This method can evidently bo extended bo quadratic multino-

mials of any number of terms.
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are, tluv^

ie result by

BqiVciro, the

|e bulk even,

couipletcd

^ill be easier

coiitainiii"

lie multino-

EXAMPLKH.

1. Reaolvo .'«3 |..r/ +?.'.^-'2v2-f-7.//.r-r,:' into factors.

Multiply by 4

Complete tiie square selectin.^' L.iuis lu ,>\

(2.f + // + 22)^-(3//-42)2 =

{(2xH-// H22) + (3//-b)}{('2.c-+//+2,^)-(3i/-4,:)} =

(2x' f'l;/-22)(2./j-2//+ C;;) -l(.f+ 2.V --',x- -wy+ a;)

. •
, the factors are (.<• -1- 2// — c) (uj— // f L j;

.

2

.

Ga'^ - 7(( l> + 9i'ic - 20/> - + G Lhc - ISc -

.

Multiplygby 1x0 = 21

141a=i-U)8a6-f 48./r- -ISOZ/^ +158G66'- 1152t'" ^

(12a-7/' + 2')^-'''^2%a + 1504/>t'-il5Gc- =

(12a—7/>-f 2c)^ -(236 - 81r)~'-=

(12u + lG/>-32r)(12rt-30/> + 3Gr)^

24(3./+46-8r)(2rt-564-Gr),

.-. the factors are '3'/ +46 -8^ and 2a— SA+ Cf?.

3. x^ + 12^//+2.r24-2%3 - 8//2- 02^ =

(a;^ + l2.c//-t-2.f2+ 3G//3 + 12//z+2'-')-10//- - 20//,-;-102*^ -=

(.f+6.7 + 2)y--{(//+2)v/10}-' =

{.;;+ (6+V'10)//+ (n/10+1)2} <

|,._^(6-. v^lO)// {y/\{\-\)z)

4. S/r-^+10^t6-14ar+ 12«^/-863_86/?+8r2 - 8(v/.

Multiply by 3, not 4 x 3, since the coellicients of the other terms

in a, are all even,

i)(<3 -V 30^6 - 42ac+86ar/ - 246^ - 246(/-|-24c'-» - 24cv/.

'» f

^i
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bt'luct the torriid contRinin;^' ti um\ couii-leto tho Bfiimie

(y„^5/,_7t;4.0(i)-' - (76_Oc-hO(/)a =

WoiL E\oicisc XXiX by tliis mctlioJ.

Skction II.— Indices anu iiiur.Dd.

Tliu gcnonil Iiidox-laws art)

a '< . a </ =</»»' I/'

»/i m m

III m m
{(I -r b) n = an ~ i'iil

»/i /( inp

(1)

m

Tbo law connectijig the ludox au."; tho Surd symbols is

all = ^'/(a"') (0)

[The indices ^, i, ], A;u., are gouorally used to denote ' either

square-root,' * any of tho cubo-rouCs,' " any ono of the fourth-

rii^ts,' &c.

The surd symbols
|, , ^, 4', &c., are by some writers re-

stricted to indicate tho arithmetical or abciuliite'roulo, somclimed
called the po'^itive roots. Thus

a/4 = 2, but 4 =diij, .. -r^ + y^
Also, v'{(-2;-}=: a/4 = 2.

1^27 = 3, but 27^= 8 or b/-^^^/^' '^)
. s^ = (1^).^ ^^

4
'IC-ii, but W^=. ±2 or ±2j, .'. IG"- :-(lVv'10.

ill
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APP!'.NniX. '2Vi

With tliip rcatriotlon tlio !!*cneral conncctinf^ formula n-onM ho
III ni

lu the following exeicioos tliis restriction need not ho ohgcrvcr.J

ExFxcrsK.

1. What is tl)o nrithmotiral value of each of tlie following :

8(r. 9.l\ 10', P.2\ 4^ H^ 27\ (\i\ «2\ CA\ Hi'. (iV-y^,

{•>ic.'>^^ {^{c^^ (-^o)'. (f^27)^
41)"'''', 32^ HI*""'

C. Interpret a-^ n^^n'^'', (a^)~\ n^ ^ «"•, (<?-') -\ ,.'^ ^-.

o. What is the aritlimetical value of

Sa"^ 27"^ {•1G)~\ (•OOlCrl (D~l (^\)^ ^-,
d^,)

'•', (5,^,)"^

4 . Prove (rry = f a")'" ;
(«"*)" = (fl-'T ;

^~"' = («~^)'"

;

and express these theorems iu woras.

0. bimplify cf .ffl , c ,c , w? .w , w .w » (' i) (^a) ('^i)

T 1" /,•
^

a c a p.

-i\

J--' 1^, (2?)' -mf'Mi)
'*

G. Remove the brackets from

{aV,^^)\(u\h'')\ {a"c-') ^(a-V)' ' (/'/ V^
1 3 fl to

7. Remove the braclvots and simplify

I «i 1 1 i 1 . 1 t i I 1 ^ ! (\ y)-i < 1 1

X X

r 3: \ X X ;

i

l!

< i
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!^f-

m
t

8. Rimplify-arjx '(--x)-^}^,x{(-x) '(-x)-^} I

i-x) {:
.-3, ''}'

X] \X '^X

9. Determine the commensurable and the surd factors of

12*, 24*, 18 ^ (-81)*, 12', 64\ (,V)^ (C:[)" I

(The surd factor must be the iucoiiimeasurable root of an

integer.)

10. Simphfy 8*+ 18*-50*; 72* V{l^,f'-{-xl^)~^\

{(0H-2")(0-2^)}";(2V3^) +(2''-b')
;

i Jw.i i, ,Ji A,h,.„h
.
J,i

(2 +:-r)(4''4-ir_6"); (7 -3
) (7 +3 )

[{(.. + aO(aJ+/>)}*-{(''-a')(^~/0}^]

K+( ^/
3 . ,.3

) } • {^* -(
:}.i

</3-^3^ I

Eixpress as surds,

% 3i
11. a , ar

,
jt> , c /t

-3|

12. X
w + J —»i+ § -25 -?i+^

^/

m—

3

7?—

I

13. {ax-hf .{x^-^x-^-X) 4
, (/?-7x)

Express with indices,

14. fa', V^^ V^^> fir"", V(^.r), i/a-*.

15. f{a^+h^), ^(<z3_|_/,3)2, {|^(a3+/>3)}2, "y|(«_i)^},

y(a - te)''-S y («" - ^>"
)"*"""

II ij . -^.-t ^ .-i
10. {af,{h T,(c *') ,(^) ,(r*2a;) ,(

,-3a ^x )

-J-i

4 14
{x V )

Simplify the following, expressing the results by both nota-

tions.
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of

-I

lot of an

a -l)x],

both nota-

17 a.a , «".a , a .a , r/.w , a j r/, a f'ii'^,a \fa

a b c , a c

^^-
v'^^' r^^' r^' ^^

'
^' ^V"

'•

; , n
, "^

*^

a; // hc~c[ab)

19.
a -\-a

a —a

I -I
a - a a

',\n 8n

2 —a- >t- -\-\-^n~'^

(I — a a 2 + a "

20. Divide a;-// by «" — //"; ar -f-f/ a; +a by -tn x +" ;

1 I

;t'+.V+ .«— 3u; //'V byic' -\-y -\-z

h h i
2ai+2/;r4-2ca-«2_/,2_c2 by a, +/; +c

Exercise.

1. Express the following quantities i. as quadratic surds, ii

as cubic surds, iii. as quartic surds.

a, 3a, 2a2, a^x. a;", w\ «"'", ~, nijc" p
,
'1, -01, Mx'-*.

2. Keduce to entire surds,

xVx^a^a, h^^b\ 8|3/3, 4,^2, V^. ^^4, i^VQ, 3^^ f.

fV6).^V(!)^?r(.v^-
n+ I

ayh,alf[n^),{a+xyi/{a+xy\ {a-\-x)if{n -x) ,

rji^n- (^+i')JS47' «

« — /> ;< I ja-^h \2

+ 6 \ a

2 -4 -1

(«~-i/) V(«'^+2a;i/4-//2) , {x-x )f{x^--{-l)\

i j 1

i!

1^ ii

i i
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I ,

iM i

1)1 •

8. Ueduoo to tlioir .simplest him

- y'^^'li- •'=')!' ir!"'-'(^r-'-i)4}, ^/,,,/,),
y,,"+i, >'+",

V'{(.«-I)(.r;2-1)}, f {u//^4-2.7x-+^-0(«3+.^-a)},

f/{{.c'-i -./^ )-7x- -d}, ,/(4x:>-- S.^'^+4.r),

4. ConiMai-e the lollowiug quantities by reducing them to the

same surd index

:

2 : v'b ; 2 : f/U ;
,/'2 : f:) ;

^/lO : fnO ; 2 \ '2 : ,^'-22
;

^2 :
^as

; :y^; : ^/^ : y., : ;/^ ;
^,;" . y^;-; 4^^ : 'yh : i^r ;

5. Reduce to simple surds with lowest inte,i:^)-al surd mdex

v{fa),i^^<i/h),f/{^/r), ,ni/-^-^M, v(r-^^')» yir-^*').

f^(i/x'''U fiVtn), Vif/Sl), 4/.f/81), |/(d,/./),

4/ (p.Vi «>» I .c y'-), ^:'{^;"'(/^ycv;-, .; \ (.•-\/.--M,

G. In the following quantities, combine the terms involvmg the

same radical
;

8,/2+ 5v'2-7n/2; 1/8- a/2: ^/lG+8if2;

^10+ v2; ^q/a;--|/;/;; ''^^x--^^^,

8

,

/» 4- -5 v'-r- 7y<i 4- \''
(4.^^ ) - 8 /\4.f) + 4 v' (9.i-) ;

V x+<iy'l^x) - 2y (8^;)+ ,/ (4:f) - V {Hx) + V'(12^>)

;
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1 to tlie

r22;

'/> •. :^c ;

idex

),

),

)lvmg the

APIT.NDIX. liol

4 v/(,,^..) + 2v/|/^-.(;)-8,/{(a.f//)^.)-)- ;

I
(./•'^ h 2-/-/. + </Av'

) - v'lr/^ _2r/3//+ ./A-^) -
,, •(4rt/>-),

7. In the i'ollowiu.L; qnautities, pin-form, fis far as pos.siblo, the

iudicfited muUiphcaUoii.s cind divisions, expretisiug tho results iu

thcjr sun ph'st fornis

V'2.i/M'>; v'Ji. vl2: /14. a/35.i/'10; i/'«.|/(3^/) ;

V^c. V(l2r); v(0.t;).|/(8^); V'v/«.|///^ f''//'•
I?'//'

#ya.fa^yh] I

'.'C

/W/. v'
'1\

a
I

a
V ". V

I:.
Ha. J

or

Via

/a"-^-\x/a--^'; {Vly'-^K^lr-^'^ yi2--\^H; ,/(arO - v^--'^)

(/
-•-,3,

If (/ : r/- (/ -;- :'/ a11/, ,11—1 . ,," • " t.t>i—iit
II' :/

(8 V .S - 5 v/ 2+ y 1 8+ v/ : !2 -I- \/ 72 - 2 \ 50^1/ 2 ;

(7
>» r. ./m/(» Hv/8-f4v20)\/18); (v'-'H-i 'J)(v''S- v'^)

(, 2-f l)(v/<; V H); (3 v/2i(2-f'V2);

(5 v/r,-(-N/o )(.>,/ 2 2) -, (v/^/ - \^'^)[\ ''+ y''')
;

(«|. h-{-h\/ il}{h \ <i (I s/ li)
;

{v^(r4-l)+ v/(.';~ 1)1 1
\'(.' + I)-- V{x~l)} ;

s 'i

' 'J

,

'• ' il

i*? 'fl

n

r
ii"
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'
i

J :!

iV[:j(-^.r){x+h-,}-^^{{a-x){x-b)}Y ;

{VvV/lO+ l)- V^V10-1)}2;

{V.r+ Vy)* + {Vx - Vi/)4 ;
(rt2+flr/V2+62)(a2 -aft y'S+iS )

:

(V / -i- V!> -f V. • ) , V/>+ V^- - Va)(Vc+Va- y/b)
(
\/d 4- v/> - Vc)

;

1! ^

8. Fiiul rationalizing multipliers for the following expressions,

aud also tbo p' oducts of rnnltij)lication by these :

n-\-\'b. v^/ -f-ftVc, ay/b — bVa^ '/ 4- V(a3 — .c^),

V(a-;c) - y/{a+ x), y/{a'^ +\/c) -\-^/{a^ - Vc),

V{8+ V(21:+V5)}-N/(H+ V(24-V5)}, V"-HV/>+ Vc,

3+ V2 ^- v^7 , VG+ V5 - VH V:i . ^a+y/>+ -v/c + y<i,

<^--/r:^ V^A+Vf, ya-^6, tAf + ^a, yu;+iV-

ya;-hi+y^~v y(rt/rM-y(a-^6), f2+^3-1^5,
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/2+fc2^

Vc);

Ipressions,

Vc,

5,

9. Eationalize the divisors and the denominatora in the follow

ing, and reduce the results to their simplest form:

1-^(2- V'B), 3--(8+i/-0), 5--(v'2+ V7),

(^/3+v/2)-r-(v/3- p/2), (7i/5+ 5,. 7)--(i. 5+ V7),

«.-4-(\/«-|-a), (^ — <0'-^(l/«— l^")»

7:
2V(5

'2+r3

14- 2-2 \ a

\/6-|/5-|/3+ v2 2

a/04V5^ 73 -"72'
i/('/ + 1) - \ I

'< - ly

26- r/-f-u;4-\^(r/2-f-r^)

a

7(1-6^)+ /(I •-•V v/(l-r--') + tV,l a 'y

y,/{(U.a)(l + b)}-V{{l--a){l--h)\

,. {(i7«)(i+/>)} + /{(i-'/)ii -/o}' •

{a -- x) v/(/>2
4- //^ M/._- // ) /(^" -Kf -

)

,7(1 +a) +"v^(r-«)+ s/ ( 1 +l>) 4- \/( 1 - />

)'

^/{x-t u)+ Vij}~a)-\-y(x+ h)'t V (.' •/>/

l/A |/« N W/

C/4-.

;/ N w^+W ' N^< - 7'" N
Vx—Vy
V7+V.y'

J:.

\ '/ V .c

''f

t.'-'vn^ -

X
.+

V ^'

•f
a

I'lJ
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iO. i<^iu(UliB values of the i'ollovviiiu^ oKprossioas for n=\, 2,

3, -1. ri, resiiectivoly.

1-f ^• 5' r. "

l( ^ I'v/5

iH-t-l

1 + I/'
^

il. Si low that

^__r{..>-f,'(.r2-..i)}"'±H{.f x^(.;-^ -i)! '.f2]
2(x- I)" '

is a s(.u;ire for /^ - 1, 2, or :) rospoctivcly.

12. Extract the square roots (.)f

a+ 2c + <^+ 2v/{(^'+'K'"+''>l-. 2"4-2v/ia2 -<;3).

V.;-^2+ Vu;-^ .,:+ H.,rM-.';=^+2.r, ..H-2./;W.'-,

5-2i/(3, l()+ 2v'21, irf-iv^'S i-v^l-"), 7+U 3,

Ivi-SyO, 7i) ha|/451, l-i I'S

t) + 2i/<)-f-lt 1 24 v:*>j, 15.25 - 5 n/ .6.

13. Find tho v;il.ae of

«//"+
" v/'rt V "•

/^'^•' ^triveil .6V =
l/(<'

+/')
-p- ft.nd //

- h/h
'(n-[.b)

y (.«•• +.'/'-^), given x=\; (n^c) ii^fia'^e)

v/U;- + ^)
t.

J-),

given .<; = . |^J
ii ii

given ./:

(!

'Mb

> >

3 >' omven u; = .. , Ĵ: J
*i !

2. ,,
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= 1, '2,

)]

IT) bimpliiv ., ,,, ,
,. , , f .. ' ri PT—rT«

f^l

2 -r),

3,

Cu.vIPLKX Os ANTITIKS.

QnnntitioR of tlio form (i-\-!>\- - 1 in wliirli iieil!n'r u noi- /<

iuvolves n/ -], ;UT; c/illeil (JouiplcK qtiMnlitifts. The letteij' (or i)

is frequently use I Jis tlio symbo] of tln" ilifcasivo unit 'v/ — J. so

that a -j-hi/ --'[ would l.»'' writteji x + lij. So also V x=J\/x,

\/ — X. \' -
[j -;/~ \/ (u,'//j = - V .<;//, aiulj/'^ = 7*

EXEK'MSI:.

Simplify the following, writing^" for v' 1 m any result in

which the latler occurs :

1. x/-4, i/--i(N |/-yi, \/--H, 1.^-12, 1/-72, if -8.

y _5.-,/_G, v/_6.|/-b, V' -8. ./12, V -H.f - 8,

l/-5.v/"'-^^>-

2. .-c, l/-a^^ ^/-'/^ i/-^2", ^/^-a)^ i/'i-c^r)-

\/5. \/ — (^

rt-V ''•% V --;t- .s/ .-, V - «l-a.i/ - 1,

3 ,;4 ^"6 ,'9 ."ir. ,*10 ,;1 7 n'l S ;4" ,;i"4-l ;);'+2 ;iu + .>!

.y-, .y^. .r'^'.^%7' '.r'S .y"' ^'"^ ./'^"^ ;/ /"^% 7

1/ -''.

A —./
I ^

n.
a/-G \/-(5

V o

a

\/ —f*

— 6'

/-;:J'

a8

v/ - a^'

lA:-r,)

l^' ^ 1/

1- ( - i^A

a /

V - 1

/ ~c^
I
(-a)

.n >J

2n—

1

l-l

4

::»
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1 1

3 :i^

1 -1 1 1 -1 1

J4n-i

X -V

8. V{n-h).V{l>-u), V (ar-4v).v/(w/-;-U-), (H+ 5i)(7+ 4j),

(8-9y-)(8-7/), (7-jv'5)(7+iVlO). ly :^-jVG)(V2-j>/G),

{V(i+J\/l'){K^'<t-jVb), {'iVh+cjVx){in, 0-cjVx),

v/(124-.V).v/il2-5y-), a+.;)-, ( v'«-;v'/^)2, (5-2;V0)2,

(''+/>;')'+(''-/>y')^ {"^k/)''~{^^-i>jy, («4-/i;)2^-(.(;-i)^

{v^(4^-3;)+v/(4-8/)}^ {l/(b-4i)-y(a+4j)}^

2 / 2 2 (V^^ (:^if

[i{^(30-Gv/5)- 1-1/5} + ^7 {715 4- \'3^-^/(10-•2|/^5)}]

(ov all positive iutegrai values of n.

9. — 04 21 5 1-2(];V5

i+^Va' l-^V7 4l4-b7VG V2+jV.i 7-2;V5
z—

t

1-J /3 1+7 14-J3 1-p
i+iv3 1 i 1+^ 1-- (i-h;)=

1 +J» X + 1jJ

I -J X - yj

u-\-j\/x jV<t-\-V~b a— hj a-\-jV{l—x^y

a-jVx V-n-jVb* aJ-\-b* a-jV[i-x'^)*

10.
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.{aj-b)\

m''

(1 -JV2)'

'5)}]^

a; - yj

y/{x-t,)-V(!i-x) 1 I 14-i 1-i

1 1 1 I x-\- ijj X -
III

(~i+jy3+(iiry-)'8' (iqr]74-(-i--jy4' ,,^_/,^-+a _/>;'

a 4- 6j~ ^t — /^/' Vj; — ^ V// y// —.v.'-'

^(r+a) -.yVa - «) y(l -rt)'-jyil +«)*

v/(5+2Jn/G)±s/(o-2ja/G),

v/(2i/15 + 30j)±v/(2v'15- 30/),

V(v/8+iN/105)± v'(i/3-//105),

11. Prove that both \{~i+h'^) and i(-i -^v^^) satisfy the

equation
x^-l
X'-l

= 0,

that (.c4-u7/ + /^'-z )3=x3 +//•' +z^ + 3(.^+ 'nyV?/f/cr)(z4-'''^')

and that (.r-h//+-)l^-+'t7/+ ""^2)(-«+ '^''//+ 't"-) =

x^-\-y^ +z^— ''^xDZ, in which i(7 ropruseuts either oi' the pre-

ceding complex quantities.

Hence, prove that

(i) {2rt-/>-6'+(6-6'Vv/3}^ = {2/>-c-«+(^-«VV3)}'^ =

{2c-«-6 + (a-^)jv/3};^;

(ii) w-^ + y^+ itJ^ — 3m;;r = (a3 4-6;'+(;3 - 8r/6c).^;

^ie 3 4. ^/ 3 ^ 2 ^ -- 3a;//z) , if n = a-c+ 6//+ (Z, ^ = '^^+ '' -+ ^"a;,

ty = flz-|-/>,v4-t7/, or if a — (ix-\-('u-r^'Z',

v = cx-\- hi./
-f- az , w = 6u; -f

•

'
// + cz .

i
lb-

'
'!*;' 'I

I
);-:' 3

if'N
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12. Prove that i \y H f-1 -f / \ ^ JO 'J. \ r>)\ satisfies tlif,pquiition

X'' + 1

x-t- 1

Writinf^ /r for tiio |>rocoilin;jf complox qunntity, prove tliat

(7+ /r+ 'r^4-:-{N-«)(7-"^-/r^ "«//•') --71,

(•''4-""\v4-"'-2)
=.«•'• +;/' -t-2 ' - ''>x'\i/z-\-~i.r//'Z'-^.

Prove that {1^/ + (/'-»•)( j/5 - i )4-(^'+'*;/|/( iO + ii vT))}*^ =

{[(a + M{-i -^J^/,^^'^ + 2;;+l^-/')X^-l-^^ (v ^-ii;[]

Suction FH.—Purk Quadrvtics.

EXAMPJ.KS.

x^d[a- b)
~

h{iix - 7<T-i^)lj)'

Apply, if

VI ni-\-n p-\-<i

7 /// — // V - I7

X

^(a-h)

Dividing the denomiiiiitors by fS[a — h)

X + 8( rf + //) } = 'iSx{a-\-h)-\-S)<i y - 1 \ah + 0/)^

x~ =\)a^-hUib-\-W^

2.
X-

X-

2^/-fl/>\ 3 ,-^ _ 9,, 4. h;,

+ 4a-26/ bx+ '^n-\)h

til

Apply, if ;;
= l>

ti — III 7 /'

n
avid factor tlie mimeratov

(x+ 1 (/ '2/,; I' (.*:-2« l-4/^j^
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8.

c.nce of unmerators aud clitlcMeuce of dfuomiiiators. To the lirst

aud third of these fractioiihi, ai»ply if

VI /> r,t p

n '/ " n — II' 7 -/'

••
<^(a - />) = 4;,. _4«"^r

;. .,'-> =
I |4(./,+ /.)-| +!)(.< -6)3}.

|,
(H./--l)+|, i'^jf'i'\)_ ^'

4. ?A/v/(l +.';)->' v'(l -.'•)= v^ ('"-+''-) (1)

SquHve both mcmbois and reduce

.-. (m--?i=^)r-'2m>?v/(l~,r2^=(). (2)

Transfer the ladical term and square both mcmbera,

.-. [w'^—n^Y-X'^^^im-n^yi-x-) (8)

/. [rri^-\-n-)-x- =4:in-n'^ (4) '

The above follows the usual mode ol solvjtii:^ equations involv-

ing radicals, viz., raako a radical teriu the right-hand member
gathering all the other terms into the left-hand member, square each

J

,M

;iz«r

.;>
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li

1

1

I

i

UK iiiU'r, roj)f)Ht, if iici^rsrHi v, uuLil all nulicals aro nitionaiizcd.

