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I'HKI ACK

TllK .)ii»tiH< atimi Inr [tiittinK 1k'|i"H' tin- tiai lur^ <il tlir < "iiiiti>

a lu-M KU-iiicntiiry AIp'Imh i" tli«- Itliti tliut, in !*\i\U' <>t the

iiiiilti|ili<ity <>t iHHik^, tlit re i- ^till r<M»in tnr iiii|iriivfincnt in ilu-

iiit'th<M| ot trftitiii^ thf Miiliji'i't.

Thr ikiiii «il the prt'^ent InMik is to n\\v an ilcnuMitary |>ii's^mi

tati'iii lit tlif tiiriilanit'iititl inini i|>lc» ami ii|ifrati)>ii> ut Al^'t'lint in

«iiili a \\.i\ II- til rrlatf t-adi -tt'ii tn tin- |iic-\iiMi> know |(t|;it' nt

tlif «tMil«nt. StiiitiriK witli tlu- ^tatt-nu-nt that alp-Wra i> a kind

ot aihannd aiithinrtir, \vr liiivc, csiwcially in tlu- fail \ <lia|itn«,

t'n<lfa\onn<l to k»'«'|> tin- ^tuflfiit in constant toiuli with taniiliiii

latt«.

In tlif trt'atiut'ht ot tin- varioii- tni>n-i we havf kijit tiic tla».>

mom constantly in niinil. ami have trif<l, Itotli in lan;;Maxi' an<l

iiinstration, to pnM'nt the tacts a.x a ;;oci(| tiaclur wonid do wvtv
he Wt'fon- a cla-'.

\\ hilo as tar a» iKissilik- \vi' liavr iistd the indiiiti\c nii'tliod,

li-adinK' tlio student liv illustration to sec tin- steps l>y wlii. h new
ideas and |ir<Hesses Injeonie possiMe, we have endeavoured to m ike

it sound in theory hy takiny the student outoftheconiTetet Miniiilf

to a realization ot the priM-esses in relation to nuinl>er alone.

Kurther, to this t-nd, we have n<tt hesitate<l to iiitHMlm.'. when-
necessary, a new idea hy means of a definition. In the treatment
ot neitative nuinU-rs, for example, we deemed if w isci to he-in
with a definition, and from considerations hased on thi.-Kletiiiition,

to derive our tletinition of C'oncrete (Quantity, .\rt. 3n. This. «»•

Relieve, will l>e found to he both simple and accurate.

In the treatment of .Multipli<ation (.\rts. (j:{ ami «54), we have
preferred to build upon the aritlimeiical definition as the niftst

loj;ic;d way and to show tliat multiplication by a fraction is really

6



I\ I'mkf\«k

r<.ll-.|»ttlit VUlll It (Alt. I«<i) Till- I- hnl ..|i|\ vtllhll III llli'.l

t>cit rii'il\ iitultistiMNi, iiiiilti|i|t< ittJDii U\ ,1 trill timi ihmiImhu Im,!!,

iiiiilti|ilii'iitiiiii itml (iui^ioii.

iiuf MtliiT iVuiurr ill tlif Kt'iienil tnatinctit nf tin- ,iil»j»-ct wii:

w«' think, !•»• -iHi'ially liflpliil to the ".liidi-iit, \i/ , tlii> <itii-.tinitlv

|.lar(iij( m jii\tii|«>-iti"ii <>|i|M»iiti' |i(i«c^^i-^ Tin- Iw.f illn^tr.tti. ,,

i- Mfii III tlif tu'atmi'iit <>( taiti»riii« Tlii' \iiiioti- t>|i«-. !

fa. ti.ritiu will Ik- tniin<| taipfiilly i la-.>itif<l aiut placf*! •.iilchy m.i

witlt <nrr«'»|N.iuliiiK tyiH-'. in inultipliiHtioii.

KolloHiiiK tai ti.iiiix will In- IuiiihI ,» < lia|>ttr '>ii H.iUinj.' (..|ii ,

tioiiN I.I till- M'.-..inl flcurtv. Tlii^ nut ..iiiy attunl- ail<liti<.i. .1

pmi'tii'i' ill la<t(irin«, hut iiiakt'- the a|»|ii..iirli t<. .|iia.liafif ciu ,

ti'.ii, «iiii|ilc ami ilirr. t. Tin- fivafnifiit ..( .|iia<lratii> will I..

(••mill ill luiniiniiy with thi^ rhaptrr.

Ill thf tifatiiiciit of H.C. K. ami L. ('. M., rwn !>.•-> woikf.l ).\

farforiiiK arr M'|Mirat»'<l from tlioHf worki-il liy i|i\i<.i.,ii. I'ra.ti

rally, tin- lattiT niithiNi i> of littU' toiiMM|iifii.c ai comiMiriMl witli

till- foriiifi-. \Vi' I'oiiiinciiil to ttwht-r- tin- ticatnieiit of tli-

Ki'iuT.il prolth'iii in Art>». I'>4 l.")ti

Two short ihaptci's on (iniphs havt- Ihtii intiiMliicd, .nu- at tli,

iikI of siinplf f«|Matioii7< and tlif other at the nitl of .|iiailrati.

<iraptis in fU-nifntary al^'iOira .an !>.• jiistitif.l i«'<aiiv of tl..

a-SNistaii.c thry n'wv in iiixli'rstHniiini; alKi'hraical pr.« c^m--*, aid
thi-ir practical application : the liniitt-il s|mc-f niwn to thfin m
this iMMik lan Im- ji|j.tifif(| on the saiiu' ground. This IxHik i^ in,

Al)f»'l(ra, n.tt an Analytic ( ii'oinetry.

Thi' fxaniplt'H have Ki't'ii .aivfully «radi'd tliroii«hoiit. Ai

etf.Tt has iM-en iiiadi' to havt- the t'xainples at the l>eKinniii;u .t

t'liih excrciKi' illu.stratt- individual [Miints and to coniliinc tlu-.c it

the later t'xaiiiplfs. We have liy .arefiil arranxenieMt trie.l t

av.iid an excess of examples, the tendency of which is to cieat

dislike for the siihject. At the same time we have not lost >iuli:

of the fact that "practi.e makes jierfct." We h.«|K' we lia\'

stniik a happy mean. In neiieral we w..iil.l sjiy that tw.. thii.l

of the exainple.s in each exercise will lie foiintl -uthcient. Tli

more diftii-nlt ..ii-.-s at the end may he left tor mcoimI readim,'.



PllF.K\« V.

With li'ii.inl to fitr lolMi-. ll'i'Kliil a wnl'il liiHV I"' 'ihl VV<-

li.iM- trif<l tu (Iniw i« n'UMtii<il»li' Inn- In-Iwitii an ••liiiifiitiirv •iinl

lit .til\,iii<'ii| fiiiuM' III til*' HiiltpTt. rill- Itilln iiiii'<l !«• I>ii-r<l

iilMiii tin- li'rnur. Tuiirw lilo- |iii'<|ii.ilitit>., liiiiiKiii>irii"< (i-Mfpt

.I' r»M|iiirf<l J" iiilfi |in't i|iiiiillatM i-<|Htitiiiiit), ( 'iiiit|i|<'\ Nuiii'wi-,

>|>«tial I'i'olilcitio HI till- 'riifMry "I (^iiailiiiti<->, liinoti-riiiiiiatf

•'orill'. Ilavr Ihi-|| •iiiiitti-d. TIlfM-, «<• litllcXr, Ih'Ikii^ In ail .l<l

\,iiu»'il CI HUM', ii- ;;<'tH'riili/ati<iii<t nl ^niiir '•ni|ili-\ily an* ih\">|\i>i|

'I'lif-r, with iithtT tnpio, «»• |>r<>|M..f t"i treat ill a •••|»aiutc smIuiiii',

whirh \«ill alxi In' ImiuiuI ii|) with thi-* lMH>k t<>r thov wlio >•>

ih'>l|i' It. We havt' put ill li Hfcti'ill Ml' ( 'iiIm- lliHit, lint iMTilllM' nl

111 vahic, hut iN'fiiiHc it in a>.ki'<| fnr m i'niii'-.cM nl utiiily. N\<'

ri'i'n||||||f||<| it« nliii^Minll.

Thi- •haptiM" nil liulirf-. ami SiiriU Hif put iM-lnic (^iiiiilratic-*.

lint fin-y ari' m-II' cniitiiiiH'il rliapti'i-" aiiil laii Im- icail jatt r il

il»'<<irf<l. ( )nr n'a-.< n Inr -ai plariiiK' tln-in it that tin'\ a>>i-.t in

unili'iHtaiuiiii;( <«inif pinli|fiii> in iinailratiro.

Nfit lfa>t rtinnn>f-'t thi* lttilnri>« whii-h wi- U'lievt* will tniniiifiiil

tliiH Imtik. i.H the tnnn in whiih it io pulili-ln-il. Kor tiiis wf wi>li

In thank tin- pnliliNheis.

Wf rtUn (U'sirf to I'xpn'H- oiii thank-, to I'rnf. ( 'ochniiif, nf tin-

I'liivt'iNity nf Miiiiitnltit, fnr many hi-lptul -u«;{»'j'tinri> ami

rritiii'.iiix.

THK Al TMOIIS.

.!/'»//, riiis.
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ELEMENTS OF ALGEBRA

rHAlTEK I

DEFINITIONS AND NOTATION

'I
1. Algebra. Alj;cl»ni is u kiiul of a«lvan(t<l Arithmetic

ki uiiirh letters are employed as well as ii^'ures to reprc-

leiit mnnhers.

J 2. Numbers. Numbers as useil in Algebra may he either

yirticular or general ; the former are represented hy tigures,

ille latter hy letters.

fFiiiures and letters used to represent numl>ers are railed

IRimerical symbols.

J 3. Particular Numbers. A particular numl)er is any one

Jetiuite number which may he speeifie<l. Such numbers
^e repres(>nted as in arithnietic by figures, since a titrure,

M for example, has always the sam(i meaning or value.

H 4. General Numbers. A general number is one to whicli

.BO definite value has l»een assigned. It is fre(juently

^me one number, at present unknown, whose precise

pilue we wish to find. Such a number is represented by

§ letter, (t, h, c, etc., t(» which we may assign any value

fhatever ;
but each letter is assumed to represent the

ime value throughout any one example or problem.

Jl

'.<:? '.!...•» .'.VtI •mnrraa>pni^tTi- '- ATBSTijriTjvGPiarir



10 Elements of Aloebua

5. Signs. The si;;iis +, -, x, -=- , -= , used in Arit i

luetic to (Iciiotf tile ((Iterations (»f uddition. siilitrartii.

nnilti{ili(iition an<l division and the sign of eijuality. ;i

us( d without change of meaning in Algehra.

Tliese signs, excepting =, together with others to i..

exjilained. are called symbols of operation.

6. Tlie sign of niultii)lication i> usually omitt' i

between two letters or l>etween a figure and a letter, ai m

the two symlxtls are placed side hy side.

Thus ah moans ii xh \ 'uihr means r, x a x b x c, etc.

7. The sign for division, ^, is not very frequentiv

used in algehra
; the dividend is usually written over tli.

divisor in tlie fdrin of a fraction instead.

Thus II -^ h is usually written each expression inili-

rating that the numln'r denoted l»y a is to Iw divided Iv

the numlM-r denoted hy h.

8. Addends. Numbers represented by letters or liv

figures and connected I)y the sign + , denoting addition, a

called addends, and the result of the a(hlition Is called ti.<'

sum. Thus 11 -t b denotes that the numbers representil

by n and b are to i)e added ; a and b are con.sefjuentiv

called addends; similarly .r and o in the expression

.'+"). are addends.

9. Factors. Two or more nundters. rejtresented l>v

letters or figures which are to be multiplied, are calli 1

factors, and the result of the multiplicatifm is called tl

product.

Thus i(b con.-.sts of two factors ;
rtnbr consists of foiM

factors, etc.

10. Addends repeated. When a number represented 1 v

a letter is to be taken two or more times as an addend, we

^^ici^''':!»:,• ii^-'lC-sUi^-^Biu-i-ii/- sjisi: '^•:<^JiA^i^^!' 'A'



Definitions anu Notation 11

iiit«' tlif h'tter once witli a I'lLMU-f Ixfurc it tti .•-how Imw

luiiiv liiut'S it is ti) I i' so tiikcii.

Tims (/ + « = "i". //+" + '/ •>". iiml so on to any fxtiiit.

^f (I -= .'). tlu'U 2<t - H). 'All = 1.'). rtc.

11. Coefficient. A ti«iurf used to show how many tinits

inoti.t T ninulH-r is to ho takt-n as an aiMfnd. is ralhil ;l

Defficient of tliat nunilKT.

Thus thi* 2 and the .'5 in the prccfdini; Art. art' <o-

hrui<'iits of thi' nunilH-r o.

A cocllificnt may also he n-^ardcd a a multiplier, antl

If >o, it and the followin<f numhtT are then called faetors.

When a letter, eonsideri'd as an addend, has no c(j-

ftruient written, 1 is always to he understo()d.

Where a letter is used to rejireseut a nndliplier it in

bdl( (1 a literal coefficieut.

11. Factors repeated. When a numl>er represented hy

letter or a liirure is to l>e taken two or more times a?* a

factor, we write the numl)er om c with a small tij^ureahove

\nd to the right of it, to show iiow many times it is to he

1 taken.

Thus a X n = «-', a xa x a = «', and so on to any extent.

If (!='}. then «'-' = 25, rt=* = r2o, etc.

13. Exponeat. A numher used to show how many

limes another is to lie taken as a factor, is called an

exponent * ir index.

When a letter, considered as a factor, has no exponent

[written. 1 is always to he understood.

^ Thus the 2 and the 3 in the prece<lin<,' Art. are expo-

#niits of the numher n.

1 14. Square and Cube. The product ol)tained hy two

eijual factors is called a square hecause the area of a

I.

;5

•d

mmi.
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s<|uan- is the product <.f tli»' two f.|ual factors represent in.

two adjacent sides.

The product of three e(iual factors is called a cube
hecanse the volume of a cuIh' is the product of the tlip

eijual factors reprcsentin;; tiiree adjacent edj.'es.

The expressions fi- and rr' are rea<l "f< wpiared "
ai i

"f/ cuImmI."

15. Expression. A collection of algehraic svinl..!-

representinj.' nund>ers is called an expression.

T)ius :\<t-. oafK 2.' -;{//. j-tc, are alp-hraic expns.-ionv

16. Terns .id Signs. The parts of an aljrel>raic . x

pression connecte<l hy the si^^ns + and - are called terms,
Each term has a sign and is usually composed of factor-

Where no sijin is written hefore tlie tirst term :.f an •xpre-
sion, the siirii + is un(h'rsto«)«l.

Thus 4.--' •').'«/ + (i«/- is an alj{cliraic expressioi, coiisistiiiL'

t>f three terms; each term consists of a coetlicient nr

numerical factor and two literal factors.

The tirst and tliird terms have the sign +. and t!i.-

W'cond has the sifri. - ; if the order of the t<:ins K,.

changed, each term must he preceded l.y its own si^'n

The i>receding ex|»ression might liave heen written (>//- -

4.1- - o.i// witliout change of meaning.

1 7. Like Terms. Like terms are those whicli differ only
in their numeral coelticients.

Thus 4<ix a ; --, 8//-'y and o^-'// are pairs of like te. u-.

but 3«/.c and Pxii/. .yi'b and 7<ih' are pairs of unlike tern .

18. Names. An expression consisting of l)Ut om' t 'rni

is called a monomial. Expressions consisting of two .r

more terms are usually callcl multiaomials or poly-
nomials. Sometimes, liowever, the words binomial an I
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rinomial art' ust-d to s|ii(ify ix|irt'ssi»nis of two mid tlirce

riiis n s|K'«tivt'ly.

19. Brackets. Hrackcts an- pairs of symbols ust-d to

iiiiKiiif two or Miort' stparat*! tcriiis into a siiiglt- tt-riu, or

I
siii^rlf factor of a tt-riii.

riiiis ti + {l> - r) is an cxprfssio'i consisting of two terms

»f wliitli the first term is a, and the second is (// c);

{ti + li).i- + (ill is an expression of three terms each of

ihich has two factors, (« + /') being a single factor of

lie s.cond term.

A second pair of brackets may he nse<l to enclose terms,

Mie (tr more of which is enclosed liy a first pair, and so on

u aiiv extent. The two parts composing a pair are of the

ame shape. Tlu' forms ( ). ) | and
[ ], are those in

[iiicral use.

A line, called a Vinculum, drawn over a number of

riiiis. serves the purpose of a pair of brackets.

TIius ii - l> r means the same as a - (ft - c).

20. Sign with brackets. A letter or a figure written

irside a bracket, or two j)airs of brackets written with

In <ign between them, indicates multiplication. Thus
\((i + l') indicates that the sum of a and !> is to be nmlti-

ilicd by .'.
;

((/ + h) ( r + y) means that the sum of .r and // is

" lie multiplied by the sum of a and h. Each of the

'needing expressions is a monomial consisting of two

:Ktors.

21. Order of performing operations. When several

pi rations are to Ix^ performed, it is necessary to observe

'; proiHT order in performing them.

The multiplication of the factors comprising the several

vn-r liiu-t precede the addition or .-ubtniction indicated

y the signs between the terms.

8

h
•0
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Thus ill tlif fxpri'fisioii a + hr two (>|H'ratj()ll^ :iri' in I

("itt'tl. oiif tif HiMitioii, iii(linit<i| l>y tin- si^n 4- Intwi'

II ami /(, and one uf imilti|>li('atiiiii iii<li(:it<><l \>y writing tli

letters /( and »• side l>y side, luit the niultiplicatiun in i-

pnccdt! the addition.

Tims if n '2, li .".. r •'), then // + /" 2 + l.'» ^ 17.

If we desired to have the addition perfornu'd Ixfore ?!

niultiplieation it shtmld he written thus {ii + h)r, and li;

result would then he (2 + .'5)5 = 2.').

Ajjain, '.ia'' denotfs two op<'rations, s(|uaring tlie n :\u

multiplying the n suh hy .'{. These operations rever--

should he written {'id)-.

Thus if rt ;'), then n- -2") and 'Aa- 75, whil-it (::/

= (1.-)/- 22.").

22. Examples on symbols 1 and 0. Two symlioN .

nuinher, 1 and <), diserve careful attention. As a factni,

produces no effect and may consequently l>e (uiiitted, ii

as an addend it must he counted. As an adthnd

jiroduces no effect and may Ix- omitted, hut as a f.ietiu

jtroduces as prodact.

7.V. /. If « =1, then '»<* = ."), :\ith = :',/,. hut '/ + ") •

II- =^ 1 X 1 --= 1, etc.

Kx. JJ. If M/=(). then ")/»=(), ttiilh=={), hut ii + tti = n

Ex. :i. If </ = l. h^-1, ! = ?>, >« -0.

then «' + '/-'(/' + ') + '»(//- - HI) - nilrv-

= l + l(.")) + r)(4-8)-0(4)(9)

=- 1 + o + o -
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EXERCISE I

""^

1. If ^j = -t, writ*' (Idwii tin- valuts ..f

'_'«, r<-, ;{«. //', :5«-, (."{fi)-'.

, 2. If fi - .".. //.'», tiixl tlif value of

(tit, a-h. iih-, ii-h-, tl' + h-. tu + h)-,

3. If /f- 1, />-'), tiixl the value of

</+//, r<//, '2ii + h, '2{a + h}, :Ui-h, r,{h-:',;()i,

4. If « = 1. /< = 2. r = ;i, find tlie v.ilnesuf

«/ + //r, ah + c, {«( + //)f, aih + c), ahc.

If </-!, /> 2, f = 3, </=.4, *-='), «<. 0, find the value of

5. .)*/ + A - r + f/.

7. ali + be -^-rti.

9. ^/'-' + />- + r- - at".

11. ;!//i + 2^2-//V2.

13. l>(A + r)- -(M<+f)-'.

15. (.'?/>-';('"•-"-' + '«)•

19. (/> + <•)+ (r+f/) + l(,, + /,).

« h c

6. 2/> + r d + .').

8. 2he iil +ih.

10. tihr + hril + rtlt,

12, A-V -«) + ''('• -")-'.

14. 4#--'- j(f-c)2 + /W|.

16. (»-'-/;r(/)(f-' + ^/-'-^2)

- '""(^;-;;)-

20.
(I + ll h

<l \b (il\a h f, + hj

22. * " "^ ^'
' 1^:^ 'Z) _^

U; - <M (<"-//)_( ff + /y + e)(J ^ hctlfi

4

h
E

;l

U

«;

r) '/ + f wArf/
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I'OWHIt ; AXI» H<M)TS

23. Powers. A power of u iuiihImt is thf |»r<Hlin

))l)taiit*'<l •»>• taking thf jfivfii iiurnlHT two or iiioii' tiiin-^- i-

a factor.

Tliu>
•)-'

4. If' It ». -' .'V2. vU ar«' th

><u i<('s.-iivr jMUVcrs of 2. ami arc named tlu; "'siiuarr

'(•ul»«'," " fotirth power." •'fiftli power." etc.

24. Roots. A root of a number is one of two or nmr

('(pial fuctors whose product is tlie j;iv«'H nundter.

25. Square Root. The square root of a nuiid>er i

one of two eijual factors whose pnxhtct is the fi\\<'.

nuiid»er and is indicated hy the sij^n s placed over tii

nuinl)er.

Thus since :5-=lt, s'i» = :{; ;^- .2o, x^2o = o, etc.

26. Cube Root. Tlie cube root of a luunWer is on

of three ecjual factors wlmse product is thej;iven I'lumlM'

and is indicated hy the sifjn \ placed over the nuiul" r

Thu s snice !>•' = S. ^s =. •> '=12.'), ^12.") = '), etc.

The fourth and hijiher roots are define«l and indicate'

in a manner similar to the preceding, hut they are not >

freijuent occurrence. The sign J \- a corruption of >• ii

• radi.x " and is callcMl the Radical Sign.

27. It will he ohserved that whilst the square, cuhe, ><

any power of a given nundter may l>e found l>y succes.-iv

multiplication, hut few nundjers have exact r(M)ts. Tli

various powers of the smaller munhers as indi.-ated in ih

following exercise, should he written out and learned, mi

th( n the corres[)onding roots will l)e known at sight.
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EXERCISE H

•<'H llixi till' < iibf« of all tho whole

iiumlK'rH from 1 to 12 iuduHivi-.

2. Of what minilMrn an- '-'7. 12'), 'M:\, aiul ')12 the

lllK'H

3. Writr down tlit- valu*'?' of tlir following :

v/49, s'l21. ;'21(1, V721». V'lTJ.S.

4. If rt = •"». /' =- 4. (• = a. fiinl th»' vahu'H of

N (I- + l>\ Jr^ 11'-, s "•' + /'•' i- «•'. N HI + I)}- - V- + 1

.

5. Write out aiul Icurn tin* fourth pow'THof the whole

unnher*' from 1 to .">
; also thf Hfth uiul sixth jM)Wi'r» <»f

1, 2an(l;J.