This motliod is couvciiiuut but it douH not explain the difficult^

that only one of llu' valuta ol .<• iu (4) satisfies (1) viz. -
r^

+ 2ivn

»/''-hn*

iho other vahio, —r-;—5 satishes the equation

/// \ (14-x')-|-?/V(l-x) = ]/(/«•' + ^'').

The explanation is simpio. Squann;^' both moiubers of (1) ia

really equivalent to Hubstituting for (1) the conjoint equation

{niV{i+x) -wV(l-.r)-V(/^/» + «^)[

which reduces to ('2) above.

Treatinpf (5) or (2) by transferring and squaring is equivalent

to substituting for it, the e({uation

{wV(l i-x) -»i/(l-x)4-x/('^'-+"^)}x

{m-i/(} -\-x)+)i V (1 - x) - V {ni^ -hn^)} x

{m x'{i ^-x)-\-vy{l -x)+ i/{w^-^n^)} =0 (6)

which redncos to

{(m2 -n^)x - 2«mV( 1 -x- )} {
w - - ir^)x

±
'liini V{l-x-\=0 (7)

which further reduces to (3)

Thus the wliole process of solving (1) is equivalent to reducing

it to an equation of the type A:=0 and then multiplying the

member /i by rai"ionalizing factors. Thus instead of solving (1)

we ^really solve (6), ?.«., a conjoint equation equivalent to four

disjunctive equations. (See pnge 140, Art xl ) Now the values

given in (4) will satisfy (G), the positive value making the first

factor vanish, the negative value making the third f ictor vanish,

while no value.-; can be found that will make either the second or

the fourth facl;or vanish.
tl'
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nir/cd.

nm

f (1) is

tiou

(6)

uivalent

ho (7)

reducing

ying the

living (1)

to four

e values

the first

r vanish,

econd or

Heuco, if one of such a set of dinjunctivo cqimtioiiR \h proposed

for solution, the conjoint equation must l)o solved, and if there be

a value of x which satisfies the particulaf equation [.roposed,

that value must be retained and the others rejected.

(Tliis process is the opposite to that uiven m Arts. XL. and

XLV. : there a conjoint equation is solved by resolving it into its

equivalent disjunctive equations. The two processes are related

somewhat as involution and evolution uie).

Further, it should be noticed tliat just as there are four factors

in (G) while there are only two values in (4), it will in gt'ueral be

possible to form more disjunctive equations than there are values

of a: that satisfy the conjoint equation, and consequently it will

be possible to select disjunctive equations tliat, are not satisfied l)y

any value of a:, or, in other words, whose solution is impossible.

This will perhaps be better understood by considering the fol-

lowing problem.

Find a number such that if it be increased by 4 and also dimin-

ished by 4 the di£ference of the square-roots of the results shall

be 4.

Beduced to an equation this is

v/(.r+4)-i/(a:-4) = 4 (8)

Rationalizing this"becomes

{4-i/(a; + 4)4-v/(a;-4)}{4-,/(a;+ 4)-v/(a;-4)}x

{4+v/(a;+ 4)+|/(.c-4)}{4-hi/ia;+4)-N/(a;-4)}=0 (9)

which reduces to

{24-8i/(a:+ 4)}{244-h(''(^+4)[=0

ie. 9— (a;4-4)=:0, or a; = 5.

Now x — 5 satisfies (9; because it makes the factor

4-,/(a;+4)- v/(x-4)

"vanish and it is the only jinite value of x that doen mtisfij (0), ov,

in other words, there are no values of x which will make any of

the factors

"fli

I

m
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\

1^

(
Wl

4--,/(.r4-4)4i/(>--l), 4+ v'(iK-f4)+ /(a-.-4),

or 4+ ^/(.r+ 4)- \/(;f!--4)

vanisl). There is, tlt.erefore, uo unmbar that will satisfy the con-
ditious of the problem. •

fit will bo found tliat pa x increases, ]/(r4-4) |/(;c— 4)
decreases, hence iis 4 is the least v;iJne that can be given to x
without involvinpf tlie sqnare-rooo of a iiegativi^, the greatest real

value of !/'('4 1^ - \/U'" - 4) is ^/8 wliich is less than 4. We see

by tliis th;it oiu- tiutliDd of t^olution fails for (8) simply because (8)

is WlpO.S6i ')/('] .

5. \/{{'f+ i^"

>

(o -^ .r) } - -,/

{

(a - .r) ( A _ a-) } =

Collecting the terms iuvolving \/ {a-\-x) and \/'{a-x) respec-

tively the equation l)ecornes

{l/(r/ + .r)-v/(^/--.r)}{|/(/>-|-.r)+ v(7>-.t)I=0 (2)

This is satisfied if either

or v/(''^ + .r)+ \/(/>-a-) = (>

The rational .jrm of (3) is

(B)

(a 4- x) — {a - x) = which is sat isfied

by jj = () and this also satisfies (3).

The rational form of (4) is (/> + .«)_ (b -a:) = which requires

a;=0, but this does not satisfy (4). Hence the second factor of

the left-hand mei )or of (2) cannot vanish.

Therefcro the only solution of (2) and ;. of (1) is u: = 0, derived

from (3).

Cube by the formula {n-\-o)''^ = ii-^ '\-r'^-\-Suv(if-{-v)

.-. {(i-i-'^)-^[(f->r^)+ 'Sf{'2a{a2~x-)}=.2ti.

:. X = ±tt.

Both these values belong to the proposed equation.
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the cou-

,/(:^-4)

;reii to x

itost real

We see

cause (8)

(1)

c) respec-

(B)

is satistied

\\ reqnireB

i'act(ir of

0, derived

l,}=.2<^

The ration nli

7

ii)<]; factors of

if (« + .'•)+ f(" --c)- if ( 2'0 = (>

are f'ia -f x ) -\- w
v'

'
( <> - ^) - w - ,f ( 2^ )

,

and y'\a-{-.i-] -^ui- j-T'i a — .<;) - uf/^'I't). Sco page li-")?.

The reniarks on Ex. 4, ^vill apply nuiuiiia luiitandis to ccpuiliuns

of this type.

7.

Assumo if (<(+ .(.') = // and ^\a — .c) = t)

.'. '11'^ -}-/•'• = '2ti and n'-^ -- i -' = 2xj

o =(' (1)

u'^ - r' .r

and .*. —o—,

' Q = —
//•^ -\- f'^ a.

Also (1) becomes

(2)

Y/2 _^7^|._^ ,-2

w2 -«<;+ (

., =C (3

Mult
?,(.— 1'

iplv both menibers by —— •

X n—v
(i)

Again adding and Hubtiactiug denominators and numeratura

in (8)

UV

Adding and subtracting 2 (denominatr^rs) and numerators in tlii^

u - - 2uv -f j; 2 3— c / H — v\'^ 3 - c

.

'

u ../- O —0
.'. Kub.stituting by (4), ~^^'''k^c-V

I

3-r
I'

AltfK''"'*.
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!

II

8. {\/{^^a)-\-\/(x~a)}''^{r{x+<i) - V{x-a)}=2c

Assume i( = 'i/{x+a) and v = \/(x— ((), and (1) becomes

{u-\-c)^{u-v) = 2c or («.-f y)2(«2
_,,,a) = 2c

Also ?6'i-6'* = 2a or (wa+ <;2)(<t3 -'ya)=:2a

and u4H-y4 = 2u;.

From (2) and (3), (?t-i')2(,Aa _..,.a) = 4rt,_2c'

.-. (2)x(5), (,t-'-<;-')2(?fc3_(;aja or (u^ - y^j* = 4e'(2a~c)

Also(8)a-h(0),

or (/,44.,vi)(u2 _i;3)3 =2(^{3+2«c-<;2)

Substituting by (4) and (6)

2x|/(2ac-c2) = rt2+2rtc-ca.

Exercise.

1

.

{x-\-a+ b){x- a + /?) + {x+ rt - />) (.c - a - />) = 0.

2. {a + l)x){l> —<ix) + {h+ <ix){c~ hx) + ic+<u){a—cx) = 0.

3. {a+bx){ax-''l>) -H {b-^cx)[/)X — r) + [c+ ax){cx — <i)

— i (^/~4-/^-+' ')'

(1)

(2)

(3)

(4)

(5)

(6)

4. {a+x){b-x)-\-{i-\'ax){l-bx) = {fX-\-b){l-ifx'^).

5. {a-\-x){b-{-x){c-x)-\-(a-}-x)[h-x){c-\-x)+(a—x){b-]-x){c-^x)

-h {a - x) (6 - x) {c -f ^') -f- [a ~ x) {b~\-x) (c — x)-\-

[a 4- .i')(6 — x){c — x) = 5abc.

(3. {a + .c)(^ +.fj(o + x) -t- (« +-x')(^ 4-^)(^' ~x)-h {ci-hx)(b - x){c + x)

-{•{a~-x){b + ^)(e+a;)4-(rt-fu:)(6—x)(r—.tf)+ {a—x){b -\- x){c~x)

-r{(( -z)(b-~x){c~{-x)-j-{u~x){b — x){e-x} = Sx'^

7. (a+ 5/>-hu;)(5«-f-/>+«;) = 3(^«+ /> + ;6-)».

9. (9a - 7/^ -f 'dx) {db - 7.V + ^x) = (3rt+ Hh f-x)'^.
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(1)

s

(2)

(3)

(4)

.
(5)

-c) (6)

[).

x){c-\-x}

+ x){c--x)

iO.

12.

14.

16.

18.

20.

22.

23.

25.

20.

27.

29.

30.

31.

32.

a/j

... i- r,=0.

21.

a — .tf
"*— ^'

a _ a; 1 — hx

l — ux~ b — x'

x-\-a+ 2h b-2a + 2x

X -fa~ 2/^
"^ H-2a— 2x*

u;H- 5a + /' x — a + b

x— 3a-\-b'~ a — x-i-db'

8a~h—x 5b — 3(t-{-x

a — 36 + .c
~ 5a— 36 +.»'•*

3rt-26+3.c a;-7a+ 8fr

a — 2/>-h.<; ~3.B— 5a4-'l7/

Ba-Qb+x 3a— 56-f-3^

a-{-x ~ a-\-b-\-x

la+ b— x d{a— b+x)

6a^i!b ~'dx~ a- 176 -f x

5a-h+x 2{2a— b-\-x)

2{a+ 2b-x)~ a-i^lll)-x
'

7a—b-\-x a{a+ 5b-^x)

76-rt-hc ^ 6 (5a+ 6+ .c)'

/5rt - 36 4-a;\ " ._ la-dh + i)x

\5b-3a+ x} " lb - Da -h3/

/rt+ 56+.r\ '-' a+176+a;

\5a-t-6+.c/ ~ 17(t-f-6+.t;

7a- 6+a;i '^ _ Ha -^b-x

11.

13.

15.

x~n x-\-n

x-\^i^x^i
= 2c.

ax-\-b vx-{-d

a-{-kc ~ c-jrdx

a—X -L—x

l — ax~l — bx

17.
a 4- 16{x 36 — a -j-x

a — ']tb-\-x~ Sb-^-a ~x

19.
a—lh-^x «+ 56+a;

7a — b~x~~ oa -f 6 -f x'

J-

1

3a--26+ 3u; x-a+2b r'

a--:lu-i-x ~ 'dx—'ii.i-i-20'

\7b-a+xl nb+a—x

\^a^b-x u^{a+ l7b+ x )

a+ilb^'x^b^{lfa-\-b -r x]

a+ h— x 3(a — h-^x)

3ci — b'-3x~ a—i)b-{-x

x-\-a — h a(a;-|-a4'56)

x — a-i-b~ b{x-t-oa+b)

\

,ii)
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0' ;:
A^P ••

88.

31.

8i;.

37

3«.

40.

41.

4'2.

4:!.

4

4r>

4»;

47

48,

41).

60.

61.

6
-J.

63.

(.»;+• 7'^-:-/' )(./•-'<!-// ^' - iin 4- d'

(C>./;-{-8<t--116'^f; -a-\-\lb\ bx+la— odb'

( j 4-:}.,;+ •;...:i)(,ca ^ iix-^ i^) _ L*

n/(14-.';-) + v/(1_-.^--)_ "

\/(l +^^) - /(I -;^:i
,

"= h"

V(i+^) + y(i.-..-^^_ .*_

:ya+^--j-".^(^'-'-i)~
6''

I/ (
;'.// - 2/. 4- 2dj ) ~ n/ (3«- 26 - 2r?) = 2 v^ 'i.

v/ ( 2.7 ~ //+ 2.,- ; - \/ ( 1 0^< - 9 />- 6.f) := 4 n/ (« - 5).

!
. x/\6a - 4//+ 5./;) f |/ (.,; - ^/ ) = 2 ^''

( .r +«).

a/ (8a. - 4A + ,L; / + i/ ( ^ - ^^) = 2 \/ ( 2.c - 26).

|/(5.r 8r^ -f 46 )+ 1/( 0.^;- 8^4 - 46 ) = 2 v/ {x 4- rt).*

,/ ( 2c'<+A + 2x) + |,/( l()./4-!)/> - (j^)^2 v/ (2rt+ '. - 2a;).

2 v/\2r/+ />-f2.o + ,/(10^<+6- C.6-)= v/(10rt+9/>-0u;).

l/(2^^-186+ll^')4-x/{8(//-2ft+2.(;)}=2v/(2a-6+ 2u;)

1/ [ 8(7a 4-A
,

0'^ - v/ (a+76 - .f) ^ 2, /(7« -t- 6 - x-).

v/ {(a-h^)(.6- 4-6)1 + V{(u -a;)(.6---6)l- =2^/(r/.^).

l/{(./^ + ^)(.*-4-/>);
^ f (a~'M)[x~b)\ .2|. ^^.tf).

v(</j;+u;-j- v(<'.. -^;-y- v^(^«^"«^).
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54

55.

no.

57.

58.

5J).

60.

62.

68.

64.

65.

1 1 o

i+v-^n -';^^"^i - ,.'(T- .?)" 9
•^'

.<; — It

(( — yj (ax) .1' \^\ax) ~ (I

Y'{{a-\-x){x + h)\jr V {(>i - x){3:~IA} _ j
"

_

v^ •]
{'l-\-X) [X+ h] \ - v' { (

'.' -X){x - h
) \
~ \l i'

..;.],, - 2/>+ -Ir _ { n/ <r + \^ (2<^ -26)}-

lf(14-.'-)-+ f il-.'-)-f- ^{\ -•'•)-
_^,,.

f(l^x)^-^f[\~x]^='i\i^'{\ x').

f{U-^x)- iV{VMS-x-\-^f{U--xY^=l.

2G7

66. {,^/iO+ .t04-|f(y-./;)[f (.Sl-.r-)-l2.

67. {f{\A +xy^-f[U-xy'){f{lA-\-x) f(14 .0}-16

6S. w/ (0 7+ .*;)^ + 1^/(57i//rv7 lp/<n7^/^57_.^).f^i/(57+.,-)[-10().

61). 5^ Vi-l^ +-'') + Vril -•'•)}' -«{v^(-ll +•'•>+•
I

I'll- -^O}

70. -{Vi-^'+ ''>' + Vi-'^--»)rMt/C^-^-^)-Vl--''^'}---'-^-

71. {i/{x^l)^i^{x^^-l)\\s/{x-^l\^s\x-i)\ =

26{V(^'+l)-t/(-''-l)l

72. i^

,3/
l+a;

1- u;
+ T

,3/
1-iC

= "• [i/+y"'=^]

78. ^^/{\^x)^-\~f/{\-x^)]^.{c''^l){f{i^x)^^\\-~x) \ 2

1^"
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74. ^(n-[.x)-\-xy(^'~x)=:^c,

75. {^^{a+ j:)+f^{o.-x)}^{a'^-x^-)~c.

76. f{a+xy = ^{a^-x^)i-f{a-xr-=f/c^.

77. {f^{ci-tx)^-rna-xy^}{f{.,+.c)-f^{a~x)}=c.

78. iir(«+^)- + r^/(^*-.c)2}{^(n4-a:)-}-|r(a,-aj)}=c.

79. («-f^')i^^«-~;«)-(a-»-')|^'(/'+^) = c-j^(a + a;)—p</(rt-;«)[,

80. {a + x}f{a-\~x)-(a-x)^y{u~x) = c{^(a-\-x)-f'{a-x)},

81.
{i^''(«+ a;)2-,->^(a2-a;2) + if(a_x-)-'}-' =

82. {V(«+-'^")+M«-»^)}' = (c+ l){v^(a4-.r)+ v^(., -

,:)|.

83. {i/{.c-\-a)-y(x~a)}{Vix-i-u)-{-y^{x-a)}^.^

SEcrioN IV.

—

Quadratic Equations and Equations that
CAN BE RESOLVED AS QUADRATICS.

Examples.

;. X* +2nhx^ +a2h^ ={aJr( j'^x-' -i-'^ia^ -b''i)x-{-{cx ~h)^

:. x''+nh^±{{a-^h)x-\-{a-b)},

or x^T{(f-\-l>)x + ab= ±{a — h),

/. x^--=f{a+h)v,-^^(n-^'/;2=:L(a~h)2^(^a~h),

^^m'fl'>^^-^'^
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c)}.

THAT

by-

2.
{a — x) \/{a - m) -f- )a; — b)\/[;x~b)

n — h.

Write «—// in the foiin {a—x)-\-{x— h) and multiply by the

deuominator of the left-hand member,

.-. {a-xy\/{a-x)-\-{x-by^ \'(x-h=z

{a-xy\/{a-x)\ [',~x){x-b){s/{a-x)+ ^{.v -b)\^

{x-h)^^{x-h),

:. (a—x)(x-b) { v/ {« -X) 4- v" (^ - ^)} = 0,

.'. (a — x) = 0, or x-bssO,

or ^{a-x)+V{x-b)^0,

x^ =a, u'g =b.

The equatioQ V{ii—x}-\-V\x--b)=0 lias no solution for the

sum of two positive square-roots, cannot vanish.

The solution x = l-{((
-{• b)) belongs to the equation

Via -x)-V{x — b) = 0.

ax-\-b nix ~h
8. r-~- =

bx -f a tix — m

Add and subtract Numerators and Denominators

(rt+ b)(x + 1 > _ {ni'-^n){x -1)

(a'-bj(x~-^ )

^ [m - nj{x'-h 1)'

I ^ 1 --^ '^ =s2 say,

II

){m— n)

X, -
s+1
s-V tly o ""

S+ 1

4.
b + x a ~x

Square both members, subtract 4 and extract the square-root.
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vy ,r

•• ^ ^;4:.. = ^^•±^/('-• 1)1 -'-Hay.

(I — X
- = ^>«

'Ix [ah) 1 - f3

(( -{-1/ 1 + f^J

,'i

Or thus, cube both membora,

<( ~x I) 4- X

'' -t-.*^ « - X

[(t~xy^'^i/>-\-x)-
= '•••' ;jr

2(^;-y.-)(^/y fX)

j{l^-\-X)- (a - x)
I

2 r3 .M," 2 (.• 4- 1 )
-^

,',. O)

Nr + 2

zx~(a - h) (+

1

(Prove that ,_^^;3 = ^;_^ ^ _^^, \r2r = r±y^r^^ -i).

V(^--.r) - V(^^-x-) v{{'f-x){h-x)\
^' via-x)^^/{^>-x)"^

~
(7

. KatioiiahzeDeuom.

or

I
v/(./.-./;)-V(/>-.r)} -' V{{a ~ x){0-x)}

{O'—b) ""
^ c

{^{a-x)-\^{l>-~x)]- _^a-h .

v/{(rt-x)(/>-.r)}
^'~~'

V{{a-x){h-x)]

0-i)

a /> + 4(

J (^')

Also from (yi),

a -f/>-2.r «--/>4-2t

V{(r«-a:)(/)- -a;)}
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Multi[)ly (/?) and {C) member by mcmbor

Ja — b
-----.

271

I / a4-h~(a~h-•^=i"j "+i>~{'

C. ./;-t 4 2.r* • 5x-'-'*-12-().

Find the rjitioiuil linear factors of tlie luft-iiHud meuibur by tlie

niotiiod of Ait. XXVll., pago 90.

.-. {x - 2) (x-+2)U;-^ + 2.o-~ -f •} ) = 0,

.-. X - 2 = U, or X 4- 2 :r: (), or a;4+ 2.<;2 + ^ = 0.

The last of these equations may be solved as a quadratic giving

a;a = -lih2A/—2, :. x=±l±V - '2,

.-. '£,=2, .r,=:-2, u;j^ = l+v'-2, .^-^ - 1 - / 2,

x,,= l+V-2, ;!:,.= -1- V 2.

N.B.—In solving numerical equations of the higlier orders, th(^

rational linear factors should ulivcn/s hi; foiuul and to'iMwated as dis-

junctive equatiouit, before other methods of reduction are applied.

Such separation may always bo effected by the mothods of Arts.

XXVIl. to XXX., and unless it is done the application of the

liigher methods may actually fail. Tims, if it be attemntud to

solve uo a cubic the equation,

x-^-~\)x-10--'-i)

the result is a;= {o4-V ^j- +{5- V-2} , which can bft reduced

only by trial. The left-hand member can however be easily

factored by Llie method oi AiL. XXVIi.. and the equation reduces

to

(^+ 2) {.I

which gives x- = 2 oi 1±] ».

o) = U,

I

H
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7. (a;-2)'-a;'+2'=0.

Factor, (See No. 20, p. 89), rejecting constant factorB,

.-. x = 0, or;i?-2 = 0, or;ca~2x-4-4 = 0.

The last equation gives x- \-±\/ - 3.

EXKUCISE.

Solve the following equations

:

1. {x+a+b)^=x^+a^+b^. 2. (.c-f a + i)'- =.i-^+ rt' +&».

8. {a—b)x^ + {b-x)a^ + {x-a)b''i=0.

4. {a-b)x^-^{x-b)a^ + {x+a)b^=2abx.

6. (a;-a)'^ + (rt-6)* + (/)-a;)«=0.

C. (x-aV -hia-by + ih-x)' =0.

7. (a^ -bjx^ -\-{x^ -a)b* +{b^ -x)a*= abx{a2b^x^ -1),

8. {x—a){x-b){a—b) + {x-b){x~c){b-c)+
(x— c){x— a){c— a)=iO,

9.

11.

x' .13

:0.

X16j-l

C4_l
= 0.

10.

12.

X*-l

Xso

a;4-1

= 0.

= 0.

13. x" -+ 5a;3 - 16^^ +20.-^ -16 = 0. (See Ait. XXII.)

14. a;* - Sx^+ 5.c2 + 6.C+4 = 0.

15. (a;-a)44-;c*+ a*=t).

17. .T(x-2)3(a;+2) = 2.

le 2:c'' = (a:-6)9.

18. (4a;3-17).c+12 = 0.

19. x* + {ab-\-iy^{a''+ b^){x^ + l)+ 2(a^-b^)x-\-l,

20. a;2(.c-lG9)'-'-i-17u; = .c» -3540.

i:.
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21.

22.

24.

20.

27.

29.

81.

33.

34.

85.

86.

87.

80.

41.

2x(a;-l)^ + 2 = (x-f 1)3. 23. x* = 12j;4-5.