6. Kxpriss (>4 as a |K>\vcr of 4 and as a jjowrr of 2.

7. Kxpri'HH Hi iitxl 72?) as powers of .'i, and of i).

8. Express <)25 and 2.")() as fourth pttwers.

9. If J- - 2. »/ - ."), (ind the values of

A .v, ..•"*', (r+i)". (y-.»r, (/+.vr.

10. Divide Ki into two ecjual addends, and into two
(|Ual factors.

11. What values of x will make

2.. =(54, j-' = f>4. 3/ = 27, j-' = 27?

12. How nrnny twos mak»' S if the twos are adder dp ?

f they ire factors ?

13. What values (tf x will make

2..-S, 2'=.,S, :i,-=Sl, 3-^81?

14. If OJ-- 27, find the value of 4./-.

15. If 3' -27, find the value of 4'.

c

'<

is

ict^i
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16. If r 10, If 12, It '."», /' 1. lilHl llw vuhus of

(/ f »){ N .'!// f l>) + (»/ '»)( \ " -'/' 4- /)

iukI \ X»/ +^ /»' N «/ f /'// "t- \(il h).

17. If 'In II h i r, liiul tllf Xillllr of

V j»(.v f/)(.y /»i(.s f), when >i •">. '' I, ' •'>. and wht i |

a -'), /' 12, /• = i;;. I
I

18. If 'Is II + h ^ « t '/, liinl tllf viiltif of
I

%'(.<<- (I )(.v it){s /•)(.<< «/i. wiicii '/ 1?.. '' '>},. < r. S

(!KNKK.\I. XrMHKKS

28. The object »»f tin- fnllowiii^r ( xcrcisc is to faiiiiliiiri"

th<' Icariur with the r('|ins«iitation of minilKi-s Itv Itttt r-

Tin- lircvity ami .simplicity of tins m-w modi' of cxpnssii .

mirncrical relations, ami its power to assist in the .«olii

tion tif |>rol)leins, will soon he evident.

Such expressions as "the sum of any two nund»ers.

"the pnxliict of any two lunnhers," etc., may he vei\

hri( flv expresse<I hy alfiehraie symltols. nsinjj it ami /'
'

denote nundx i>, as shown hy the following examples:

hJjr. 1. The sum of any two nnmlK is is n + h.

Hr. :J. The pnuluct of any two numlM-rs i- nh.

Ex. !. The sum of the scpiares of any two numlxMs -

11- ¥ h-.

Ks. /. The s<|uare of the sum of any two 'lundters

Ex. .'). The S(|uuie of the diiyerence of any two nni

Ik'Ts is („ /,)•-.

i

i

4

U

4
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Tlif stiiiliiit ^*lll»lll«l vtrifv tlif fnitli uf tlir |iri'(riliii^

itriiHiit l»y miKstiliitiiijr for n jiinl h any nuniciiiiil

liK -. jriviiijf tin- lurtfi-r valm- U> n. to make the -ii I •tract inn

>«sil»li',

EXERCISE III

1 Writ< tlif -inn an<l lln priMlui t of r ami .'i.

2. How nnirh ^'rratir i> 10 than 7? H> than /

?

3. A hoy is H years old ; how <»ld will In- )» in

I car- .' in r years '.'

4. A father is ii year» ulder than his soil
; liow old is he

len his son is "> years (»ld'.' when his s(»n is // years dhl?

5. Toni has jr inarl>les. I)iek has as many and two

He. How many have l>oth toyt'ther?

6. A rectanjrie is ii in<"hes loi>^ and h inches wide.

i\\ many inches around it? How nimdi j^rcater is its

iirth than its width ?

7. .\ p<rson havinjr •*»« in cash huys two articlfs

rth .*/> and «<7 respectively. Write down the nnnihcr

dollars he has left if he pays for them in succession.

le pays for them tojietlier.

8 How nnicli will ii l»t«ikseost at .*.''> each'.* at •-=J"each''

9 \ nian works ii days a{ .*2 per day and /< days at

I" I ilay ; liow many dollars has he in all'

10 How many cents in -"^r ' How many dollars in

1 A man having !?/> in cash huys h articles worth

;•' nts each. How many cents has he left ' How many ^
-.n---!

^2. How maM\ inches in jt feet and / inches' In

hulls and // feet ?

Is

TlSiii
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A 13, A tniiii riiiH m \n\\v» \nT hmir. Ili>« iiiuiiy m
will it run in '» lumrx ' In / In Mir" ' In /» iiiimiti» '

14. H))\v \*m\i wmjil it take to walk //< niil<'< at I in

jM-r liMiir? at / iiiilr>« |m r Inair?

16, .\ man work?* 7 lioiir- a tlay for 11 t\,i\* anii

lioui':^ a (lav fur «« (la\>. \\<>\\ nianv In'iirs iIim-h In- wn

ami liMW many (lullaD» will If r< rcivi fur it at y < int"* \>'

hour ?

16. A rt( tan^li' i* / iiirlif?* Lai^j ami y imln'' wil

llow many fnt in itH |M'rimct»'r '.' How many >*i|n.

inchfs in its ana ami how many «><|uan' fcrt
'

17. .\ s<|Uiin' i,« jr imhr- on a >iii|i\ ami a rirtanj:!'

-- '.\ im'hts lonjjt r ami '1 im ln^ narrowt r than the fH|ii.ii

Fin<l the |H'riintti r of thf n « tan>.'li in inrln-n an<l

ftt't.

18. A lioy i- / yt-urs old and his hrothrr is 1/
yi

1 I

old ; lind the .-inn and the dilTcn-ncf of their a^f-s aii
J

') y»'ar>. tho fornnr hcinji tin »ldtr.
|

19. Writi' a numhtr ronsistinir of 7 tin> and •'» unit- |

Writ' oiu' rontainin;: x t<ns and // unitN.
|

20 What vahifof J will maki-
|

>•>:', 11. .-,,/ _' .-,;;. :\j-- ^ \ 7t; ? iir t ..

21. .\ l>ov has r tcn-ci lit |iii cfs. as niimy <|uart< r> n
"

_' nior<' ; how many ct-nts has In- in all'
|

22. In the prcct'tlinf; «'Xam|)li'. if the (oiii> nuntioiii I

art- topthcr worth •'*4, what numlM r dm s jr rcpnscnt '

|

23. The cdj^i' of .1 cuIh- is iinhcs; lind tin- j-uiii of ti %

anas of all it,'< faci>. If tin- >n\\\ of the ana< of the f

"

^

is r»l s(|uan' inchts. timl llic valm- o| / i

— , .111* ^.1 I'
J

*! I.
Z4. A I'i»" i\ i* .'' 1**1 i»»iiir. jj i»i I V» iUi [UiU *.'

• ! If 1 1 >

.(It ti;
i

How many cultic feet in it .' How many si|iiaii' fi'tt ii

^•iai?^v\--'C'i6i'k-:i'.''' -^ik. j^isT^-^x^^:- j^-.-z '-^'y^':*J^
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f.ii I • ' ll'iw hi;tM\ fi ) t III till' -iiiii of till i< iii.-ll|o II

|l It" I <li.'i »
'

26 If » -liiii<l- for :iii\ \nIim|. iiiiiiiiHi. till II 'Jh n jift'-

Int" ill) I'Vi'ii iniiiilx't Wliv ' Writ.- t Wi> r\|iri'«f<|ni)M

^iitaiiiiiii: ". < imIi of ^^llt< li »ill '•<' jiii t»\i\ iiiiiiiIhi'

[26 TIh 'livi^or i« •. tin- i|ii">fiim i- »/. anil tin

liiiaiiMit r i« I : \\ liat i- llic div i)linil
'

Kn|i|>— ill alifi l»rai<- ^viiiImiI- flu fulluwiii^' «ia(<iii<iiti*

27. I hf ?«|uart' of tlif ^iiiii of any two iiihiiImp* h
iial to till' >^inn "f tin ir ><|nart- »<>ir,||i«r with twicr

Itir |iriMlu< t.

|28. Tin' ^<|lla^l• of lli.- (lilTcnin r of aiiv two imiiiiImtx

i|Ual to fill' Hinn of tlnir -•jiian * l<ss twicr tlicir

Iti.l.

29. TIm' (lilTiniHc of tlic ( iiltcs o. iiny two iuiiiiIkts,

Iviilcil liy tin- (lilTrnnti of tin niinilnrx, i» i'i|ii:ii tu tlic

iiii of till' Miiian- of till- >:iiiii nnnilii r to^itlii-r with

i< ir |iroilui't.

130 Till- |iri>.luit of till' -nin ami tin- ilitTcn-nct' of any

fo iniiiilH-rs is ii|ual to the (litTi-rriicc of tlnir Mpia

jai. V-rifv the truth of rath of th.- I

n s.

oiir |iri'((-(hnv;

itciiM lit-* liy siilistitutiiiL' nniiM-rital \alin-» for i-arh of

! two j. tti-r> in cai-li.

:i

i4

I'OSITIVK AND NKiiAl'IVK MMMKkS

'29. So far. till- nunilM-rs with which we have Ih-cii

|nrirnc(l an- tin- ordinary nunilMrs uscil in AritlniK'tii-.

Icttirs used to ri'|iri-M-nt tin-in. Thisi- nunilM-rs an- 1,

'., 4. '). etc.. countinjr from /.i-ro ii|iwiird. Tln-sc arc

|llid jMisitivi' nuinlM-rs and may In- writt<-n with the

"itivc sijrii attached to thi-m. In ordtr to piTfonn the
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opcnitioiis of iilL'<l'i-ii, liow.'vcr. \\r niiikc nsr uf ;iiintli<r ^ tj

of minilxTs. I'miiihI l.y cuiiitiii^' fmni /do in the opposite|

direction. Tlifsr uuiiImis arc chIIkI iic.LMtivc miniltn-

and havt' tin- si^ii, .
|.ntixf(l to thni,. The two s<-ts ..;|

mimlMTs wlicn arraiif^-d in a scri-'S ca.'li dilV.Tiiij.' from tl,

iidjacfiit ones l.y unity a|>|»('ar as follow :

.-,. 4. ;',. -2. 1. 0. +1. +'-^. + •'• ^^- +
•''

30. Wliilr tlirsc iicjiativf nuiiilirrs have no si<:nifi('aiir.

in ordinary arithnictir. a frw con.nto cxainj.l.'s will sIi.mJ

liov, they may !.. int.T|.r.'«i<l in al^'dtra.

/.,. / If J possesses ><I() and l»y invcstinji it make?

jrain of ^r,, thus in.ivasinji his 810 to !?lo, the -S. jraiij

may !>• consi.lcnd a positiv.- (piantity. as it increases tl

lunlmnt im>ss..ss<.1 l.y .1. If, on tin; oth.r hand, he lov..|

.*.') l.y the invest), ii-nt. thus diniinishin;! hisJ^lOto S'>. tl

.4.") loss niav be consid red a nc^'alivf <|uantity. as ij

decreases the amount i)osscssc<l l.y .1. The 8') loss a.tj

upon the original >=1<) in th.' opposite direction to the

^'ain. If. therefore, g.in l.r considt iv<l positive. l(.ss ni;iv|

he considered nefiativc

K.I. .>. U we (1 sire 1i. measure a distance of ". in<-lir-i

alonjr the line .1/.', from a fixcl point n. the zero poinj

for measurement.

n .1/ n

1 I. I J :(

.'/,

ihe dirtH'lion Oil or liie opposite^;

direction OA. To distiu'^uish l.etwcen the two, we n.i

we mav measure ni

.nsider tlie dir-etion 0/> positivt m* I th<' direction <>.

ncgativi O.l/ is thus c.iua 1 t(. + .'> inches and O.l/ to
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31. I'luiii the (•xaiii|>lt> III' tlif |»nc»'iliii>< Art. it will Ik*

(il(st'rvt<l tiiiit ill \\\v coiiiith'to n'|inscMtatiuii of conorote

l|U;^Iltitit'^< liy miiiilicrs, tlinc flcinciits iinist l>e clt'iirly

'iMcifu'd: tlu' unit, tlic luimlxr of units, and tin- mode

III- dirfctiiiii of nu-asurcim nt.

Tims ") dolliirs gain. .'! iiulifs t<» the right, arc cxaniplcs

lit' n»ncT('t(' (|UMiititiis aicuratily siiccirnd. Tlic units arc

dollars" and indus; the nuiiibfis of units an; ."> and '>;

lid tli(-' dirr»"t !)ns !>f nitasurrnicnt arc indicated l>y the

[itirascs, •>rain" and "• to the right.'"

Conversely if a dollar gain he the unit, + •'> means 5

loliars loss; if a mile to theirs ;:ain. .) means •> <

III! ith is the unit, -t- 7 means 7 miles north 4 means

miles south. Thus conercte tiuantities may always he

i(|ircs('nted liy niimhers, and numhcrs (taken with a

mil t of measurement) represent concrete <iuantitie;

E

32. Wh<n performing the operations of algehra we may
think of the numhcrs only, without reference to the con-

(ivteiniits. dollar, inch, and we have the scries of numhers

'jivi'ii ahove, viz.

:

, 'J

1, 0, +1. ( + 4, +.

ill this serii's ohserve

1 W'r (ail start at any point and count without limit

cither direction, whilst with purely arithmetical

!uliers we must stop at 0.

2. The din'ction in which .the positive nund)crs

is the positive direction, and the opposite is thercas

tivc (hrcction. roll! to -4, etc., the direi

is positive; similarly from + '> to +4, + :], etc.,

lircetioii is negative.

When inaLniitude alone is considered, a netrative

"I D
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munlwr luul the quantity it n>pn'scnts arc exactly t'«iiml

to the corres|M.nding positive nnniher and »|iiantity it

rei»res<'iits :
- .S is tlie same nuiiil»cr of units as +3, and

three dollars loss is the same amount of money as 'A

dollars gain.

4. When direction alone is consi<lered, it is customary

to say that the numhers increase when proet^-dinn in the

positive direction fn.m whatevir point in the series we

hetrin. This is (Miuivalent to assuming that algehraically

- o is less than - 4 and that any negative number what-

soever is I s than /.er;..
"• Les- than nothing" with

reference to magnitud.' is ahsurd ;
with reference to

position in the series of mnnlurs the meaning is clear.

Jv/. If the line A. om- inch long, drawn to the right, he

th.- unit, then the line U. I inches long, drawn in the same

direction, is denoted hy

. -' > ^
''

' + 2, and the line C.

:', inches long, drawn ni

(' the opi>ositt' direction, i>

:< denottd hy :>. Had

the unit been i.ne inch, .Irawn to tin- left, then the line>

B and C would have been represented by 2 and +o.

respectively.

EXERCISE IV

1 If a line tw(. inches long, drawn from left to right

be the unit, what nmnbers will represent :; ft. to the right

'

5 yd. to the U'ft ?

2. If the unit be -S ft. to the north, what will b.

represented by -t- 10, - •>, - -A. + n
•

3. What is the unit of measurem«'nt when a tree oO ft

higl 1 IS rel»resented i)V 4 10
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4. If ji (lolliir jrain Im- tlu' imit. what will !)» repres^'iitrd

by +2A, •.\\-!

5. Ill till' jtrc'ccdiii^ cxaiiiplr wliat will rcjjn'scut a loss

of .*'2.7r)? H gain of *8.40? .*4. 12A cash in hand' a dcht

of 82.')()?

6. If one day forward he the unit of time what huiuImt

wituld rcfrr to ijesfenluif f The day after to-inorrttw?

7. If the h'tttr a riprcsfnts a line of any given length

drawn to the right, what would represent a line twice as

ng drawn to the left? three times as long drawn to the

rii:ht ?

8. When a dollar gam is the unit, what will reiiresent

tlic sum of .*'i (h'lit and )?7 ilel)t ? '•') cash an<l ^2 d»'ht ?

i>7 loss and •"?:{ gain ?

9. What must he added to 8o deht to pn>d\u(' ^'T

cash? to $:i cash to i)roduce .^2 deht?

lleprescnt each of these sums of money hy the appro-

])iiate niunher, a dollar cash Iteing the unit.

10. Berlin is l.'J^ degrees east longitude and St. Peters-

lung 3()A degrees east. What will represent in degrees a

jniirnev from Berlin to St. I'etershurg? St. I'eterslmrg

In I.,ondon ?

11. A toy balloon lan just sustain a weight (f six

minces. If attached to a paper basket weighing 4 oz..

what would tlu- two cond)ined iniffli * What weight Kiust

It attached to the balloon to make the two weigli S oz. ?

I oz. ?

12. What cliange takes place 'n the number repre-

iiiting a concrete t|uantity when tlie unit is doulileil?

Kiiveci? <lirection chanired ?

K
'A

'3;
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niAPTEK II

ADDITION AND SUBTRACTION

ADDITION'

33. Meaning of addition. Tlic ope raiioiis of udiUticn

iiiid stiittriution iin- cinployi'd in a iimre fXttMi<l"<l si'ii>c

in Al-.'flira than in Arillini'-tic, inasniucli as alj:*'!! :i

(ni|>i(>ys two sets of nunilMTs, the |)ositivf and tin

n( .uativc. wlulst arithnictit' employs l.ut oiir. The fundi-

nniital ideas, however, in the two eases are the sani'

that of addition l>ein«? the operation of eolleetinjr into on

nuniher that wiueh formerly existed as two or nmn

separate luinihers, whilst suhtraetion is simply tlie pr-

cess <if a<lilition reversed. This will he evident from

few simple conerete examples.

IjX. 1. .\ <,'aiii of >") in one husiness transa- lioi

followed hy a loss of -^-J in a second transaction, f.d\.

a net result of .*:'. ^'ain on the whole. The proei

-

of cond.ininjr these tW(. sei)arate items into one i-

addition, and may he expressed thus .

•s.") ._r;iin -• '^2 loss s.", irain.

AV. ;J. .\ journev of live miles north, followe*! hy a

jouniev of 7 miles south, leaves the faveller 2 miles soiitl.

from the slartiniT point. The addition of the two jouriu v.-

may he thus ex]»ressed:

.") nu. X. 4- 7 mi. S. 2 mi. S.,

/.».. we have found a single journey eipiivalent in re- lit

to two >peeilied joluiie\>.
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34. Representation of addition. If ih.w w. n|.Iii(t' tin-

words ''ffjiin" jiml '•loss.'" " inil.s n.irtli " iind '• miles
'outli' l.y the si^rns + miuI , tlxsc rxiimplts of addition
limy he ('(iiiviiiifiitly ('X|irfsstd thus :

( + ')) + (-•_>) +;{

( + r,) + (-7) •_>.

The sij?iis 4- iiiid when usimI as alxive to dcnoto
positive and negative (|ua!>tities are <'n(losed in Imn ketn.

with the nuinl)ers to which tliey refer, to distin;riii.sh them
from tlieir use to denote tl perations of addition and
•ul)tracti(tn.

When the (juantities t«» l>e added are hoth positive or hoth
negative, ' v prwess is the same as in arithmetic, thus :

85 gain + •*.> gain -= 88 gain.

)?") loss + s;5 loss = 88 loss,

which, expressed in algebraic symbols, becomes

( +•')) + ( +;5) -. +s
(-.",) + (

-3)- -8.

35. Mode of addition. The truth of tlie preceding
additions is readily perceived when the concrete units
gain." "loss." etc., are expressed. ^\hell only the
>iL'ns + and are given we proceed thus :

To add + oand -
'2. \vc find +•'» on the scaleof ninnbers.

Alt. '>-2, and from it count 2 units in the w/'f/^/^Z/vdJ recti on.
;! inditatcd by -2

; the result is + :\.

To add +.') and - 7. begin with + .'> ami count 7 units
111 the negative dir ctioii. the end of the eounting beiiiL'

2. which is the sum recpiircd.

>ii.iilarly any algebraic numlu'rs may be .idded.

From these special examples the definition of th-

I'l.lowing .\rt. will br rca«lilv understood.

h
c

' <

_ y

? ~
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36. Definition. Tlic sum of t\v«t or mon' miiiil»<'i> is

tlif uuiiiIkt oltfiiiiicd bv couiitiii^' in siicccssioii tlu' iiiim-

Imt of Units in llir stvrnil iiddciuls, ciirli in llic din-ctioii

in<li<;it< tl Ity its si^ni, Ik ^ijinin^' tiic count from zero. 'Phi

pnxcss of finding tln' sum is addition.

37. Addends may be taken in any order. If in t)i<

t'XiUn|>lis of .All. .'14 we nvtrsr tlic onlt r of tlif iuMt-nds.

( - 7) + (
+•'))- - •_'

as Ix'fori'. Kor lM<rinnin^ with 2, and ((Hintiiiff •") units

in the (>ositiM dirrction. tlit- end of tiic count is +''>.

siniiiarly tiic same result is obtained with any jtair of

numf)ers with whichever one we he^rin. If, then, wi

have several addends, it will l>e easiest to comhini' all the

positive nundxis and all the nefjative numl>ers sej)arately.

which is merely aritht letieal ad<Htion. and then conddm

the two residts.

38. Rule for addition. W* (dJil tiro or more ininibfts

horinj/ like signs, <i>l<l tli< inimhers us in iirifliniffir, (iml

/in fix flu lonniion siiju.

To ((<!<! firo uiimhtfs //<*#•//»</ unlike signs, tnkt their tliff'n

>iin- tis in (irithnntir. anil jtritix tin' siijn of tin ijniiti r.

39. Positive and niu:ative nundMis may he used a-

eoetlicii iits of literal e.\|iressions. with meanings derive'l

from the d tinition of Art. '2*1

Thus if It denotes any numher. In means twice ;i-

large a numher, countc'l in the same direction, on th'

scale of numlxTs, as n : luit ''<ii nii'.-nis three times

larjre a mnnher, counted in the opposite <lirection.

The sum of anv itositive numher and the same niunl" i

taken 111 ^Tiitivelv. is evideiitlv zero.
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40. If ill till- cxaiiipU'sof Art. .!.{ ««• rt'iin-sciit a ••lollar

L'aiii" or -a iiiil«' ti the iiortli ' l.y the letter '«. we j;t>t

liv the naxiiiiii;; |ir(vi(ni>ly ;:i\iii

( + 'ui) + (
- '2in = +-'»i, ( f 'to) + ( -,n 1,1,

( + rui ) + ( + :{// ) = + Ha, ( - :„, ) 4. ( ;;„ ) s,i.

frniM wliicli we derive the rule for addiii;.' like teriii-^.

41. Addition of terms. To add like terms >\e take

the al;,'el»raiial sum of the ((K'llieieiits and aliix the
(niiiiiioii literal fa(tor>. These literal factors may he sin^de

litters, as id»(»ve. or expn ssions in hraekets.

Thtir '){<! + /;) i- :\{ii -(- /)) . H(,i + /,). ,.tc.

Unlike terms can he ailded only hy writing: them with
the sijjn t>f addition hetweeii them.

Thus the sum of la and .*./> is la + lU). 'I'he sum of

li' and :V/is2.'f( •">//) L'.. :!//. These sums cannot
lie expressed as sin^de terms.

42. Omission of brackets. In practice, the hraekets
ii>ed to distinjiuish the usi- of t and as sijiiis of positive

liid ne^'ative numln r. from their u.se as sij.'ns of adtjition

;iim1 suhtraetion, are usually omitted, and the four

•MiMiples of aljiehraical addition in .\rt. 10 heeonie

1. •"> -2 ;{. 2. .") 7 -•_>.

3. •") + ;> S. 4. .-, ;> - .s.

When written thus the first example heconies the same as

an example in suhtraetion. which shows that to suhtract 2
t'i"iu ') is the same as to add •_'. The second example,
thMiijrh written like an example in sulitraction, eamiot he
Ml .-onsidei'ed : for 7 is ;.n-catcr than •"> and camiot he taken
tn III it. This shows that the ailditioii of a negative num-
'"

. according to ihe dcliiiilioii uiveii. is possiiiie even when
til. correspondiiijr arithmetical suhtraetion is impossil)le.

h
s.

t i
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43. Tilt' iwltlitiiiii of Aljfi'lmi iipiH'urw in some rnnen ti>

coiitriKlict wt'll-kniiwn f;ii ts «if Arilhiin'tic, Itut it i-^ only

ill MpiMiiraiur. In Kx. 2, Art. '.V<\. a jounu'V of "» mil<'«

followed liv a jonnnv of 7 inilt's is sai«l to Ik' (••[uivalcnt

to a wingli' j.mnny of '2 niil<'<. In Aritliinrti*' we nhouM

wiv tlu' two jiiurnt-vs arc toptlifr cijuivalt nt to on*'

of \2 milts. Moth .'•tatiniiiits an- t'i|ually truf. Tlif

iilililirniriil iiilililinii i/iii:- till' iiiixihnn iif il trnriJIrr nt llir mil

lit hi.i jniirnrii : l/i'' iirithiiii'tinil iithli/inii i/irrs ihr ilisliimf In

liiis trnnlliil.

44. i'lii' liariii'i' should lit'tonu' fiiniiliar witli aildrnd'-

writti II in litlur of tlit- following; forms :

Ki. /. Simplify ( :{<», K + "JfO +-
(

'»")- (I").

('oml)int' till- positive and in'^ative ctMllicicntssfparatt'lv

and tlifii coniKine the nsiilt.'-.

Thus 2+1 (i. .'5 •') \ then (l-.S .'.

The <.MVtn fxpitssion thus ht'conifs '2o.

Ejt. X'. '^o 4- .")/* 2/< + Ui 111 II

-(;5+ I - \)ii f (") -•-' - ~)l> »>'« -4/>.

EXERCISE V

.\tld tlif following:

1. + :!
>>

- .» + .•', -3 + 7 - 7

i- 'i ."l
.") + -10 + M

^ 11 1 1 i M -14 + 14 - 1 1

+ 1(1 ic k; + !(> + lf) M
t JO 2fi t 20 - 20 20 + •_',)

;;.( .-)/< ~(l' 12**/' 1 1 ..// ''nil

7i:> <;/, •iff- 4<ih •2-II - S,,/

III \{il> Sii' '2ah 1 O.I //
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5. ( -V-) + ( -V-') + ( ;{,/-) + ( + :,,-) , , + /.',
, , ,,,,

6. ;{/M-' -)/(- «;„.' H,M-' -^ „-•
^ ,„.' ._)//».

7. 2.//> r}ah + :)„h t 7«/, ^ //// «;///, ,,/,.

8. r„rh ^ :\,i/,' iUil,' InVt-^aVt ,ih-.

'° '*" -'• ^ ••!, '• 7. Hn.l 111,' va ,f

" + /m «•. ff + h r. I, r „

11. A Irav.-II.T tak.s thnr s.i.v.ssiv.. jnurinv.. |U,„i|,.s
,-.. -'.. i„il..s w.st an.! .-. inilrs .-ast. A.I.I hi- joi.nMv-
til alp.l.raually aii.l iirithnHtl.-allv an.l ^iv.- fh,. „„,,ni„,,
the rtsiiit ill .'a.!! casi'.

ADDITION- OF {•(•LV\o.M|AI>

45. When t«<) or iiK.r.- pnlyii..ii.ials an- to 1... a<|.|..|. it

•'-'uwiii.'nt f.. ariaii^'c tin' t.TMis in coluniii.. ^,. that lik.-
nn< shall stand in th»' same (..luinn. Wh.n a t.Tin is
i'v,..| t.) a .lifr.T.'nt iK.sition its si-n must h,. f;,k,.n with

""'•"'-" "'^'i ttrst t.nii may I mitt..l when [.o-itivc
I" ( another tmn 1... ,,la<v.l iM.for.. it, tl... sijm m.i^t l.r

-t-n<l. The (•..lumiis should !.. addcl in su<<v.<i.,n
L'lnmiijr at the l.-ft.

ill .")// f -Jj-

III 4 // ,•

•">" r -III < ;'.r

S<l 4 I,

hV. ;'. Ax- rif + L'//

J-' .rif f .',//-

r,./-

:\.r,.

I-:' '. f-ln.l tin- sum nj- ;;(„ + -JA <•) an. I !(_>„ -
f> i'Ar).

I-! '>' yt 11. :!(r, + lV, ,) ;;'/ + (,/, ;•„•

i('2'i - /.• 4- 'Ar) -!•<. - •/. : I-)..

a.

h
K

Tl it'U- sum ]l(i + -2/1 + '.),
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EXERCISE VI

A.l.l :

2. .')/( - /' + -V. :5/» + \r lit, .".• a ^ Hi.

,3. iui^-Ih .".,•, 1*1 + V {''. '^'- " •''

, 4. 7«> \l> :'»'. /» +/< ^^j-. '' '
•">'

6. /- 'i-r Ihjr, '2'J' l-r- + 'iJ" •'ItJ-. liJ' '••• - "•' "* '

• 7. /I + h -Jr. //( + »• 2*/. < f (/ 2". '/ + " --''•

8. 'M't t //), .')(« f /»». 2('< 4-/'), " +

9. " ^- /( /', 2('« + /' 't. '" + /> - r). (»> + ^-«').

10. rna- + h) + •!<. 'M<i- f 'm T*- f </. 2r- 4«/,

11. 4«(/> + ') •'"/• "('' ^'> ^''

2'/

12. ( u -.•'.//^ .V KW. 2/> ''>< ^(I 4»' ')/• (>«» \e + J'i

/.

13. ;!('»- + ('»-)

;w/
.' + i\uh + :\h-. a' -f- Ir

14. //' - ;'.«/> + 2«//-. '>^' -'J"/'- + •'>" 7>, 2'/-'/' + •">"''

15. "' +"'' 2'<

(/ f/»' +- 2««''' '>"''•'. lii-l> - "^ -'if>

I, - 2<(-' - "/.'-' + '»'/.

>•' — .1(1

•2il'lr - •")/<'') -f- " ' + /,'. 4'(/'' - 2/*' + •5'»'-''

16. -MxYH + i), 4(-r // + ,n. ')('• .'/-'^). -J-^ .'/

17. 4(2/ - //4-:'u). >(// •.

18. If J- " i-2'' + .'.'•.
!l '' +

.'), i(-'>^(M

ir til. <• - 2" + •"•''

liiid till- ViiliU' of J- + //
-

19. In iiii jiiiTvilui .Xt'iHSj

+ 2//

jij. H'.!'.! tlsc vs'l.i'c I it'
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46. Tin- iiiiiiiiiii^ of Snlttractiuii in AlKtl.ni followw
(liifftly frMiii tin- imaniiiK iiHHiKint| (m iuMition. In
iihlition fwii a<M('iiilM arr Kivt-n aixl tl

fniiiul. Ill Milttracti.iii tin- miuii aixl ..iir iutihiid

ii'ir fitiii \n to I)

an*
k'ivtii and tin- rrinaiiiiiijf addnid is to In- fniiiul. Thiif* t<

-iildnut 7 from 10 im aiiH that w f an to tiiiil tin- iiuiiiIht

i, \\lii«h mii^t U' a<liliii to 7 to makf 10. In aritlinii-ti

w cannot Mil.liact 10 from 7. iMcan.-*' there is no arith-

jmttical niiiiih( r whieli Im iiij< inhh'd t< 10 will make 7.

JTlie iiejjative iiiinilM'r .{ wh.n added ti. 10 maki't* 7
;

|\(e therefore mv that 10 from 7 leiives ;;

47.

HUH' O

III It

Definitioni. When tin- Mim of two munlHTH and
them are K'v«'n,

lier in found,

the Minuend,

KuhtiHction i.M the pHH-esH hy which
The Hiuii <»f the two ninnUTS in

1, the jiiven nuniUr is ealM the
and the luindKr to he found is ealle<l the

;ill.i| the

Subtrahend

ference.

The differene)' i- therefc'ore, the numlM-r whieli must Ik?

fiiii'd to the suhtraheiid to make it e(|ual to the minuend.

48. Let it Iw iH-(|uired to |M'rform the followin^r su:.-

Inn tioiis :

ri-oiii

Take

Uesult - .')

T" liml what must l>e added to the siihtralu-nd to niiik(

|1m iiiiiiuend in each lase wt- rea.-on as follows :

the sum of two addends, one of wliieh, -2
•» 1' iimvec

i.s to

lill lie eaneelled, or removed, l)\- jiddi
, . "K

- MfiK ^>, liie other addend reijuiied. The sum of -2
'1 ' is 7, which proves the work correct.

i
*

'f

«.

h
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Siiiiiliirlv ."> ix '•i><' of twi. .i.l-l< inl- wliiili to^i th-

iimkr :'.
; l" .5 ;h1.1 '», llm- .an.-.lliiiK i\u- \n\'

ii<l<l< ihI. iiii.l «.• ..I'tiiiii -. til. ivmiiiiiiiiu ii-l.l. n.l .

ilitTtnin f riiniii. .1

49. Rule for subtraction. T» stihinni nn inihilxf h«>-

iiHothir. iliOHifr Ih sitfti »/ lh> Knhfrnli, ml unit mhl it In tl,.

niitiHimi

60. TIk- truth "f til' -I \«r;il f-iilitrai tioii- uf All. 1^

will Ih' .viil.iit t.. til. .vf i.y
r. f.nii.'.' t.. tli.' sial.' •'

jMii-itivf an. I ii<>.'ativr immlMr>^. Art. •'>'2.

TluH frt'iii

- 2 to f 7 i-* *•' iiiiitK ill llif i><'>itiv. ilir. .ti.iii "•'

4 •>
I

•• ") •• iifjrativf >

... ^ .. ;. .. •• ••
^:;

.-, <> (I
•

.'i

•• |M»sitiv<' " = •')

wliiili ar.' tlu' rt•Mllt^ fonii.rly olilaiiifl.

51. Tlu- trutli of til.' rill.' j.'iv.M for sui.trartioii is a -

ri-a«lily iwrccivid Ky ..l.s. r\ iii^' tliat tin- ili>taii«.' li.tw"!

aiiv t\v.) iiiiiiilKrs <ni til.' s.ali- is not rlianptl liy a. Mi.

til.' sanu' to .a.li of the i.''\\i\\ iuiiiil>« i>. If. then, .vi- ;i i

t.) .11. Ii til.' sulitrali.iKl with its si^'ii rliaiijr.'.l, tin- p

suhtrahcn.l is <». an. I th.- ii.'W niinm-ntl is tlurtfon' !

n suit n .|iiir.'<l. Tli-' o|»t'rati.>ii Iut.- .i.s.'rilt.'.l is i

!•

ci'^rly th.' nil.' ^'iv.ii.

52. 'I'll.' >.iil»traiti..ii of lik.' t.riiis t'..ll..\\ > iiniii.ilia i'

from til.' Mit>tra.ti..ii .if |».>iJiv.' ami m L'ativ.' nuiu'' r-j

Thus

Kroni •')/ '"'/' J'w + A) •">"

52

in in

\}l

li I Mi

,- 4

Ajl.lt

aIh'II

III f.

:ih\ ai

f 111

ii( til

..I1..M

1

'i|UI\'

mil-.

o

||ii;\;

hiN.

3

55

lak .' _'/ Lirli

;.'M1 It

i ./ t In .Ml

\ll t •")/!
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AninTutN AND Si l^n(A^TH)^• >•>

53. Subtraction of tenni. Like termt >„, ««/,/,„,>./

iiimnuii fhnr r,„tni>»„ lihnit f,i,f„rs

UnUke terms r,nt tn .s„l,*n,rh,l ,,,,1,, i„f ,„>„„,(„„, th^
l> HUM hif thf pfDptr .siifHs.

'': Th- .I.M.I.I,. „.. uf 11m Mjin . !o ,|..,M.(.. Im.iI, a
I.. . (IV.. nuMilHr i.M.I il... ,.|M nitiun ..f .ul-lni. t.Mi,. j, ...„i.-
nl,:.t cnnfnMM..' to a I..;-!, ,• Thi. is . ,,M.,ia||v tl.,- ,a-..
«l"ii a < l.unur i. n.a.l.. f,<m, ..,.. uh-.muuu «'. Hi.' ..flnr in

^'al,... ,.xa.„,.|,.. Tl... two ..MMMiim-. Ii.m.v.r. I,,mI
.^^av^tMllu. ^a.lM r.-ult. mii.I aiv ii, fa.t onlv two w;.y.
f lliM.kihK un.l >|H.akin^r of ||„. kuih- fa.tv i„ thin ,,,„-
"'ion it is iin|M,rfant to ol.srrvr |},.. truth of tl..- throo
'll"\viiij.r ^latfiiH iit^ :

1 Tl... siil.tra.tion of ,, .mimiIm r of |H.sitiv.- m,i,„ i.
"I'lival.nt to tl..- a.l.liti..,. ..f il... .a....- m„.,l,..r .,f ....irativ.-

^

IIIIU.

" T!..- sol.tra.-tioi. of a .,i..i.l».,- ..f n.-^Mtiv.. ui.it.s is

" vaj.-i.t f.. tl... a.l.liti.... ..f tl..' sar.i. luiiolMr ,.,' ...... <iv..
IlilN

m3 I'll.' n.-uativ.- ..f a i..,raliv.- i^ iM.Htiv. Kx|,.-,.ss.'.|

II !'m|s tl.o.- >tat.-ii..i.ts Im<'..i.ii :

1. >i ( -(- /() ,1 i-, I,, ,, I,

2- " ( In // f ( J- /,, „ j /,

3. ( h) i //,

55 lilii>ti-aii,„i> of ill,. |.iv.-,.,lin;.. f,.,,„| :„.,,,., I ,.x,„.n.
ill' iiiiiiK ii.ti- :

1 \
.l.ctvas.- in a man's in.-.,.,,,' |.i-...|ii,-,'s tl..' sain.-

- ail ..|iii\al.'iit in.r.-as.' in 1,]. -•\|,,.|,s»s.

'Iriri'a«..' ill .'Xjicii.

incrcaM' in in..)....'

<•- i> .'oiin.il.'nt t o a .'OlT.-S-
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3. Tlic lu'tiiitivc (»f iiicom.' is cxik'Iis*'. the iH'pative ni

("XjX'iiS" is iiiionir. '.'.. 1li<' ncir:itivc of a iicjiative i-

jM)siti\'<'.

Tlif studtiii should <;ircfiiiiy study ihv llicory of alui

l>raic nunilMi-s auil tlic iiiustratious as Inn- nivcn. l.nt

wlicii workiuj: t'xatnplcs In should think >>/ n«lhiti<i hut Ih

link.

EXERCISE VII

Sul.t ract

1.
.")

^.\

2. -S

1

' 3. 4x

<).-

]-2

2

(I 1 \<i-

- •>

- h

I

•2<ih

'nil

10

t

11

I

•All

It II

1 in

clia

Hid

iiiid

h

^\. lux { -^Wiix). Ihji { '^hfl). <i i-'ui).

5. .V- 7J--. •Ill' Si;--. - oJ-// + OJ"//.

1^6. :\ii- - Wii- + :<i- '.)«/-. .').r' + ( - -i/') ( + ix') -
(

^ r

W. 4'< -
(

- 2/<) + S/;
( + 7" )

- <>" - •'>''

8. If(r. .">. />."). r 7 Hud tlic value nf

(I'h + r. ii-{l> + r), {>l + l> + '-}.

9, If (I -2. h 4, '• - 7. iiud the value of

(I - I). Ii ~ c. • - *l. 'I {>> - '•).

10. Simplify

4(.f - //)-' - )(.'• - //)-' + ;'.(/ //)- - ll(x -
!J)'-

- {X - //)-.

11. Toronto is 44 de-rrees uoitli latitude and 1!

.laneiro is •2:) de<rrees soutli latitude. Find l)y alge'iraf

icril snlitruitiiiu Inr iuiiiinci' of di^rrt-s Toronto rs nr-rt:

Kio Janeiro.

dial

\Vf .>

7 III

if(|ii

itiix

a:

til I.,

Ti

it 1m'

MIS-.j



ADDITroV AND SlliTKACTION .^T

56. Subtraction of polynomials. W |„ii fli,. si.l.fra-
I""<1 <'«>lll.lillS tw„ .„• ,M.„V t.llns. tll..Mll,tn.,ti<.., is IMT-
fnini.Ml l.v siil.lr.i.lii,ir ,,,cl, I,. nil in sii<-,r>sinn, •.. l,v
'liaii^'in- the Hj-u ,,f riicli t.Tii. ..f tl,,' Mil.t ,,'„.ii.i . ;:'!

:"l«lii^Mt t(. thr miiui,.n,|. Likr l.iins slu.uh !, |,i,u/'.|

iiiidcr tiicli oJlicr ;is in iuldition.

A.V. /. Iro,.: \,r :\,i-/> + lali- P
Tak*' ir^ ^vi-h + Huh- + 2//'

Hcsiilt :Ui' + -2>i-/> ,i/.- - :\//'

Tlu- signs ..r thr t.Tnis in tlir l.mvr lin.- .honl.l hv
'l'.n.ir.-<l -1 tl.cught nnly .n.l a.l.i...! f. tlms,- al.uv... Thus
»< s y 1 and 4 niakr ;;

;
4-.-, ;M.d ;! make •_'

; ,S and
'

'""'^•"
' :

- - ••""! - 1 iiK.k,- ;!. thus jrivin- th.-
i'M"i •«(! .•.),.ni.'i..nts t.. which the literal factors arc to he
itiixcd.

^r. :J. What iniist lie added to ,i- ^ //

i..ake (I- -f tth + h

('- + '2ii/j

')< + itr

lie tirst ex|.ivssion is .vidcntly the siil)trahend

Y
1" iov the other, like terms un.l.r each otl

|]"i>-il>l« .

'i - n<\

wntt

ici- so I'ar as

rom ,7-

Tak.
+ iih + he + ((

II- - fr

Remh />-

(- 4 'lull

\C- lilt + fj

lie

tjc + Jiti:

~)

EXERCISE VIII ,

1 From 4n - :]/> + < take -In + /, - :\r,

l From 'All + 11. ~ or - iUl take 1^/ lV,

S From - <i -l> + -2r take/;

•>C -
( ,/

' C ll

F•*. rroni ,;,'- .>.,-ij ^ ir' take -J^-//

5 From 1 - 2,(-f

'//- - .'•• + //'

'>>- -V' take .<•' + ;].(-'

" rroiii '^- - //- - c- + 2/.r take A- <- <i- + 2r/r,
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7. Kniin 1./' :\.ii/ill/' >.'-- 4- H*/: :'-

fake J' !/' i' t nt
"'-

'

~.''^-

8. From .r' ( //' ,' (
•-!/•'/ •"-r; .'/:

tiik.' thr sum of //: r-. .rif :-. imd //' • .".J-;.

9. From the sum of •_'/' ;'.j--// + r mid •_'/•//' j' 1"

t;ik.- tlif sum of s-if + •_>///-' ancl /' -t- //' ~ ;'../-//.

10. Wliiit must Itc added to (/--t-/'- c- 'r 2<il> <ir /'

to make ah + l>r h '" ?

11. What uiust l>f sulitractfd fmiu 1 <i -^ l> + o-f, + n'.

to leave ii-l> /> 4- r + 1 ?

12. What uiust l>e suli.raeted from the sum of

4/' +- .".x-// if. \j--ii :')/' aud ~,.r-ii^\hr -Ij ,1

to leave •.'-' :?x-// + //'

13. From .")('/ /<) + <!(/• //i take •_'('» l>)-l{x-ij).

14. From .')('/ -f- A) - 4(r 4- 11) ')ij- if) + y

take '/ + /' - •">('• + il) - 7(j- - //) - '/.

15. From 'M<i + /> '•) + •'« <i -l> + () + ''• f> - c)

take -III " .'V'4-2(/' + '• -II)-

16. From '( - /' + 2r ^W take the sum of

In + 'M> r + -ic f> + :\r - 4il + -V

'2i' +<1 - p - nil il - '2p 4- ill - I'.

Verifv tlie result hy sul)tra(tiu.L' in succession each *
\-

pression separately.

17. From !»'' 4/' - Mr \-2il + \2c take the sum of

-„ _ :\l, .,_ .-„• - 1 ( ),/ 2I> - '.\i' + il - 4e

or - i\ii - Ar + 2il - 'M) - Sr +1<I -e

and verify result as^in preceding example.

18 . if .'• - 2ii 4- 1> r. 11 = 'Ml + '-(!. ~ r + 11 - f>,

find the vahie of 2s - '.It/ - 42.

57.

hrack*

t" whii

ill suci

ti III! r

58.

terms

\o\V I

-iil)tra

.1 hi

riilitiy

59.

lir can

value 1

1. 'I

:i. <i

3. (I

I )hst

-i-n. 1

ili-i(le

ill' i-.X]

tin !.r:

60.

in 'he

tilr Irl

It : t

takiiiLT
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MH.VCKKTS

57. Removal of brackets. The sign f pivccding a
iTiickct. iiidicjitcs tliiit the tfrms n.ntuin.Ml arr to !« luldcd
t.t what pnccd.- Now tciiiis aiv added l.y connecting tliciii

ill succession, eacli |nrceded hy its own sign. Tlierefore

-I hriirkr' /irertdi'il I,,/ fhf shjti f nmii hf reniomj, each
hriit trfdinitif/ if.s si(/ii iiiir/iaiitfid.

58. The siirn i)rece(nng a hracket. indicates that the
t( nus contained are to he snhtracted from what precedes.
Nnw subtraction re(|uires tliat the sign of each term
MihtracttMl he changed and the result added. Therefore

.1 hnirkcf pncnlKf hi/ t/n sitfit - imn/ he r^hioretl. pro-
ri'litiy the siijii „f ererif term iritliiti he rhamjett.

59. Tlie truth of each of the following e(|ua]ities shouhl
\>v carefully coi.sidered and verilied hy assuming a suital)le

value for eacli letter.

1. >i + {h + e)-.(,-\-l» + e. 2. a + {h -r)-r--„ + h ^e.

3. a - (h + r) = a - h - e. 4. k - (h - v) -<,-/> + c,

5. a + ( -h^e)-<i ~h + V. 6. u ~{ - h + v) ^a + h-c.

nhserve that each term within a hracket lias its own
-i-ii. hut the term f is omitted hefore the first term
iii-!'le a hracket. Tiie sign preceding a hracket i>elongs to
ill' ' xprcssiou as a whole, and is no longer needed when
tlh bracket is removed.