5u;* = 12.^:3 + 1. 25. (a'+4)» = 3{2a;- !)'».

{x-^lj[x^-Jrl} " n

(a;^ + l)(.r'> + l)_ m

28. <^^+l)i=-"i
a;(.i;3+l) w

30.
{x- — l)[x^ — l)~ n

82.
(a-3-l)2 ///.

x{x'^-\-l){x—l)'' u

(x2 + 1 ){x - 1) '-• ^ 2/y/(2m -n)'

(a;'^+ l)2 4m2

{x-l)lx;'+l)^ J2{m. -n)»

;«« -

1

2w.

(x + l)(.t;^- l)~2m-w'

(x3+l)(:c-l)'
^

n
Q

wi - n
8.

(x-4-l)fa;4 + l)_m4- n

m —n

x^ =
ax—h
bx — a

40. x^ =
(IX — 6

/>.<; a

-bax

bx — a'
42. x* =

43. x^ = {x-l)^x^+l\-

45. a;2 = (a;-rt)2(a;2_l).

46. aV(x^-hl)-xi/{x*+a2) = cx.

44. a2.c3 = (a-a;)2(a'^-a:2).

f
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47.

48.

4!>.

50.

ni.

52.

57

()]

*\3

<M.

!>}),

(56.

APPINliIX,

m'^ix+ »i + ]1h)(x- III run- = >i^(^--{-lliii + n)(x-r))„-\-Hj-\

,ii'-i(r-\-i„ + I 7/0(.r - >n ^ 7w)2 -,/->• + \7iii +n)(>-f 7//' - //)2.

Vi.r.~ti)+ yix- h) Vr, ~ a

V{.i' -o)~y{x~h^~ \!r -7/

V(x-fi) + V,x-h)-h)^ li-~x

!>+X ~^>l~x'^''

(t

4/a — .r

+

It ~~x

.1' +

4
//a

r — .7-

+ /< — .r

>" .<; a - u:

= r..

'^V(r:!)-r(3' =

'/ — .c

= f 58. V
(I — iC

= e.

•y
.a

l>+.

.11 —X

+ V
//-f-.r

a — x'
00. v.

ft—x

h-~x 'I — x
=^c

.+
,./'+.

a X
= c. 02.

G '
II — :/•

V X

a~x ~c.

y'{a -X)'i+ ^/{l,.-x)'^

{s/'(a~x)-\-y'lb~x)]''

v'ia-x)'^-^ \/{l)-x]''^

) '{a—x) - y/{l)'-x)

{V_{"-x)j-y(h-^)}-^

]^la-x} - V[0-x)

= n

-<7.

(37. -\-T~
x/{a~x)-h]/{x~h)
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63.

69.

70.

11.

70

7;-{.

71.

iru

7.5.

y-^-\- ta - x^)'\/{ti—x''^)

/'j, (" —.1') -II \''ir />)

]7(a—
^'l+l., {x-b) ^ •''•

<^
\''''/

- x) ^ A I
('.<•-/>'>

I
u< -./-j-f- 1, (,(• - A) "

77.

y<x~a)- y '.'•+") f y,2^/)
=. y

'+

^* — C

= 1/

78. ,H>/-^)a~,r{(«-.r-)Cr+ A»}4.,3 U+ //)= = ^3/(,,2 _ ^/, ^ ^,2

I
/*^'( </•- x*)^ rV rc/ -r[( '' —.<,•).*; -M ..V lu; A^r-" -•:=

80.

('<-/').I

,a/(,/--;r)+,;»'(^. -All.

f^a-xY--\-f{l>-{:eX^)'^ :={ii + h

82. ^^ {,1 +.,•) --^ - ,8/ (.A -r ) - = f ( 'ir./:).

{i K<^~>c)-\-p {h+x)].

81. |V U/ .c)^ j^'lf^ xVx-irh)\ rf^x+ ln-i-^

'{ I'M"- ^•) + f (./••+ /')}•

fij



If

n

!

86. {f^(a-x)-^^(x + b)}^{ia-x)(x+b)} :=,(,,

87. x+f'(a3-.r*) = ---._fL_

Ul. V<20-./-)+ t/(.c-10) = 2.

Ji3. (a - .r^ifi ~x)+ (./;- //) ^[j; - />) =

94. { */(a- .r
) + i/{x~h)m \/[a - w) + ,/(,« - A) } = cya+ 6 -

95. {^('f-^j+^(^-x')}{v/(a- x-)4-v/(6-.,;)}-' =

2.C).

<••

y("--'')-t/(^-.r)}.

96. as/{\-\-.^-^~x^{:x^ ^-a-i) = c.

98. W{^^"''^^'r^{^^x)Y=r{^/{a~xV^^^/(^h^.rr\.

100. f/(a-.cU-r^/(6-.,;)3^rf1/(a+ /;-2.^-).

101. \/{,i-x^^'^{x -lA = }yo.

102. ^(a, -:,;) +^(^-6)=,Vc.

108.

104.

106

{a-x\\/[o --x)-^(x--h)y(x-h)

{a-x)^ix~f>)-{.u--b) n — x)
= c.



x)}.

h - 2x),

h)\-.
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lOG.

107.

108.

lUU.

110.

Ill

112.

{t/{^-x)-ir_t'{b~-x)y'

Section V.-Quadratic Equations iNvoLvi:.a two ok mork
VARIABLES.

I.

II.
I+ 2I1. ... {x+y)^=a + 2c

.-. :«+// = ir(a+ 2c). (Any one of the three cube-roots). HI.

a-H2c"

Ih-II

By III.

XIJ

U =

Also ^-^y =

l/{u - 2c

)

l/(«+_2c;

''("+"20/

. X = v'W4-2c)W(a ~ 2c)

2:/(« + 26')

2V(«H-2,'0 ~

St i7thrd/ ". ""f
"°'"" •" "+'" "'"^ "" -<J -differ«nOy m the deuommator, but only any c.be-root of whichever.quuie-root of „+2o i. u.e,'. .. tUe .uu^erato. Ti.u» a' the /a^

U' M
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'

1.

cal Hipfn be rcRtrictod to denofo morely the aritlimntical root, if k

be (Ictiiunl by the ( (jiuitioii /-' - / -f- 1 =0. juul if vi niid it iTulicafe

any intu^'ers wlialuvur, tMjiuil or uiiequal, tiiu value of x may be

writ toll

1 1./-- - Hxij + ",//•-' =•- 1 ;{( .,• -f ,/)

1st Mtitli xl. I'lliiiiinafo (.i:-\->i).

.•. .c=^ h/ or - '2//.

Substit-iife tliCHO valnor for x in I.

.-. 72vi5 = 8(50// or 45//- = -9y

.-.
// = 0, or 5, ov - i,

and r = <). or M, oi :.

2nd Method. Take tlic sum of the prodncta of I. nud FT by

ai bitraiy multipliers k and /,

liKc' _5.rv+%2)4-/('11.c2 S^//4-rw/2> = (0/.-+l.^/)(u-4-v). IIJ.

Determine k and / so tiiat th(f left-ijand member of fIT. may,
lt!»(; tlio ri'j;lit-lifuid mi'mlv r, boa »nulliple of^-f //. Tin., may
h,' dv <uc by pULLUJ;^ ./• — - // ill fll.

if /.-S, /.- 2.

from wjiich

.. 2k=-\]l

Snbstitutiu'jf these V!)l^t'^^ in [11., it V)ueome8

»>
"Ij''" -}- J-;/ — If'' -x-\-

y

(./4-//)'2.c-'//)^./-4-//, or (x-^>/)([b'-ij-l) = d.

either .r f-// ^-«>. o* 2,<; ,</
- 1 -=0,

#; ^. u-', or ii.« - 1.



root, if k

<i indicftto

c may be

IT.

Liid FT. by

-,v). HI.

rtl.^ may,

Till:, may

l).

f'
ai.'l //.(), or :,. or I

4-

8.

.»••

.1

^' + ^//+ // 3 :^ ^,, a _L ,,/, _L /, 2

I-^Ii.. .-. -'-l-:'':^,^ •'"//' •'•//^ i-v,*

ni., .-. ,

2-

X}/

1-X-^' 2: = /for -

f//>

or
'/</

(th

or
^z- -r/

II. •// ~ *^/> or i/,-'-f/,2)_.
^/2+a/,_(_/,

1II.4-IV

<7 - — all -f /.

A/(n- 3IV.)and
3!/-i(«-6),

;i/(L',,i.'+,//,4.2//-',,/V

/- -,//, -^/,i?

«*-(-^//y + /,2

Of"

^ == ita. ±/?or
ah-\-h

270

1.

H.

III.

I?. ^
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y= ±/' ; ±a or

Put 2 = -"r
, /. ^ ^ _ A

/. 4'/2--=/>±N/i8aa-H;//>-|-/;2) = /^+/- say.

m.

. 3'/
4^7"

la-rh i-r

. X
,
-('2u-f-/,4./)-i./(2a-/. -r)

y 1/ (2a+ /> + /•)_ y ( 2a - />— /•)

{]/ (2a+/>+ /)4-v/l2tf-6- r}}«

1». (a;3 4-.^/24-2x./)(^"^+y2)»{(x2 4-//2)-ic/y}2=a».

(^•//)'

64:7

2 (4,t_^,_;.\ 3

1 i+ r
- /I'

I.

11.

111.

IV

IV

X ' •>
/i!L'i

'
1
32/Tg_(2a+^>4r)(4a-fe-r)-'

)

I (/^+r)' 1

a;io = |_ (/'+r)'

y) I 32(2r/-f/^+ /-)(4a -/>-»•)

{
/(2a+ /> -f- r) + 1/( iV?-6-r)} 10

X.



I.

II.

111.

IV.

= ft

AHHI.NI>U.
2M

in which .= :ty(H,,...y,,^^^/^,

I.

IJ.

0. x*=znx~ hi/,

l/(Vir.'+ 4.VI). (x-+//;4 +

('^y)*-(-^--'+//-)«--U(r+,/)

iu whicli / =
(•^-'+/r'r^=:i/(x--fy;

ifVlL+VllL). .-.(^4.^)4^

v/{(a+/.ja_|_i/^.,j

III

J\.

V.

\I.

VIJ.

Vlil,

IX.

(i^/>+0(^+z/)

Vl-Xi

2 XL -X'

^**-f-;
a-^b

(x~!/)-':= -'(" + />)

X.

XI.

f('2b-{.t)-f (2/v-f0-'' =

/'/ = ;

-

X.

il

M

it

;*j,i
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V^^/^+
in v/h'ich t= \/{(i'^ +2al,-\-r,h''i).

Liet2:= , .*. z-\-i= — auda— 1 =

I. -I- 11. gc* +y^ zzmixi-j/y-^nix-y)*
'

.'. (4,+ l)4+,2 1)4 = 16(^24.fn)

|3 + v/{9-(BA/t- l)(8w-l
)f

•J 8w-l

II. & [IT. (?-l)4(3T-?/)4 f Ifir-^^lOwi./--//;-

2f
X-l/=:

and

V'16w-(2-l)*}

2r0
a;i-2/

4^{16n-(2-l)4}

a; = K^+ 1) •(2^+ 1)

II.

111.

IV.

4/{lGn-(^-l)4}-y|2+ lj4_.iG„,2T}'

and 7/ =
'(2-1)

^{16«-(«-l)4}

7. a:2+Z/^ = H2«'+w2),

_2|v4. . and the value oi z is given by IV.

i<5 +y = mn.

and (a;+2/)^— iia^i/'(*c+i/) = mn.
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Let u^,^, and r = ,,. an<l the equations become

Eliminator, ••.».» (2m + „«),+ o,,,,^o^

ti„. b^ ;:
"' '"'' """"' " = " -« -"•-'>-' by t].e m„,ti,lica.

or H^^nn- 2m -=0,

••• '* and /; are completely determined.

If m = 7
and n=5. the above equations become

^-+//^ = 13, and ^'.+.^3^35,

288

Solving, aH above, gives

'< = o, or 2, or — 7,

2t'=12, or -9, or 36,

«+^ = 5, or 2, or -7,

*~y=±l, ordiv/22, or +/,/23.

^= 8, 2, i(2±y22)or
.(-7d;;V

y-2,. 3, ^^2+v/22jor^(^7:;:;V23).

23j

it-
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.r=4-.'/- I T .

X' -f'/
2 =

Tobtiiio' tliis Ijr ratioual linoar factorH it in easily retluced to

. . //=! or ,i(-24: v^'i)

;

^=.t or i(-l±4i/2).

(x-|-2//-s)(./-+ //+z) = l
;

Let w = x-+ //4-z and tlio equ.itious may be written

(.s + r-2//).s = 9

IV. -mV. (4.S+J: f v-OzV'» = 12, or (5s -?«> = 12

B,\11-7.V1. j(15«-2l2) -(7«--2l2)}.9 = 8,

.-. H.v2 = 8. .. «= ±1.

Substituting' in I, 11. and III. tlioy become

2x-i/-^z=±\), :c+2//-z=±l, .«-H//-23= ±4,

I.

XL

III.

IV.

V.

VI.

VII.

-±4, //=-h2, z=q:i.

10 x^+y^=n

Let t^xijT- tiv
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il to

h
u.

in.

V.

VI.

4/

.-. {U- + ('« - c - 0" b-i'-tt)- (a + ,•+ /)(/>-f ,• -/)}« =

... {(fl-M'-f |/-'}/2-'2('('J-/•2W4-

t =

1^(-2V

11. T]I = VV

rr-f ?/4n+ »*- rt

Let r 4-?/ = ^("+2). .-. "4-'*=i(

Also let r = xii
"'•

I.

11.

Ill

IV.

V.

VI.

VI

J

a|r,2-t_^l()</2zM >i^)=^Uy{r'' f
5'>a/+i()-,, 'i\. Vlll.

EUininntiiiu' '• between VI 1. and VIU,

45,,^24 ._ H0<^(,,3 ^.ii/, »)c-' 4-,/»' - 20a-^6'^ 8()A« 4-144m'« =

/' -4- 26»±2 s/J>{("=' + 5^'')« -.%a<;« [J

IX.

X.

^yj
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;

it

Vll. Sc IX. l2'(r = o^ - 4^3_^3M2a

;• =
8()'t

XI.

X. and XI. ^'ive the values of z and /• which may now be treated

as kuowu in V ;iud V.

•'+ //
'-
h^" +2), and ./;// - r

x=\[<i-^z±V{{a+z)^ -lO/-;-);

The vahics of n and y lufiy be obtained from those of x and y

respectively by changing z uito -z.

Exercise.

1. (i{(7-a;)-'4-.r[ = 13l7-u;)//, u;^ + 4y/ = »/''+ i-

2. 10.«r•'-1^v2=2u;^ 8.C'' - 6//3 = 13:c.

8. ;ir// = (3-a;)2 = (2-y)2. 4. .^2 + //'-^ -8u;-r% = U4.

6. :<;4-^y+.'/ = 5, ./;' +.^7/+//^ =7.
35 -28

7. a;^*+ //^ = 7u:// = 28(.;-i-//). 8. •*'•"+ a://+ //'» = ~a + ^a -;^:

10. (a74-//)(.c-' +//''') = 17<'/, [X'-!/){^'^-y'-^) = ^-^y'

11. 25(..:3+//») = 7(u;4-^)^ = 175.<;//.

12. 2u;2 - ,f^
= 14(a;=^ - 2//=^) - 14(u;-//).

13. 2u:^ -Sxy = 9(.c- 3//), 8(.i;2 - 3.y-') ::. 2(2x-3 - 3.v,v/).

14. 2x-« -X7/4-5//- = l(H-c+ //). •*-'- +'i-''7/+ 3//' - 14(./;4-y/).

15. (2x"3//)i3.c+4//) -= 39^.<;-2//), ( 3x-f 2//)vtu;-3- = {9%c 2/y)



XI.

be treated

f X a;!icl y

= U4.

5
J
28

= (99l.c- 2//)

APPExnrx.

1^- (-+2,)(.^,,).,^,^^, .^^•4-.)(..+,).o«^,^^/

21. «:2_5^^^^,^^^^^^^
^.j = ^+>j^i.

22. ^.+,/.5(.-,,), .,+,,^^^^__^^^

23. 3u.«+y) = 3(x^.,.,==,iH,,^.

24. 10(./;2+,y) = i0(^^.,^...^^i,j^,^,_j_^^2^^

27. ar4-.t7/-f-,/ = 5, x-^ -{.,,,+ ,rs ^irj^

28. x-+y = 2, (.'•4-i ;•+(,/ -2) " = 211.

287

29. ^x~l)iy^l)^^^.^^
)(//- 1),

i«^+./-4-l 31 l.r.2 -

80. a;+.y =

^"+y + l 3!) l^ii-^ + i
y

.r-f-l

«//
x~y = ,i''!/•

81. :^r+ y/.f 1=^0
,

.r'5+ ,y«^2 = 0.

82.

88.

'+3/ = l. 3(.r«+_,

4ur?ya =^2/^ = 5(5~.«), 2(.,-2+ ,/2)^

84. 270.^ = 17, 9(.t-3+y3^=_ 8.

85. (a;2 4.,/2)2 4.4_, ,2..'?
//-^ = 5 - 1

2

86.

37.

//, y(.r3.|.,^2^^3^
0.

a;-fy=a;y/, ./j-'+y^s^^.a^ 3.

9.^2.

88. «^(y«+3y-l) = 2.v2 + 2H-3. y(:,^^s^^l) = 2.^2 + 2.^ -f 3.

I

m
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80.
X''

w + 2f^
X

<l

4- 4 = 4 a ~^l

40. x-8+x-//«='/, .v'^ + r3v=://.

41. x-^!/ = ci,

X ^-y
h -IJ X

a — 1

43. a;+ ?/2=ax, x-^y = hy. U. x-[- 1/^ =ay^, x--\-ij = hx^.

4(). (a;+ //)(x^ + 3//a
) = //*, (u;-//)(.c-+3.v-j = /i.

47. x^!f^=y{a-x)''=x{h-y)'^.

48. x3(^-.v) = //3(a-.r)-(a-.x-)-(/>--//)=^.

50. x^-y^=a{x--tr), ^^•^ + //^ = H•<'•+i/^

51. x+ //
= a, x^'+y^^-^'xy.

x—y xic'^-^cxy)
- ^1— =12. 1:1 - J^ = —

y{c'-xy)
= />3.

58 a;H-y = ;c// = ^-+//-'
9.

54. x— y= — = x^~y^,'

55. a;»(H-//2)(l-h//M = «, x-^(l -//')(! -^•*) =

56.
x'^+xy + y^'

x^-xy-i-y'

x'^+y'- •'!/

a

57. x'^y+xy 2 — rr

x^ +//*
j;^V + .<•'/* = ^.

58. «3,/_|.^,y2 =^/(x--' +//-), x-^y-xy^=h{x^ -y^h

59.
'/

^^ ii- (x-+//) = a. +
ir - ^.



= hx^.

ArrKM>i\.

06. x^+y-^=a{x + y), ,r^ -^y* = h^,r-l.,.^-

68. a'y=:a, x'^-hy"' =b(x'^-^y»).

70. a;2-//3=:,;, ar.3-|_y.H = /,^^_^,^)^

71. x-\-y = a, x'^-^i/^^h. 72 r4-,/-„ « , ^ ,

78. a;+?/ = a, x/-^ +y- =h2j.'>y2^

75. x-\-y = a, c(.r4+y4j=,^y(_,.:,_^,^3)^

76. (a;+,/)S^a(.^'?.^2/2),
a:y = e(a;4-//).

77. xhji-x!j^=a^, c^^.x^+i/^) = x'iy''i.

78. a;3=«(a;2-f,y2)_^^^^ yS = c{x^^y2)..

280

«5r^.

79.

80.

a;2_ya_rt2

;4 _7/4 —/J

2

-//'=.- f-L_
«

?/ )

2/" =a^X?/, (X'^ -f //3)3 = /,2^^2 __^2)

81. (a:-f;y)a:2^/2^^^ ;*•'' -fy/fi =^

82. {x+ y)xi/ = a, jf.'' -1-^ •'
r-. hxy.

ii

u
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H8.

81.

85.

80.

87.

88.

89.

00.

1)2.

93.

91.

95.

90.

x^{l+x^l/^) a l-\-xij
(X- +11" }Xt/ = X^ — 11"

, "TT". > a = "7~ • V •

y'{x'fr'')-x
•c+y = {x-y)s/ [xy)

, ^, ^jijj^.j = «•

x^+y^=a, [x + y){x^^-y^)==b{x^^y'^),

(.^2 4._v3)(.c=' +.//») = .^u.'//, (x'+/y)(.c4+/y4 ) = bxy.

(a;-v/)(aj'^-y/2){u;4-y*) = 4.a-//,

(x-+y){x^ 4.2/3)(^.3 ^.^3) = /.(^ _ ,,),

x^y -^xu"^ =a{x^y +-xy^) = h{x^ +.y^).

a{x^-\-y^) = ab{x-i-y) = hxy[x^-\-y''^).

a;3_,y3 rtS_/>3 x^ -y-' a'^-b'^

x- -yy2-a2-lj2 x*—y^ «*—&•'

X' + y^ <<3.4-/^3 .t'My'

x^-y^ a- 62 .3 _ ,,3

a

a

4
-t-/;^

97. .«:« = 2a.c h^ V
s _ •>'lay hx.

98. (;^;+//)(^^*4-//3) = a, (x^y){x^ y^) = b.

99.

{x,-y)Hx^--xy-\-y'i)

-^ 3wt8,

:^ fin^



APPENOtX. 2ni

100.

101.

10'2.

{x- y )
^ {x^

- y^

— a

= />«.

103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

x^-\-xy+y'^ ~ """ *

{x^Jry^){x+y)'^

113.

114.

115.

^.(/(•*^ 4- «/)
(.c ^ + // ^ ) = f^'', xy[x - y){x^ — y'^) = h.

x{x+y){x+^y){x+'6y) = ai, [x^yY' + {x +yf ^h.

y/{x- xtj) +\/{y- xy) = <(, {/"{x-x'^j-i- V[y->/-^)^. h,

(x+r){y--l) = a{x-l){y + l),

(x'-' + l){y-iy=l>^x-l)Hy" + l).

x+y = a, */{x-lc)+ \/{!,-k) = c.

x+y = a{l-^xy), {j--\-y)* =:h^l^x.\>i*).

x+y = o{l -{-xy), x'' +//'^ = /r'(l +.t'\v"' ) ^

(x+l)iy-l) = a(x-l){y+l\

{x'-l){y~l) = h^y^-l)(x-l).

(l+:>r)(l+?/)_ (l+,.VX l4-v^3 _^^

(l-xUl-v)"''' (l-x-^)(l -//•>)

(c+ a;)(gH-?/)

(c-x)(c— //)

= a.

= 'T,

(o4 4-a!4)(r4 4.;/4)__

(^ a;*)(( .4)
rri.

= ^i

' (£

^ »vi? I
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11(1.

117.

118.

119.

120.

121.

122.

128.

124.

125.

126.

127.

128.

APPENDIX,

129.

41 + ^^)""*' = //.

1+^

= a.

= «,

//2Jl+f*)

z/^li+f!.)

= 6.

= 6.

= a.

= 6.

6.

{x-y){xy— l) 'lab

(a:4-.y)(l+^/y)
,,.,. ^.

•(l-2/^)_

(.C-7/j(l-.6'//j .v(
1— .«-;

= a.