60. Two or more pairs of brackets are frecjuently used
ill he same expression, one pair enclosing a portion of
til' terms enclosed hy another pair. In shch cases the
tw.i parts forming one }iair must ht^carefully ohserved.
It the simplest to remove them one j)air at a time.
takiig always the innermost. A little experience, however,

K
r t

z ^

.. >*
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will .iml.lf tl.f stu.irnt tu takr tlit'in in any onWv. and to

ivnM.v,' several pairs at .me operation. At ea.h step like

tenn- should I'e coiid.ni.d to save lal...r in writing.

Ex. I. <i ]l> - {r '') + (/> ') ";

.. ,1 - ]li ( f (I Jr h - ! - III

^ n -Ih + -Jr.

Ex. ;J. / - [/ " r2<i - 2/) +;'(-(" X) ;]

--X / + .« +{-2ti -Jr) )<i -(II - x)\

= 11 + 'J-/ 2x II f in X)

- 'In 'Ix ^11 X

^ Wii Wx.

In Kx. -1 the outt r tuiiekets were removed each time,

and in hoth examples like l.'rnis weiv eomhined after th.'

removal of each ]>air.

61. The rules for the insertion of hraekets follow

immediately from the rules for their removal.

Thus it h + v-iJ ~i+f -{a -h) + (<'-<h C -/)

= ti - (h -c) -{il + ^)+f
^it + (-l> + <') + { «/ -''+/)

^- \a -ih - r)-t<! + ^)i-f\, etc.

It will he ohserveil that a term i)laced in a hrack. t

precede<l hy the sifrn + retains its own sitrn, hut when the

sign - ]ireeedes the hruket, the sign of each term i-

chrtUged. The identity of the ahove expressions shouM

Ik- verified hv removing the hraekets from each of them.

EXERCISE IX

Remove thi' hraekets from the following expression-

I'Mil comhine like terms .

2. (a + /') - ('/ - /').

4. (I - Ot - (•) + (c ^ "I-

1. (ii + li) + (It - f>).

3. {(i + l> '<) -{!> + < - (I).
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5. la r (//fr (/) + ( r fj/' + ;>")•

6. -ill -(/' -''•) !' I" /')f(" <}', - (-'' -')•

7. Clii :\l>) ( /> W) t >/-(// + r - f/) 4- (( 'la) l>\.

9. -Ijr +
l

x^-n {-2(1 + 2-r) +>»-('/- r) + J'
-

'-'"
1 " ).

10. ;
(jr -iji) - (r + 8) ;

-
;

-2 - ( J- -^ •".//' + --^

:

11. tt -[-Ih-ir \o 2/> - {ll -h-hr) + h] -II {h - r)].

12. 3- -

[//
- ;2 - (/ »/) + ^; (J- - //-I-2)].

13. ;
(.".(» - •_>/») + (•_'(• 'M :

- !'f - {/' - 2(1) - r;

14. II -[I) {II -l>) \ii {/> II) l>\

\lt - (I, II - 1, - ll)[].

15. II -[/> - ',11 (/' " '' "I ''i "]•

16. Arraiifrc the tiTiiis of */ L + r + il < /in iil}»ha-

ctical onltr in l)rii(kcts ; twn terms in taeli pair of

rackets ; thnc terms in eaeli |>air.

17. In the same e.xprission, place //. r. il in one pair and

, fill another pair, with the sign in fnnit of each pair;

ilic siirn + in front of eaeli pair.

J8. In the same expression ( nciosc h and i\ </ and ^.

ill -mall hraekets. and then enclose the.se jrioups with./' in

11 Iter pair.

19. Verify the work of the preeedinji example hy first

ii<i tinj; the onter ])air of l)rackets and then insertinjr the

\w> inner pairs.

2(1 Add '/- ;6 -('• + '/) + *;. " ',/t i-ir -if) -i',

II -[h - Ir -(il - I')'.] and - '.{n - l>) (r -il)', - f,

•~ ^

iml irom their sum take n \h - {i- -\-ii) + h\ +r,
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MULTIPLICATION AND DIVISION

MILTII'LK ATIOX

62. Ill Arithiiu'tic. wlu-n diic ihiiiiIxt is inuUiiilicil Iv

aiiuth.r, th<- foiiiu-.' is .all.d the Multiplicand :m.l th.

latter the Multiplier. Tli.- n'sult uf tli.- iniiltii.liiiitiini i-

cai.cd the Product.

Thv saiiif tmiis art' used in AiL'fl>r:i-

63. Ill Aiittiiiiftir the process of imiltii'licatioii is .1-

liiU'd as t'(>llii\\>:

Oiif mimhcr is iiiulti|>li< -1 l>y aiiothtT wli.n tin- form.

is ust'd as an adilmd as many tiinrs as tlif nunilr

indiriitcd I'V tlif latter.

Ki.r example, "> x .1 -- ". 4 ."> + .")
1

'>. 1

We have simj)ly to t'Xtend this delinitiDn to inelnl-

negative numht-rs, t<. define the i.r.)eess uf iiinltiplieatin,

in Ali^ehni.

64. The use of ne-^ative nuinl>ers ^'ives rise to tin-

new eases oi multiplieatioii, each of which must '>'

clearly understood :

1. A negative multiplicand with a positive multipli' r

11. A positive nndtiplieand with a negative multii)li i

ill. A negative multiplieand with a negative nuiltii)li i

I. The rn>t of these is easily understood.

For example. (
- '"-) x •'> = (-•'>) + (

' •'>) + (-•">)= - I'"'-

4-2

MSC«iH
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Urn- tlif siu'ii, ,
prt'sents iMt (lillif iill\ : it iiht<I\ shows

iiln (lirictioii in which the '> is cnuiitiMl. ( omitiii^r fioin

L,.|o to •'> on thi' scjilc of nimilxTs :iut| rcpcatiiii,' th.'

|n.\intin)f ill the saiiir (htr<tioii thi<-<> tiiiK^ lniiijrs yoii to

To take a rtmcntf txaiii|tlf: If :i niaii travels •", niilis

[III the (lirt'ftion st-lrctfd as m-rativr. thiii contiiiins .",

Iinilcs further, ami aj.'ain contimifs •> miles further, he will

liiKillv he 1"» miles in a neirative direction from his

|-lartiii)jj point.

The distinction, therefore. t>etween ". x :'. and (
•"•) x ;; is

-imply that the product of .". an<l :'> in the one case is

rniiiited in the positive direction, and in the other case in

tl' negative din-ction.

lien ct; •}) X .) ;•.).- i: C-^)

11. In ]ierforiiiing a multiplication l.y a ne<rative multi-

|ilii r we liave only to keej) in mind the fact stated in the

(jttinitionof a iie^'ative nuinln"-, namely, that the presence

lit the minus sign clianges the direction of counting, and

Itln meaning of the process is ([uite clear.

Inr example, o x ( :}) means that •') is to Ix- multiplied

W\ .; and the sign of the product changed, that is. the

I'h'duct, lo, is to he counted in the direction opposite to

Ithit in wliieli the multiplicand. •"). is counteil.

ilrnce ")x (
- :\) (ox ;J) -

1."). (;^;

Tlie same result is at once apparent if we assume the

lairiimetiial law. that the multiplier and multiplicand can

ill :!iterchanged without changing the jiroduet.

T'lius •") < (
- '•'>)

(
- •>) X •").

|ii,. from (2) = - (-5 X •'>)

=. -lo.

h
K

.

„ >»
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Ilcllrc tlir nilf :

'/'' iinillliil'l n
/

/(((7 II II mill / ^» I li'i'iii

iiisili) I nil nil" r In/ n ni u

ill, niiliii'iiii iiiilliiiiilii'il iiiiillililirilli'

illiniil iKinril In Mill, I ,1,1,1 i/in till iiii/iihi, AH/,, hi llir jirnilii'

III. 'I'lic >;iinc |.iiii<i|ili' a|.|>lit> wli.ii a ni';.'ativ

Itinii I r

li'l

iimlti|>liraii<l is to !•< iiuiltiplicd t>y a lu-^rativr iimlti|

Kiir <'xaiii|>lt', (
•">)><( •'•) Mil aiis thai till' iiiiiltiplita

( :.) IS to I'c iiiulti|ili<<l I'.v :;. >ii\inn 1">. s<'<- (2). an^l

then tl.f tliitctioii of louiitiiiK is to !><• cliaiijifrl. iiiakiiiL'

till' plodllct 1').

This Miav !)< vtatcl thus. ( •">) x ( W) (
.')) x ."5

(
1'))

- f 1."). (Ii

66. The siptis of thf |.ro<lu(ts in the four examples ^i

the preceding' Art. do not in any way depend upon tli<

numerical value of the partieular nniltiplieands or multi-

pliers used. I'Ut upon their si^^ns alone. W'e have, theiv

fore, for any numhers whatsoever,

1, (+„}x('rli) + <il>. 2. (-/()x(f/() -nil.

3. ( +'M X ( A) nil 4. ( -(/) X ( - A) - +tif}.

That i>, the si<.Mi of the product of two numhers is + wh' li

Loth numhers have the same si<rn. and - when they liav.

difi'en'nt sitriis. More hrietly expressed, this hecomc-

what is known as tin

Rule of Signs. I.ilti >////(•>• '/''( + . millh' .^/'//^^• (lirc - .

ni ivThe siun of the ]irodntt of threi' or more numlier.-

he ohtained hy a repeated use of this rule, Thus:

1. The product of any numher of positive factors

positive.

2. The nroduct of anv irm numher of negative fact'

is positive.
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I 3 Th.' |.r.M|iict of imv n.hl ihiiiiImt d negative fMrtot-^

j. negative.

I 4. If lif ^itin I'l' i.iH luiti.f !« <liaiip<l tin «inii "f tin'

H|>ri>i|ii('t is i'liuny:<'(l.

I 66. 'Ill'- stu<l<'iit >li..\ii<i nliscrv.' Iliiil whili tlif miiltipli-

r.iiiil iiiiiv iM-i'ltlnrii ii.mrtl.' .|iiMiitity or a siniplc imiii-

Iim r. Ihr ,i,iilHi>lii'r nni.t ,,hi.,,i.-< l„ nh^lnirl. It is simply a

IuiiiiiIkt us.mI to .ount a.l<l.'ii<ls in ..iw <.r two dinctiuiis

Hnf iiirnsurcitifnt.

I 67. Factors inav l>c takt n in any onli r willioiit iliaiiijf

Hnf |i|'i)<lu*'t.

I I'liiis 2 X :{ X .") 1 X ."> X :! .'. X :'. x -J .
rt<-., - M)

I Siniilarlv "'" '"" '"'' -
''t'

•

I riiis in-iiK-iplc (iial.lis us to conil.iii.' tlir iiunn'riral

fa. tors from two ditT.r.'nt .xi-nssioiis wlios. prodiK t is to

HIm' fdUlxl.

I I'luis :W/ X Ah .! X fi X 4 X /; :'. X I X ,1 X /- Vlith.

B When a tijrurt- and oni" or more icttrrs arc factors it is

ni^t.-niary to place th.' tijiure tirst. and tlic letters in the

lc.nl< r .»f the alphaliet. as in the preceding example.

I 68. The pnxlnct ..f two |)owers of the >ame numlxr

^i- I'liiiied as follows :

^m <iiiee II' '('' i'.nd "' """.

^m'\ have a- x li'' - nn x iuki iiuikih -- n '.

3 similarly <*'"x a" </ , u'" x ,," < "' '("""•'', el(. whore

'W ', /» are any positive whole nnmhers.

mm I'lu , ,un„f„f of -I IrMn- in n i-nuhirt Is n/'Uil In thr sum of the

\

^- '

r

:o

.5

"

m
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TQ. The prm'tiiiig rtili'H < iiahl" wn to ininicdiAtt !\

write tli«' prixiiK t <>( uny iiunilxr of nioiuMiiiiilH.

f-jr. I. '.\iif) X 'ihr - I'uih'r

Kr. .?. :i>
•>,•

J.'/ i<ij K -hhy- - 12()«iAr^y'.

Ill funning HU(')i |tr<MlurtM, thrci' tliinpn rcciuirt'uttciition

1. The Sign. This i^ 4 fur jMiHitivc fuitorH aiwl fur an

even niimlMr of negative factors ; - fur an i»h\ miiiil" r|

of iicyativi; facturs.

2. The Coefficient. This is tht- imMhirt of tht- iminrrii al

facttirs furnud as in arithnu'tic witliuiit npanl to sipns.

3. The Literal Factors. Th«'si- cunsist of all the litt« r-

whii h iKciir, rath XviU'V haviujj; for cxiMUicnt tin- Hnin oil

its cxiMiiii nts i" tht) Ht'VJTul expressions to Im- multiplied

Multiply
EXERC'SE X

1. 3 5 -3 -11
- 5 -3 -5 7

2. ;?r - lah 4r.v - :w-h

.").i- .\iir - or - lah\

3. x-';i \:\x-,iz -r-,v^ 8m-'»i

!l
"'/' " JJ - 3«x

4. 'Ill -he X :\,Orr X 'miIk 2

5. ')(ih X - 'Mtx X '2(tx X - Anix.

7\i ')(• I

/

6. Find the valu.'S of ( "))2. (
- 1)-! x 8, (

- ?,)^ x - 2.

7. Find th.' values of •_>•' + ( - '1)\ 2» 4- ( - 2)^

\'

.»•) / 1 \:(

simplify (:!'/')-•. r_>.j'-2)\ / •Ja//^)' - .1(1 'hi)''
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10. If'f 2. It •'», HikI fill' viiliitK of

II f A. II //, ilii. flht'i h), li^ h"^.

11 If-/ _'. Ii ',. r "i, liiiil thi- viilm i>f

Ml irilM.K Alios (IK i'Ol.VNoVII \l, in A NKlNOMIAI-

70. If litlnr of two faiturs lie iniittiplii it l>v .iiiy

iiuiiiImi- their |iri><lii( t will l>f niiiltipiit'd liy tin- «iiiiif

|iuiiil»«'r.

Thus ;{ X :» i:> ; «» x :• :5(» mikI .'. " lo .'.o;

lit i«, when litlnr tin' '.\ nr the "> i- douhlid their j>rt>t|uet

I I- also <l'iul»ie<l.

71. If l>otll of two iulilellds he llllllt iplied hv illlV

iiiiil'tr their sum will also l»e multiplied Ity the name

liuiiilwr.

hu< .'i + .') H
; t; -h 10 H; ;

|!iii 1-, when hoth the ". and the .'> are (louMed their sum,

\ I- also douiiled.

72. The very important principles of .\rts. 70, 71 are

\n\v\'- evident to the eve hy the following; diagrams :

a-5

(= /; \

2a - 10
•0

1

II
4 J a c 4 «3

o 1

a
1a c be

. ,11

:K. 1. hJK. -'. Kijf. :i.

73. The area of a reetanple is the product of two

|ai t .. the leiijrth ami the hreailth. In Fig. '1 the leii>:th

1 ihle the lenuith in Fig. 1, and it> area i- evidently
Li 1 ,.1 1 .1 .,.:.Ul. ! :.. . .1 :,. . i. 'im : .

f
" ;tili:iic, ;.;!" uniii! !:i:::i; ;;;t- r;i:!:T- ::: t;i!::. J ;;;r

111 ates the truth expressed in .\rt. 70.
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In KiK- '5 tin- li-nirtti \h n^h, the wiilth ix r, aikI n>r\

wqui'iitly IIm' nri'ii in »•(« /<). If wf tjuw iliviil<! th<

n'ctanKUj into two n<tuiiKli'« wliow Icii^tliH ari> a (iii<l

th«'ir iiri'HM an- nr unil ftc n'HjMH-tivtly.

Tlirn-forc Hn ( /») f/r /«•,

whi«li iiliiHtriitt-M tin' truth of Art. 71.

74. Tln' |»riiui|»lc of Art. 71 nmy Im- i'xt<-iMl*-<l to uj

nunilM'r of mhlrnds, rath of wliicli inny Im' |N)r<itiv<

negiitivo uiul conMiHi <if any nunilMr of fjntorM. Tin- iiiiii'i

plior may aho contain two or inon- faitors ami U- t-itl

pofitivf or iH'^rativf. /.<. . tin- niultipiicand may Iw nij

polynomiAl ami the multiplier any monomUl. Ti

givt'H UH tli«' followiuK

Rule I 7«< HI'(////»/// II itiili/iiniiiliif hi/ II niniiDinidl iir in"!

plij I'lirh firm in miirrixiuii mnl ri>iiinittliifnirliid^u'niliii'>

thr proper mhih*.

K.1 . 1. Multiply ;{«»' -4/i// I V/^ 1m 2<«.

Arranj^*' thus .'W'* - 1»//m- .V»*

'la

d.i' s,tV, , KVi//^

Hfjifin at tlif Itft ami work toward- tlic rijflit.

/'->. -i. Simplify :\ii{->ni + ah - iV/^) - .')/>(a'^ - ah + \W)

This example consists of two multij)licatioiis similar j

the pn cedinji, followed hy the addition of like term-

the two products.

Now 'Pacini + ah Ih^) iW 4- '.>aV> - imh'^

and - •')// [la - „h f :\hi) . - .")/|2/> + Twhi - ir»/)3

Ad.cUnir. \vc ret (i/r' - "Ja'V* - nh'^ - \'th^

\\\v re<|uir('d result in its simplest form.
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It will t)«> olmfrvcd that tlif iicgHtivc hiki) coiinfcting

•Mhf two t'xpri'iwioiiK wuH tuki'H with thi? AA an purt of tho

•li«milti|tli<»r, and the two priMliictH wt-rc tht-u mhli'ii Wi*

"' ^iit^lit havf tiikt-n f .V> att thr iiiuItipHcr niui thi-n tho

Huiul priMiiii'l would I iv<' Jmcii Hiihtnittrd from the finit.

Ii» iiu'thtMl givfii in iiMiallv thi- U'ttor oiu- to follow.

EXERCISE XI

Multiply

1. r»-2.. .1 l.y -iJ-.

3. r» 2x1/ f .»/' hy 2y.

5 1 -Jj-i-IU* l.v -...

2. :ix» 1/ - 2 i»v -.1,

4. 2fi' - lUh + b'i hy - 4nb.

6. /•// > y: - ri hy Tjfz.

m '.J- 2rtfty '^J'!/^ + '''^,'/ ''\ - '.\(th.t.

8 2rt2 - a/>J - ,» 2ar - !/«• + 'inh h\ - ^^Ac.

9 1 + /. <»'
-f-

/><• - «/»#• I )V aV>.

'iliiitilifv

10. 3j-(2a2 - ox + (5) + 2r(.r^ -t- 3).

1 1

.

2j-(j-» - 2j- +-3) r)j-( j-a -I- ;i.r - 1 ) + ;U2 - 4.

12. 2a(n -h) + :if){ -In lU,) - 2(rt» - ah + 2A»).

1.1 rt(2a2 - '\ah - Ifl) - 2h(a-i - ,ih -t- 2//^) - :M{2a - 3ft).

14. ;^(Vi h + 2f) - 2(2« + 36 + o<) + 5(// - 2c + 3a).

15 a{a + /(-/•) -6(A + '- -«)+'((,• + .( /;)-(r2 + 2aA-6»).

16 2x);L- - 2(;k - 2i/)|
- 3(/|2(r + 2//) .v\ +n.ry.

17 {p.r + '/</) + (i- + .y) + (
/' 1 )./• -('/+- l)y.

18 ((( + f))j 4- (/> -! )i/ - j(f< - /').-• - (/' -r)y\.

19 i in ^ n).r -r i III ii)y iii{.r + ij) - n(.r - y).

20 (a - h)x + (/> (•)// f ((' ii)z ii{.r - y) f'iy - z)
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MULTIPLICATION OF POLYNOMIALS BV I-OLYIOMIAU

76. In Art. 73 we have s-.iown thai c{a + f») ^nc + cb. it

which n + b \H luulliplit'd by c. If now we take a + b fm

the nuiltiplier, the p/oduct in either case iH'in^ the nn

of the rectangle, must remain unchanged.

That in (rt + b)c - ac + be.

SimiUirly {n-b)c = ac-b(;

as may easily be bhown by a similar diagram.

If now we r«'i)lace c by an expression v)f two addend

c + d or c - rf, we get the following:

(a + b){c + (I) = rt(c + rf) + 6(c + d)

'-- (ic + nd + be + bd

and (rt - h){c - d) - n{c -d)- b{e - d)

= ac - nd - be 4- bd,

which gives the rule for the multiplication of i)olynonii.il?

To multiply a polynomial by a polynomial.

Mxdtiply oirh tirin of the tindtipUaiiid bi/ nich trrm of Ik

muUiplier and connert the partial prodiui.'^ by tbe ])roper .«/'/»<

76. The process of the pre-

ceding Art. may be made evident

to the eye by drawing a rectangh;

whose length in a + b and width

(^ + d and dividing into four

smaller rectangles as in tlu- ligurc.

The area of th(^ rectangle taken as a whole is

(a + b){c + d).

The sum of the areas of the several j tarts is

a<- + ad + be + bd.

The two cxpre^.'-ioiift must lliireiore be e(|ual.

a /,

c ac. /„•

d ad \

1

h.l

77

ICCUI

if or

lani

milt

that

iTini

if nil

Ex.

Ar

'n

lavi

if IIU

f th

trill

n th

le SI

Kv

I'n

Th

iccii

nay

it'xr
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77. Twi) (liflferent chiKHeH of poIynomialH an' of frequent

wurrent'c. thone wliose terniH connist of micceaBive Dowers

[)f one letter, and thow in which two lett<'rs occur, the

'am of whof»e exj)<)n('ntH in each term is coiiHtant. Before

[luiltiplying such expressions tlicy should l)e arranged so

that the exixments of one of the letters in the successive

Icrnis will he either in descending or in ascending order

if magnitude', as in the following examples.

/•>. /. i.Iultiply Zr' + r- - ;i.i' - 4 hy 8.*;- - 2.r 4 1.

Arrange thus 2.r* -1- .'•-' - ',\.i- - 4

:i.i'2 - •_>.. + 1

a." -t- .\jc^ - 9.r' - 1
2.;--'

- 4r* - 2.t^ + «Jj--' + Sx

MrLTIPI.ICATION AND DIVISION 51

2r-' + •X,- - 4

'roduct H.r' - r* - 9.H - OJ-' + .").»• - 4

laving arranged the tmns with their exponents in order

f magnitude, we hcgin at the left, niultii)lying each term

f the multiplicand hy 3.*-2
; tht-n hy - 2,*' [(lacing each

mil of the product in the second line under the like term

n the first line
;

similarly with the third line ; finally

he sum of the three lines is the product required.

K>: 2. Multiply n^ + ah + \fl hy «'^ - nh + 62.

A rrange as hefore c»2 4- nh + />2

({'• + (f-V/ -I-
(/-'//-'

- a^h - a-h- - nh'^

n'-h- + nh^ 4- h^

l'r((duct It* +fi-h- f 6^

Tlic two exanqdes here given hclong to the classes

|K(itied at the l»«'ginning of this Art. Such exanq)les

i:iv always he worked hy the l)rief method shown in the

I'Xt fxji q)le.

h
K

E 4

3

_ i>»

r Of-

X

-j'^^':^,,;s: m^
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Ex. .i. Multiply ..' - 2jr' + :U'« + o l»y ^ + 2x> - 3.