— — n —--' —
(•«-//)(i—

-^^.v)

= a
ix-^ - ll'^)[l — x^y'^)

{x^^V^){l±x^i/^)
= «,

(u;4-v)(l+ a^//)

{x-ij){l -xy)
= 6.

(f+y)(l-ha;//) = a.

{x^ +X!/-^y^){l-\-x!/+x^ y-
) _

{x^-xy+y^{\-xy + xhj^)

{x-y)'{l-xy)^

= a.

:r.b.

X*-dx^y+ r)a^x-\~y'^=0, y^ - x^y"^ -la'^x^O,

IC

12
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130. 2j-f//»-2x)«=^, y(!/'^-2x)-^/(y^ Aj:) = h.

(Hence deduce the solution oi' x-'— r)u---|-'2=»0).

131 2x.v(x3 +//=')''' --^'t, (-c' - y-Hj-' -hirV' ^ i>.

C)[x' - ^ - j = a( (5^— ll;, \ ;) + u j

.

ExEIlCiSE.

2. a;' J 2 r= 1
,

?/-— :r2 = 2,

3.

(2r+y-42)(x+;/+c) = 24,

(a;+2//-2zi(./:+//+z) = 6,

(-2a;+3//H-i;2Ji^x+ t/4s) = 30, z'^ -x'/^-o.

{x+2!f-Sz){x+!/-^z)— 2{xy+yz+z,r) = - 12,

{2x-'d(/-^z)[x+:/+z)-^[X!/^yz-^zx) = Gl,

{Sx - !J+ 2ij(^' ri/ -r^j — c5Uv/H-//cH-2.;;; - 5.

x2-y/z = 0, 6. (a;^ + .v'+~'')'^ + (^+ ?/)^ = 31.

x-\-!/-\-z = 7,

a;2-i-j/2+z5j = 21.

a;

••'-1/2= 0,

+ .y4« = 21,

7. x+yz=U,

y-\-zx= 11,

(^-y)2+(i/-s)*-r(z--^')^ = 126. 2+^7/ = 10,

8. a;H-2/ = ^2,

a;2+2/2 +2^ = 181,

10. a;+2/ = 7s,

a;3 + //3 = 2522,

y, x+y = 5z,

a:3+i/3 = 105^-,

11. iC- •7/ = 72,

aj2+^5J = 25z2,

a;* + j/« = 202722.

12.

x*-\-y* = 674z^.

x+y:y-{-z:z+x::a:h:ct 13. «4-iy:»/-f2:z+a;::a:6:c,

(«+ 6-f-c)a;^2= 2, {a-i-b+c)xyz=-2{x-{-y-{-z.)



I
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14. nx = h}j=^rz^ — ^. J_ ^ J_.
X ij z

15. (.c+v — z)x = *f,

{-x+t/+z)z = c.

16. zit .
Vj

I
X z

\ Z X

.JL^
7/

- a,

= 6,

= c.

17. (y-\-z)(2x+t/-\-z) = a, 18. a'f;/4-c'»://(?4-3;):2(a-+ >/)

{x+!/){x+y-\-2z)=c,

l'-\-c:c-\-((:n-rb,

y!/+yz+zx= {a'\-b-\-c)(xi-y-^z).

19. (a + ^)^+(^+f;,/+ (c + «)z = (a-i-64-f)(a; + «/+^),

a{x-{-t/) = c{//+z),

20. c(uJ-|.y).f6(^_5)_,/(y+^)=0,

/>(ic — z) = (a — c)//,

X'

21. iC+i/— az =x-by+z= -cx + y+z=: xyz.

22. (a+/>+c)(a;-?/) +a(a;+5)-% + 2) = 0,

(a+ 6+t!)(.c-z)+a(a;+2/)— c(y-f-2)=0.

««"

Tv-.- +
6iyS

+
CZ'

(6+c)3 ^ (c+aj2 - («,+/,)2
= L

a;
23. xy -\- f- ^ a.

2/ _yz -\- JL = 6, 8a; +
«

= c

24. ?/4-z:2+a;:aT+i/::64-c:c4-rt:a4-J,

(a;+?/+ «)(x</z) = {a-^-b+cXxy+yz-^zx).

89.

25.

26.

w—yz — a^ y xz = b, z^ ~xy = c.

X2+(y-z)3=a8, y'^+{z-xY^b^, ««
_J.(aj,

_ ,^)
J ^ ^,^ 41.
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= 6,

= c. 29. .r+»/ + 2a2--^(),

j.3+y8_ 26222=0,

81. x{y-l){z- l) = 2a,

«»(//» -l)(ar2-l) = 4/^2,

a;3(//»-l)(23-l) = G<22

83. x{y-l) = a(z-l),

a;*(2/*-l) = c*(2*-l).

35. aKy-l) = a(2-l),

a;3(y8_l) = ft3(^2-l),

a;«(y«-l) = f*(2*-l).

87. x—y— at

u — v=sb.

xy = uv.

X' —2/*+w*— V* =c(a-hi).

89. ^j/ = uv - a*,

80. a:+»/— «2 = 0,

82. 4//- l) = r7(2-l),

84. a;(//-l)=^rt(2-l),

aJ*0/4+l) = c4(2'» _j_l).

80. (ar-7/-'=,/2(jT+?/),

{x-yY=i:z\j:,'^-^y^\

as.

40.

•W-f y = 6,

j/-'4.t;2=^:J.

aj+ y + w+ f = 6,

i;c^ + V^ + '*^+'^^ =3 =,.3. •*'+//'* + '<+<'* =4 =.,4

41. xy = uv — w 42. j;// = Ml? u-



'—Hj

21)0 APPLNUIX.

** +//'+ '*"' + y"* = r

'

u+ 7/X}-f..

(u;+2t)3+(//+ r)? = r7=rS

I.']. x;/ = iiv =: a''' , x-^i/ + u-^v=:h, (x-hu)*-i-{y-t-^-^*=c^4^/.4

44. ./•// = «y,

40. a-// = nr,

«•
'+Z/^ + '*^4-^'*='

48. xt/ — nv = 0,

— /,a

50.

u2 +y3 =7i3^

4y. a;2 + 7/2=^.2,

47.

U'-\-V nr

= /.3

vxi-uy = n-.

51. y{l+x^)^2x,

u{l+y^) = 2y,

a;(H-i;3) = 2r,

52. x+y+u^v = n., (x-hy)" +{u-{-vy = b'

{x-\-iiy-\-^y-{-v)^=c'^, {x+vy'-^{y+u)^=e''

5a.
X M— U 2h- u 2t u

:v+2 2ti i-\-x b— 'zu x+y' c— 2u

x^+y-'-t-e - ^/>3



AXSVVERS.

I'iXKRclSK i.

1. 9 no, 1,0. 10,,, _,,,,,^ ^ -ino,ioc,4i,i08
8' ~i',,ih -20, 120, ,V -81, -4,V.O, -i. 4 8

7. 140,14, -72, -270.31)6. 8. Eucli = 0.

1. -1.

6. 968.

10. -20.

1. 0, 16.(4.

ExEiicisK ii.

2. -1fi«.-12.
3. 100. -t. -2!m75n.

« -1«'^. 7. 10. 8. -H. .,.

11. 70044025-1900. 12. oacl,. Irf. K.eh (),'

Exercise iii.

6. 0.

11. a -4-

14. 0.

17. 0.

6. 4^/4.

^', ay'3.

7. Ga4.

3. 2,7, 0.

8.

4. 2G'?« -20,

(«+ ^). 12. «2^-(/>-f.2r)-^/"2.

15. (12u-A-24.;/;y+28/:;3
18.

18. -6 =

)-?-(3/>-a).\

10. 0.

16. 0.

26. 2{b+l)h, 4x'

85. •^^•^ v(r+ /-')(^r-;-').

^-
19, 20, 21 aiid 22, each

32. c/^.8^3. 83^ ^=v^(j,^.^.

Exercise iv.

1. 2(bx+ r,^\

aHx--z)-ab(x-?/)-.b^i/-z)
H"x~hu),

4- («+ y-f-z)(a+ /; + r)

6. 2^x+,y+2) X 0/,-' +^a 4.C2 __«^,._

6. (rt+ /;-f.r)(a:2-f-?/3-f23).

2(' 'ty~\-hi/-j-,y).

10. 2a;"(tt 26).

9.

6f— ca). 7. 0.

11. a-j-b-

m



11 ANSWKRfi.

r

I

i;

EXBKCISE V,

I. 2fr» + 9//^\ 4a2/*^ 4. 4(.'f« -/.3)«.

5. a;3+4a:, -3|^*-4^3//-' + 3fy*. 0. a^.

8. ^3 -0.,-3 +0^4 4.2^y _ fj^,,3 _ 6^ay 4. ly^a^a +^y _ (;,,& 4.9^4.

9. 43://(^»-^»), 2(l + 12ra4.10,r4,.

10. VffC'*- 11. a^-2h3, 8ah(,i-^b)^.

18. i:r2 ^ ^,/0 ^ j234-i(^.,y4.,/,4...^.),

18. (aaH-2/>2_2c-3)a. 19. lG^3,/2.

12. 2(a-c)(/^-ti).

15. d+.n^Y'^.

17. X-.

20. -4a6.
21. 4(a-|-6-i-e)^

24. (aax3+i2,/»)a.

23. 'i{l+x'-\'X^+x^).

Exercise vi.

1. 1--4.C+10.C2 -20.«3 + 25.c* -21.c« + 16.c\

1 - 2.C4.8.C2 ~4.t'a +8./;4 - 2.C* +u;«.

2. l_4x + 8x'2- 14.^3 \-Uir* -Sx^ +5x^ ^Gx"" -^x^,

^ l-\-()x-{-15x^ -^20x^ ^Ux"^ +(',x''-\-x^.

3. 4a2+ //-' + c-4 + l_4a6-4ar3_4a4-2k3-|.2/)4-2ca,

l+^^+y'^+z''-2x-h2,/ + 2z-2x!/-2xz+ 2i/z,

2cdx' +U-^x\ 8. 3(^3 +/'- +6'2)-2(a6+Z/c+ca).

^biix'"^ — cdx-

Exercise vii.

1. (rt2_/,3)2. 2. .U-*+^/'*. a. '<4+3a3^2^_4^,4.

a;4_y.4 6, 16.;^. 0.

8. 4a4 -yM-lGo4-|-2l/>->-(;

9o3_4a*-'-//'-^-i-4a^. 10. .(;»

^^

9. ^2-9c'2-4r*2_|.i2«e,

^«. 11. x^+x-V^+Z/'

1.



ANfiWRRS.

\a).

|46*.

12. o»-a»/.?+/.2_l. 14. x.^-hn^-^ur^l/^.

16. a;*4-2r« f 8.r<4-2./-'' + l.

16. 4a4r'^-4«V// + ^»V -<'-'.'••» -2(»-.f\v+2(i./''' +2/<u-<//-aj".

20. (.r»H-./'^-2./7/-2«)!'. 21. .r"-//\

22. i-(J^<3 + 27«/-». 23. (,„+/,)8_ (/,+,/)».

24. 2u.-'-i-x»-f2x"-x»-l. 25. <i"-/>i«.

ExKRt'isj; viii.

1. a:*+4jr3+ a.-' -2.^-12, urS-f//-* -2./7/+ 8rr-R»/z-Mr>;,-3.

2. X* + 1 2x-« + I'J.i---' + 78x+ 10, X-" + /'.'^•' - a a + 8(f /» - 2/> -

.

8. a**+8<i*^--U)<i* -l{nn''i +l{)r,, .<;« + 2x« -u;i'~2.

4. x^+ i:>x^y' - 12x--//-'+iix-//^ + //*.

.r2 //-' 2x 2v
C. a;8''-2j:''-a!'-lGa-08, -+-'-4. + • -1.

e. ?i2u'2 4-2;'^//+//3+]0>/.,-+l()v + 21.

7. (.c+<0^ + 2//{./-fa)-8//«. 8. .r*»+ 2r^"+.r2''(l-r7-/>)-

10.
1 1 1 1-4—1 -2 - +^

)

11. x^ -Qx^ -[-V:)x^—V2.x+ 2.

12. \x-k-b)^ - (a=i+c-')(x+A)2 -h aJ'c- 18. ah^cd.

EXERCISE IX,

1; 2(l4-3;c4), 2x//^(3.)!'i+.'c*//"). 2. 9fc(rt9 + /)2 4.^/>%^^

b{27a^-21ah^7/>^] H. (.r + y)*. 4. 8a3. Sx'^

6. 8a;». 7. ^<3. 8. 27.r3. 9. (2+^3.^,12. 8(.c» + .v'»}

14. {a^+b^){x^+y^). 15. 0. 'iC^O.*"

EXERCISE X.

1. l-8ar+Ga;2-7j;3+Ga;*-3a;»+a;8, a^ -b^-c^^Sa^{b-]-c)

+ 8fe2(a -c)H-8c2(a-6)+ 6r/6c, 1 -6a:+21a;2 -6Ga;S ^.

Ilia:* - 174.r« +219.r« - 204r^ 4-144.^8 - G4a:».
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'>

ANSWI-RR.

2. —(./:« + 18.^" + 27:r 7 f 20r« - 24:^'5 - 36x-* + ux^ - J?^:^ - 2).

0.

J< :r,K('fSE xi.

^^//^ +//", ^^ - 4- ll^x-i
' // +(>Cu;' »//^

-i- 220u;^^- + l<Ji5x«//-« -f-

702X-7//''' +924./;«'.7<' +7y2x-'''.y ' +&0.

Tliu .signs will be {iltoriiately i)ositive and negative.

:}, ir' - ^ilH) + 10^3//-' - lOa'-'/ri ^ 5,,/^4 __ ljr>^

(f^ -iia'^lj-\-'l\a-b^^ — 'S'lah'^-\-l('M, )i2imQ as last, terms in

inverse order. 4. 1 + 0m4-15//A--f 20///^ -|- 15/>t'*-t-0///^ 4-

210m4+ iOO/;/.:5 + GOm.3-}-12m + l. 5. 120.

6. ./;8 -4j;«.v + ^5u;-i//--4x-^y3_|_,,4^ a^ -10a46-'+'40rt3A4__

lG0a>'/>» + 240tt''/yi=^— i<J2rt3Z;i.^4-a46i».

7. 4ypa«//"i-7y2a^/v5.

Exercise xii,
'

x^-\-£^+x^\ 8. .c4+ 2.c'^-85a;3-86.c+1680,

2.c«-3.c6+4a;«+u^4+.«!* -2.^:3 _^4.2. 4. a;«-57a;4+
26Gu;2-l. 5. 18.c« -h 21x ' + 8.«e

4- a;« + 63.c'^ + 96.^34.

43u;+6. 6. 1- 0.0 7. 6.ci 3 _ 4^9 _ 5^8^_ 2 ,. 7 +
y.c« - 10u:'*+.«*-5.«3 +5.c2_|.^.|_4^ ^_ .^;3 + 9.c-' + 10.<-f :

9 4-3a;' 10. X^-'6x^

VI. (1), -1, (2), -1, (3)

11. u;^+8.c3-8.^.

18. -1.



-8a;2-2).

tbjj+ cz)'-^.
1.

8.

5.

7<v''+?/^
7.

-28a;-// « 4-
9.

195u;«//-» -h
11.

18.

14.
ive.

17.

]9.

, terms in
22.

i^^Om^-h

1 192//4^4-

,

1

0rt3A4-
2.

4.
'^-

1

6.

6.

7.

• 8.

fj;«+a;7H- 9.

30,
10.

11.
56_57a;44. ^ 1

12.
•'^+96^3+ 1

jx^-2j'-'+ 1

+ io.rt:r. 1 ^•

^x, 1

E

INbWERS.

XF.RCISK xilT.

8.rS-2.r^-4.r4-2. 2. Ha^^ _ 4^3 4.nj:5 _ 2.r+l.

a4-f2r,3 + 8^/2 4.4^^5^ 4. .r-''-|-2a:'-'//+8rv2+4.v'.

«3 + 3„.>,^^3,,^o_^^3_
0. 4..---f-8.>:+7, -18.C--20.

10.^:3 + 5x--'+ l, 10.r4-10. 8. ^'-'-^v/ 4. ,/•-'. • .

X2-r/2 10. x-44-(l-„V-5+ (l--a + />)^-'.f (i..,.„);^4_i

12. iM''+18.ry+ I2//-.
8.r«'' +2.^2 +;r+ U, 8J,u.4-l)

ex^-x'^-x-'-^x^-x+C>,

2.c4-8u;:^H-4./;-'-iV + G.

10.*;3, l()(u;'t-20).

H-u;-5i^--- 8x34.9^4.

-20. 28. 15^4.

20. 88. 21, -4.

24. 85.f4-8. 2o. 755.

Exercise xiv.

y3_2_,/2_4,,_9^ if_,/^^_l

?/-'+ 3//+ 5, if//=::/;+l. 8. 7/4+ 81, ify = x-2.
?/44-4;/3-43//-'+92//-07, if?/ = .^:+2.

8/y^+80y/44-119//3-f288/y2+249.v+ 106, if^^^_2.

(u;-2//-'^)-8//(a;-2^)--'-18.y2(a:-2//)-247/^
.

(^-.V)5-10y2(a._^^3_20^3(^_^^o_l(,^,4^^_^^^

(2.c+ //)3 + 2.y2(2;c+i/) + 5y3.

7/4-24i/2+49i/-28, if2/ = x+2.

Exercise xv.

{a-b)^-\-{h-c)2 + (G-a)2, ><{b-c)+b{c~a) + c(a-
ab{x— c)+bc{x— a)-i-ac{x-b),

abc{a2b-^aH+ b-c-i-ab''i-\'ac--^Ijc2),

*),

(



VI ANSWKR?..

i

13.

16.

77.

20.

23,

28.

8.

5.

7.

9.

1.

6.

8.

11.

(a-^h)(c-a)(r~h)-\-{h+ c)(a h){<, r) |- (r4.,/)(// --e)(A - ,/).

(ibc+bcil-\-cdu-{-(lab,

n''{b+cJrd)^-b'i{c^,l-\-<,)-i.r'{d-^a^h)+(r-{a-^h-irc),

{a-b)-^(a-r)Jr{a-il)-\-[b-c)^[^l,-d)-^{c-d),

a^{a-b)+ b"^[h~c)-\-r'^{c-d)^d'^{d-a).

^and//. 14. <ix iiwi]. bij, x, ij,z. 15. /and^.
X and //, also a; and z, and y and - z.

«, />and-c. 18. .^,-2, -2/" and«2. 19. ^ and e.

n and c. 21. a and b. 22. a^ and ^ab.

a-b and «/><?. 21. a'^b, nbc. 25. a;^ a;-**/, and x'^y^\

^^me-, x^!l,x^ll^. 2G. Not symmetrical.

a^, (t^b, a^bc, abed; a^, a^-b^. 29. a^, a-iy.

Exercise xvi.

4(«2 +//i 4.^2). 2. 3072 _j./,3 J^c^')^^ab\^hc-irca),

4(rt2+/,2+c2-+-r?2). 4. 2(rt2+/,2_j_c2).

4{a:2+v/2+22+w,2). G. 2(a3_j.63 4.c3)4C2a2?> - 12aic.

14(a:2+i/2^22^_^2(.c//+//z+2.c). 8. 24a6c7/iur.

^abc{a-^b+c). 10. rt2^2.^//it.2 ^^...,42^

Exercise xvii.

115. 2. />rt3-3.7fl2+3ra-.s. 3. 2. 4. -17'3533.

1, 2(3a2+l). 0. Oor2^", 2/A 0. 7. 36.

-(^2+^2)3_(3^2)3. 9, _15a4. 10. 3888a46*.

an^{a+ b), 12. 0. 13. 2a« -3a/^(a-6),

2634.6«6(a+ ?>), 2(«3 + /;3).

Exercise xx.

1.

7.

3. 2. 1. 3. -l±2v/-2. 4. 2. 5. 36. 6. 11.

13. p=-q, q = 6. 14. /<=-46, 9 = 14,
1 1

»



ANSWERS. 11

c){h-a).

+c),

id h.

h anfl c.

,nd 2ah.

[lud x^y^\

metrical.

]) - 12a6c.

r.

7-3533.

6. 11.

[6, 5 = 14,

Exekcisp: xxi.

1. h=-S,c = S-,d=-2^. 2. c= -201, r7= -13^.f=00^'.

8. h=-3yc=-10. 4. rt = 3, /> = 0, r= ^57. 5. ^/ = - 2,

c = 24i, ^ = 0. 6. c=-10n.i, r/ = 2()2|,. 7. a = 201),

ft=-810, c = 63y. 8. ^ = 4, (=—27, (1 = 7, e = m.

399. 10. a;» -(/>+ 3^3 4. (2/. -|-(^H-3U-(i>+ (/+/•+ !).9.

n. x-3 - (/9 - S)x'^ - (2y> - 5 — 3).c - (/> - (/+ /• 1).

12. ra;3-(3/--7).6-3+(;ir-27H-jt>)a;-(r-<7+7>-l).

13. x-3-r/a;3+/)/-.c-r3, 14. x-» -(y^2_2^)^.2 .^.(,^2 _2y,r)a;- r-*.

15. x^-''lqx^+{pr'{-q2)x+r^-pc2r, 16. ru;^ -(^>7 + 8/V-'

+

(/>3_2y;(7 + 3y)a;-(p7-r), 33. -1. 34. 1. 35. -i.

3G. 1. 37. -1. 88and 39. a + 6+ c + (/. 40.-1.

ExEKcisE xxiii.

1. 5ft4 + 15r4. 2. 6. 3. 3. 4.- {^^A+<^-l'/) -r ... + ... + ...}•

5. 0. 6. 564_30a/)3+j30r/:i/>a_5,,3^. g. 0, 9.0. 10.0. 11.1.

12. {a+ h+o + d). 13. -1. 14. a-\-b+c-\-d.

15. (a4-6+c)((/2 4./>2_^(;->+«6+ 6c+cr()+(//>c'.

16. (a+6+c)2(a2 4-/,3+c3)+ 2a66-(a+6+ c). 17. a+ /)+ r4-(<.

18. (a + 6+ c4-(/)2. 19. {a+ h+ c-{-d){{a-^b+ c-\-dy- -

{ab-{-ad-\-ac+ bc-i-hd-\-cd)\-{-abcd. 20. a+6-fc. 21. 3.

22. -1. 23. 0. 24. 0. 25. 0. 20. 1+^^;- Aa;2 + ^ig.c3.

27. l-^x-^x'-^ -j'-^x'K 28. l-\-x-hx'+x^.

29. 1— 2aj + 3.6-2 -4.C-'. 30. I -{- ix - ^x- -^ J^x'^

,

Exercise xxiii. (<ij

8. 9{p'^-q){r''-qt)-{pr-ty-=d{'d(p'^-q)(qr-pt)-

(ptj-r){pr-t)} X {3{pq -r)(r'^ -qt) - [pr- t}(qr- pt)\

.

i). x"{4x''-\-'Spx- +3,jx-^r) -- (.*;•* +4//.t;3+0r/.6-' +4/'.t-h^j.

^.
^'

I



/

I

//

.

«

Vlll

10.

AVSWKRS.

ip, (.v)2_2(n7), -(4:p}^-\-n{Ap){Gf/)-S(ir\

(4/j)4 ~^ip)^Cyq)-\.^4p){4r)+2{Gq)^~4t,

- (4p)-' + 5(4;;)3(6r/) - 5(4/.)^(4;-) - 5(4/>)(67)24-5(47>;f+
5{G'j){4r), (4y>)«-G(4;.)4^Gry)4-0(4/;)3(4r) + 9(4/9)2(G.^)--' -

G(4yO = <-12(4/;)(Gy)(4r)-2(G<7)3 + 6(67)«+ 3(4r)2.

11. .^)«»4-4siS3 4-3s«, So.9g-6s,5., + 15.s2.s4-10.s^, where .«f„, .f,,

&c., are the coefficients of the terms (taken in order) of

the quotient in No. 10.

12. a"(4x3-2Sx+ l)-4-(r4-14.r:2+3T-38); .<?, =--0, ..^ =28, .<?_,

= -3, s^ = r>U, .s'g = -70, 6-g = 8683; 2(a-6j4 =4526,

S(«-^>)«=2G4122.

Exercise xxiv.

1. (3w4-2)3, (r--l)^ 2. (2/2-^3)3, 47/5(2.r+7/)2.

3. (3a/>H-2e)2, 42/2(3a;-7/)2 4. (^aj^ -4^2)2, (^^^ -^62,.2)2
,

7. (a;2-z3)2. 8. {x-y)^, 9. (a + Z^-, (ii^3_4^3)2.

10. (x-y)^. 11. 4(.c2+;y2)'i. 12. (x+^)4.

(a2_ia_c2)3. 16. (2a-2c)2. 17. (2a2 _86 + 4")8.

13.

15.

Exercise xxv.

{7rf-\-2h)(7a~2h). 2. {Sa-^U){na--l-h).

3. (3a-2i)(9a2+4/;3)(3ri+ 26). 4. (10.c-6y)(10.r+G//).

5. 5h{a+ 2xy){a-2xy) 6. (3a;''^-4.v2)(3a;3+4?/2).

7. (^ + l)(^c-l). 8. (2//2-|:r2)(2//2+ |a:^).

9. (3rt-l)(3^ + l)(lM3_|.|). 10. {a-2b){a+2b){a2 -j-U^),

11. (a-/>)(a + 6)(a2+/>aX«'*+/>*}('*'+''^'*).
\

12

14.

17.

18.

20.

28.

24.

25.

27.

28.

80.

5.

6.

7.

9.

10.

11.

12.

14.

15.

17.



ANSWERS. to

Qqy- -

jrdei) of

= 28, ss

i = 4526,

^62^2)2

)6 + 4'')8.

).

462).

12 (f7+ ;^~e)(^-6+'^)- IB. (^'-f2/>"3x-l •1'/)(a4-2/;- 3;k-1 4//').

14. (x^-y^y^ 15. (.c+7/4-22)U'+.v-?2). 10. \Cy{x+l){l -x).

17. (a;+ yH-2;)(a;H-?/-z)(«— a-4-.'/)(z + ^ --?/).

18. ix}/{x + y){x-y). 19. (x— 2;4-//)(x--z— //)(.r+24-.'/)(^'+2-?/).

20. 4((< + 0(/^+ ^)- 21. 24.r(iH-2.c2). 22. 8r/6(« + 6)2.

23. (rt + 6-f^-H-'/)(fl +c— 6 ~ c/)(a - h .~c-\-i(){a -tb-c- d).

24. {x+y-\-z){x-y—z){x-\-y-z)[.r — ii-\-z).

25. 6a363^a6-3^/''/r''+6«). 26. (rt3^/,3)(,^,a _/,.3)3.

27. (a:2+.v2+.^2)(u:-' +^'-* +2^ - 2.^// - ^yz-^-zr).

28. (x+2z)(j.--2//). 29. («+6-c)(^-/.+0l'^+ ^'H-«)t^ + ^*- ^0-

80. {x-y + z){x-\-y- z){x + y-\-z)[x- y~z).

Exercise xxvi.

1 (a:-7)^r+2). (a;-7H.^-2). (.r4-4VaT+3).

2. (a;-3)(.i--5). (a;-7)(./:-12), u-12)(x-+5).

3. 2(2./:- 5) (a- + 2), 3(3«;- 20)fx- 10).

4. ^{x-\-Vl){\x-^), 5(;r+l)(5.^ + 3), (3.^:3 -4)(8x3 - 5).

5. (:t:«+4)(ix+3;, 4(4a:-5)(x'+l).

6. (.^— a)(a;+ «)(a;-/^)(a;+6), {2(icH-y/)- 11} {2(:r-f v/^ + O}.

7. («2+7/2-rt3)(a;2 4.^2^^2). B. (a + ^-yc)(^a+6-fc).

9. {X'\-y){l-\-x+y){x+y-\'{x-yY\.

10. (a-f^)(l-«-^){''+ /-' + («-/')^}-

11. (a;2+.7;v4-y2+2.«+y)x{x-2+x7/+7/2-(;p+27/)}.

12. (a-H6+ 3c)(a+ ''-c). 13. (ic^4-y/''+«»)2 -.^6 ^^.^^

14. (ir;2 - 10a;-12)(ic2 - 10a;+8).

15. (a;2-14.c+10)(a;-9)(a;-5). 16. {x'-~y^-)^,

17. (2 + l)i2-l)U--2). (u;='-3)(j:3+ l),

:



* ANSWERS.

19. (a;'" -«//")(.«"•+ /;y').

"^

, Exercise xxvii.

1. Ir - hti){u,,'-y).

8. 4(14.r-5//)(.^-?/).

5. (14.«-//)(a;— 20//).

7. 2(28x'+ //)(x-10//).

9. {Hx-5u){lx-4.y).

11. 2(3x+y)(x-3//;.

18. 2(28^+7/)(a-+ 10//).

16. 2(28a;+5//((a;-2//).

17. 2(4.r-;//)(7.'«-10//).

19. 3(;:{.c4-^j(4.c-5//),

1. (5.'c-7)(2a;-}-3).

10.

12

14.

2. 8(:«+2//V2.r-7/).

4. 4(14.t'+y//ji^x' -</).

0, 4(7.c-ov)(2a;-//).

8. 4.{Ux-'o,j){.v-^y).

{Sx+rjii){lx-4:y).

(8x-2//)(2x4-3y).

2(28x--5//)(./;-2//).

ItJ. (5G./:-5//)(;c-4/y).

18. AiUx-^ruMx-^y).

20. (8.<,--f-5//)(y.c-8//).

ExEiicisE xxviii.

2. (5.c+ 3)(2a;-7). 3. (5r-3)(2a;+7),

4. (2.c-5)(3.«-ll). 5. (4a+ l)(3</-2). 6. (3.c-7)(4.c~3).

7. (3a; + 7)(4a;+3). 8 (5^^ -462)^3^2 4.5^,3). .

9. (4a;+l)(3:K-l). 10. ^^{x-y){^x+2y).

11. (2a!+3f/)(2:r+?/). 12. .e2(3/,4.^)(2/>-ae),

13. (3a;2+7,y2)(2a;3-5?/2). 14. (2.c2_ 9)^^24, 5^^

16. (2a;+y)(2a;-t/)(a;-3//)(.r+ 3//).

16. (2a^+4+//)(2a!+4-?/)(.c+2-3.v)(.r+ 2+ 3,y).

17. 169a:.y. 18. (19//2 + r)0x//-6a;3)(85x'"' -12.ry+ 30?/2).

19. 2(4x-?/-3a;3 -3?/3)(61x2-49.r//4-r)l//2).

20. 2(5:r-3-l-4ic?/ + 10.v2)fa;2 + 10;r^+ 2i/2).

9.

10.

11.

12.

13.

14

16.



ANHWKRS. XI

-1).

)(2.r+7).

){4:X-'6).

.30^2).

EXERCISK Xxix,

1. ,7r4-fi.'/+ ft)(r-?/-Q5. ± (r,ur 5//- 22)(t./-+ // + 4).

y. (3x2 4-4//2 4-18)(x--* -?y3 _ i). 4. (4x-frj//)(5x-- 1//4-7).

5. (9.6-+8//-20)(R.c-7/-l). (1. (x-}-H,f)(x-ii/-5).

7. (4x-+ 8^-2)(2.*--|-3.//+2). H. (3x -2^-*J2^)(2« 8//+J2J

9. (8^;2 _ 2v/3 -|_ 5;;a
), 2^.3 4. 5,^2 _ 5 )^

11. (2a -5/> -7c)i2« + y/yf8r).

12. {a-b-\~c){a-\-b-c}{(i + + r){a~h-r).

Exercise xxx.

5. (2.f2+-l,i//^)(2x-3 4-17/2), i{4((j4-A)2+5r+ v^lS}.

G. ^V(6^'^+ 5//2)(6^2^ii,^3), (<;.6-^-f5)(0u.--4-il).

7. i(;j.<;2 + 10±3v/10), i2a2+ yi:2|, 2j.

8. {2{u;+ //)2 + (3±2n/2)^2} .

i{10x'-+(10±3A/lU)//'} {10^2 4.(20- 6i/10)//2}.

9. i(9x---h7±N/13), ^{2.6-2 + (6±i,/10)(^4-^j^[.

10.

11.

,(2.(;-'+G± a/6), j(7^--+20±v"85).

lu;2+(9+v/23)//2}.if

12. |{7(a -6)3 4.86-2 ±rv/ 29}, ,.^|3,,3_h/,2^/3|

13. {3^24.^34- v'3)^2}, i{3(a+6)2+ (3±/3)(a-ft)'},

14, {7«'-^ + (6diyM)//-}, (5m2 4.9M'-')(5//i-'+0u2).

15. {7(w+n)24-(0±v/i4j(m-n)-'}.



xil ANHWKRS.

XKRCrSR XXXI.

(a;-'_-t,/2a:+l), (:r-'± >/0./7/4-3//2), (l±2//-4//2).

1.

2

8.

4.

r>.

7. (a;'''" + 8//2"'±4rf''"//"'), x2'»+ 2//2"'±2u-'"//'"),

4a;2_8-43j;, 2./;2 _2±2arv/2,

- (8a;2 - 2//-' +ic^)(8a:2 - 2//2 -;«//).

2x^±p'y-S,/^, x^±2x+ 5.

{(•-«+?/)" + 8(;c4-?/)z 4-0- [{(:«+ //)'^-3(r4-//)-422}

{4,,2 + 5,,(^,_,.)^2(/.>-r)2}{4r(2-5rt(6-c)4-2(^-c)2}.

4(^/2 + 5rt/*-2/;2)(/>2+5,,/>, .2^,2).

|(a,2 ^.y2 _ «://)2 ±8(a;2 H-
y2 _a,vy)(u; + y)

(4rt3 + 2r/+ l), a;3 + 7.r+4.

(a;2±9^//+ 9//2), {l±:^z+Bz").

4(8a;2 - 2^4- l)(x-' - 2^+ 8).

9.

10.

11.

12.

18.

14.

15.

10.

17.

18.

19.

20.

21.

ExEKCISE XXXll.

1. (.r2 4-8)(.r+ 8)(x--l). 2. 2(.r2-f3)(.r2-|-., -n)

3. {x^ + \](x-^\){x~-\). 4. (:r+2)(.«-2)(3a;2.f;«+12).

1.

8.

5.

7.

9.

10.

11.

12.

18.

15.

10.

17.
I 1

i



AiNswr,na. xiu

«.

7

9.

10.

12.

2^. 14.

V). 15.

16.

17.

19.

20.

21.

22.

23.

'

1.

-C)2\.
3.

5.

7.

9.

10.

11.

12.

13.

))
15.

rx+l2).
IG.

17.

^ir» -?>)f5.f'4-4r-f-15). (>. (r^ +0)( 10.^2-1-5.^- 00).

(i-c=^ + TV)U-^^+-l^-^-Tfl)- »• i5x-'-l)i5.6--'-«^-t-l).

(6.i;3-8)(7^./-^-0.c-12).

(32;«-4)(2U'=^-13.«-28). 11. (18.i;« + l)(l.'>^'2 + ^!.t-+;]).

(ll.c^ + l)iii2.--3.«-2). 13. [y-i)[ix' + j,x-hi).

8(u;-'-2//'-')(l().c- -4ar//-f 20//-').

(2j;'»-5//-)(12.r2-fi.^;//+ 30//-). I

(a:3 - lG//n (2x-2 + iar// + 32//-' ).

(;c3 -«)(llx2 + 10.c-h^^-). IH. 10(.r'^+2)(U''-' + 3.^,--8).

{x''-Qi/)^{l^x- -12u'y4-78//-').

(a;3+4//2)(3r2-f-3x//-12y/2,.

(x2-3//2)(5.r2 + lx//4-15//-).

2(x' -2//3)(2.*-2 - 7u://+2//2 (.

(a:^ +i//2)(.c=^ {-80.;//--j^//2). 24. (,,;-• _0.v^)(2u;--.r// -f- 12//^).

ExKRcisE xxxiii.

(a.2_|_3.,.4.27)(.c2 _9./-4-27).

{u-2 4-l-r-^(l± \/5>;}.

2j;2_}_2- 3.i-±:x\/23.

(4a;2-2)(4.c2--fj.>--2).

2. a-2+.r(lii/3)-f4.

4. :^2^1-42zbi/5).

6. (x-'-i-irjx-6)(x'^~x-n),

8. (.f3 4.s^-4-i;(^-2 _ 3.0-+4).

{x''+lx-'2)[x'-i -2).

(a;2H-5x//+ 3//2)(.^2„^.,y.|.3^/a).

(:f2+10;r-l)(;^^2 + 2x 1).

2x.2 +.ry - 5//2 ±.-///46. 1 4. (:.-2 4-7..-// - ^^)(x2 -xy- //2).

.X-' + 2 //
2 + 3./;// ±xij i/S,

(3u;''' + iUx7/ -2y/2)(3x2 - 4.rv-2y/2).

TT {lla;-^ +'2.'hf + 5.<;//± ^^a;(/v 11}-

I

ii



xir ANHVVEKa.

EXKRCIHK XXXiv.

1. {,,-z){x^-u). 2. (/,//-4-r)(./;r + ^//-r).

8. {Z':^n){x-\-n){:x-a). 4. (2x-a){x 2h).

5. (.r+3rt)(^+ 2/>). 0. {x-h''){x~a){..:+ a).

7. (^-6)(^ + A)(x-rt)(x-3+".'c+rt^). 8. {2x-\-ii<()(4xi-rih).

9. (r/ + />./;)(« -A;c+ r'^-») 10. (rt-6c)(r/+ 6x-f r.r-').

11. {ax-<l){hx^--^<'x-f). 12. (;M--7)(^a_^_i)^

i;-i. (,/_6-r)(a4-2A-fHr). M. (a;+ <0(.c2 ^.r + 1).

lo. (mx-n)(/a'2 +7.1; -'•)• ^^- (^-''')(-c— ^')(^-^)«

17. {x'j-(i){

19. (a3+2)(;i;-r/y)(.r3-7/). 20. {<ibx+ nl,/ - rfz)(ax-{-h!/).

21. {^/.c+<')("-^'^-''-^+'')- 22. (^--y)(x'+//)(;//a;-y///-f-;-2)

28. {7HX— n!/){((X-\-l>i/-\-cz). 21. (»/.<;+ w)(rt.r- /;r.c4-<<).

• in-'x-25. (c2-./-z)(/>2-//2)(rta -./;//). 26. (.c^

27. {l + x-x^){l-a. -f/^x2-ru;3)-

28. («a;-^///)('/x— /'//)(''^+f//). 29. {mx-i-(i){px+)i){

30. (mx'+nv)('"^-'*//)(/^^-<^"+-'/'"^//")(-^+ l)'

)0*'-^-/i+ M=).

fifX n).

ExKK<;iSE XXXV.

1. {a-[-:v)(a-b). 2. (rtx-+/>//)(/>.r ^y).

3. {x-n){x+a){x-+ax+ (i^). 1. 4rf+.,:)(a-^ + ./^;+^2).

5. {ax--h){('X + d).

7. (</-/')('*+ />+•<'•-<'•).

9. (x-.v)(«;+:y)^.

11. (/>-2.r)(2+ /Af).

18. {p-<i){}r--2q^).

15. (a/>2 l)(3a/^2_|_i).

6. (5u;3-l)(.5x-2-x' + l).

10. (x->/-hl){x^i-x//-\-i/'^).

12. (.«-l)(^+ 2)3.

14. (a-l)(a3-f 2(7+ 2).

IC. (//~1)^'(//-Hii).

3.

6.

7.

9.

10.

11.

12.

13.

14.

16.

1.

3.



ANHWKKH. XV

: 4-5/0.

f+rz)

)•

r)'

I

17.

21.

23.

25.

27.

29.

1.

2.

r^-f/))/'2'^5 n./;,4.2A2). la (Z;*" -!)(/>""-»- 2//" 4-2).

(//" t
«";(//-" -:W/V42«"). 20. (a -/>)(,/ ^-|-«/^^.%2).

(a"'-6'")(a"'-2r'«). 22. [„x ~h){x'' -ax-h).

(5.«" - 8./2 )(7x" 4-3" -). 2 i. {nh^br - m)(a/> - hr 4 '''().

(w -/>)(///. 4/>)(a-m). 20. (.\ 3w- )(1 -3^/)(l +y«).

(.'«;-// z)i.r2 -2r//4//- +2). 2H. {Gni-ln){ Im^ 4,42).

(:c"'4-i/"j(.«" + //"*). HO. (x--4-.'7/4-"'' + .'/=^)i^--+^i/ -ax-y)^.

^ KxEiic'isE xxxvi.

{x~7/){.r-{-!/)(x'i \-X!i \-!r^){x-' -;r//+//-'), (x - !)(,•-' 4-x 4 1),

{x-\r'M^x^ - 2x f 4), (2'/ - H./;)( i"-' 4-(J''.';4 }>.<•-),

(2 4 ".z-)!-!-'^''^ + ''-•'•-)

{x - a'')(j!;-t 4-^^"'-' 4--'-2a4 4-a-a« +^( '" ),

(8^*-4)(l)(/-'4l2'r4-10). (^z-** - />2 )(«•« -K />=)(<*« 4- 'j4),.

(a;2 - 2//)(.6-« + 2.i;«//4-4u:\//-' + 8./- -'//•'' + K5//'* ).

8.

6.

7.

9

10.

11.

12.

13.

14.

{a~h). 4. x-{ 4//. 5. (x+ //)(./•-'-^//2)(.^.4 4._,/4)

5(y/2-a;2)(7u'+ - ll.c^v-' 47/y'^ ), (a2_2/>)(a2 4.2/0(</*-|-4/>2).

y(«-y)(2/ + i)' 8. {x~a){x'^-^ax-\-a^)\ii\h).

{x^+xi/+ y^){x^-x!/+!i^){x^ + 2xy-7j").

(a; - a4-/>){(.r-^0^ -(•'-- ^')/'+ ''^ }•

(x^-2xi/+ -iv^){x-^2i/+ -ixi/).

(2.r4-3//)(2.r-3»/)2. 15. (l-2.r)(l-hl.f2).

16. {a^ + abc-\-b^c^){a+bc){,r--abc+ h^e^).

Exercise xxxvii.

1.

3.

o(x-{-y)(y-^z)(z-\-x). 2. {a-b){b-c){a-c).

S{a^-b^){b^-c^){€^-a^). 4. {x+y){y-Jrz)(z+x).



XVI ANSWKRS.

7. ('f-^h)(h+ r)^r^„). 8. (.,M -/>)/>3 _.,.)(,.3_„).

». {„-\.h)(h^r)(r^o). 10. („_/>)(/, -r)(r -a).

11. {c-l>^){a-~r'^}[h-a^). IT,. (.^'-' -//•')(^-' -z'')(x'^ -z'-)'

17. (a — />)(/>— <•)( a- r*). 18. .S(r/ + //-fr)3.

E ,\.KHCISK XXXVlll.

1. {fi--2){a^ -la-^'J.).

8. (j;-:})(.r-2)=«.

li. (./;-2)(j;-3)(./r-4).

4. (./;-2)2(^l4i.

0. i.^-' + LV-4-8)i.tf- +2./,--f-8).

8. (.B-' + 'iu; f;-jj(./;- -2.t;4-8).

'-'-2/^///~2/<3). 10. Noni'.

7. {x-\-'2)[.c--lp.

9. (/// — /<)(///.'

11. (;/i- »)(;>/ -2^0=^. 12. (/>+:V)(/>2 -2/n' + 1'^^2).

13. -(m~ r<)-('^'^-'/m+ //). M. {'(-\-'lh){(i—'2h){a'i—7ab-\-4:b'-i).

15. (.e-5)(./; -8)2.

17. («-l)(a- 9a

10. (./.•+ 2)(.r--f8.;:-hl).

-105). 18. (;>4-2)u>-l)(;j+4).

19. (rt-l)'^0A+i;,a+3). 20. (a2«-l)(^t2''-2)(^/2«_3).

21. .r-4-4/>2-t7rt/,.

28. (j(;-2)(,j/2-2y>+2).

22. {a-by^{a^ + 2ah-\-)>l/-i).

24. (.r» - 1) (.<;-•" + 5.c"+ 5).

25. (y/-2){//3-3//2+2y4-l). 20. None. :U^.V^r^^Al

27. (rt-/>)(a-^4-2«/;-f8/>2). 28. (a"+l)(2«2«_3^"+ 2).

2y. (^- '2){x - 3){x - iy){x - 7). 80. {x-y){x~'2!/)[x-3yy.



A!>JflA^i:R«. XVll

E

•i -z--')-

4-3).

-f3).

•'••-')•

)'

s^-S).

-5).

2).

XERCIMi: XXXIX.

1. 2(jr--l)(u?«-0r4-10), (x-2//)a(r-8//).

2. f4u;-l-8//)(8xa-^.v + //'^), (^-l)(lx-2)('i.,-|-8).

8. (^-r>*»)(8^3-H<r^), (2^'4-8//)(^-'^+8^7/-//9).

4. (/.+(•)(/>_ 4r)(2A»-Ar4-ra), {^a -\-ih){i\a'^ ^ 'J,ih -^ 3h^).

r>. (2/>+r/)(2/>+87)(/'^+7-).

6. (iu^-y//)(i5^+iO//)(xa-/;uv/+Hv3).

7 . (2^- 8//)(2.f f 8v)(8x+4.v )
( lU* - 5// )

.

EXKIU'ISK xl.

5. l-2^H-8r^.4. (u:+2//)(^3+8^a).

6. (a-^)(a+a;)3.

8. {a + h){na-\-b).

10. a'-'-/>2+f2.

12. «~

7. u;2 4.//-'4.ca+;^v/+
9. (x~y)(2.t-+ 8//).

11. 7a « - 8r//>+2/>8.

18. (./~/>)(/,_r)(<^-r).

//2 — zjr.

14. (a;--r02-/'(r-rO-f/'2. 15. a^^+ j/^+^s-f-

]

IG. ^aj'-^-flr+'O-

18. (J;-y)(.«-+//^).

17. x^-j-u'-i,

19. a2-/>2 4-^2 4-1,

20. rt3_63_c3. 21. a4-.c. 22. , (c-/;)(rt4-64-0.

o3. ah —ca— bc. 24. a;2^,y2^i_^,^^^^_^.,^^

2G. rt* +5^4-3.25. {x^-'2){x-{-l).

27. (2.(;-i/)a'-*-(a;4-.y)«^+aJ*. 28. a(^2+a:4-l)-(^"4-l).

Exercise xli.

x^-3.

None.

2. x+a.

6. 6'"4-«"

3. x^-x-^1. 4. aa;2 4i^4.r.

7. (ci-b){.r-\.<,). 8. //(;^r4//).