Arrange the cwflicientH of multiplicand and imiltiplie

in the usual order for multiplication, but note that iij

each exprcHHion there is one term wanting, and place

cypher in the vacant place. The work (»f multiplicatioc|

may then he arranged as follows :

1 - 2 + 3 + + .")

1 - 2 + 3 + + 5

2-4 + 6+ 0+10
_3+ 0- 9-0-15

1+0-1 + 3+11 + 1-0-15

Result j" - »-'' + 3x^ + 1 1*^ + a;-' - 1 5.

The student will observe that the purixwe of the cyphen

is to keep the other coefficients in their proper colunim

The highest exi)onent, 7, is obtained by taking the sum

the highest exi>onent8 in multiplicand and multipUerj

Polynomials of either class described in this Art. can

multiplied by this method, which is called " multiplyin

by detached coefficients."

EXERCISE XII

Multiply

1. 2x2-.i; + 3 by 3.1- 2.

3. 4,f2 -bx- 2 l>v 5.»+3.

5. ..-2 + 2j.- + 4 by .r - 2.

7. n^ + ab + b^ l>y a - b.

9. rt2-2rt + 3 by rt2 + 2a-;5.

10. 2a2 - nab + 3/2 l.y 2a2 + wb + 362.

11. 2.r* - x- + 3.r - I bv ;ii- + '• - 2.

2. .1-2 + 2x - 3 by 2.r - 1

.

4. 3.1-2 + .1- - 5 by - X + 'I.

6. rt2_rt+ 1 ])y n + 1.

8. a2 - oA + 62 ]»y a + 6.



Multiplication and Division

12. Jlr* - 7j;- - 4-r + ') hy 2x^ + Jb- - 1

.

13. 1 - 2j: + 3j- + 4x* by 1 + '2j- - ?>r'.

2 - jJ + ar* - 4^ + j-^ by 1 - 2a- + ar.

4x - 2a;^ + ;ir» - 1 bv 2x - .r-' + 3.

14.

IS.

16.

17. a

18.

' - X* -^-i^ - .r- + .r - 1 by 1 + x.

I* + 2a"' + 3n- + 2rt + 1 by a^ - 2«» + 3a- - 2a + 1.

- 3a^ + 2x^ -5.,; +7 bv:*-' 2j--(-3.

19. x« + a;y + y«-r + y + l by x-y+l.

20. a» + ft' + c* - oA - rtc - Ac by rt + ft + c

21. a» + 2aft + ft« - <•« by t» - «!« + 2aA - ft*.

22. x« + 4y» + s' + 2xy + 2y2 - xz by a- - 2y + «.

^3. a* + 4a»ft + 6a-^ft'' + 4a/.'' + ft* by
,4 _ 4a3i ^. Ga-Jfti _ 4a63 + i4_

24. .i''' + x'y

Simplify

- a^;y» - .rV - 'V' + '"y" • y^ by

-.r»y + .rV---'/ + y^

25.

26.

27.

(.c-l)(2a- + 3) + (2..--l)(/ + 3)-(3/ + 2)(x-5).

2( 1 - x)(\ + .r + .r2) + 3(1 + x)( 1 - x + x')

-.r(j + l)(x-l).

(j; + l)(x + 2)(x- - 3) - (.r - 1 )(.r - 2)(x + 3).

28 (a + ft)(rt - ft) - (ft - c)(b + (•) - (.: - a){c + a).

29. (a - ft)(a + ft
- c) + (ft - c)(ft + - a) + (c - a)(c + a - ft).

30 a(a + ft)2-ft(o-ft)2-ft/>(a + 3ft).

h. (a2 + aft + 6«)(rt' - rt/' + ft*) - «^« + ^)(« - *)•

32 (a - 2)(a + 2)(«2 f 4 ) + (ft - 2)(ft ^- 2)(ft2 + 4)

-(a2-t-ft«)(o2-ft''').

' <

1-
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DIVISION

78. The meanirjg of Division of minilxTs jiiid the rule?

for jK.'rforniing it an- derived directly from nudtiplication

an the following simple examph-s will show :

20 - •20
-•).

20

-4
••).

-20

4 4
-^''

The first example is that of arithmetic, in which we seek

a numlKT which multiplied l)y 4 will ntake 20 ; the mul

tiplication tahle gives the re<|uired numlier 5. In tin

next exami>le we seek a multiplier of 4 which gives - 20

as Iwfore, the absolute nund>er is "), liut the rule of sij:ii>

in multiplication re(iuires it to he negative, viz., 'i

Similarly for the other tw() examjJes, observe that tin

number to be divided is the product of two fact<.rs, on« i.j

which is the number by wuich we divide, an<l lli>

remaining factor is the (|uoti"nt.

79. Definition. When the i)roduct of two factt)r8 anii

one of them are given, the process of finding the remaining

factor is called Division. The given product is called tl

Dividend, the giv(>n factor is called the Divisor and '1

fp 'tor to be found is called the Quotient.

f ah
Since ( + «) x ( + />) = + ah

( -rt) X ( +h)=- -ah

( +'«) X ( - '') = - <ih

( - A) X ( - /<) + ah

+ i>

+ h

+ ah

+ a

- a

+ rt

- a

Art. B:

That is, the sign of tiie (luotienl ot two numbers i> *

when both numl)ers have the same sien. an( W'lfl!
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tluy hiivt' <lilTfrfi)t si^ns. From this wv }iavr, aw in

iimltiplit'ation, tlm

Rule of Signs. L^kr xi;fn>i ijire + . iinlikv i^Ujii'* (jive - .

80. In the i»nvious Art. the dividrnd in roprrHcnted

liy just two factors and tlu' divisor by one, hut lH)th

ilivitlcnd and divisor may have any numlM-r of fai'tors.

In surh casrs cacli of ti»e factors of the divisor must h*-

removed from the dividend; tlie remainin«? factors connti-

tute the <iuotirnt.

Thus "^'"f^r.l, ^''P^'-f^2.ry,.tC.

81. The quotient of two jxywers of the same factor is

forined thus :

Since a' = aatmn. an<l a'^ = na.

Therefore -^ - ana - «•' = a" \

Siniihirlv

u-

a"
n""'\ in which m and n may be any

|Kisitive whole numbers.

82. Index law in division. The erponent of a letter in

I n'lotient in ohtiiiiittl hi/ snhtnirtiDn the e.i-ponent of the dinmr

fiviii the e.rjH)in'iit of tlir (lirideml.

83. The close analogy b«twecn division and subtraction

slii'ild be carefully observed.

To remove an addend from an algebniic expression is

sill. fraction ; to remove a factor is division. Thu.s re-

mv ing n from a + b is su))traction ; remo\'ing a fnmi ub

is I !i vision.

to Ha IS to subtract 2a
;

to change

"'
\

.,'ain, to change im to

1 a^ is to divide bv a'^.

tc

3S

-,. Ml

9
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The difTen'nce of two expreHHionw reniairiH unchan^nii

if a new addi'iul l»e introduced or removed fnmi each ; tb|

quotient n-iuainH uneJiangeil if a new factor Ik; intrcMlucti

or removed from each.

ThuH {a + h)-fi I) and (« + // + a') - (a + /) = &

al> tJix
= ft and — = o, etc.

lU-

84. Diviaioii of polynomials by a monomial. Frorol

Art. 74, it iH evident that a {)olynomial iH divided by a|

monomial by <Hviding eacli of its termn in succession ami

connecting the partial (juotii'uts by the proper Hignn.

XOoJm: , -24a'W y„ (a + h)'' . .,= _/„., — ^=Sf»»/, ' =(0 + 61
-ha -:irt//2 (a + />)»

/!>. /.

AUr. ^.
2a/>

= -In^ - ;W> - 562.

20
- .")

( - By

( - ^y^'

2nh
'

- 4./y''

EXERCISE XIII

- 20 ^0
- > - >

;> — ;>

-750

( - •^)*
'

12f»''/»V

- ;{<»/«•'

Waxy '

i-y

(-:^)(-5)

- 14/2l/

- Z.rif

- \hh&
'

-64
-16'

84

(-1)34"

- \%mh(

- 72flVA

12flA-

5. GaVi X 5n62 i,y I0f{2/j2 ; 2<(.c x - %hy iiy - 6.ri/.

6. Wxij X - 5^2 X - 6/2 1 ly "lA x - 3^.

7. 4.r't - 6/2 + 8/ by 2/.

9. 8rt» - 16f»:'/> + 24a2/>2 l)v 8^/2.
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10. 2.'wi»/»» -.")(>,«»/>' lOOi/,V»»y --i-WA

11. - •Ir^ij + .').i-y^ ()/'(/•' jy l.y - rif.

12. - 49j '//;' + ().Jx<.»/22 - .')0.i ^1:2 l>y 7r'«yj.

13. B(fl + A)2 .S(/i + />>:« + 10(</ + ^)^ l»y 2(»» + &)«.

14. r«//(.r -
.</)

//-(.I' - //)» + !f{.r -
.</) l.y //(/ - i/)-

15. (.'i'jA* - :^nV, + fifihi)(2aV, + 2«A3) l.y <)«2/>».

DIVISION OF WLVNOMIALS BY l»OLVN0MIAIJ3

85. The rult' for the division of onc^ ]M>lynouiial by

lothcr \H ol.tiiiiuMl l.y clowly ohwrvinj? the nuMh' of

kuiltiplying o!U' iK)lynonnal l.y another iin«l then reverwing

lie imK-eKt*.

Su|)]x»si' the (liviwor to Ik-

11(1 the quotient

8/2 - r)x + 7

2£ - 4

6/'-iO/2+14.r

-12j-» + 20j:-28

6x3 _ 22r^'+ Uj. _ 28leii the dividend in

Now observe:

1. The first t«'rni of the dividend, 6/', is the product of

lu- first temi of the divisor. .Ir*, and the tirst term of the

iiu.tifiit.

2. riurefore, the first term of the (juotient. 2.i\ is to Ik*

ll.taiiu'd by dividing the tirst term of the divisor, ;>.i-2, into

li( first term of the dividend, (J.r^.

86. The dividend is the sum of the products of the

|ivisiir by the seveml terms of the (juotient. Therefore,

fi'iii the dividend we subtract the product of the

|ivis(ir by 2/, the first t*'rm of the ({uotient, the remainder
nisi be the product of the divisor and the remaining
^rih i.f the (juotient (or the sum of such products when
nuiv than one term of tlie (juotient remains to l)e found).

4,

K
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Tlir work may tliircforc U- iirniiipil as f«)lluws :

12.i» + 2Ur 2S

- 12j2 -»- 20.. 2H

87. To divide a polynomial by a polynomial.

ArriiHi/r tin' ti nun af' ilir'ntir (unl <llriilin<l latth in ile/u'tirlnf:

or hotfI III iixri liiiif juiirrm iif II i-oiiiiinni littrr.

Diililr fill' first tiriii nf l/ir iliriiliml Ai/ t/ifi firxt ti'rin aj ''I

divimtr ; the rixiilt irill he t/ir first Irnu i>f tin ijiintinit.

Miiltipli/ ciiili trnii nf llir lilrixor hi/ Ihr JirM term nf tL

ijniitit'iit mill fii/itnirt thr jirnilnrt frinu tin' iliriilmil.

If tlure he n reinuimlcr, roitniihr it <i new iliriilend /c

proienl ii» hefvre.

88. It is essential that the terms in the several r.j

niainders 1h' ki-pt in the same order with regjird to thtj

exjMmi'ntH of tlie letti-r of n-ferenee. If a reniainiitrj

occurs in which the liijiliest cxininent of the lettei 4\

reference is lower tlian the hijilicst exiKtnent of tliat 1' ttitl

in the divisor, the division cannot 1«' exactly jjcrforiudl

Such examples will he furtlicr considered in the chaptir

on Fractitins.

The following; an- ailditional examples :

Ex. 1. Divide .<•' - '.»/-' + 2:h - M) l)y r - <>.

, - fi
/.t _ 9.,-2 + ):], _ ;>n .,-2 _ :{., 4. .->

..•:' - rM-2

;i.r2+l.S.r
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El. J. Diviih' ti> + /»^' l»y (I -f h.

(tf h tt^ -»- />;•! ti'i III) + Ifl

- ah +• />'

-ah ah-i

nhi -t- /y

'

,thi f A'

AV. .^. Divide rt ' - i> hv «« + <«A + i^.

a* + fi/> -- /<^ «•' - fc^'fi-ft

«•• + aV, + «A2

f/ 4. Dividi' 1 - 4j !+l()

•.''-.•5..-2
1 4j-»+16/'»

- 12..' I.y 1 +2.. -ar2.

12/', 1 -2..+:{r2 + 4r:'

1 + -Ix

- 2..-

-'2x -4./-2

/•'4- 1(5..'

+ «)

;{/«+ 1 Or-'- r^

ar2+ or'' -9..'

4/'-f.S..' -177-

4.,;i + H.H- 12.r''

When a ttTiu of thf icffular Hcriis in the dividend is

kiiiitiiig, us in Exs. ;{ anil 4. it is convenient t«> leave a
hciiiit space in order to jn-nnit like terms to Im- placed in

]lif -line cohnnn.

If '">th divisor and dividend are not already in their

liiil'ist forms, as in the precedinji examples, they must
•* siiMplined hy perfonninji; any indicated multiplications
|ii<i I illecting like tenns l)efore attempting to perfonn the
|i\'i-'>n.

c

%
U

... >*

f a.

-> %
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mm
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EXERCISE XIV

Diviilt;

1. .r» -». 10/ -K 21 l.y i + ;{. 2. .* 1 1/ + 24 J.y / - H

3. /»-.,• -.'>G l).v J +7. 4. /i + / iM)l.y r+ld

5. 4/» -
'.» I»y 2.. .'i. 6. J ' - 7.< + <» l>y / 2.

7. .(« - /<» l.y /» /». 8. -ri - A' l>y '» - /^

9. ((' 4- //' l)V «» + U. 10. <(• - /'•' l»V »f» + «l/i + /A
• •

11. .. ' - 7/ - G »»y / - :{. 12. 4.r' + fu -(- 21 l.y 2x ^ :!

13. 2ii + 7r« + .V + 100 l.y 2.r» - 3/ + 20.

14. /»' - r)/«:» + 7«/* + 6/» + 1 l.y '(' + ;i«« + 1.

15. 3/1* - .'.<r'/» + (»V»» + 1 ;{/(/.' +W liy '»» - .{«/' + 4fe».

16. 4r^ + 7.r' - (>/ - 12/» + .'...» + ;{ l.y 2/' f :{ - /.

17. li)^4 _ ^2 ^ 10 + 3/' - 1 1/' - 13/' l.y 3 + r» - 2x.

18. // + (j»/;2 + /, l.y //a + nit + /»«.

19. ^i-* + „V>< + /,« l.y «< - .»Vi« + /*.

20. <«'• + /<''' l.y //' + /»* and l»y '»-' + /»3.

• 21.

and by m'* + /»W ^- /»«/»" + nV*" + /,'

22. r" - 2/' + 1 hy j-2 - 2r + 1 und by /^ - .r« - / + 1.

23. ..• - ./• l.y J-' - X and l.y .»' - 2/'' + 2/* - /.

24. „•' - /,'• + „2//' - </V;2 by <r' - //' - %iV, + 2<»62.

25. .1-^ - //•' - .»-''//2 + .r»y' l.y ./-i + (/2 + 2j".v.

26. H„" _ //• + 'l\n^,-' - iXii'h by 3///» - .i» - 6*.

27. .(•^ - y>.r:> + y<.<-2 - j>2.. |,y ,• _
^,

28. .H + 2(il.r' + /(»',r2 - /(» by .i» + (O.r + h.

29. a-'/' + iiVtr"^;! - nlflxij'^ - h-^if-^ by ^jj- - by.

30. (k»V - 1 7'«V^ + 44r(V - 48/<r* l.y 2<«» - 3<ij-.

31. Divide the product (.f j-* + r - 2 and 2.f2 - 72 + <

by 2/2 + ..• - B.

:^.-rr/-;si^f2M2i ««iir>>tfitr'''' -;!(:ur\'s' i-44i •jS^'i
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S2. Divide /• (Mr l»y /(x - 2) 4.

}$. Dividr rHr* 5) + r>jr 1 by x(j - 2) »• 1.

34. Diviih' a{n »- h)^ h{,t /.)» > 2/»(<i» f A») l.y »* -f- h.

35. I)ivi(K' (/I -t- /* + 1 )(n + /, 2) 10 l.y ,» + /.- 4.

36. J>ivi«lf («i« + iih + /ia)(»i> r»/, ^. hi) ^ ,tVfl

by (« + A)» 2««//.

37. Divich' (»/ + 6)('i»-«fc-»-fr«)-f-;{oA- 1 }»yfi-^ft-I.

38. F)ivi(li' fi" - <>« + 'i by (f|l + rt + 1
)i + '2(/i + 2).

39. Divide (r + 1 )Hr^ ., + 5) -»- (2j- 1 )(r« 2r + .i)

by (r- 1)1+1.

. 40. Divide (X - I )«U' - J-' + 1 ) - (;ir - 2)(x« + a- - 1

)

--ISjr+l by (/+ 1)1 + 2.

LITERAL (;<»KrFK[KNTS

89. Meaning of Coefflcienti extended. The detinition

a coefficient in Art. 1 1 tjuitly implieH that it in a whole
junilHT and expressed in fiKuren, and et)efficient« of this

lind are the only oneH thus far brought into U8e. The
It'finiticMi in there pven in mmple form for l)eginnerH and
tj.nswM only a part of the truth. A coefficient in a
kctor (tr multiplier, and an Huch may Ih' any algebraical

iprtHHion, integral or fractional, and exprcHsed by letters

tiKures.

Tims in aj\ by, (a + f>)j; {a A)y, the literal factors a, h,

1+/), a-f, may 1h' couHidered literal coefficients of the
^•tors which follow them.

It is «'(iually true that r and y might 1h' couHidered co-

jfHn. !it« of the factors which precede them.

90. Use of Brackets. By the aid of tlu- preceding Art.
["' Miiiii of two or more unlike terms, having -it least oni'

toral factor in common, may )h; exjm'ssed m* a single

«.

r, •

-. <

rr::'2»^jpL:«
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tcnii hy ctmHiihTifig thi- unlik« fRcUirH ai« lit«'ml r<Kt!'nii

anil «-iu-l()Kiti)r their xiiin in u iirnrki-t

For jiiHt ii»<

Mt

till* only (iiHtin(>tit)n iH-ing that in th<' tin't example v

hav«> a ningle HyuilM)!, '), to tiikt- th«' jihu'c of 2 f .'{, Itiit v

have no Hinglo nynilMtl to ntaml in plai-c of a -*-/». ii

ronw<|Ut'ntly the expn-HHion (a +- /*o- r-annot U- furth

Hwn| >liflr<].

Thf fitllowin^ ar«> a«l<iitional «'xain|ih't<

II.f (ii fi)/f

add /,. •M

{'I + 'i

(I,

Hum (ii h)j- {<i-i-f>)i/ (ii^\)ff {11 + 2I1

Kr. -i. From (n -i- l>)iii - {n + /))n + {a - hjp (n liVj

take (11 - /<)»* (»» '•)»«_- C' ')/» + ('' + ' )'/

KcHUit 'Ihm - (h h r) It + (11 i)j> (ii^-r\f

9t. In Mul>tra«tin>f trrnii* with Iit«'ral cocflicij'nt^. '

foll«»w tht' ordinary rule, luit we have a choice of tn

way>< of applying it. Wlierj the Mj^ns prect'ding tb

hrnckt'tH .lie alike, a>* in the case of the cm-HieientM ^f '

and H, wv change the sign of ea«'li term uiiliiu the hr:i' kt^

ai\d adil. placing the common sign li«fi)re the rc-nl'

The coedicients of /i and »/ have unlike signs precelinJ

the hracket. and in -ucl» cases it is In-st to cliange tlic -iiTl

which precedes the hracket of the lower terms and 11

the tt Tins within the hrackt'ts as thev stand.

92. The following are important examples in 11 Ml Hi

iame i)owcr of / are ci

a di

.f

,l.u.), MIwi tjirillc ;t(-jtlttjl|-jjj)if Tp^HE

omhine



Ml li'I'LHation and Dfvihion (kl

Hi. I. Kiiiil ill*' coutiiiuiMl pnMliirt of

r f II, r ^ I, iiiiii J + f.

J f II

.1^ 1/

1

K:. 4. I)ivi«if '' («/ + // + »•).»(«//(+/„ f ,„)./ ,//(,

•V .< - '».

(<i -i-h ^ I )i't i {iih + l>,-'hiii).i - iihr /^ - (h ¥ r)T ^ hi

/«v - 1 1he

hr.r Iihr.

X
f,:

EXERCISE XV

( nlicit tlif (•ii('nici(iit> of ./ iiiiii '. ill Kx>. 1-8.

1 '// -I- hi/ + in.i' + III/ + i>.r + iji/.

'Ihn -t ii.f -¥ rr - /;'.'/ + "/.

<rii'^il-¥ah.i- -Inhii-ith'Ki- /,'-'/.

5, i.i+hi/ + h.ri-ii>/ ('/ + 1 ),(• - (/* l)'/ + 2r + >'/.

2/>;.f >- ( /* .".-)// 4- 2/<.' /;(/ f ( /( r» ).!• - ( /;i - .'ir)!,

' + ;(»/ t (ill ii).r + (/ii (()(/ ./((.( - nil/.

8 ( /,)'+(/, r)ii¥{l, i\i +lr ii\ii-it ill - •\r

('.• - /', .'/
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9. From ax* + hri/ - r>/' take px* - qxy + rv'.

10. From ('I - A)/'+ (/> + f)/y - (r - «).»/'

take (a - r)r' - (ft - r)ji/ + (o - hyj'i.

11. From tlie Hum of

(a - 6)j: + (ft - c)if + {r - II )z uiul hx - c// + z

take the »um of {h - t)/ + // + z and {r + \)x - 2q/ + (f - 1 )z.

Arrange the i)nKluct« aocordinR to the jmwers of /

Ex8. 12-20.

12. {x+ n){x-^h). 13. (x-a)(.ir-/;).

14. {x-¥n)(x-hf. 15. (/-«)(/ + /<).

16. (x+ a)(x + />)(j- + r). 17. {x -n){x - h){x-r).

18. (x+ a)(.r -/;)(/ + »•). 19. (r - fi)(.r + /i)(j;- r).

20. (x - o)(j: + A) + (.r - />)(/ + r) + (..• - c){x + a).

21. Dinde a' - ft" - r^ + 26f hy a -h-i-r.

22. Divide w' + ¥ + r-' - 3«6f by (i + b + r.

28. Divide 8a» - />« + r" + 6«/»c hy 2a - 6 + r.

24. Divide x» + xj/ + 2xz - 2//" + 7.»/2 - .'iz' l>y x-y + 3z.

26. Divide x* - (a + 6)jr + nb l)y * - ".

26. Divide a;*- (« + 6 + r)x+ a(6 + r) l>y x-(b + r).

27. Divide x=' - {a + m)z* + {am +mn)x - man by / - "

28. Di\nde r» + (a+ 6 + c)x'* + {ah + he + ac)x + ahc

by x + a and by / + h.

29. Divide j-^ - (a + /> + r)/''+ {ah + /«• + <«<•)/ - ahc

hy X -h and by x - f.

30. Divide j^ + {n + b- t)a;'+{ah-hc- ac)x - aJtc

by .'- + \" - c)x - ac.

31 Divide a'{b + (?) + a(6=^ + r^') - 26r(6 + c) by a^-h k-r]

32. Divide 2o-6- + 26V + 2a¥- - a» - 6^ - r^

bv 2ff6 - «'-' - b- + (•- and by "Ibr. - b- - c

^'': '*MM^>t^-'k}>H^S,.»« ^M;;^.^^^MMMi



('HAF»TEK IV

IsiMPLE EQUATIONS: ONE UNKNOWN QUANTITY
(Kr.KMKXTAHYl

I

93. Definition. Ai> K<|U!iti(.ii is n xtat^-nH-nt that two
L'fl.iiiiciil rxprossioiis arc ciual. i.,., they rrpriwiit the
Villi- iiutnlHT

Tlius 2r + ;{r = .V. 2(r - o) 2r - 10. lV - 7 - r + .", are
nations.

94. Sides of an eq ation. 'riicr.xj.nwions .., (,|)|)08ite

^l.s (.f thf HJpi of e.iualit.v. . arc called the sides, or
embers, of the e<|uatioii.

[95. Two cxpresBions may represent tin same nunilHT
• litTerent ways.

1 They may represent the same nunjher for all values
1
the lettcre which they contain.

jTlms2.<+a.,=.V, and 2(.. -.))-2/- 10, whatever value
liiv l„- assigned to r, / <-., .<• npresentH a general nuniher.

1 2. They may represent the same nunilwr fof only one
iii'iiv particular values of the letter.

lluis 2..- - 7 = ..+•{ ,.nly when ... 10. and then each side
tlie ciuation lu'comes 1.",. For all other values of ..

two expressions are uneipuit. I.e.. .r represents a par-
[ubr iiumher.

j96. Identities. Two expressions which are e<|ual for
\ ihi.s (.f the lettei-s contiuned form an identity (w. as

|i- -"iiittimes cidled. an idet.''.ical equation.

ti."»

h
K

r .4

r a.

9
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An identity always consists of two expressions

which the one may l)e derived from the other hy tl:-

ordinnry rules of alp'ltra.

97. Conditional equations. Two ex}m>sHions \vhi( h iri

e(jual for one or more particuhir vahies form a conditionil

equation. Thi- word "conditional," h»»wt'ver. is usiiiillJ

omitted and the name eciuation alone used. It is \viii|

this class of eijnation that elementary id>.'eltra is clin

conct'rned.

98. Unknown quantity. The h-\wr to which a
i

ticular value must he given to -mak*- the sides e(iu:il

called the unknpwn quantity.

99. Solving an equation. To solve an ecjuation i-

j

tind th«' value of the unknown (luantity which make- tii

two sides cijual. This value is called a Root of ti

eciuation and is said to satisfy the e<|uation, i.r.. to mitj

the two sides ecjual.

too. Simple equation. A simple e<|uatiun i> >H

which does not contain the square or any higher powir^

the unknown (juantity. Such etjuations have hut one ii»|

Thus 8/ - 1 -2(.i+:i) is a simple e(iuati"n and is sitj

tied hy hut one value of .'•, viz. .'= 7.

But .r* -.1=^(1 is not a simple e<|uation. It is siit'»ti'

when ." =;> or -. hut for no (»ther value.

101. Axioms used in solving equations.

1. If ecpials \n' addi'd to e<iuals the siuns arc e(piii

2. If eipials l)e taken from equals tlu' ninaindei-

eipial.

3. If equals l.e multiplied hy etpiais the j»rodu<!-

(•(pial.

l' ll || |||WHl || |lf'
i

|

|i'PMii|
|i lW I '<II IIMi '>Mi ||

III I ifi ||l I l
| I



Simple Ec^iations <)7

4 if ('(luals Ix' (livirl»-«l hy «'<|ti!'.ls (n<.f zcrn) \\w

[iKitit'iits are ('(lual.

102. Illustrations. If two uhIh ii:,v«. tli.- saiin' Icngtli

ly will still Im' (•(|ual if an inch Ix- added to or huI)-

Ktrd from eat-li ; also if each l.c inuiti|>lii'd or divided
the same nuiiil)er. A pair of scales, having ecjual

lis. I.alanees when the weights in tlie t»vo scale-} >ans are
Ilia I If the same additional weight he placed in, or
liiinv.d from each pun. the haUuue will not Ih' destroved.

1103. AV. Solve tl

ifv the result.

e e(|uation ."),/- 7 ;;.,• + ]i .„„|

Soi.crioN

,'iven equation is -V -7=;|;-fn
Add 7 to each side

jSiilptiact .>.c from each

l<'(iiiiliine like terms

Divide 1)V c»)t;tiicienl of

•'^^11 + 7 (Ax. 1.)

(A.x. L»).'{..• 11+7

Z.r IS

Vkki KKATIO.N

Iwi I'll ' = 9.

(A.x. 4.)

')..• - 7^.-,(9)_ 7 ^45 _ 7 ;.,s

;{.'•+ 11 ;{(!))+ 11 =27+ 11=.•5S,
lii'h 'luves the .-lolution correct.

OS

3

V. ;»•

m
X

1104. Ill the preceding solution ohserve

|j A Iding 7 to each sid

hi 'li-' lirst side of tl

(' caused the - 7 to disappear

le ecjuation, and +7 to appear
I't'i'l upon the op]>osite sid(

^ il'lracting 3r from each side caused + .'?./• to di,s-

fioni tin ukIle secon(t siij.- au< 1 t > re:!ppe,')V ;i> on
-li e

Wv^^nM^K -• •-

^'
':K>..,:t>;>*32ii-
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3. The object in making thtw i-hangen wan io ruWA

all tlu U-mis oonUiining / on ono Hide and all oth«'r t. riJ

on tlu' other side of the j'qnation.

These ohsenationH furninh tlir mode of solution ofi

wimple equation an<l the reasoning upon which it

founded.

106. Transposing terms. .1 trnii mni/ Iw tniwi-"

from one ithir of mi ci<'<itlo„ In thr ofhrr. irithoiil (le^troi/in'i

equality, pmridiiKj the xhjn "/the tirii\ he chuiKjal.

With this statement compare the first two statenieiit>

Art. 104.

106. Rule for sclv'ng. Henme hnirkctx. if (I'lH '"'"j

Immpoxe all tenm amtuiniiui the unkiui<ru. qmtntil;i i« '*

Jirxt dde, and all renminimj lenM to the >^eeoml xide »}

equation; eomhine like tenns. and dinde holh sides l,>i

roeffieient of the unknown quantity.

Ej: 1. Solve the e( juation 2r - ;i(x - 2) = 4 + 2( / - )

Remove brackets 2/ - 3/ + (J = 4 + 2j - 10

Transpose terms 2.c - :i<- - 2/ = 4 - 10 - «

Combine tenns -8/ - - 1-

Dividebv -'-\ ' -* ^''^^

Verification 2.r - 8{/ - 2) = 2(4) - ;^(2) = « - •!

4 + 2(/-5)= 4 + 2(-l) = 4 -1

Ex. 2. Solve cjui'tion 2(.r + H)^ - V,) - ( - - 1)2 + (/ - i|

Simplify each side 2.,-^ + 12/ + o ^ 2.r^ - 6/- + A

TransiKise 2x^ - 2/2 + 1 2/ + G/ = 5 - 5

Combine 18j; =

Divide by IH '"^^

\enticaiion 2{., +d}- - i-^ - -[^} »'

(.,_l)2 + (,.-2)2 = (-l)2+{-2r^ .-.
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Hi. -i. Solve •'< juation ((( '' - <i)-¥ h(.r - l>) 'lith.

Kiincivc lirack»'t*f <i.r - r/2 + /,., - /,i •lnh

Trai»«jX)H« <it+li.i ii'--{-2tilf¥h'^

Combino teniiH in j; {n + h).i- ii'^ + 2nh + ffl

l)ivi(lt' Ity n + h x^ n + h

Vcrirti-ation a(a+ A- n) + h(a + 1> - I,) ^dh + nh

= 2nh

EXERCISE XVI

107. Solve the f(»llowin|j; <'(|uationH and verify each

hult.

2. a.+4 = j+2-'.

4. 2(r + 7)-3(r- 11).

1. -J.-
-.') = .(+7.

3 '.l{.r-'i) = 2(.r+l) + U\

5. y-(.j-2j)-4(l -..) + .').

6. 2(.r + 2) + .V-.')) + l -0.

7. .r-(4/-o) + ."^(r-7)-.r.

8. .V + 7-(.').r-2)-ll=().

9. 2(/ - 2) + 3(.r - 3) - 4(.r - 4) = 0.

10. .V - 2(7 - 3..) + 4(2/ - :>) - (/ + 2) - 0.

11. S - 2(3/ + .")) - 2(2 - nr) - S.,' - ((J - 1 b).

12. .' - 7(4j- 11) = 14(r - .")) - 1J>(S - ..) - 61.

13 .V + 6(.. + l)-7(.'-t-2) S(.,+3)-2(.r+ H) = 0.

fi4. (..+3)(j- + 7) = (/ + 2)(.i-- 12).
'—''

15 !r-l)(r-1»)-(..+2)(..-- 11).

116 (,+8)(.,- ll)-2(/ + :i)(.. - 7) .,(4-r) + .-)2

17 (.,-2)(7 -..•) + (.-• .-)(.'' + 3)-2(.,'-- 1) + 12 = (),

18. 1 2..- - 3)(..- + 7) - (..• - r))(2./- + 3) - .i(j- - 2) - /^.

1 19 iV - 7)(./• + .-») - (i) - 2..)(4 - ..1 + 229.

120 , , - 1 )(/ - 3)(.r - .-.) ^ (.. - 2)(.r - 3)(.r - 4).

58
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^
22. (.. -1 )•' + (.<• -'-')•' + (..-:{p ;«(• - !)(.' -2)(r-:{)

23. •'>('»+') t- .'{('( .') •!'.

24. (/{/-</)+/>(/•-/') »i(..+/») -/»•'.

/ 25. (/+'/)(.<-//)-(/-'()('• + '') ("-''')•'

26. ,(,r-,i) ^h(.i--h). 27. (<» + //)..•+•(«(-/')'•

28. {n + I>).r-(<i~f>)jr:=hl 29. nx - !>x a + /*r -
'

30. ,(,. + „) + /,(/, _ ,) = 2'./.. 31. *»(/ + ") - h(x-l>) ^ -' (,1,1

32. (.r-'O^ -('-")('• -/') + ('•-/')'-•'•(••-") + •

33. /(« + /*) +(« + />P '•('•-/).

34. .'(•• - »0 +''('- '') "= (•' - ")* + -"''•

35. (</ + /*)(/ - r) + (/> + <•)(!• - '») - ('• - ")(.'• + /')

36. ii(x -o) + Mr - /») '•( < - '•) - -<il>.

'•KOBLKMS

108. Algebra is t-xU-iiHively uwd in tho solutit

problems in whidi one or more mnul)ers are to Ik- f<uii'|

from their eonnection with otlier nunilKi-s alnaily V\\"\s\\

The mo.lc of proeeedinj? can Iwst Iw learned from :i f"^,,,]

simple examples.

Ex. 1. A purse eontains dimes and (piarter-dcdlar

more dimes than <|uarters. am

niunlH'r of each.

I
.')1 coins m all. Fin<

Let niunU-r of (iuart«'r-dollar.-

tl >en .. + 1.') ilnne!

.\ddinjr .'+(' + l->) = total numlMr of coins

=^.")1, the numlH-r ^iven.

Therefore 'J. + !.'>= T)!,

Iron I which [S, tin- liUndH^r of qn:!rt«Ts,

ant I + 15-38, nmes.



SrMI'l-K Kc/IATIONS l

Ki. -.'. Ill the |)r<T*>iliii){ <-xiini|)l«-, if (In- total vuliH- of

IliiMiiiis liiid iH't'ti K'^'"". i?"'*^**. iiiJ'tcacl of tlii-ir imiiiiIht,

J|l' M'lution wouhl hiivi- Imth »h follows

l..t

Uii'ii

llKl

l.»

.>(

!()(/+ lo)

miiiil)»r of <iuart(T-<|ollai>.

flillHS,

tents ill _'•') i|uartrrH,

.1+ l'» ilinieH.

ddiii^' 2')/ 4- KW/ +!•')) = total ihiiiiIkt of cents •

7X0 cents, tlie nmnlMT jriven.

Tli.ivft.re ;{'>., + 1.
"»() ISO,

/= IS, the nunil>er of <|uarters.ruin w

IIKl

hieh

+ 15 = 38, (limes.

/,' 1. A father, 40 years of age, has ."! chihlren of 10,

iiiicj •» years of age. In how inanv vears will the sum of

111' ML'I

l..t

it'll

lllll

s of liis ehihlreii !« «loul>le liis own iip'

Tl . reft )re

lilVlh

.(• the numher of years re<|uire<l,

4(( + r-^ father's ajre iifu r « years

10 + .»•- eldest ehiltrs age

.S4-, se(ond

('< + .<• ^ youngest "'

24 + .').< sum of ehildren's ages,

2(404-.i-) =^ twice father's age.

24 +:{.. 2(40 + .,')

.1'-^ .">(>, the muiilH-r of years n-tjuired.

... m

J} --t-

r oc

> ".%

> 2
:5D

V:i

IK'II

'f. A yard of v«'lvet is worth ")0 cents more than

! of silk; 10 yards of silk and 12 yards of velvet

-;thir worth ?H1. Find the value of a vanl of

f"-*.

AVJSSlMC'UR^JTaMCiWJ'
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72 Klemf.nth of Amjehha

iiuiiiIht of mitj* fi»r !i yiinl nffilk

Vflwtl

" 10 yiinlH of Hilk:

••
1"J '• vi-1\h|

AdaiiiK 10/-+ 1 2(.r + .-»<)) - (iMM).

Solving (>i|Uiitiiiii r = 2r)0.

ami ..+.')() aO().

Th«' valui'H an', thi'reforf, *2..'>() and ^.'l n-H|H'«'tiv«>ly.

109. No rult'H can Im- given for th«' Kolution of pnili-

lentH, hut tiic following ol>t<(>rvations may l)e of soniij

awtistance as a general gi;i<i<' :

1. I^'t X. Htand for tin- nuinlHT from >vhi«-h the other ninii|

Ih'rs connected with the prohiem can Ik- most easily ftniml

2. Find from the prohlem two different expreBsi'iiir

each of which repn-sents the Haiue numln'r. These will

form the two sides of the eipiation. »

3. When «'oncrete quantities occur, they must ail l«j

express(>d in tmits of the same denomination.

4. B«" careful to s|M'cify clearly the units which ' v\

useil to count ; x nmst stand for an nlmirurt numlM-r.

EXERCISE XVII

1. Find the nundx-r which when multiplied l>y "> iHii|

with 11 added to the pnuluct makes '7.

2. The sum of two numlM-rs is 7"> and their tliffei' luj

17. Find the numbers,

3. The double of a certain numlx'r is great^-r Ijy .'> ili.iii|

the nundnT iWl*' vith 7 added. Find tlic numlK-r.

4. Two lM)ys together have ?f 1.2'") and one of them ia-j

17 cents more tlum thi' other. How much has each
'

m^^^HL '^^mss^micsm&'^^^BSSSf^'^is^ii^^mM.^^jM::. ..>s
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5. Two lN>yH IiimI fiU'h the Miiiih' niinilMTof cnitH. Onr

Idf tlifiii l«w»t "Jo ccntH jind tlir ulhcr niriicd 7 »«'ntH, and

jtlnii tht' liittiT had twi«'i' jik iiuiiiy ax tlii' foriiMT. I low

Iniaiiy hiid each at Brut '.'

6. Tlu" length of u room \n :\ tinu-M itx width. If it

Iwrrr 10 ft. Hh(»rt«T and 12 ft. widrr it wonid Iw winan".

[Find itH widtli.

7. The length of a nH>ni is H ft. more than itn width

|:iihI its |MTiinet<'r is 6<) ft. Find its length.

8. .1 and H have eneh the same amount of money
;

|.l gainH 117 and // loses f^',\ and now A has '.\ times as mueh
IS li. How mueh hatl each at Hi"st ?

9. A is three times as old as //. hut in 10 years he will

|1h' only twiee as old. IIow old is A at present?

10. Two Ikjvs have eaeh the same numln-r of marhles
;

Idiu' of them wins 24 from the other and now the former

\\ii\s 4 times as many as the latter. How many had eaeh

|;it first ?

11. Divide ;>('» into three part** such that the first

hmrt may exeeed the second part hy H and the third {>art

ll.vll.

12. Divide 75 into two parts sueh that 12 times one

[part may etjual 18 tinies the other part.

13. At an election 87-') votes w«'re east and the success-

Iful andidate had 29 majority. How many voti's did each

IrtTcivc ?

14. Divide 8t> into three parts sueh that tlu' lirst part

liiiav \k' less than the second hv •") nn<l less than the third

^8

ir. Divide ?7.G4 between .1, B and (\ .uiviiiK A •'» ^ent^

|lt's> than li. an<l ('2 cents more than ,1 atul H together.

'•t-SiWTSK^rsri.ifr IP'.'B^ f£TSS£^-^!aSk
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16. Twi) iiicii havr i-fnli fill' ^aiiif iiiiKiiiiit of luoii' \

One of thtin ti'ivvt thr other <»(» and now tlif latter lia-

tiiiicH ax iiuicli an th«' foniHT. Ho.v nmih liml <a(li at lii i

17. Th«' ap M of tw(» iiMMi (lifTcr •>>• 20 Vfan*. aiul \'* yi ir-

ago thf cldir was twice a^ old a.s the youiiKcr. Find ti,.

miv of t icli at prt'wnt.

18. A father 40 yearw of age lia^ .'I hous, the sum ..f

wliose ages is 20 yenrH. In liow many years will tin mhh

of the stms' ages equal their father's atre'

19. The ajp- of a father iH 3 years metre than .'i times ih.

ap- of his son. and the snm of their ages is :V.\ yt ars. KumI

their aires.

20. There are four mon- girls than Intys in a eert;iiii

class, and three times the iiundMr of hoys is gn-ater li\ ''

than twice the numlMT of girls. How many girls are tliei.
'

21. A parent divides 82.*>(hi iMtween 2 sons auci :.

<laught4'rs, giving each son !?100 mon- than each daught r

Find the share of each.

22. A fmnc is worth /) cents less than a mark ; "i frano

an<l 7 marks are together worth !?2.(i;{. Find the vahn <4

each coin in cent^.

23. A roulile is worth 14 cents more than a guilder ; in

rouhles and .'» guilders are together worth 87.40. Find '

value of each coin in cent*".

24. A pound of tea is worth .'> cents more than 2 jkuii 1-

of cofTe<' ; 1 ll)s. (.f tea iuc worth i> Ihs. of cofTee. Find In

value of a pound of coffee.

25. A lui-licl of liarley is worth 2 hushcls of oats, :i i

a hushel of wlii:it is worth 20 cents more than a liusla ! <4

Imrlcv ; 2 hurliclr wf vviuat. r, ,if nd 10 of aaU' n

worth SIO. Find the value of a hushel of oats.

T^7m



SiMI'l.r, Kol ATIONH 75

26. A |N»uiiil lit li'ii JH uMifli •h't'iit.'* iii.irf limit J |niiiii>U

.1 tiilTi « ; I i»H of till aiul .'i Dtn, of cufTcc an- tciKtlhcr

Wiinil $'2.i'>. Find tin- VmIiIc of n |M)UIhI nf |.;i

27 I)ivi«l.' #1.«»{» iK'tHttii /I. //aii»l r. ^iviii>f // I '» cviitt*

I... than twir«' aM muih an C u\»\ A 1 rent iiion- than /»'

;ii' I
' together.

28 I. //. TaiKl />tc»tf«'th»'r hav. J»7.7(). .1 itii.l /niavf

it.vith.r *4.7() ; .1 and <\ *.'». i:» ; .1 and /'. )*;{.i»:.. If nVi

IIIIHI. Iian .1

29 A piirw' <(iiiUiiiiH«|uart«'r-dollai« and lO-ct-nt |mtts,

i'2 i»\uH ill all : tlir total valiu- i- *(». l."». Kind tlu- niiinUr

uf i|iiart»T>*.

A purw' contains a nnin'MT of lu-ccnt pictM'?*, hh30

'niiiiiv fnincH and nix iimrc. vmh worth 1".> ct'iit? Th
frail, s arc togetlicr worth ^'2.M) iiion' than all th«' 10-

iiiit |iii'<«'H. Ilow ninch an- all tin- fraiirs toKt-tlu'i worth?

31 A iiH'rchant lM.u>;ht H)0 yanlw of cloth at ?2..')() jmt

van! H«' Hold part «»f it at $2.7') jmt yard and the rcniain-

'Itiat |.'{ jK'r yard. j;'i'»'"K ••" t'^*' whole >*4(). 11

iiiaiiv vardM did he wdl at *3 jht yard ?

ow

32 A workman work«'<l 40 days, part of the tiiwc at

I)*]

iKl |M'r day and tin- remainder of the time at 61. >M) |m r

• lav For the former jMrio*! he icecived 61.'. more than
|f"i III.' latter |K'ri()d. Ilow ninch did he re<eive in all?

33 A workman was enjjage<l for (»0 days on condition

I
that lie should receive 61..')() for ea»h day he workctl hut

[-h'HiliI forfeit 7."> cent^ for each day he wan idle. At the

i'l "f the |K,'riod In ret-eived 6.'i8.2.'). Ilow in.mv davs
wa- idh

itli ihi-i 11..\ gciittciiian jfave .\ luimrK-r oi riiihiren iu reiil>

and had a dollar left. To have piveii them 1.") ceiit»

J o

"J
—

•

%
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f'lirh III- woiihl lijivf n'tiuin-*! it ilollar iiiori' thitu h<' |i« >

M-MM'<i. How iiiiirh numi'v li.iil Ik-
'

S6. A will!' nn'rchnnt (dm twu kiixiH of win*-. <tni> worth

fi() (••iitH iiikI the other V') cvntt* n <|uart. Kroiii thiiw In

winhcM to iiiak«- a inixtun* of KM) gulloiiM worth 12.7') a

gallon. How many ^!il]on>< oi th)- fonniT kiixl iiiuft li<

Uki* ?

86. Two niKkx (imtain equal «|iiantiti(M of watrr. From

thff hni cank 40 ({uarti* ar<> drawn and from the M>r4>n*l '>'>

gAlIonH. One caxk now contninM twic«* at* mueh a*' the

other. Mow much did each ca^k at fin<t contain?

37. A nn-tangle i.«* 1 fi n it longer and (» inrlieH narrowir

than the side of a w|uare. The an-a of the iM|uan> iw IX

Mj. in. lew than the urea of the rectangle. Fin<i the ana it{

the Hquare.