"^



xvin ANSWKRS.

11
9

m
^ 12

i
15.

1 18.

1 29.

I'

(a-b)(l>-r)(r-a), 10. 0^""+ !.

r){a-h)(h-c)(c-a), 13. {y-l)(x-1).

(a:4-l)(r2 + l)(a^_l)s. U. {x-rl){x+2){x-^3)(x-hi). 17.5

Samo as given quantity. 25. (a - b){h - c){c - a).

x^+.r:'-\-^lx->r\.

ExEKcrsE xlii.

1. (ar-l)--(.''^-f4a;-fl6), a:(8//-7K//(7//-3).

{x^-ax-\-a-)^{x--a'^), (.«+ 4)-j-(;r- 1]3.

1^(^_2^), 1^(^2-2.^+2).

{x~y)-^{x-\-ti). 7. (3^/x--' + l)--( 1^2^44. 2aj;3-l),

9. -(,/+/;+ r)-H(a-6)(/>-r)(c-rO. 11. r)-7(a;2+'.C//+y/3)

2,.

8.

4.

5.

G.

1.

2.

4.

0.

8.

Exercise xliii.

ir, %(.^{a^-^l). 3. <r(14-r7)-i-(l+2r/4.3r/3),

l+ ^x^^!lz[n-\-z)---{!r-z--~x^y^zY}. 7. {ir- -\-b^ -^c^)-^abt.

9. -(a44-a2/^3^/,4^_^rt/,(^_^')i

10. (,/+i-|-c)2-4-26c. 11.
1- a;

a;
4rt2^2_;_(„2_^^2),

12. (a:+y/)-^(.^,--?/).

14. (a;+2/)-(a;-»/)

13. {a-h)^^^a+ b)\

15. 1- -iC'

1(3, l-^?i. 17. ±(l-^)--(l + i;. IB. l-c

1.

6.

8.

12.

13.

10.



ANSWERS. XIX

r4). 17. 5

-2.1-3).

+ 1).

i-;-(rt2+a;2).

. 1-i-c.

1.

4.

7.

9.

11.

13.

15.

16.

18.

20.

22.

1.

0.

8.

12.

13.

16.

ExEBoisE xliv.

(x~a)-^5. 2. a-^f>. 8. 16a»a;-4-(a4-a:4)>.

0. 5. l^i^x-i-2}. 6. l-i.{a^-x^}.

12x1/ -^{9xr- -4:1/^). 8. (4.r3 4-2)--.^;(16^4-l).

l-4-(.^4-l)(x+2)(a; + 8). 10, 4(./--i + 4x-//3 + //4)-^(.,.i _ ,y4).

{a-h)3^{x-j-a)^x-{-h)2. 12. 2a~-x.

(236-77.6-)-h-18(ll.c-8). 14. l--(a-6).

15a{'Sa-x) ~ {(hi-\-2x){a + ^x).

(10.C - 7) -r- (x-- 1)(2.^ _ 5) _ 1 H- (2x - 7)(.c - 4). 17. IS.

?y"(//"-^"). 19. («-/>f' 4-2.

0. 21. 4x-^^{x^^-l).

EXKKCISE xlv.

x-y. 2. a-\-b. 8. 0. 4. 0. 6. 0.

{(a+/>)(c+rt)a;2 + 2(^<A4-/><+r^'>a;-2a26f} -T-

(rt_|-/;)(,,.|_(;)(a;+ a) X (x+6)(x+6'.) 7. 1.

rt+6+< 9. 10. x^ — IJ'

{a-b){h~c){a-c)-^{a+ h)[b+ c){a+ a),

x^ -i-{x— n){x~b){x — (-). 14. 1.

{b{x+ a-b)-{-(ix} -=- {r^/>4-(^ — ^0(-«— ^)}'

11. 0.

0.

1. (rt-i)'^4-4r-'=0.

5.

8.

12.

13.

•m. = 2, n= 1.

ExEKciSE xlvii.

2 8.

6. 2x--, or 5.

10. a 2 4-AS.

Wf = — 5, n = 6.

±12. 9. (aa+/'2)(r3 + f/2). 11. -3^c - 4r2 4-/>^<-2 -4^'

(a;2
_4;«4.3)(^;a -4), also (u.-- - y.<;-l-2)r.c2 _^. _ o).

i(-l±|/5). 15. rfc-f-c = (/2--6'-% u-^b=p-i-ey.

M



XX ANSWERS.

'

i!

1 i

I ^,

19.

25.

'

1.

8.

6.

7.

9.

11.

18.

lo

17.

19.

20.

28.

24.

25.

27.

29.

33.

36.

39.

45.

4/>3H-27// = 0.

Hp-3) = q.

17. ac^ = b^d and 9at/ - be.

24. p= %ii^q±:'ilmqy/{m^-irl).

Exercise xlix.

5, SJ, rt, -8. 2. -4i, -rt, 2, 10.

« + />, c — rt, 6 — c, 8. 4. —2, 6, -6, 12.

-14, rt-36, 2a- 36, 56 -3«. 6. 7, 4, a, 6.

^c, 5-^^a, 0, 1. 8. -1, {(a+/,)2_a}^ft, ^_|_ft.

(/>-«), a + 6. 10. l-f-a-6, l-^(a-6), lH-(a'-*+62).

2/>, ^/.. 12. rt-fft, c-~{a-\-h), b-\-{a — c).

{h-c)-i-(a-b), b-\-c. 14. rt+Z^ rt2_j.at^/,2.

«2-a6+/>2, 1. 16. -1, (rt+ 6)^(rt_6).

{e-{-b){e-b), 2-^15, 3h-14. 18. -1-12, b-^ac, a^b.

10, 12, 4, -1
» ?• 21. 1000

» .5' ?• 22. 9A, ab, bc-i-a.'Tty»

b^~ac, e{a+b), b(a-\-b)-i-a.

a-L.b, {a-b)-^{a+b), - (a -{- b)^ -^{a - b)'

-1, -1.

ab, b-{-a, ac-r-b, 12.

26. (a2-c2)-j-(«+6)2, 2, 8i.

28. 12, •ac-

9, 2. 80. 12, 1. 81. 3, 1. 82. (2«-l)(2r/+2), 0.

1-5-m. 34. 1. 35. {nb-\- bc-^ca)~{a^ + bc-\'C^).

(rt2-{-62+r2)^(^//>-}-/>6+6Vf). 37. a+b+c. 88. 1.

40. 1, 41. 1. 42. 16. 43. lOJr. 44. 6.

0.

46. (
iipqa-\-p<ib -f qc + d)-T-)nnpq.

49. -25--136. 50. 1,

47. -
IT'

23.

25.

26.

1.

7.

11.

14.

20

24.

80.

33.

80.

»>



ANSWKUS. XXI

1. 5.

12.

15.

6.
18.

5>, a+b,

-{a'^+b^).

21..

23.

25.

20.

• b^.

^a-b).
1.

-i-ac, a-i-b.
7.

11.

lb, bc-i~a.
14.

20

24.

', 2, 3^. 30.

88.

2n+2), 0.
80.

l-c2).

IsB. 1.
1.

1 44. 6.

1' 5.

1 9.

EXKK(;ISE 1.

2, 3. 2. A, ^. 8. ±2, li. 4. 1, l^. 0. ±5,

±[a+h), a. 6. 4, 5, 2, 2^. 7.-3 or '2
; 4, ~3

;

2^, -li. B. 1; ^ or
I ; ^ or 3. t). — ^ or |, )r or 6

;

4 or -:]. iO. -1, 2, - i, 1. 11. 0, -/>, 3//. i

«, +r/\/-l. 18. 1; |(
— l+v'5). 14. ±:</.

£ V^ -(b+c). 10. «+ 2/>. 17. /'ov ±a.

-2ab, iah{l±s/l). 19. a, b, -{a+h). 20. .:, 6.

xvrl—a. 22. — «, —6, « — 26.

a, 6, 6(l-/>)-r(l-f-./ -A). 24. »;^-0x-3-37.f+21O.

x'4 - 4:ax^ - 13a2a;'2 +04rt% - 48'/*.

a;(u;-l)(u;-|-2j(u;-4)==0. 27. x* -4.x^ +x''^-\-()x+ 2 = i).

EXEKOISE li.

4. 2. -7-^. 3. -107. 4. 8. 5. 3rA. 6. ^\\,.

6)^^, 17. 8. :i2, 401,. 9. 7, 3. 10, 10, 10, 11.

or 11; 33. 12. 3950-t-;}971. 13. |(15+v/190).

8. 15. 8. 10. 4. 17. 1^ 18. 1. 19. 3,}.

21. ±8. 22. 11. 23. 2 and -l±:|/-3

25. 0. 20 3a. 27 28.
1 .^• 29. 3.

10. 31. 0, 1, or (-5d:A/-23)-i-8. 32. 102^,

(- 11 ±1/4081 )-^20. 34. 2>. 1 7 35.

or ±1. W^+/>.^).

liXKKCISK Hi.

(l-a)-^(l-f^/), «(/// + !) -H-(w-l), b{»lt+^).^n(m--l).

a -b, 0, 0. /.), Hid /'. h <UI.

or 1 0. {r ^-b}(b'^-+r''i) -^'lah,

-1, 0.

14. 4.i

2, 0-^295. 10. 73-^210, i^a i-b+ c -j- J) ~ (m+ji).



xxu ANSWKKH.

'I
I

I

I.

J :i

A

ty

11.

14.

18.

20.

23. 1 -^

a. 12. /y a. IH. ^f or 0.

(f + 1-^2. IG. 1 4
TT5'

17. or 4.

ah. 19. 83, (2./; - 1) = 100 n/(3x--8).

52.

,(n-l).

21. 8.

21. aa ~{h -a).

22. 84i-W

25. 4, 3J or 18^.

2(1. (^a/,2_^(rt_/,)^, y. 27. 4./--^(H-«)-, />(a+ 6)2 4-(a-/>)-',

28. (!+//-') -f- 2^/6. 2Ji. i/(l-u;) = 2-r-(a+l)'*.

80. -u±aV{{l+l> + l>''i)-^'Ih}.

31.
;+l ft

r(

+ 1

ExEKcisii liii

8. 2. 0.
o

5. al>^{l~2,Vb).

8. 180G2 -T- 12393.

6. 4

4. (v/w+/n)3.

7. l^(a-2).

9. a/^'-^- (v/'/H-2).

10. (c* - 2/^-3) --(2c2 -26).

13. u;'-^ = 80^8l.

10. ± v/ |«^-

— ;5
V Ji-

ll.

1 7

12. 18a.

±Av/-ll.

(/^-2fO^
I

27/r I

17. 0.

1

1

18.
1 e>-u.

19. {c-a-by^ =27ahc,

21. 10.'7/=(?i-4.t;-/y)-

20.

22. 0, -2 4..

2.J.
d"

2
-1 0.

</. - - l:

21. 2v/(l-/Ma)-^m\/(4-w.=J).

25. {a--l){a-+'2± V\a'- + i, -a-'.

26. (c)i — an+ 6-)'-^—//(//--I)-, 27. ±i

28. 2 v/(3u;--' + 10) = (1 7|/ 17 3i/3)--7, 29. +5.

80. ±,/(36-2rt). 81 /3(,i2_^3).

1.

3.

4.

^

11.

14.

17.

21.

23.

27.



). +5.

xxiii
"•

82.

17. or 4.
34.

/{3x-^).
86.

9 ^4. 4 9

4, '6^ or 13^.
1.

^bf-r(a-hy. 8.

1)^.

^^
4.

7.

5 -

11.

14.

17.

21.

/m-^-y'^iy.
28.

--(a -2). 27.

80.

12. 18a. 82

±An/-11. 83.

18. j'g-(i.

85.

88.

)--^(2;i-l). 42.

45.

MV^(4-w2).

83. ^a^/e.

35. a '-{-2a,

ANSWERS.

(2/y -\-2z- 2.^)3 +2] C>xi/z=-~0.

a{n^~4n-\-S) - (2;a-4).

EXKRCISE liv.

-Ik 5. ./+ /.-fc. G. «Z^--^/,_,,,)

.^-3..-..=0,&c. 8. «. 9. .(. + . + .) 10.1^.^,,
l.±(^^ + /^+ c').

12. (a-b)(ac-2b)~(u+ b)ac. 18 -c
(r-+ r/.,)3. 15. ±2. IG. c^a-b).
{a~b)~^. + ,). 18. .«. 19. ^2. 20. +2,&c.
i(a+ c)-(c/-c). 22. ,., (3a/;-3A^^-,,)-(l+8./-3A).

- 24. a, ^ 26. 25. ., (....G.^)^G/>. 20. >(.+ 6«).

i^^. 28. a+h. 29. (a/.-^/..-f.,)-^(a+ />+.).

±^' =*=^^- ^1- l/{l-(« -1)}.

{G(./-/.)-4r(c- A)|-^|4r-JJ^_a).

(c.2_«/.)-^(,,^_^,._2,)
34. i(-29+v/37).

^ ^
• ^^- v/(/>--t«6). 37. Uh-a).

3 2> ^' 89.

^a.2.^b^)^{a-^b).

Gx = a. 40. lzf:i/19.

43. x= ~5~2.
-2rt, *4U. Ui. 40. -3

41. b, b.

44. -1(5+ ^/8).

a.

II.

1. /?C-i-(<7+(?).

8. {ad~bc)^{(i-b).

B. rt+ 6. 9. 0.

Exercise Iv. .

2. («2 + /,_2aZ.)-^(«+ i2).

^- ^- 7. I(a-fi)

11. abc.

o

.

10. 0.
'

12 («.+i. + ,2).,^„+ ,_,^^^. i,_ (.+6 + oH(..+^.+,.^.

V i#

11

• 'I



2k.JClV ANSWERS.

If i

I, i

i !

14. (a^-^h^-i-r^)-^{(,h-\-hc-^ra) 16.--'
-//

Ifi.

(U

a + b

20. 1 10. 21. 17. 22. 10. 2817. 4i. 19. 4.

^^' M+ r^Zy- 25. ai, 0. 2r.. :-U|. 27. {ah~r^)~{a-^h).

28. -h, o, 29. 0, 0. 80. •(.,+ ';-(). - ^'''

82. a. 88. ah^ia^-h^

81.

').
o 85. I, 80 8!

«7 Infinitv 88. 10. 89. „hc^{a},A.hc,+ <;i),

40. (^//>-f/;r+m - f?r/ --&(/- r7/)-f-(f/-f-6H-C-- 8-0-

41. a[h-\-c)^^{h'^ ^c^-ah+hc-ca).

42. />c(</-^/)+ (^/,-/,)(/>_r)(c-^/)-^(./.',-f A^-f r^/_ ad-b''- c^).

44. -(fz-fA + r).

47. -M/>+0.

45. rt + />4-6' 40. [(i})-\-bc-\-ca) — (thi

48. (<//;+ 6-)--2r/. 41\ 9. 50. 2. 61. 7.

62. 4. 68. jV(5+\/786). 64. 4, (am-'<///)-f-(7/-w4-</-/>).

/^n
>6. ,V» /<flH-cH(./''+<//H- /'-'). 50. 0, -I, i. )7. 10.

58. [aimq — niiiiq)— [ajm - 4 ^7>/' "

)

' n(j(ap-\-wh) — iii}i{rq-\-iul)

59.

(^a'^^l,2-c'^^a/)-bc~ar). {,0. b~{a -\~ h).

61. 7)iprq-}-nj)vq~ i apn - — cqw-).

02. {/yw(^/— r)H-rv/(/y— ^/)+^/j.5(c-6)}-f-

64. (a/> — ctn)-7-{an - but
)

,

66. 100.

69. {a-^b-rn- >/). 70.

<l(n~q)-q{h-^d)

a{n - q) - m{b — d)'

67. 13, 111.

55. i > 3

68. 11,

a^+2a'i+(ul+ 2//^+ %tb

a — d

7.

9.

11.

18.

15.

17.

19.

28.

25.

27.

29. (

31.

84.



ah
' a+b

10. 28 (t

-c^)^{a-^ h)

ah

<i + //

80. - ^n

hc-^ca) — nhr.

0. 2. 51. 7.

57. IC.

55. i, i

68. 11, 7,

//v

ANSWKHS.
^^^.

''•
^[";^*^±^^(i(-^)^-^^^f,.o,... 72.0. 73. . + .-^.

75. a-fA+ ^. 76 „4.^,^^,

74^
fif'+ fjc-^ca

nbc

77. (<//>+/.c+cv/)-j-f,,4./,+^.);

79. c-a-Z>. 80. 0.

78 ^24-^2 ..,.3.

HI. or 11.

1- ^ = 0, or /? = 0.

8. x = Q, or a~b = 0.

5. In tJie first

Exercise Ivi.

2. ^^ = 0, or^ = 0, or C'«.0.

4. .'c = 0, orv/--=0.

case either x — ^t/ =
second case both condition

// = 0, ora;-4;y+8 = 0, in the

IS hold.
(

7. a;= 0.

>. « = 0, or «; := a.

or a; = — 6.

9.

11.

'C = 0, or a; = 3.

x~0, or a; = ± a.

8.

10,

12.

x=ia, or x = c-i-l

x = 0, or .r=:a-^b.

18. x = 0.

^ = 0, or ;<!= ^ a.

or a; = «.

15. x = 0, or x=a+b.

17. -(2aM-^. (,,+/,).

11. ;>; = o, or rt.

19. x= «, or 6. or c.

23. a-ir:!, a;= 3.

25. x=l, or 3.

27. X = ^/, or 6.

29. {2ab)^(a+ b).

31.

10.

18.

20.

24.

./y = 0, or «+ /;.

£; = «, or 6.

21. 1. 22. 21

.r=9, .y = 4.

28.

26. (^/.)-^- (,, + /,).

a;=l, or(l+«)^(i _^,)_

30. a; = a, or />.

82. a^ = a.

34. x = a — b. or

86.

88.

« = a

rt+ />+«

K^4-6-).

or 1.

00. •r^ = ''+ b, or^{,( + c).

87. «+/;-,

x = a, or i(46-rt). 89. «=-<?, or n^b-{-c.



XXVI
i

ANSWERS,

i
'

40.
H III — n

j:~ 1, or .

n—p
41.

IW — 'V»

42.
p{ii— 7>)-r{ni-n)

ni{c — h) — a[n-ij)'
43. x^\{a-\-b\ or .|(/>--a).

44. x-%i,~b, or 8/>— 2«. 45. .6- = rt-f.f-6, or X-

4G. x = u+ „, or '^•'-1!\

5

4a4-4c-26
~ 3 •

47. x-4a-\-b, or a+ l>. 48.
a - b a

X = , or - .

b— c c

49.

[a -c){a -!>) = {).

c - — (lb --ba — ca)./:-\-

50. x= +3, or +2. 51. ./: = ±0, or ±2.

52.
a-hh

.c = S, or i. 58 ./-^ —r.

a - b

a— b' a+ //

55. x= b — 2(i, or a ~ 'lb. 56.
2.r + 8/^ 8^< + 2b— , or

57.

58.

59.

./; = (w6 ^na)-i-(^m-{-n), or (ma - >i,b)-^(in~\-n),

x= V {{in + 'In)- v'i'//-2»)}-r-| {(m--f-2//;-f- v (/m-2/0}.

(t

00. rt{v/(86--

61. rt{N/(2c'-

62. H«+2/>)

64.
-a24./,8

26

66.
8a 4-

X - g

67. a; = 2a-!i/

v/(c-f-l)+ v/(^-l))

v/(/,+T).-V(c-i)r

-2) + /(2-f)}---|V(ac--2)-/(2-c')}.

l) + l}^il-\/(2c'-l)}.

68. ^{a+ h)-{a-b)V{m-2n)~-^/(m.\-2n).

or
a3-f./,a

2,a
()0. 2ab-r-{a+ b).

6b
or

86 -5a
8

/(c+ 4)--,/(c'-4)}-{v/((i + 4)+ v^(c-4)}.



AN8WKRS. XXVll

or ^{b - a).

ov x =

(I

•r —
c

a
or -—

b a

ui'

M + 2/)

D

{m-'ln)}.

^\.

^-v'(»'+ 2n).

4)[-

68. .»•= 1, or 8.

00. i{a±^/«2 _4/„) wliore w = n'^±l ^/(r-f-</M ; 8 or 1.

70. a, />. 71. x^h[<i-^h±y/{{a + l>yi--\{ah-\-t))],

where /=
i(//

- /O* ± ^ r {(/^ - M* +-!/•}.

72. u; = 0, or rt, or T^a(lih:|/' -B) ; .r = 4, or 2.

78. 3r = 0, or r/4-^, or Jj{(rt+/>)±iv/(rt-Z»)2-4.,/y}.

74. x^ - (a - b)x-\-ab = i^c. 75. x= ^(8a - b). or ^(3/;-</).

7C. a; = 8^^-2A, or dh-2n.

77. •//" - III- = U, where //
— m —x and 2m = <(-^b. See Key,

78. //'•* - w -' = 0. 79. //- - w= = 0. 80 //2 _ „,'> ^ Q^

81. y- - m2 = 0. 82. v/2 - m -' = (). 88. //^ - tn^ = 0.

84. {//'-' - /.:-)(5// - -h 7/.-- ) = 0, (where also /*• = l (./
- b).

85. /.:4 - //-i = (•. 80. z---' + lOkh/'' + 5/.7/4 = r(^4 _ ,^4) ,tc.

87. si/±lcs/ {k - Sc±r) = 0, where .s^ = Sk-\-c, and /•'-' =: {k-Sr^

+(/.--r)(3/,-+r). 88. -3zf:v(9±12, 24).

89—102. Work with a voviable ir such tliat irx-x- +1.

89. w = {<i±.^)^b, where a = <i-+ 2/A'

.

90. iv= {Q(f+ 2h±^i)-^'l{a- b) where h= ±^>^/{a^ +2ah-{-ib-).

91. ?tJ = (3ib.>') -(1±*') where 6=::(/> — 4a)-^/.'.

92. (?«;+ l)2=(/-4-(,r-/>). 98. «'-' ^ 2a-f-(/>-r/).

94. (ic+l)^(.r-l). = a-=-(^/-8//).

95. (?^+ 2)-^(?^j -2)=^ i;(l±.s) where ,s^(lG^/+ /')-:-/'.

96. w '(4a-/>)-^(r/-/>). 97. w2 = (4«-8/^)-f-(rt-/;).

1)8. jr = (/>±.s-)-r-2rt where .s- = //" + IG^r-.

99. w = {ii^b±Z'^)-^2{a~b) where ij = («4-/y)3 -t-8(a - i).,



Hi **

'I

^^^"ill \NSWEUS

100. w~(a.\.h±s)-h-2ia-l>) where .s2-^(^f -/;}« =

101. (w-{-2)±:(m>-2)= ±s^(4±as) where s^ = 2a-^-(rt 4-6).

102. {n'+'i)-^iv=±y'{rHi-r-{a-\-U)\.

lOa i(2'' + /0. :U'< + ii^}. 104. 2a-6, .V(r/+6), &c.

105. 1, 2, 4, 6. IOC). ±1, 2, 4. 107. 1, 2, 8, 4.

lOH. -i, -i, 1. i 309. -1, 8, 4. 110. -a. 5(/, oa.

111. 16, 20. 112 2;i «. 118. 4, -1.

114. 7, -1. 115. l{/>r~a-\.ra^h+ nb-^c). 110. ±«-j-7/i, &c.

2.s = a+ />+ r, 2.si=^/iJ+//^4-r.