88. The HidcH t»f two MjuareH differ hv '•\ inches anil th< ir

areaH differ l»y 117 w|Uttre incher*. Find the area of tin

tmalli r K(|uare

89. Th»* length of a lield in twice itn width ; if 10 yail-

wen* a<lded to itH width and the wime amount Hubtnut.d

from itH length, the an-a would In- increased l»y 700s«|uar»

yardx. Fin«l itw original area.

Ki^UATIOXS WITH FRACTIONS

110. EquatiouH fretjuently in-cur with fnutional co«i!i-

cients. They nmy alwayH Im' noived by the methiNls nf

the following examples.

Ej: I. Solve the e«|uation ' ') = .'{- ^~
.

.">
'.i i")

Multiply each nidc hy 15 ; thin will not df?trov th<

equality an*' w'.d caune the fractions t4) disa}»})<>ar.
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•r»'l«>re '»' 7-"» ~'A) .i|» 1)

TIhii r.'M,

SiiHT UtUTM ill alm-liru Mntul ft>r iiiiiiiInt?<, tin' iiiiiltipli-

.Mlioii of fnictiiiii* citiitiiiiiiiit; li-ttrn* follows the ortliP'V

ritio of iiritliiiii-ti« .

liii« I). .1.

nlwrvi' I airfiilly tlir lunutivc nij^ii iMfor

•iitiiiiiiiiK two tiTiiiM ill the iiiiiiiiTiitor. M

ilriioiniiiiitor has Im'cii miiovtit liv iiiiilliilli

nt fjiitivi' Hi^rii « iiiiHrs tlic Hi)it\ of carh l«'rni iii

tor to }« cliaiip')! as in tin- c .aiii|>li' jriviii.

Tilt' iiiiilti|ilirr wliicli will luiisc all the fracti< n

ilisi|>|M-iir '\'* I'viilci I'y thf l«'UHt <>oiiiiiioii niiiltiplc oi

ill nniiiiiiatt rn. This
I

i|ii:ition of fnut'ons.
'
(HKi'SH is known as ••ileuriii;; an

A.'. J. Solve iiiiiatittii (•'-•») - (.' •"») 1
-

Multiply hy 12. (',(,• - :{) - 4( - :.) 12 - ( -
~ S).

S).

Ililiiovr l.mi-kets. (ir \H 1. f L»t» 12 fH,

'4

O

c a.
i ' ^

'4 »*»

thn; l«.

illKl )'•

( liiscivf tlif two (litTt'n'iit forms in which fnutioiis co i-

taiiiiiii; lit«inl I'xpri'ssions may Kc writt«'n, with tin

ftai tiiinal part as a o(H't!icic!it is in this t'xaniplt', or with

till ilfnoniinator writttii iMiicath tiic numerator as in

Kx 1. Tl ic ituanuig

hi

is tl R' saiilr III liotl I oases. 'lU'll

- an liiuitiiiiii .-i iSiUiiipiyiiig iiir rni('tii>r.,ii

i II t olil V. Art. 70.
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The HtuJent nhould verify i'ach H4>lution.

ThuH wlu'ii / = 6,

\j' - ;{) -hj - .-,) =, \(; - 3) - !(«{ - 5) - ^ - I - ll

which provi'H the Hohition <<»rnrt.

EXERCISE XVIII

Solvi- and verify eueh result;

1. 2x4-
/--> x-1 . x-2+ *3-«5.

-4
(U-.

- 1 r - 2 2

+ 1 .
.» ++ 4-

~~1 .().
.»• - .) X

;{ 3 I

-4 H-Ji r

8 ' 3

.).i-f 8 3r

2x - 1 :. - 4- =- X +

10(r,r-l)-li!.

2j- - n . r,r - 3
+ —-- - j; + -

10.

11.

12.

13.

.ir4 .) !1 f

r _ r - 1 r^

4 3 T

--.(..-3).

2 + 1.

4 _ — +
Ir

. 3 - 4a;

14.
:,'• * I •> - .!•

11
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16.
\r - .")

. 4/ - 1 1 rtx - a
4-

.{

r •>

-Zil-^^O.

16. +.;^(ll-/)--i-(34-lb)

17 U^^'-
> / 'A.I

19 —

4 8

;? 1

:

12'

18. '-^ 1 ^

20. - f
' Z.r

r ) - r

.!
"

6

1(»..

1,-
21. -(I -•_>.,) - (7-2r)+ '(II -lV) +

1-'

I'KOBLK.MS

111. Till' solution of proMciiis resultiiijr in fractional

i|U.itinim is of the s;inu' jrcncral naturr as the stilijtions

a.n :Hly ji;ivt'n

/.' /. Uouj^ht a nunilxT of appU-H at 2 for a tent and
[twin, jis many nion-. la(kin«.' '), at ") for a cent. Sold
ill' III all at '} for 2 ci-nts, gaining; 17 cents in all. How
iii:in\ did I 1>MV ?

|.t .! - nuinU'r at 2 for a cent.

« f

IM II Zr - .')

= nunilter of cents for first lot. 5=>

:.(• -.)
se<'on< I lot.

\i-. .'5.1 - o - lotal nun>l>er Intuglit,

"A'.h- .')) = nuniher of cents received.

r Zx o ^
-(:5' -:i)-i;

*)(».

•"> 17o, tlie total number liought.
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Ej-. 2. A wives 20"^ of luH income ; H liiw* IJ tii ii(

largt* an incoiiir ami savrs 2')"' of it. ,( H|M'n«lH #20 mon

in (> nioH. than T^navcH in ii vcur. Find tlit-ir incrm)

I.ft = /I'm income in doliiirK,

then //'

and H « XIMll," {>er annuii

'^ H- avni^N ]H>r annum.

ThiTefore

from wiiich

_.»•
-20=--:^,

\j
H()0, and . -1200

Their ineoini-s an-, therefore, :*H()() and -^PJOO

tivelv.

resp

Ex. 'i. \ rectangle is ^ a-< \vid«' as it is hniji, an 1 1 IV

area is 2') so. ft. less tlian th .fle area ot a s(|nare ot <i|itaf

IMrimeti-r. Find the area of the stjuare

Let

then

and

'.' -^tiie width of tile rectangle in U, i.

H/ " lenpth •

" "

10.1 '• perimeter of rectangle,

'

- side of s(iuare of e«inal nerimetii.

().r2~area of reet.uijrle in sijuare feet.

(r)^ sijuan;

Then O.c'^ + 2")

(:)
24..-^ + 1()0 = 2.V^.

'•••i= 1(K). ;nid J- 10.

riien an a .,f s<|uan (;:t
2."))-' H2.') ft.
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EXERCISE XIX

I Kiiul II huiiiIht wl.itw liulf fXdfilf* itn thini l»y 2iJ.

2. Two iiuiiOkts (lilTiT l»y u unit, ami if th«' larjjer In-

liviilt'd Ity •'{ uiid tin- siiiallir liy '> the suni nf tin- i|ii<>tit'iits

ill III 11. Fin<l t'"..- larger iiiiinlMr.

3. Twif miinlH'rs differ liy 5> aiitl one of tlieiii is ^ i»f

|li( otlit-r. Find tlic larncr nunilHr.

4 |)ivi«le 17 into two itartu, hucIi that a tliini of mur

Ji:iit ;iihI a <|Uurt('r of the other may together e<|ual ">.

5 Find the nunilMr whose third part is a- nnieh less

|)niii I>i as its doulile is greater than 29.

6. It retjuires Hj minutes longer for a lioy to walk to

liool at .') miles jtfr horn' than at 4 miles per hour. How
litr i> it to school ?

7 Find a nmnher such that wlien diminished Ky 7,

|ii'-tliird the remainder is greater l>y •'{ tl> .n one-lifth of

Jit original nundK-r.

8. A lM)y lK)Ught !> nund)er of marhles at ."> for a cent,

ml liMving lost "> he sold tlu? remainder at a half rent

(ill li. gaining on the whole 4 rents. How many did he

^iiv
•'

9 .\ |M»st stands with one-thinl of its length in the

kirtli ')ii(-hdf in the water and <» feet al>ovc the surface of

U W;l tcr. Find its length.

10 A i)oy spent one-fifth of his money for candy, one-

ill " I remainder for oranges ar.d had o cents m(»re than

)ui rl of Ins original sum left. What had he al lirst '.'

11 The nuniher of 1»ovh in a certain class is one n

halt the w hol( aiK 1 tl le nundxr oif iiir^

lore

IS (> less

r. <

-. 'J

m

How manv ni the classth
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12. l^)U){ht a luinilM-r tif Hppli's at '2 for ii ct'iit n,

twiw us many itickiiiK tmv at ;'. fur a cent ; tin- cdst ot ilJ

Ht'cond lot waH 8 ccntH niorr tiian tin- font of the Hri-i lnt|

How many in all ilid I Imy?

13. .\ journey of '2(t\ miles \va,i |MTforme»l in .'>•. lu.iir.

part of it at 4 miles per hour and the n niainderat 7 lui..

|H'r hour. How many miles at <iuh rate .'

14. How far can a hoy ri<le his wheel at I "J mile- |«'

II lint .

Ill, It

hour and return oe foot at 4 miles per hour to a
|

miles from where he started, lu-in^i o.l hours in all

joun»ey ?

15. Divide ^KKKi into two parts, sueh that the int. r..;

on part of it at •"> and on the remainder at (5 m;i\ U

81.-")() more than the interest on the whole at .")«
.

16. Divide .*7S() into two parts, sueh that the siiii|ii

interest on the tirst part for "> months at ") may he .^1 ^

less than the simple intt-rest oii the remainderfor ") niinili-

at (i .

17. .\ purse eontjiins dimes and ipiarters. :i.") coins ii ;iii

The total value of all the (piarters is 1 rj times the ;.it,L

value of the dimes. How many tlimes in the purse'

18. One-third of a rouhle is worth 1 cent less tli.in a

franc, and 1 francs are to;.'ether worth "> cents less than 1

rouhles. Find the value of a roulile in cents.

19. .\ franc is worth ;{ cents more than • (tf a n lari

mark and a franc are to^ri'ther worth I't cents. Fiml lii-

value of each coin in cents.

20. Five years aji»» Ann was half as old as Marv :

present Mary is .'! times as old as she was when Ann w:i-

iiorn. IfOW ol( I is .\ nn
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21. A iictHiijfIr is ,• as witif it> it is iKn*: iiinl its :iiiii i>

![ s<|. ft. h'HM tliiin tlijit of a <i|uarf of (<|iial jK'rinict«'r.

'IihI tlif ana of tht- rfctuiij;!)'.

22 A ifctaiiKli' is
ij
as widr a» it is Iniig. aixl if iiii inch

a<i<li'i| til lN>tli It'iijrtl) and wiiltli its art-a is inircasi-«| l>v

)] -.|iiaii' indict Kind it- |<irinHt( r in ft<t.

23. Two worknit'ii, ,1 and />', have i arli ilir sanif in-

iiiM 111 wlticli ,1 .Havfs."> and // 10 annnallv. //s|Miids

'I') imirr |irr month than .1 saves in a yi ar. Kind flicir

llli'oliir.

24 A t.ach.r was al>l.- to save >f I> ot his Nilarv, >Mt

II' Kilt liavinji Ik-cii raised •*") |ier month, his w hoh> annnal
:\|M n-es are now i; times what he fornu'rlv -a\ed. Find

i)i> iiiniint'.

25 .1 saves 20 of his im-onie; />' lia.s 1.' time- as ia rnv

11 iiniiiiie and saves 'Jo o f it. .1 spends s_'0 more in

•iiths than li s|K-nds in 1 montlis. How mneh does

ive m a vear:

26 .\ workman worked ()4 da\s fo'r !*\AX, part of the

viii": •'?'2 per day an<l for the remainder .*2. oO perliim ii-cei

ilOW nnu'li money did he earn at *2 per (hiv?

27 A workman saves 10 of his ineome I! IS pav I?

Ill I'l'.lsl'll 10, iiul his expenses ri.-e 12.! ; his weekiv
'A\\}\'^< are now lo cents lo- than hefore. Kind his

,'M-lli.ll Weeklv WUp'.

fr-

ee

T. .

¥l

o

r at;

X

2« A teacher jiets an increase of SoO per annniii for

* "ars. The first viar lie saves | of hi-; salarv, the

year he saves a third, and the la-i vi-ar I ic saves
pi, I M If. His wl lole savinir IS ei| nal to his -alarv fur

I t\V"( months at the oriy^inal rate. Kind his lirst

alarv.
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SIMPLE EQUATIONS: TWO UNKNOWN QUANTITIES]

(ki.kmkntaky)

112. Ill til)' siiliitioti iif prtihIciiiH in which two iiii.

known mnnlMrs air to Im' found, we may use two ictfi r-

ono to rcprcHciit each iiiunhcr, Wnnust thrn ol>t:iin finii;

thr prohlci'i two distinct Htatcnicnts. each of which will

furn -h an c(|uation. From tlu'w <'4|UHtions tlie unknnwii

nil li crH arc to be found.

Find the two numlH-rs whow huiii is 111 ,ii;i

UHl

.( the hirp-r iuiuiImt.

<iiinHer

•^+.'/ 10

am •* - .'/

(Ax 1

or r>

1 II ( I i.ir .1- write (5. (1 f </ 10,

or
.'/ 1.

Thtii (i and J are the numlK-rs ni|uired.

Ol tser\f ( ;irefullv the two facts 'MVeli ii' thix

liiii. ( 1) the sum is 10, (•_') tiie ditTereiice is 2. and i"''

ow each ciiuation expresses <me fact in al>rel

svm )h.|>.

M4
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113. In tli«' j>r«'<'«'<li!ij; rxninplc. if Imt t»in ht:itiiiniil

jliiiil Intii iiiiiilr ri^iinlin^ tin- two imiiilHTf* no <l< liniti-

IriMilt i-oiiM liiivt' iN-fii olttaiiit'*!.

For if / + .'/ 10 alone Ih' );ivtii.

|lln n .r - 7. r li. .. !•_'. ttt .

.'/
"'

.'/ • .'/ -•

:ill siti»<fy tin- rt<|uii<(| rontlition. sin< i tin snm of i-arli

pair is |(t.

Similarly if « // i2 ulouf i<< ^ivm.

wi' liavi' .( s, .1 (i. r 1. (fc,

111(1 1 |>air of which satisfy the trivm <i|iiution Hiit when
IkiIIi (ijiiutionH an- lo he satislicil fl tin ^nm, I'll, II, i.r., liv

tlir sniK- pair of iiuniltci>. then- is Imt one juiir. (1 and 4.

Iwlihli ran Ih* chutM-n.

1 14. Independent equations. Two t<|iuitions whith < x

hill-- ilitTrnnt fact?*. (.' . two faets. one of whiih cannot 1m

ill!' iinl from the otlier. are said t<> he independent. Th«

tu .niuations of Art. 110 an- inih'ixiident, Aww from tin-

fill that the sum of two nmiil-irs is Kt we eaniiot infer

till' heir difTereiiee is _', lint the two e(|Uations

.. + / 10

•J I f J.v 'in

ai. 1 'ii nHl<'|ieni|eiil : ihe seeiiiiil i iiiiatioii is a iiieie niH ti-

Itii.ii ..f ihe liist.

115. Simultaneous equations. Two indi pendent i<|i!:i

I'l"! 'vliiili are to lie sati-fiid ti\ the same values of two

I'"
'^^11 iiuantities an ea!''i| simultaneous equations.

i two e<niaf ions of Art. !
!"_' an- >ihiultai)i mus i|Ualiuiis

"A

3,
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116. Elimination. Knxn \s\>> f\itt\\\Uiu*t>ur^ t'<|iititiui,

i-<>iit;iiiiiii)r twii niikiiuwii <|Uiiiiliti«'H il iri ^' iicrully |Mi-^iii|,

III iilitiiiii a IK \v <M|nuti<in niiitiuniii)i: l>iit ihm' iiiikii<>\\i

(|iiiiiitilv. Till' i|iiiintil,v which (Iin-h nnt apiM-nr in tli>

ni-w i)|iititii>ii is siiiil tu Im> eliminated, iiixi the |ir<Mi>.|

liy whi<'h thf iiiw )'<|iitition i:^ olitiiiiK-il in i-illi :

elimination.

H,v ailthiiK thi- two i'i|UatiniiH of Art. 112 thr // u.f

i-liiiiitiatc«l ami th<- ih-w f<|iiati<in cuntaiiiiil r alone It-

valiH' was tln'M ra.xlly foiinil.

117. Solution of simultaneoni equations. TIk -•k

tioii of siiiinltiincoiis ('i|ii:itious ]* *'tTi'*t«'<l hy i-litniniiiiii.

one of thf unknown <|Uantitit's ami solving thi' rcsiiiiiii:|

(H|uation liy the methods aln-atly jrivt n.

AV. /. Solvr thf ciination 2.f^.'V/ 21, li

•'».'• + 'I 'I
'-'*.

i.'

Multiplyini.' tht- lirst i'<|uation l>y 2 an<l thr .xcronfl ti\

Wf gtt

4.( + (>// 42. !:

1.V+ (»»/ 7").

Siil)traitin^' (;{) from (I). llr '.\'\.

or .( .">,

Similarly miiltipiyin;; (1) Ky 'i an<l (2) l»y 2

Wf L'lt 10, t l.'i// Hl.'i, r

10.. t 4-/ Vt. M,

Snlttniitin^r (•') from ('»). 11//
">•">.

or (/ .">.

Having foiniil tin- valuf <»f '. wr nii^ht havt- siihstii it'^i

its value, ">. in citlur of the uivt-n e<|uations, and tli n
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kOlIM 1 liave Im«ii ••iinil> fotitiil. 'I'liuw f«»r t writ*' ''\ in

i|uatioii ( t ),

n- Have

Iniiii wliicli

»;+:{./ il,

(/ ^ .'» llr* iM'fon-

Tlii" pnK-t'HH. known ll^' BulMtitutioil, i« n^

iti-fiuturv nii-tho)!.

UilllV tll< illiWl

A, .' Silvc
* .'/ -.'/

(I)

.•{'/ + •_'.• ".»(/ I)
Ci)

Multiply (1) liv 21, ;'.r f ;;,/- 1 1,/f 7. =«i;{.

iillfi tmi; ttTin.", lOr llv r>

Multiply (•_') l.y S, «i//f lr-t-".l.. <t 1^,

illictiii;; tt-rnitt, '.t.i- +•(></ !l.

r Wf -t- 2// - .'{.

Miilliplying {'M liy (2) Hml (1) l>y 11.

20./ 22// 12r.

;W.. f 22v .'..•5.

A. Mill;; (.'.) and («'»),
1.>.!..• i:.i>.

(:<)

(1)

(•'»)

(«i)

r.

X - •>.

'-titutin^' .'5 for / in (4). •>+^2v

Vkkikhation

'/ -'/ W C.

''-( -•'•)
> 1 >

;'.\ I

"/ ^ _.( <•(.' 1) '.• + <; IS

I \ 1 2 2

rovcs tile values foiunl for i ami // to 1h> (•i>ir<<t.
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118. The iiliility toMtlvi- '•iiiiiillAni><iiHi'i|UMtioi)H<|tii< kh

uihI rorriTtly !• <tl)l4iiiti-<i «iiily liv oltM-rvHiiuii ami t>x ^r

vuvv. hut th) followiiiK K* "* 1^*' tlinM-tioiiH iiiiiy lM>nf m<i m

to till' Itiiniir :

1. (')itir fiu'li *<|uatiiiii f fmrti tnn, it>iiiovi' Imukii.

(*o)l<M t till- t<-rtii<< hikI I'trikc out any fwtor nlii< h iiia\ i«|

ntiiiuinii to all the t«>niiH iit ritlii-r (i|uatioii

2. To tliiiiiiiati- a l<'tt< r. tind thi' !.. ('. M. of its • . .
!>

ciriitH iu tlir two t-«|uatioiiH ami iiMi1ti|ily cacli )'i|Uati< n \

the <|iiotiriit ol.tiiint'd hy dividiiin thf ].. i' M. I>v i!

('(H'dicii'iit of thai \i\Uv

3. Sul>tra«t or »ul<l thi' n-Hultiiivt ••<|uationx arcorlitisj

AH tlir KJj^iiM of thf (••MtliciinlH "f thf l»'tt«r to Im' iliiniii ,i.

an- uliki- or ilifTinnt

4. S«il»i<titiitr thf valuf* of tlir It-tt.r tliUM found for tliai

letter ill oii«> of th)> |>r)f(>«liu^ f(|uationr«, <'lHNi»<iii^ tlic ni

ill th«' Him|>lcHt form iiml with tin- «niHll»'nt <«K-tlici»'i!t-

ihiiH (iiiil thf vaJiii' of thr niiiaininjr It tt«'r.

EXERCISE XX

Soivi' till' i'i|uatioiiH aii<l vi rify tlif itsiilts olitjiiiiffi

1. .'f// JO.

.-
,v 1.

3. •_'.. f ,/ .{:..

.'f_'./ -:;7.

5. ".' •_»,/ •_•:,.

•-'..• +.!,./ '.I.

7. •-'(.. l)v,/ 12.

4..- + ;{(,/ 1) 2*.t.

2. ./ f // •_'"».

." -
'Ifi -Is.

4. ."!.. // IC.

2.. I .-.1/ in.

6. \. +:•../ -o7.

I2r + :»// .V.I.

8. :\(f .')) * (i r,,i,

4((/-»-l) + x "vr.
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9 2{.r f .{)+ 7 </ -'.{. 10.

;{(r- v)-.*» 4/-

11 .
*•

/..•/-

1

2 .1

r - V ''

-• f

I :\

la.

I)

13
2f II I J + </

14. J(r I)
-'/

- 1 V (/

IS
1 v+ I

/ + •"((/ 0.

17 -+ 2</ V "J'-t-.K/

/•»-•»
-I .0.

:i( V + 1

1

10

M

III - a'' •' . -,'/

2( '.»/+')) ;{(./ /).

, lb. 12(/-.(/)

t-l

;{r ^4.

— 4v-

19 -(rf :K:(,./+2)-;r. 20. 1 (;{..• f.'./)r- 10,
-4 M

:(/»-</)-_(,-,/) (». (.-M 2./)-</ +
10 1

~

21. .,
(.'.

. f 7v + '1) - '-(.tr + 4../ -I- 7)

-(7.'' f '.</ -f^l) .(«»r-t- .'»*/+ 7)

22. .'(2.. ;{,/ 1)+ J(r+v 2)- 2.r-i',

.(•Ml 2// + i)-l(;i ,-./) - ',{,/ 2..).
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I'kDMI.KMS

119. Tlic followin, arc .i(Mitioii;il cximiplcs of tl IC l^c

of two litters in tlie sointioii of iiioltlcms. In nianv cii-.^

till- solution may also l.r rtT«'ctc(l l.y tin- skilful ust- of ;,

sinjrlc Irttrr. The learner is reeonnnendefl to oeeasioniiliv

solve the same |.rol.lein l.y each method and to coi

the various steps in the two solutions.

n|..,n

l-y. 1. A hill of «!. .'>•"> was paid in <|Uarter-dollars

lO-eent pieces, 27 e<»ins in all. How nianv of each

Mill

usee

Let

and

Tl

and

len

.'• = tlie nuinlMr of (piarter-dollars,

,'/
= lO-cent pieces.