118. (2rt/>+2^/(.'2i-2^c--^/--6^-c4)-^4c2. 119. ^

120. ±6* or ±ja\/3.

1. a;, 7 ; y, 9.

4. ic, 9 ; ?/, 5.

7. a;, -1
; .y, 1.

'» If
(a-hh).

121. a, 0. ,{(i-j-b).

Exercise Ivii.

2. «, 2; ?/, 1. 8. a;, 8
; y, 1.

5. X-, -10|; y, 5|.

8. :r, -2; //, -8.

«. -2

9. «. -

10. X, 4 > 2/, f. 11. a;, 12; if, 8.

18. «, 10; y, 12. 14. a;, 12; y, 16.

16. ic, -8
; y, '2. 17. a;, 7 ; y/, 9. •

19. a;. 7 ; y, 8. 20. X. 2 2/, 3.

22.

26.

12. x,8; y,
*-9.

15. a;, 18
; y, 18.

18. a?, 7 ; y, -8.

21. a:, 8
; y, 4.

a; 5 • >/ » 28. a;, -8
r, Tf.

a;
» Tiy » 2/» Ti

28. a;, 7

81. a;, 6

2/»

2/»

8.

26.

29.

82.

«, 8 ; 2/, 9.

«, 11
; y, 7.

24.

27.

a?. 12
; 2/, 16

a;, 8 y, 1.

80. a:, 17; y, 13.

X, — iii
^; y. nr- 88. X, 18

84. a;, 4f; 2^, 8,?^. 35. a;, 11; y, 6.

2/, 10.

86. a;, 7 ; y, 5.

^•'•tSSSBSSB



/ ANSWKRa. XXIX

b), &c.

2, 8, 4.

a, 6((, 6a.

,
-1.

b«-i-w, &c.

f^jj where

8 ; 2/, 1.

-2; y,h

- f ; //» i-

8; 2/, -9.

18 ; y, 13.

7; y, -3.

12; y, 15

8; 2/, 1.

17 ; y, 13.

13 ; 2/, 10.

7; y, 5.

37. ar, 2 ; //, 8. 88. x, 5 ; y, 8. 89. Equationfl

40. aj, 8; y, 1. 41. x, 7; //, 5. not iudepeudent.

42. (c = = y = 0. 43. 0,0. 44. aj^Oor 13 ; // = 0or '|«

45. X, 17; y, 20; z, 5. 40. x, fa;, //, i^^^ 2, m
47. 11, 7, 9. 48. 21, 22, 23. 49. -15, -G, -8.

50. 8, 4, 5. 61. 12, 15, 10- 52. 6, 3, 1.

68. ^, H. ^ 54. 8, 6, 7. 65. 11, 18, 17.

56. 6, 8, 1. 67. 9, 7, 8. 58. 7i, 8.i, 9i.

59. *>rf ^Tf ^T* 60. 2-3, 3-4, 4-5. Gl. 30, 2U, 70. '

62. 98-5-69, 1098 : 59, 1004 : 59. G3. 30, 12, 70.

64. 6 12, 20. Go. 5, 2, 0. GG. 1, 1, 1.

67. 1:, 9, 7. 68. 6, 8, 1. 69. 2,3,1

70. 8, 4. 6. 71. hhh 72. 6, 4, 3.

73. 7, J, 1. 74. 2, 8, 1. 75. 1, 8, 5.

76. 0,1,2. 77. 1766 - G98, 8G0-r 319, -15705 -r 098.

78. 111. 79. 6,4,1,8. 80. 4|, 3,3^, 2,^o. i^

81. 31, 41, 51, 21. 82. 7, 4|, 4, 8^.

83. 2), 10, 0, 30. 84. 11 -r-24, i, 1 h-24, J.

86. 2'"0-=-117, -52-V-117, 15-^117, -120-- 117.

86. Easli210.

* Exercise Iviii.

1. {afc-'ac')-7-(a^b— ab'), 2. b{cn-dm)-7-{ad-bc).

3. b{d-^d-a)-^d{b-c){b-a), c{d^a){d-b)-r-d(c-a){c-b).

4. y = cz-\du-{-ew+ ax, z = du-\-ew-\-ax-^byf

u = ew-\%x-\-by-\-cz^ wi:=ax-\-by-\-cz-\-du.

5. a: = ^w(rt-6+c), &c. Q. x= {p{a^ -b)-m{ab-l)-^

'ill



XXX ANHWFRS.

l\

i. t

1

7. x = (l-nm + ahn-ahr/j+nhnlr)-i-{l^nhcdr), &o.

9. 1 = ab 4- Z;6' 4- ca -j- tlabc.

Exercise lix.

2. {no+bd)^{miJt.hw), {mc - a<l)^{bm-\-an).

8. c{n-b)-^{nn-mb), e{m.~n) ^ {bm.-am).

4. (;j_c)a-f-(/>-r/), /,(,i_r)-j-(,,_/,). 5. ab-r-(a+ h), y, Rime.

0. afe2-f-(a2 + ',3^, a^b^{a^+b^). 7. rtc^(a4-//), ^«-^(a-fi).

8. (u-'~b-'')-T-{,nn-bn), {b^ -.a'^)^{hm-an).

0. a+ Zy— r, r-j-a — 6. 10. a+ c. 6-fc.

11. a{cn-dni)-^{hd-(ic), b{cn— (un)-^{ad—bc).

12. 2/=i«3(«2_c2)_6(6+2a)}^{(.,,_6)2_c«+ 4Ac:.

13. a+ Z^-c. a-Z;+ c. 14. r/4-/>-6', f-fa-6.

16. (m-a)(/i-a)-^-(6-a), &c. 16. X-5-(a-6)(a-,), "Ac.

17. (m-/;6')(^-.0^(c-«)(rt-6), &c. '

18. a;=^-7-0ji4-w/7+?ir)+rt, so ?/ and i.

19. 'p{^^-{l<i+mb-\-nc)\^{pl+mq-\-nr)-\-n, &Q.

20. (ma + 2a2_62-c'2)^3a, &c. '11. y = a-b+c, S^.

22. a; = (a6+/;c+c«)(/>4-c-2a)(26-rt-c)-j-{(a-c)(/+^~2a) +
(6-c)(26-a-c)}. Corrected equation, x= ^{l+c), &c.

23. ?Ata {a+ b+c)t «fcc.

25. l-i-(6-c), &c.

27. au-T-d^ &c.

20. a+Z;, &r..

24. npr-i-{anp-j-bip-^ cmq).

26. ^(6+c-a), («5.

28.

30.



ANHWRRS. XXXI

I, 7/, paroe.

), '&G.

;), &C.

\-\-cmq).

31, (m«+M3-/9)-j-2;/m, itc.

iiU /( ;/t'^ ^n'J)-i' 'Itnn , A;c.

85. f)c-i-{b-{-c), &Q,

87. ^t, /), c.

82. ^^^+ <?-6), &o.

84. l^-(i4-c--a), itc,

80. /'-f r — a, (fee.

88. //^-r'J,.&c.

40. i('la+/>+ 8c-2r/H-5r).

EXERCISK Ix.

4, a-7-(a— 6), />—•(^«+ ^). 5. l-r-{a~-h), l-i-(a-f/)).

6. a-f-/^ — c, a — h-\'C, 7. a+ /^
— <', « — ^-f-^'*

8. [n''i-\'Ub+h'')-^{n+ h), (a^ -oi,^b'-')~{a- b).

9. ((i6-l)-T-(a-l)(6-l), (,<-/;)^(a-l)(^-l).

10. (.4-a)-r-(a6-l), (l4.i)-f-(r/6-l).

U. (a4-l)(&+l)-^(rt/>-l), {a-b)-^{ab-l).

VI. rtO+6), b{a-b). 18. <t{i(a+6)-r(a-c)}-^(rt2 -k),

a{((a-6)+ c'(a+c)}^((/^-6(;). 14. --(«i-//). a^.

15. ^(^f c), &c. 16. (a-2ft4-8c)-^S8, i^c.

17. ^-^(/y-fc), &o, 18. ^/4-/>, &c. (by symmotry),

19. 2-c2, &c. 20. /y^-r^ &c.

21. :bc, (l-a)(l~^)(l-c), (2-a)(2-6)(2-.c).

22. ',c-^{ab+ bc-ca). 28. 1, 1, 1.

24. < {^nM+ nb-{-pc-}-q(l), &c.

d d^ d'
25. ifc or — -1 -- T->

--
a />3

26. (6_rt)^(a+ /»+c), </ = (6-c'-a)-j-(a-fe-c).

27. f(^ +m-

. i

n)y vN:c.



XXXll ANSWEBS.

\A it

i :

\J

I

28. {ia + 2c-'d—Bb), y-\z by symmetry-

29. —{a-b-^c-\-d), {ab+ hc,&Q.), -{ahd^&(i.),ahcd.

80. ^(rt-fe-f-c— rf-ftf), others by symmetry.

81. x = {a-lh^l)nc — lmnd+ lmnpc)-{l + lmnpq), the others by

symmetry. 82. a; = 6+c-«, &c.

84. 7/ = (a-f56+8c-7J+ 9«)--22, &c.

35. 2 = i(a+e), then symmetry. 86. a = '!+(i4-«, &c.

87. a; = a— 264-3c — 2t/-|-e> then by symmetry,

Ex£;ucisE Ixi.

1. ar=(2a?j + rt+&-f-r) ~2(a-6) where r = 4rt(62+&+l)-^

2. a; = (arf l)-^(rtr-l) where r« = (62-1) -r-8(a2-6av

3. a;={i/(H-a)(14-i)-i/(l-«)(l-6)}--

{l/(H-a)(H-&)+A/(l--<.(l_Z»)}.

{v'(a+ 6+c)(rt+ 6-c)--/...}. '

6. (a+6) -J- (1 -«?>). 7. a;=(«/S-a6)H- (a/3+6/.*

'ic— 1/ ~ (a—m)(6 — w)'

9. a;={V(l-6!i)-6v/(l-a2)_s_ ^(«a_j2).

10. a;=(6+c-a)-^ ^^-/6+c-a)(c+ a-6)(a4-6-c').}

11. a; = (6+c)-i-^(a+6)(6+c)(c-fa).
/

12. a;= ^/(a+ft-f c) H-a, &c.

18. a;={63+c2-a(6+c)[ - /2(«3^.fcs^^3 3^^^).

14. (6+6'-^), &c. 16. a or (aJ* — 6) -J- (1 - a6

r^nm



, cU)cd.

), the others by

e, &c.

')'i + b-]-l)~

3(a3 - 63V

i :

-.).}

16. ^+?/=./^a4-/>)(a4-2/^)

ANSWKRS.
xxxiii

X-y= V(a+ b)(a-2b) -4- v/(a~6), &c.

17. (a.+y)-^(36-.«j,
(,^,3.^,|^^,j

18. r^+?/)-^(^-?/)=v^(a4.3i)-j.^(«,_^)^

19

20.

2/2 = m--(am3-wi+i) where m =
«+6±v/(a2 -634-1) ^(^+/,)^

»» suppose.

a, b.

22. aJ=(r/-f%-=-(a_c)

21. ^={v^(«-c)+ v/.}y-^{^/(^_,3_^^j^
(a-c). &c.

23.

24.

25.

26.

*+y = («*-l)-^(«-6), &c.

-y={v/(*+2)-^(6_2)|^^{^,^2)-^/(/._2)}
=

/'suppose, ^f2/={i/«+ 2) + v'(a-2)}-^
lv'(«+ 2)--|/(a-2)}.

a.V^^ = K« + 6-.)(i+c-.)(o+,_,), &,.

ic=(a6-6c-c«)--2x/rtZ;c.

the value oft; in the equation 4c«

27. a~x-^ = ±ni, where »« ifl

4(c+ uJ/+4i;-=.

28. .: = V(a6c) (^+ -^) , ^ ,^^ ^ ^^^ ^^^^^^^^^

29. <A3+c.)^(6.^,.)^^^3^^.)^
4^^

30. c{V{a.i.b)^^(a-.b)}^^^a+ b),

31. Oora(Z;+ c)-^2ic, &c.

32. »=-i or rtl/(a^-l)--v'(a^-63), 4,.



XXXJV ANSWERS.

I W

ii

i

Examination Papebr.

1. (a-^-h-^cYx+y+z).

2. (a;'-'_4//2)3, 2{a2b'^-^b^c^-{.r^a^) -a* -h* -c'

8. x''-Gx^-^l'Sx^-12x+^, x^ + 9^-^+ 8,

a;"(»- 1 )_j_^«(«-2)_^^(n-3)

a
4. 2a;2"'-|:c3m^ _—_—

a
:]4,/- 19-^27, Oor

6. 16, 7. 199, 8, .42*37, CA 52, J^C 45. . .

II.

1. (a-hb)^. 2. (rt+/,+c)(a3 4.7,3 4.c3_3^ftc). 8. l^x'^

4 (a2«+2rt'"+2)^K + 2), (,, + 6-hc)-i-(a-6-c).

•|, 4 or 6. 8. p''^q-T-{r—pq).

9. 684. 10. (am4-6M)-r(a+^), (by common rule).

III.

1. -1X7, a^(z-x) + (x-y)nh+{y-z)b^.

2. a+bx-^cx''^, 3-4^-f 7a;'-*-10;tf»

8. 2^; 6, 9, 12.

5. 40, 35.

7. 5 or i ; 4.

4. 160 eggs. -

6. ^/^(l+«)+^/^(l_rt).

9. {a-^b+c){a~b)(b-c)[a-c.

IV.

1. (^4.^4.^)3. 2. a~b. 3. (ix^ -9i/^){4x^-iy^)A-^Vx

4. *l/8-^i/6, 17. ^, 4. 6. 1. 7. Oor 4: 8, 1

8. 7i, 12. 9. 4 or 6. 10. i(-3± a/ -39).

1. 8.^9 + 1^125.

6. ia, ^a ; 4 or - 9,

3. 16rt'^62, 4. ft^Sr/. 12.

7. 6, 7, 8, or -6. -7,



— a).

\

— c){a — c.

42/2). 1+ Vu:.

or 4; 8, 1.

5. 15, 12.

|7, B.

1.

3.

6.

0.

4-27, or ^. 2.

i • i

5.

6.

8. 1 : x'^.

2.

•

3.

lie).

5.

6.

7.

8.

ANSWERS. XXXV

a;='+//-±?^y, (7;k4-0//-9)(u,--2/+4). 4. -20, 0.

6 or 1h-6. 7. .tf = 4 or9, y/:=9 or4 ; 1,2,3;

a; = i(-7±|/38). 8. -1, 0, l,or5, 6, 7, or -V, -i,
v'.

a;(.c2+3)(x2-2a;- 1)=:0. 10. ;c-f-j/ = 3-r-4.

vn.

-•01. 4. x^-^x- 1.

(36x'-^4-18.r+ 9)-^aG.«4-81), (x-^ -a/v)--(u;- +a6).

9; 3; :c = ^(a-//).

VIII.

{x^—7j^)-{x-y); a=p + q,h=pq.

ax^ +hx-^cx-1 . 1
a; +3^lr>- - i

Tl

a;2-f/>.tf+j/^ ; 50{x-\-5){x-'k){x-G).

a= = h or a=l, b = ''2.

3 or — 43-T-7 satisfies tiie equation 2 - -/

IX.

&c.

4. axij-\-h. 7. ±\/ah\ \/(^f+/>)-f-i/(a — ft), and //= reciprocal

of this. 8. P(22a-216)--20«(rt-/>). 9. 7, li5, 48.

1.

5.

1.

4.

7.

aa;2+ft//2 4-2rar//.

X.

3.

iB V

u;-:j.

i/

4. 24.

V t' 7. 3
' ?• 8. 4, 6.

XI.

2. G, 8.
i . i

8. Ux -9// )3, tV^'+^\z/*.

iB2+3 + 9a;-
— 2 X' {a+ h)x — c. 6. 0,

or - 2^; j/ = ±3 or ±i/-9, &c.



i 1:1

1

M
"' w

llH

:

'til

:

xxxvi ANSWERS.

XII.

m
fe2 .

6. ( I -8u; - ix^)(l - 2a;-- 13a;- 4-38a;3 - 24u;*).

6. m^ — m=py 7 = 0.

7. a;2 = (a-2)-!-(a+4), lA ={/>(»?- 1) -en f ^ |/a(n-l),

.a ab^{^a-l))b-l)-l}. y. 87.

XTII.

1. 2. 8. l+c,a;+<?2a;2 4- Ac, where r,, rg, &c., represent the

combinations of a^, Mg. • • • taken «W6', two, &c. at a time.

4. $4000. 5. {nt{b'c-bc')-n{ca>-c'u)}^{ab'-a'b),

a b

r.l 7 («+^/-ff«-/^/-2a^ = 0. 9. m.

XIV.

1. l^abc. 4. 8 miles. 5. inn-^n\ x-\-y=±:5 qt ±1
x-y=±l or ±5. 6.-20.

XV.

2. ^. 3. c2(o2-/>r7) + r/2(/>2-rfr:)+«r(r/r;-ftc). 4. 2-=-(m-n).

If m—w is negative x is neg. which shows that they were

together before noon. If m-n = 0, x is infinite, i.e., they

are never together.

6. a;2(a;2-r/2)(a;-2«.); {x^ -a^){x^ ~y^).

6. {a-\-b-\-c+m)^^a-\-b-\-c-^d): (u;+^+2) -j- (a;-y -f-^)

;

8aH-(a+i).

XVI.

4. 2a;* -3a;3+4a;4-3. 6. See paper XIX., prob.. 4,

1
n

X T

10-

mm



.—• 1

r+l

1)»

)b,. 4.

P2-«8^l)

ANSWERS.

XVII.

xxxvu

1. {2ab-{a-hh)}^ah. *2. x*-'-hr-{n^h''i)+ {a-b^y

Sa* -2ab-l{)fir - 3/>3 +2r-' 4- 5Ar. 6. lit — n =4.

B. {m-¥n){bq—pc)-r-{^ini^—p)i), {jj-\-q){^mc - 0n)-i-{^nu2~p7i),

1.

present the
7.

t a time.

b'-a% L

4.

9. 65. ;

i

6.

H-5 or H-l,
1.

4.

2-7-fw-n).
5.

they were

e, i.e., they 7.

8.

-i-2);

1,

4.

1- .1 A
2. 1

.v^lll.

4. .« - </ —h.

8. 9a ; ±1-^ v^'i or ± J / 6.

6. (x-y)(x- z).

{} 10, 11.

XIX.

|(4;e_„4.1)». 3. nar2-l; (^2 +»://+ //2)2.

(«+ 2)--i-4(a-'4-a). 7. (76- -a-)^lli«. H. 18, 22, 50.

XX.

(l + m)a'+(l-w)?/. 8. x^ -1.

(x-\-y-z){>/-{-z-a'){z-^x-y)-^{x-^y^z)-;

1. 6. a"{cb'-hc')-^b''{ac'-a'c)+c'\:i'b-ah') = 0.

(6-c)-i-(6-«), b{c—a)-i-{h-a). 9. 8.a

8,

10. 2000.

XXI.

2. 24a?>c; 2a^ +4:Sa^x^ + 62a^x'^ +Ua^x'^ -hlSx^,

0; r^/^+lG. 5. 16; x+2(rx -2a. 7. 3877 oz. of gold,

783 oz. of silver. 9. - (8±4v/8)^(3±2 v/3 ;

a5=dz2 or n/— 1, 2/= ^Fl or =h2i/-1 ; 8, 4.

10- 2/ = costof 2uabale = G0±2Uv7.
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XXIi.
I

1. -02097, ^/3 4.,,^_}.^,3. 2. ab-'-h^+r^-O,

{a).{a-b)[8a-3h). {b).x{x - l){a—h){b- v)[„ ~ n).

8. />2=:4ac. (^/). («+M2. 5. {a) {ax-by)-^{ax-irl>y)

7. (^0 M<< + /'+ 'V' {b), I, I, 2.

(cj. b— c,c — a,a-b, [d). -l±v''2.

XXIII.

1. -l-x'^^-h'*-X''-hir^-\-yf'+{\)rrx^-h21x^ ..40;^.-|-42)^- '

(3x4-2U'3 + *Ja;-G); -382, 4. x = a+^Ac, y = b-\-Sr.

5. (2). V^. 7. (1). a+ /.+r. (2), 1, 2, 3, 4. (8j, or ^^^

12. Coll. to Newmarket 03 miles.

XXIV.

1. l-^{(x-y)(y-z)(z-x). 2. H-m.-v; 0. 8. fi, 3, 4^.

4. (1). A = bc~%t. n = ac-^1b, V^ab^^c, (2). ,,2^//-? ^ r;'-'.

11.
;v
= ± 2, a; = ± 5, &c. ; x^* - l().c=: - 19 or - 10,

.'. a; = 8or3, &c. ; {b ±a )p-9

XXV.

1 ;>

1. (rt^-3^)--(rt2-^;2); 1. 2. - -- -/>2(.^_|.,A_j_„2^.2.

0. a;2 - 2.(; = 2, x = 3, yy
= 2

; y = 53—24; &c. 6. 4 miles, 8 do,.

7. (a:''-l)~(x2-l),*;'-^ 8. /i" [p _ -|-| +~^. 9. 7.



ANSWERS. xxxix

10 i+i+ii,+1 "^i-2 + l-2'3 + *^^' = 2-71828 approxiiDatcIy

{(5^r-^3''"'^}{l.G-ll...(.5,.-4)}-|.
11. :'? and -I.

XXVI.

2. «-v/M-a^); 4. 3. 2, i,or^(-3±v/5); .+ ,+.^

4. 8

n/('*2-^2/>2), ..2 = .+ ,/(,,3 + 2//->), &c.; ,.U-4±:^/70)
7. ;^--^4+ra^27 = 0.

,.n—

1

10. (l4-.c)--(l-u;)--

{3x--1+2;H1-.;)}-^(1-^.).
; .,_^(i5,,^y^

» i&'

XXVII.
I. (h„~n/ry^,

3. («-6)(A-.) + (i.,)(,_^)^^^_

2. (<? -I- /;+o)(r/ -/,)(/, -r)(rr-c).

(6-c')2 4.(,. ._,,),

^0(«-/>); (a-/y)a_|.

5. v/r/Z>: 18

4. x~u~(
or

> 4 + 3;.

X= {1 +
7. i{(t + h)&c.;

-r-2

^^+'''-*'±r'(l-^-/^)(l-«+/>)(l+a-^>)(l+a+6j|

(« ; X -// = (l+.^)(l-/>)-f-(l_,,.j, ^c.

8. —8; 0''*-4/>2^4-8yy;-)-:-(j'>- -4ry).

9. 0M+ //.)-i-2//iu, (yi-mjs-2m;*
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Wi. J. (Sage & €0*0. ^Ictu (gbucn^ioual Silorke.

HOOKS FOR TEACHERS AX:) STUDENTS, BY 1)11. McLELLAN.

Examination Papers in Arithmetic.
By J. A. McLEiiLAN, M. A., LL. D., Inspcrtor of Ifiph Schools, Orit., and

Thomas Kirkland, M. A., Hcieiicc Masttr, Noiinal School, Toronto.

" III our opinion tho Imst Collection of I'robleaii on the American Con-
iiiicnt."—Nation Aii Tkaciikrh' Monthly, N. Y.

Seventh Complete Edition, - - Price. $1.00.

Examination Papers in Arithmetic. ---Part I.

By J. A. McLellan, M. A., LL. D., and Tiios. Kirkland, M. A.

Price, - - ... 50 Cents.
This Edition has been issued at the request cf a larpe nur^bi r of Public

School teachers who wish to have a Ciicii]) l^dition for the use of their

pupils prejiariiig for admission to High iSchool.

Hints and Ansv/ers to Examination Papers
in Arithmetic.

By J. A. McLkllan, M. A., LL. D., and Twos. Kirkland, M. A.

Fourttx Edition, . . - - . $i.oo

McLellan's Mental Arithmetic. ---Part I.

Containing the Fundamental Rules, Fractions and Analysis.

By J. A. McLkllan, M. A., LL. D., Inspector High Schocis, Ontario.

Tiiird EdiMon, . _ . - 30 Cents.
Authorized for use in the Schools of Nova Scotia.

IIMcLellan'F Mental Arithmetic- --Part
Specie 1y adapted for Model and High School Students.

Third Edition, - . - Price, 45 Cents.

The Teacher's Hand Book of Algebra.
By J. A. McLellan, M. A., LL. D.

Second Complete Edition, - - _ $1.25.

Teacher's Hand Book of Algebra.—-Part I.

Prepared for the use of Intermediate Students.

Price, ----- 75 Cents.

Key to Teacher's Hand Book of Algebra.
Second Edition, Price. $1.50.
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A.
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apers

A.

- $1.00

Tt I.

lis.

ntario.

3 Cents,

t II.

Cents.

ra.

$1.25.

*art I.

Cents,

febra.

I. $1.50.

WOKKS I'OK TRACIIKIIS AND STUDENTS, BY JAS. L. HUGHE.'<

Examination Primer in Canadian History.
Oil till) Topical Mothod. By .Ias. L. HidiiKs, liisin'otor of Schools, To.

r')nto. A Priniur for Students preparing for Examination. Price, 25c

Mistakes in Teaching.
By .I.\;-i. LAroiiiiis Hi'oiik.s. Second editlo Price, 50c.
AbOl'TliD UV bTATB UNiVRRaiTY OV IOWA, AS AN BLRMENTARY WORK KOU I'SK

OP TKAOIIKUS.

This work discusses in a torse manner over f^no mindred of the mistakes
LOiaiiionly made l)y untrained or liiexiierienced Tiaclurs. It is dosijjfiiod to
warn youri!,' Teachers of the errors they are liable to make, and to help the
older members of the profession to discard whatever methods or hahits may
lie preventing their hi^dier success.

The mistakes are arran>>red under the following heails :

1. Mistakes in Management. 2. Mistakes in Discipline, t. Mist^kivs in

Methods. 4. Mistakes in Manner.

How to Secure and Retain Attention.
By Jas. Lauqulin Huqhrs. Price, 25 Cents.

Comprisitisr Kinds of Attention. Characteristics of Positive Attention*
(Jharacterijitics of Tl>c Teacher. IIow to Control a Class. Developing Men
lal Activity. (Cultivation of the Senses.

(From Tn!^ School and Unmvkksity MAOAZiffR, London, Eno.)
"ileplete with valuable hints and practical suggestions which are evident-

ly the result of wide experience in the scholastic profession."

Manual of Drill and Calisthenics for use in

Schools.
Bv J. L. HuouRs,Public School Inspector, Toronto, Graduate of Military

School, H. M. 29th Regiment. Price, 40 Cents.

The work contains : The Squad Drill prescribed for Public Schools in On-
tario, with full and explicit directions for teaching it. Free Gymnastic E.\-

eroises, carefully iclected from the host (jerman and American systems,
and arranged in proper classes. German Calisthcnic I'xercises, as taught
by the late Colonel Goodwin in Toronto Normal School, and in England.
Several of the best Kindergarten Games, and a few choice Exercise Songs.
The )ns'-,mction8 throughout th* book are divested, as far as possible, of

unnecessary technicalities.

"A most valuable book for every teacher, particularly in country places*

It embraces all that a school teacher should toach his pupils on this subject.
.\ny teacher can use the easy drill lessons, ami by doing so he will be con-
fencing a benefit on his country."—C. j\ad'JI,ifi'K Dbarnaly, Major First

Life Guards, Drill In.structor Normal and Model Schools, Toronto.
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AuthorizGU for use in the Schools of Ontorlo.
~^

The Epoch Primer of Enghsh History.
Uy Ukv M. Ckki.jiuwn, M. a., l,;itf l-Vllow and Tiitcx-nf M, rton Cnlk.irf

U.NfOl'l

Sixth Edition. - , ^^. . Price. SO Cents.
Moat thorough. Ai.kki.kkn J.,,rnai,

ThisNoluiiit', taken Willi the ci-rJit small \f.liimfs rnntaininu' Iho ar-
counts of the ditTorunt epochs, presents what may be iv-anl..! as Iht- most
thon.Moh courso of tlLincntar, Kn-lish llisioiy over i-nllislud.

What was needed. ^ ' Ton. m,. i ah.y (ii/ hk.
It is just such a manual as is needed l)y piiMie sehool pupils who are

!,'oin!y up for a liiirh School course.

Uaed in separate schools. y\. .Stakkohd. PkikstWo are usiii^- thi«i IJistory in our Conxcnt aii'l Sei)arate Schools in Lind-

I

ill

; i

Very concise. llAsiinoN Tivk.s.
A very concise J'ttlo hook that should he used in the Schools, In ita

pa-es will he found incidents of Enylisli History from A. D. 43 to 1870, in"
tcristinif alike to youn-- ami old.

A favorite.
"

i.o.m.on Ai.vKifnsKR.
The hook will prove a favorite with teachers jjreparin;,'- pupils for the

entrance examinations to tlie Hiyli Schoolu.

Very attractive. Hiirnsn Wum, Kinostox.
ThislittK l)ook, of one hundred and forty pa.v.es, i)rcsenfsi iii.sl.ors in a

very attractive sliape.

Wisely arraiigred. Canada Prrsrvtkkian.
Th epoch chosen for the division of Knylish History are well marked

-not mere artificial milestones, arbitrarily erected hy the author, hut naj
natural landmarks, consisting of yreat and important events or remarkal)le
(!hai!;^es.

Interesting. YAinioi-Tn Trihi-nk, .\ova Scotia.
With a perfect freedom from all looseness of style the interest is so well

sustained throu.-hoirt the narratise that tli- ,e who commence to read it

will find it dillicult to leave olf with its i)enisal incomplete.

Comprehensive. t.itkrary Wor^p.
Tlie sp.'cial value of this historicnl outline is that it -ises the reader a

comprehensive view of the course Of memoi-ahle events and epochs,
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THE BKST ELEMKNTARY TKXT-IJOOK OK THE VE Mt.

Gage's Practical Speiier.
A MAM'.vL OF Sl'i:i/..1NC} AM> DICTATION.

Price, 30 Goniri.

Slxcy copiecj ordei'ocl. .Mni.\r Fokkst Aiivikatk.

After iMi'i'ful iiispi'i t on we uiilK'iitiitiii;;ly proiu'tiiict! it the l)ext sim^II-

iiiy- ii(»i)k ever in use in oiir pulili.; seiidds. The I'nii'ticui Speller socure.t

nil i;is,\ access to itscontenta !>y the vei;\ ss.s'cinatii; iin;iii;,'eiiKiits of the

vvoiiis 111 toj Ilea! eUiss's; a pennaii'.'iit iiiijires^Kin on the llleIllOl^• by the

li'e(|iieiit review of (UHhult words; and a savin;,' (,f time and ofTort by tiie

selection of only such words as are dilliciUt and of coniinon occurrence

Mr. Ueid, H. S. Master heartily recoininends Mie work, and ordeivd somo

si.\ty copies'. It Is a l.'oi k that .sliouid he on every husineasi Mian's table as

well as ill the s/liool room.

Id a necessity. i'iu:<n. Wit.ves.s, Halikax.

\v liave aluady Irid repeated occasion (o speak lii;;hly of tlie Kdiica-

tioiial Series of which this book is one. 'Die "JSpelkr" is .i necessity ; and

wo liavu seen no book wbieli we can reeommeiid more heartily than the one

before us.

Good print. noWMANVII.I.K Ol:SKKVK.R.

The " i'ractioa! rjpeller " is a crecl't to the pulilisliurs in its v,ci,eral .u^et

;ip, classification of subject^;, and clea.'iiess of treatiiient. The child wlio

•ises this book will not have dama;;ed eyesight through bad jirint.

Wi:atitis. STRArnitov Aoii.

J! is a series of ^rraded lessons, containin!,'' the words in ^jeneral use,

witli ibbre\ iations, etc. ;
\\oriis of .siniihir pronuncl.i 'on and different spell-

ing,' ;i collection of tlie most ditlicult words in tlie lanuuauc, and a number
of liti lary selections whii.-h may be u.sed for (lictatio!; lessons, and coniniit.-

ted to memory !)y the pupils.

Every teacher f^Lould introduce it. Canadian Statr.smax.

it isaii impr'j'-.ment on the old spellimc book. Every teacher should

introtUico it into his classes

o
The best yet seen. Colciirstkr Stn, Xova .^cotia.

It is away ahead of any"spellcr"that we have heretofore seen. Our public

schools want a good spelling hook. Th(! jtublication Ik fore us is the best.

we have \ct seen.
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The Canada School Journal
IIAH IIKCKIVKK AN IIONOH AHI.B M KN TION AT PARI* KXIIIBITIOM, 187*

Adopti'd 1)V iiiiirl.v «vor>' ('"uiit.v in Caiiaila.
Hi'i!oiijinuii(li'l by tlio Miiiintcr of Ivlucitioii, Ontario.
Iiicnniinondcii by thoCoiiiicil of I'ubiii! Itmtniotion, *^>uohoo.
HiM'i.iiiiiUMKltMl by Cbirt Sii|)t. of Ktliication, New Ilniiiswiok.
Utjcuninnjndcd by Chief .Nii|ifc. of Kdmrufinn, Nova Scotift.

KeconiMiemiod by Chief Sujit. of Kducation, Mritish Columbia
Uceomniondod by Chiof Hupt. of Kdiication, Manltoliu.

IT IH KDITKU BY

A Committee of some o' ,1k I-cadinj; Kijiicationists in < ntario, ossiMten

by ablo I'rovinoial Kditors in the I'rovincea of (,Mielieo, Nova Scotia, Nt'W

ISniimwicli, I'rince Edward laiaiid, Manitoba, and Itritish Columbia, thua

huvin),' each Muction of the Dominion fully ri.t]ireHented.

CONTAINH TWKNTY-KU(rn I'AOKH OK IlKADINO MATTRR.

Iiive EditorialH ; ContributionH on important Kducational topics ; Selec-

tions—UuadingH for the School Room ; and Notes and NewH from each I'ro*

vin(!e.

I'liACTicAL Drpartmrnt wiU always contain useful hints on methods of

teachin),' different subjects.

MATiiHMATioAii l)Ki>AKTMKNT gives solutions to difficult problems also on

Exaiuinaticn Capers.

OvpiciAi. Dhpaktmknt contains such regulations as may be issued from

time to time.

Subscription, 11.00 |>cr annum, strictly in r.dvanoe.

Rrad thr Fot,i,r)wiNo Lrttkh prom John UuKKNiiKAF WniTTiBR, iffiR Fa-
mous AMKRICAN I'oKT.

I have also received a No. of the " Canada School Journal," which seems

to me the brijrhtost and most readable of Educational >raK'aziiics. I am very

truly thy friend, John Greenleaf Whittier

A Club of 1,000 Subscribers from Nova Scotia.

(Copy) Kducation Ofpick, Halifax, N. S., Nov. 17, 1878.

Messrs. Adam Millkr & Co., Toronto, Ont.

Dear Sirs,—In ordor to meet the wishes of our teachers in various parts

Qf the Province, and to seoure for them the advanta;;e of your excellent

perimiical, I hereby subscribe in their behalf for one thousand (1,000) copies

at club rates mentioned in your recent esteemed favor. Subscriptions wilj

be|,'in with Jaimary isaue, and lists will be forwarded to your office in a few

days. Yours truly,

David AI/LIson, Chief Supt. of Education.

Address. W. J. GAGE & CO.. Toronto, Canada.
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Fa-

FOR THE USE OF INTKHMKDIATE STUDENTS AND TK^LUUEllS.

Gage's School Examiner,
Of SriKNCB AlfD r.lTRRATURR.

A Maffazino for tJie School Koorn ami Study, containlntf Rxamitiatton

PaiMsrs on thu subjects tau^'ht in the Ill^h and l>uhlio Schools, luid (leHl;;n-

ed fur the use of Toaohurs in conducting Monthly Kxaniinatluna, and in the

daily work of the School Uooni, and for thu use of Students iireparin^' for

the Intermediate and all Oj/lcial Examinations. In addition to Ori(/inal

Papira prepared by SpecialiMtH on the various subJectH, valuable splcctloin

will be made from the University, TTiy:h School and I'ublio School Kxaniin-

ations in Kuro|)e and America, as well ott from Normal School and other

Examinations for Tcachura, both I'rofuHNional and Non-profcuciional. Sub-

scription, ^il.OO \>vt year—i)ayable in advance.

Addiikhb—W. J. GAGE & CO., Toronto, Canada.

Bro. llalward, Prin. Chrig. Bros.' School, Kingxton.

Am much pleased with the plan, arraPK«>»»"iti <""! matter of Oagfe'*

School Examiner, and trust it will obtain tae generous patronage of all

earnest educationists.

S. Barwash, Colbome.

It la Just what we wanted. I have no doubt of its onmplelf) MiiooesB.

L. Gilchrist, Woodville.

I think it an exoellent periodical, especially for Teachers who hold

Monthly Examinations.

W. W. nvtherf<yrd, Port Rowan.

I find it a very useful Journal in School work and cannot afford to be

without it.

Jamen McBrien, I. P. S., Myrtle.

The "School Examiner" is rapidly winning its way into nearly all the

schools.

Georje Ilarjier, Anchora(jc, Wiscon.sin, U. S.

It is attractive in form, neat and handsome in api^earaiice, and, in ni>

humble opinion, contains more solid and useful matter than any similar

Journal in the United States.

D. li. Boiile, West Arichat, C. B.

Inilced, the solution of No. 2 Arithmetic, in the April numl)er is alon«

worth th? subscription price.
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Canadian History.
By Jamk» L. HroiiKH. Inspector of Public .Schools, Toronto.

Price, 25 Cents.

HISTORY TAUGHT BY TOPICAL METHOD.
A PRIMER IN C.\.NADIAN HISTORY, KOR SCllOOWi A.ND STUDKNTS PRBPARl.NO FOR

• KXAMl.NATIO.NS.

1. The hi.story is divided into periods in accordance with the great na-

tional changes that have taken place.

2. The history of each jwriod is given topically instead of in chronolog

ical order.

\i. Examination questions are given at the end of each chapter.

4. Examination papers, selected from the olRcial examinations of the

different provinces, are given in the Appendix.

5. Student's review outlines, to enable a student to thoroughly test hia

own progress, are inserted at the end of each chapter.

6. Special attention is paid to the educational, social and connncicial

progress of the country.

7. Constitutional grow fh is treated in a brief but comprehensive exer-

cise.

AW By the aid of this work students can prepare and revjew for exam-

inations in Canadian History more quickly than by the use of any other

work.

Epoch Primer of English History.
By Rev. M, Crkiohtotn, M. A., Late Fellow and Tutor of Me«rton College,

Oxford.

Authorized by the Education Department for use in Pubiic.Schools,

and for admission to the High Schools of Ontario.

Its adaptability to Public School use over all other School Histories will

be shown by the fact that

—

In a brief compass of one hundred and eighty pages it covers all the

work required for pupils preparing for entrance to High Schools.

The price is less than one-half that of the other authorized histories.

Ill using the other Histories, pui)ils are compelled to read nearly three

times as much in order to secure the same results.

Creighton's Epoch Primer has been adoi>ted by the Toronto School

Board, and many of the principal Public Schools in Ontario.

I

;





ii;





W. J. GAGE & O&B New Ednoational Series. 7

h:' 1

MATHEMATICS.
raior.HAMBLm SMITH'S ARITHMETIC.-Adaptorl to Can-

udiau Hohoola, by Thomas Kirkland, M.A., Science Maater,
Normal School, Toronto, p.nd William b'cott, B. A., Head
Master Model School for Ontario. 6tU Fidiiion (0 75

KEY to the above Arithmetic, by the Authors 2 00

ELEMENTARY ARITHMETIC.-Intended as an Intro,
dnctory text-book toHambliu Smith's Arithmetic, by Thomas
Kirkland. M.A., Solende Master Normal School, Tor., and Wm.
Scott, B.A., Head Master Model School, Ont. 40th Thousand. 26

MoLELLAN ft KTRKLAND'S ^EXAMINATION PA-
PBR8 IN ARITHMETIC—By J. '. McLellaii, M.A., LLJ).,
Inspector of Hlsh Schools, and .homas Kirkland, M. A.,
Science Master Normal School, Toronto. 4th Edition 100

MoLELLAN & KIRKLAND'S EXAMINATION PA-
PEBS.—PART I.~Caataining the Examination Papers
for admission to High Schools, and for Candidates for Third*
Class Teachers' Certificates 50

HINTS AND ANSWERS TO McLELLAN & ZIRK-
LAND'S EXAMINATION PAPERS. 2nd l]dition 1 00

SMITH & MoMUROHY'S ADVANCED ARITHMETIC 50

SMITH & MoMUROHY'S ELEMENTARY ARITH-
METIC IronBounff 25

MENTAL ARITHMETIC.-PABT I. By J. A. McLellnn,
M.A., LL.D., Inspector of High Schools, Ontario. 2nd Edition 80

MENTAL ARITHMETIC-PART n. By J. A. McLollan,
M.A., LL.D. and Edition 45

JUVENILE MENTAL ARITHMETIO.-By John F. Stod-
dard, M.A 15

ELEMENTARY ALaEBRA.-By J. Hamblln Smith, M.A.
vj With Appendix by Alfred Baker, B.A., Mathematical Tutor,

' University College, Toronto 90

KEY TO HAMBLIN SMITH'S ALGEBRA 2 75

HAMBLIN SMITH'S EXERCISES IN ALGEBRA.
PART I 75

ALGEBRA.—PART II. By E. J. Gross, M.A., Fellow of Gon-
viUo and Caius College, and Mathematical Loctiurer at
Gerton College, Cambridgr 2 50

HAMBLIN SMITH'S ELEMENTS OP GEOMETRY 90

HAMBLIN SMITH'S GEOMETRY.-BOOKS I. and II... 30

HAMBLIN SMITH'S GEOMETRY.-BOOKS II. and TIT. 30

POTTS' EUCLID.—With Appendix by Thomas KirKIand,
M. A., Science Master Normal School. 600th thousand 50

POTTS' EUCLID.—b60KS I. and IL 80

POTTS' EUCLID.—BOOKS II. and III O 80

ELEMENTARY STATICS.-By Thomas Kirkland. M. A.,
Science Master Normal School, Toronto. 4th edition 100

BLriNffENTARY STATICS.-By J. Hambliu Smit.i, M.A.,
with appendix by Thomas Kirkland, M.A., Science Master,
Normal School, Toronto f 90

ELEMENTARY HYDROSTATICS.-^y J. Uamblin
Smith, M.A 76

KEY TO HAMBLIN SMITH'S STATICS AND HY-
. DROSTATKJS (iu one volnuio) 2 00

ELEMENTARY TRIGONOMETRY.-By J. Hamblin ^
Smith, M.A 1 25

KEY TO HAMBLIN SMITH'S TRIGONOMETRY. S 00
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J.

MASON'S ADVANOED GRAMMAR -By C. P. MaRon.
B.A., P.O.P., Fellow of Univeraity College, London. 27th
edition 76

MASON'S ENGLISH GRAMMAR.~(Common Bchool
eilition) with copious and carefully graded exercises, 243 pa.'^oa 80

MASON'S OUTLINES OP ENGLISH GRAMMAR, for
the use of junior classoa 60

ENGLISH GRAMMAR EXERCISES.-Mubon'a. (Ro-
printed from Com. Sch. Edition , 80

MILLER'S SWINTON'S LANGUAGE LESSONS,
(revised edition), adapted las an introductory text-book to
Mason's Grammar, by J. A. Macmillan, U.A., Ottawa Collegi-
ate Institute. 5th edition, 40th thousand 25

NEW ENGLISH GRAMMA.R.-In three p- \b : EtymoloRy
Syntax and Analysis. By William Swlnton, A. M. Revised
by J. B. Calkin, M. A., Principal of the Normal School,
l^Tiro.N. S 60

DAVIE3' INTRODUCTORY ENGLISH GRAMMAR 25

MILLER'S ANALYTICAL AND PRACTICAL GRA.M-
MAIi 88

HISTORY OF ENGLISH LITERATURE~By Wm.
Spalding, M. A., (New Kevised Edition) 90

DR. DAVIES' NOTES ON 5TH READER, for Candl-
dates preparing for 3rd class corkificates. 6th edition 2P

DR. MACALLUM'S NOTES ON 4TH READER, for
Gandidaten preparing for admission to High Schools 5th Ed. 26

linLTON'S PARADISE LOST.-BOOKS I & H, wHh notes
by C. P. Mason. B. A :.... 85

GOLDSMITH'S TRAVELLERAND GRAY'S ELEGY.—By C. Sankoy, M. A.. Assistant Master at Marlborough;
and Francis Storr, M.A., Chief Master of Modern Subjects
at Merchant Taylors' School. Interleaved edition. Price ... 46

GOLDSMITH'S TRAVELLER.-By C. Sankey, MA., Inter-
leaved edition 80

GOLDSMITH'S TRAVELLER,AND GRAY'S ELEGY.
—ByE. T. SteveuK, M. A., Oxon; and Eev. D. MoitIb, B.A.,
London. Interleaved edition 40

SCOTT'S LADY OF THE LAKE.-CANTO V. & VL By
B.W.Taylor, M.A 40

ENGLISH COMPOSITTON.-For the nee of schoola. By
Thomas Morrison, M.A., liector of the Free Church Normiu
School, Glasgow ,., O 45

A SCHOOL MANUAL OF ENGLISH COMPOSITION.
—By William Swinton Q 46

EPOCH SERIES OP ENGLISH HISTORY.-Edltod by
the Rev. M. Creighton, M.A., in eight vols. Price 20o each

:

I. Early England ; By Frederick York-Powell, M.A.
II. England a Continental Power ; By Louise Creighton.
ni. The Rise of the People, and Growth of Parliament : By Jamea

Rowley, M.A.
IV. The Tiidors and the Reformation, 1485-1608. By the Rotd

MandcU Crciqhton, M.A.
f V. Strugi^le against Abso'nte Monarel j. By BerthaM. Co; ^<'ry.
VI. The Settlement of tho Constitution. By Jarnes Rowley, I'A.
VIL England during the Amencan and European Warg, By 6. W.

Tancock, M.A.
VIII. Modem England. By Oscar Browning, M.A,

EPOCH SERIES.—PART L Containing first fonr oltwnes... $0 50

EPOCH SERIES.-PART II. Containing last four voluinei... 50
EPOCH SERIES.-COMPLRTE, in one volume... „ o 90
EPOCH PRIMER OF ENGLISH HISTORY.-An In-

•troductory volume to "Epochs of English Historv." A
complete summary of the history of EuaUud, in liO'vattoa.
By Rev. Mandell Creighton, M. A f. .........!!.......„.„ 80