•V tht! value of the tpiartcrs in cent>

10// = lO-ernt piece;

/len .'+
// = 27. the nuini)er of coins,

and 2.V+ ]()//= .">.">."). their value in cents.

Solving' these e(|ua{i(tns in the usual way. .. = 1!).

// - N. tlie luunhers re(|uired.

AV. J. A nuinher consistin<^ of two diirits is e«|ual

times th(> sum of its di<jits, and if !> he added, tl

ing uuniher consists of the same dijrits interch:

Find the nuud

Id .1

le re-ii!t-

11IL'-(|

)ers.

Let the tens' diiri, and //=^the units' digit.

Then .'-f-// = the sum of the digits,

10.1 + // = till iiginal numl)er,

and 10//4-.I ^ the second

e ecjuations are IO.1+,/ - ."> (./• +
//),

Til

and I0.r + // + 5>=10i/ + .

Solving, we yet .(• = 4 and //= 5.

The HMjuired nuniher is. therefore. 4').
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I.' !. A siiv.s
!, nf his (liiily |.;i\ anil />' sav.s

[ ..f li

t(it.'i tliir tlitv >;ivr -'l. J.'i per (lav. .1 rCCtlVi-. Mil IIK ri;|.

.f Ht aii«l //an indvasc.f Ij" , „n.l n..\\ .1 >,i\,.- I

p.!- .lay inurr than /,' Kind thr .jaily wap' ..f .'arh.

L< I
. niiinhcr of < 'nts received |„i' .lav l.v .1,

IVWif

aiKl

iM h

•) J

IL'"

aiKi
l/ll

.(',::) ( ') '

ii)>lifyin«r 4r + >.'/

17(( ti.c - '22'>i/ 2(K).

Miiltiplyinj,' (8) l.y 4."). 1 S( ).,-
+

-J!*.-,,/ II^'WM).

A.Min-r (.'i) and (4), ;!")(;..•= ii.",7(K).

or

tlM-ll
// -'40.

iiincdnicsan'. fhcreforc. -S-'^.^aand s2.4(l

(1)

(2)

(3)

(4)

H'SjU'Ctivilv,

a

Tj

EXERCISE XXI

1 Till' sum i>f two nunil x-rs is 4]

-lualli

!^'ill'l the nunil

/. anil ."{ titni's tin
r nuinhcr is jrivatiT l.y a unit than twic- tlir I; irircr.

>ers

iTcncf

iiirt'i"

2. rill- sum of two numiMM- is ."> times their diffi

.

"I'l tiie doul.le of the small.T is greater than the 1;

|''y I Find tile numhers.

potnids (if tea and :{ pounds of eoiree are toj,'etl

•1.4;;. while :; pounds of tea and 2 pounds of

3 T
ler

•'" ^ "nh ^l.()2. Find the value of

corTee

4 T

ii jHiund of each.

wo mi-n tocrether earn !•() cents i n<

and 4 men toiietlier earn CO cent
'III , hoys. Find the dailv

>re per day than

s more per day
waiM' of a man and a I >ov,

m^^ -.SS-.-;!?-

SX'^r.-*5»f?S®5C^^ Mi-m
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5. Two ii|i|)lis cost oiic-half as iiiiirh as '.\ orunjjj's

(loztii apples ami 2] niaiim's to/t tin r cost a ilollar. I-

the |»ricc per <loZfn of apples iiiid i (ranges.

6. 'I'wo IiusIm'Is of oats wcijjli s His. more than
hiishcl of wheat : 2 Kushels of wheat weigh IS 11

than 3 linsluls of oats. Bv how much doe- tl

IIHI

illle

it*. iimrH

3 huslu'ls of wheat exceed the weight of ") hushels of

le weiglil 1,1

oiil.

7. A and // play for a stake of ."*1(). to he furni>l inl

lave twic«' as miidi

mucl I a.-

hy the loser. If .1 wins he will then I

as B. hut if /.' wins he will have 3 times as

How ni'ch money had each at first?

^. Tom .saves 2o" of his week's wages and Dick s:ivi

.1

20% of his
; together tl ley .save .*<> jwr weel I olii <

expenses ar.' -^ of Dick's expenses. F'iiul their wwkU
wage.

?9. A saves half his income, B saves one-third of lii>

income; together they save !?1..S() p-r day. If their in-

comes were interchanged and each saved the same fraction

of his income as hefore, .1 would save 10 cents a dav

more than li. How nuich d tes each .save per dav ?

10. Paid a dollar f( >r some apples at 3 cen(s eacl 1 :ili<l

some oranges at .') c<'nts each. Sold two-fifths of the a|i|.k

and one-fourth of the oranges at cost for 34 cents. Ihiw

many of each did I l>uy ?

'

' 11. A and li together earn ^o. 7o per day. H ^'s wmi
were redu.cd 20% and //'s raised 20 , A would still \mA
10 cents a day jnore than li. How much does each anil

per (hiy ?

12. The sum of the ajX' < of A and li is > of tlle su!ii 111

the ages of rand />. Two vears ago the sum o)f tl le Am
of A and li was one-half the sum of the ages of ('

Find the sum of the ages of all four at present.

Mms^idmm'^m^MM



Simple p]QrATroNi 93

13. A fiiriu.r su|.| wheat at a .lullara l.usli.l aii<l harl.v
its<l,.,.nt«. th.' av.Tii>,'(' price fo;- the whole luiii.' HS cents.

jThf total vahie of the l.arley was SU) iiioiv than the total

|valiie ..f the wheat. How many hushels did he sell in all ?

14 A |.urse contains (|narteis and hall-<lollars. .*i;?.7.')

»y

'y

jin all. The total value ..f the half-dollars is ^Tcater I

.:'•'> than the total value of the .|uarters. How niai

|('<iiii- are in the purse ?

15 A nundMT consi.stin;: of two difrits is J times tl

r.'-ii 111 "fits digits. If 27 l«e added tl le resnitinjr numher
Iwill roii.<ist of the original dijjitH intwhang.'d. P^ind tl ic

liiiiiniM'r.

16 .V numher <unsistin>,' of two .limits is jrn'ater l.v 2
|tliMii ;; times the sum of its di<:its. The sum of its d

'li'iil.h- their ditt'erenoe. Find the numher.

17 Prove that the sum of aiiv two nunihers consist!

igit.-

"K
'f the .sune pair of digits i:iterehaiiged is divisihle hy 11.
mi.l the ditT<'rence of the nnmhers is divi.sihie hy <>. State
11 words the (iU(,tit'nt in each case.

18. Show that a numh
tl"III IS three times their differei

'r consisting of two digits, whose
ice IS e< ual to either

times the sum of its digits (.r to 7 times their sum.
IHstiiiu'uish hetv.-een the two oases.

19 .\ certain fraction hecom inal t> when a unit
:"l'l'<l to the numerator, hut c.|ual to •'

if a unit h
H<i«lr,| t,, the denominator. Find the fra<tion.

20 The value of a certain fraction I •ecomes
I when a

fi'iit i> added to its numerator and to J if S !.,• added to it^

il'iii'iniiiator. Find the fraction.

21 A hill is exactly paid hy S marks and 12 guil<ler>
I'l' ''> >'> marks and ".> guilders. H
i;iv th hill

ow manv marks would

- >*

>Y.9ra "^Basv- rvi^nc^aaBfr '^zr'iftK.-'ii^vviar
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22. A fn i^'lit (IIP tarries l."» luilfs of coftoii !iinl .'»'< <;i-k

uf wiiH' iiH ii full load. Wln.'ii '•' cjisk"" iiml 'i lialfs li i\.

lictii nniovitl tilt' car i,>< still two-tliinls tillctl. Ilmv iiini'

halts woiiltl fill the car '

iiiicliaiiptl it' II-V 23. lie area i> f ifctaiii'lc \\\ II l>

wiiltli lie increa>e<l .'{ ft. aiitl its leiijrtli iliiiiiiii-ln il \ ft

liut if its wiiitli Itc tliiiiiiiisliiil \>y ;> ft. aiitl its Icii.'t!

increiised "i ff.. the ana will he rcducfl Ky l")s<|. ft. I'lii'

its orijriiial leiijrtli ami lireailtli.

24. A l><>y can riile a hicycle I
.|,
miles further in llm

hours than he can walk in 7 hours. \\r can ride fiMin

hoinc to schoi>l in l"i minutes aiitl return on ft>ot in '.'.

mnnite IIt)w far is it to ."^clu

'iir

25. A journey wa< jtcrfornied in l.l hours, a |»art of it

4 miles per litmr ami the reniaindi r at 10 miles per In

If the tlistances travelled at the two rates were iiit.r

chanjretl, the time retjuircd would he 27 minutes jireiUii

Find the wht»le distance travclleil.

K.\.\.M [NATION I'.M'KRS

vy

I '

1. Find the value of (.. ./)- + (.c />)-' -2{.,- ti){,

when .»• = •>. ,1 4, h (».

V 2. Draw a rectangle whose length is .r feet and wnllli

// feet. Wiile in three different ways its peiinictt i in

feet. Write its area in stpiare feel and in sipiare inrii(>

3. ' From th e sum of -111 ;{/> -f '. •2{h •) (I aiii

1-'") take the sum oi 'la ;>(/> c) and <• + l'('

-4. Multiply ('/f/')- hv ((/ /*)-, add <i-h' - h^ to tl

pit»duet and divide the final result hya-h.

m(smimmtiiiA:^:i^' sPv'^iim'iS^MM&M



SiMl'I.. Kl^lATIONS

,6 Snlvt' tilt' «'(iuufi(iti

u'

•»J' ,) f .-{( I ,.) \\ 1(».

»s. ; Its
7 A Hsh was .mijflit \v1i»»h.' tail wcijrh,.,! ;, ||

|h.a.l wfi^rlH'd as mii.'li as its tail an<l \ of its l.u.ly. aii<l

. body w.'i^rl,,.,! ,is rinK'h a.s if.> h.-a.! and tail. Fiml
hvei^'iit of tln' fisli.

.1. Find the value of

:'. - 1.

n
'/

' ' It.

itx h
wl U'll (/ • >. 11 ,». 1/

2 Iri" Ki. Hnd til.- values of and ;{'. s/

3. Add ,1- -lith

4 Siinjiiify

\{)b-
2b- ;{,

'(" ,;'')
I , \ -Ih

'I 2/>) + lV ?

( L'r + •">)(.'• -•{) + (! - I'r )(.'!., + 1) ;!(_>.,• -
1

5 Divide

•2l>)(a - lib) + 2h{a Wh) l.y 2(a + :U>>] \ii

!{.

h).

^/

-he tl le e(|uatioii (1^

7. I'liiii sMVes ."^lO per week and Dick saves sl2
|

pvi.k; H;,iry saves .•?].-) per week hut starts t

itnr th,. otii,.,- two. When will IF,

XT

WO week>

Hll<

''\\\\\'i-. Mild I

iiTV s savinirs he
nvMter than T(.iu's as they aiv less than Diek

<>w nnicli uioiu.y will each then Iia\c

y

J U4

III

the value of . '1

\
/!/ 1

(l'/^/l)

-'^L :._ X, ^^'a

&m;^M^ " ^^^f^^Mjmm^iM.
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9^^ Elementh of Aloebua

. 2. A rf«tiingl«' in <> fcrt l(»n><»'r than it ix wide, aii'l

squair liaH tlif saiiic iMTiint-tcr an tin- rcctaiijjh'. I In

niuch jjrcattr i." tin- an-a of tlit- s(|uarf than that nf tl

n'<'tanjrlt' ?

3. KxpH'SH in wonls the result when the (litT^Tfin •

any two nuinlM'rs is (1 ) added to their sum, (2) suhtrai u

from their sum.

.f

/
4. >im'"'^i(^^)^^(v) :(:-') and tiii'l

the value of the result when / • >, MM I wllen X

J
5. I)ivi(h-

(<i - .)•)(« - 2j-) + (./• - '0(.'" - 2*0 - '2{o .'•)-' hy /

(.'? :.'•)

+ 10
\\ii\

lir^'

6. Solve equation ^ (2 - /)

verify the result.

7. A and It play marhlcs. At the end of the

panic .1 had twice as many an he had at first. .At th< . mi

of tlie second pame R liad twice as many as lie had at tin

doHc of the lirst game, and then each had tlie same iniiii

})er. If they to)?«'ther had SO, how many had each at tir«t

IV

1. Find the value of (f'h

= - 1. h = -2.

/>-' \h)\a^ ah h'i
W hi!

2. A rectangle is '2x + ^ feet long and width S feet !•

lind its perimeter, its area and tlie area of a S(|u;ii' ''|

etjual perimett'r.

(3. Siniiilify 'i(ii + !> I) l)()i !> + 2) - (a - h)(a + l>
-'

/4. .Multiply {a - I))- + {l> r)- + (r - a)'- hy a + b +

i

5. Divide (a' + h')' it-h- hy {a + It)'- ~ ah.

6. Sol Vt- (Ml nation
i{i(i-i) i}

1.

'J

'^'WMM'^hMSMm



SiMi'LE Equations 97

7 At ii baw'ball jrainc Toiii iiiiulc ."i i

tWK.' ;l."

iHirt' runs than he
lo was t\V(i y.'ars older, made

many runs as lie was years old, iMatiiiu; Tnm l>v

a- vtars old; lUck, w I

/

.1 run-, FFinv ((Id was Tom ?

Ji'vl I'ind the value of ,ih(il - /,) + f,r{f, -

It 2. i> ;r

(') + rit{r - a)
<• = .1.

2 If .. // + /;, v ,1 /,. tind the value of '.'/ + 7'-

3. I»ivi(

' 1 )•(-' - •-')' + ( . :{)' ;',(,• 1 )(., j)( , _ ;{, 1,^^. .,(2 ,.j

4 Simplify

hi I'){<1 - h r)(ii + Ih 'Ix) 4- b(h - r) (Mr/ 2h - 2jr)

when for X we write a.

5. It .(J- - 1) + „(-r 2) - (J--MK tind ih, value of

er
rj

1

(-r f 1)+ {X -2).

>i>IVf ••(|uations X _(// -J) =."». 4// -
.
(/+ 1(») ^8.

7 A l>oy spent .")() cents in ((Uyin^j apples at the rate

i>f ! fur .') cents and oran^'es at 40 cents a do/en. Find the
utiiln I- ,.f apples and oran^'es heeii intcrehanficd the cost

IvciiiM liave heen 20 cents more. FFuw manv of cuch did
[!• IM1\

vr

1. it ~((i/-."»)

») 2
8.'). tind the value of

(1 2r) f (..• - 1)-'

2. ' :i:(l the ;d(relii-.|i<"ill!Sf»''>!'a!c;!! e V!!!"'.'SS!i!!! W• hie}! whtii divided
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VH KlEMENTS Oh Ar,(iF.HItA

hy ti- iih ^ li^ yivis n- ^ <th ^ Ir fur i|iiiitifnt with /

n-iiminilir.

I
3. Simplifv

V (1 (>»( I /m< I «•) f ,i{\ l,)[ I ,) t /,( I , ) f
,-.

v/ 4. hiviili- (II I, h)[h ^ r){r H) \ nhr li\ / /* * c.

5. S.lv luatinii ^r2x t I i' '
( J. 1)' ''

.

"' ''

.". •_'<» > III

6. N>lvc t'liUiitloiis
") lU HI

;! I

llf

7. Five friiiKs art' tn);ctlnr vvurtli imw ('cnt inuri li.ii

2 florin-, and if tlif valiif <if a franc wen- (h-cn ami] ..i,

ctiit. '.\ francs wuulil he wurlli 7 cents more than a ll iv.

Find the vahu' of each coin in cents.

VII

1- If ' . '/ and ~ ' f ' »;. find thi ' lin

of:.
•' -'.'/

2. Siniphfy (.. + 1)) '( , I ) ^^ 1 ; (
,• h;l+^.(l».

3. Multiplv {„+/,)- i^ (/, + ,)- ^(„ ,•)-• liy /»-/, + '•.

4. Divide (1 4- /<K1 /,)-)-</ + „/,(,/ 4-/,) |,y 1 + ,, t //.

5. Solve ei|nation >i(., ii')-i-l,{,- /,') o im,! v(iil !

result.

6. The perinieter of a room is II feet. If it were ' iVt'

longer and 1 foot wiiler tin- area of the floor won 1

'

.'i4 s«|. ft. LTcater. Find its length an<l width.

7. Two-lhinls of a shijjinj.' is worth .'5 cents less ti.Mii

fmiic. and a half a franc is worth half a cent more t ;iii

:

of a shillinL'. Find the value of each coin in cents.

;js:i^^ WSmrmi:k,-.^^^



'SlMl'Li; Iv^l AlIttN! W
vm

HI In

1 '«iiii|ility

'» • l»]-l<i :',{,! 2ln I,

2 Milllipiv . ,1 * h). , „l, 1

[dnhlr til,. rt'«>iilt l.y
( . /.,'.

3 hiviilc

' /» ( : _', Ai" ..'/) . j,ii

'\ 'til/ /,

'I'' * iff />) {in/ /,

I'V '(./• t- /.(/ I

.

»' ) 1 ( ,/ i /'
I

'" '('/ .11x1

HI- i II

4 If ' ,1 I -JA "
'' " '' •'!'•. lill'l llir V.lhlr ,,f

-'// III tiTliis (tf II. h :ui<l

olvc till' fnililtiluui.on -'i\ ••)
t •'•'/I '\

iii.l \uity {\\v ivsulf. " ''
'

'

6. A iiiiiiil)* r (•iiiisisfiiij.r (,f t\v(i (li;.'if.

JliMU '' tiiii.'s thr iiiiit^- .liyit. If ,1,,. .litrits I

l>.

II'' I' -lilting' mmilMT will he jrrcat.r l.v ;; t|

ri \irs(»l

hUlii . t I s (limits. Fiiiil \\h- iiiiiiiI

laii 7 tiiiii's til

iiicr.

7 .1
1 of I li^ iiioncy aiwl li ^ains an iiuioiiiit ((iiml

'f what .1 had at first, aiwl ii..w tli.'V 1

Mll.l

lavi' i'(|iial siiiiis.

|l^ llHli

III lll-l '

iinw jriv,. /; .<-,() h." wouhl haw ..iilv ..ii.-lialf
li I.-ft as // m.iiM then hav.'. II„\v mii. li l.a.l oad,

r a

''^^IM^l



C'lIAI'TKH VI

FACTORING

120. Ill imiltipliciitinii two fiHuis. the iimlti|»li«iiii' n

tlif imilti|>li(r. aif jriviii aixl fioin tluiii tiifir iirotlu. t

to Im' found. Division partiully r<vtr>*«j< tliit* |>riM.-. i

Kiviiijr tlif prtHliitt iinil on.' fartor. ami from Uu-m tl

rniiaiiiiiijr factor is to !« foiiinl Kat loriiiK i?* the «oiii|.hf

coiivi rsr «)f nmltiplicutioii. >>\\hv from tin- |>ro«hi<t il .i

\\v wik to tiiiil l.otli thf fatfors from \vhi«h it l.a> !«.:

formitl.

121. (Vrtaiii alpl»rait'al fxpn-sfion?* mtur fo fn<|ii. uti

that it i-i (It-iirahlr to he alili- to writ*' tluir |tnMlii.i -

<|Uoti<iit without jMiformiujr ail tht- work of th«' onlmir.

o|Mratiou>. F<tr this purfMisf it i> in<'r>*farv to learn >\lir

mav !•«• calli*! the aliriliraii al multi|»lication tahlc. < n

product of <irtaiu siiupli' faitors. uikI from them to ..m.i

thf priwluct or ipiotii lit of iiiori- <(»mplitati(l cxprt-iui •

This process leverseil I'lialiles us to ]>nM'ee»l from 11 ii\<

|iro(lu(t to the factors wlii< h produce it. Tlnse tu. \>r

cesses, placed side \>\ side, form the suliject matter > l tl.-

fhupter,

122. Monomial factors. The factors of a mo

are evitleiit upon iiispeet'oii.

/,.<, /. The factors of '-in'^l) a'c ;!, <». </ a)<l ii.

Ex. J. The factors of 1. ')<(/,(-(-(- /<) are .".. .'•. -(,

t -.

KM)



Fait* >i{IN'0 Mil

1 23. PoljnomUla with monomial factors.

liv iiiiiltipli.atiiMi w. |,;,v. |,< , „) ,„„ 4.,,,/,

|{i V. rxiiiK (h.> |ir.N. ", «,. |,avr »,„ ,„/, ,„(„ , /,,

Uli.ii tiich tmii iif ;i |K.|\iiiiiiiiiil coiittiiim tl !<• <«JII1H

;_^ f.i.inr llif whoir .•x|»r<r"«iuii iiiiiv Ih .livi<l. .1 l,\ tlii^ fa, i..r,

flh |ii'.titiit will Im- tlir i.thtT fjHtor.

/ • /. 2'i -•-•_'// fir 2(.< f /, ,).

/.. .' ;{.*» f ;i-//, f ;t/„ :{,/(-, f /, 4-,)

f
. .;. .V»r»,/ f .-)/,r,/2 ^ .•>,,,/: ry,-,){.,j ^ h,, * , :),

1 24. Groups of terms having a common factor.

'^ 'ii'iltipliniti..!,. (./fA)(,+v) -m '^//) ^ /,(/ + ,y)

Similarly nniny .xprrss^iony mav 1m- fa.tnn.l l.v .s.parat-
Miii tli.in int.. K'«'up> .Mi.taiiiii.K =« •.•niinon in..iiMi,iiul

flirt..

r

'• ' '"' '" '"/ + '"/ '('/ /') <l{n I,) (r ,l)(n /,),

/• .'. tri-i-a.r -r,/,j :\„f, .r{±, + ,
^

.•{/.(•_'-+,/)

--(' lf>){-2j- + <i).

I. /
,i

,u- 4- f>.r - r.r + nr /„ .,{ r „ + /,) ,.( , „ ^ /,j

--=(./ - r){r a f /,).

'li t. rms must Ix- nr..u|.c.| in siuli a way that wli.n th,.
|'""i" Mul fact.Ts liav.. Im, ,, r.in,,v,.,i the rrsuitinir ...xpivs-

J'

' '""'" '•'< bra.k.-ts may Ik- rxa.tiy alikr. If tlic

'M'i'-ini, rontains only .//<.- p.»w,.r ,,f a particular l.tt.r.
I'l"t. -ms (•..iitaiuinji tliat l.-tt.-r slionl.l )..• .oil, ,tr.l int.. a
Miiu: _'roup.

mMMmM^M^^c^m^L^s^mim^-fm!^^



1(L» Er.KMKNTS OF ALtiKBUA

EXERCISE XXI

IN'solvc into I'iictors

;

1. '.in :U, + Hr.

• Vir

'/'

10/^.

.//^f c.

7. 'iii'^li 1 ^hili'i.

9. Vlii^h •l\<f'l,"- + :\i\<iVi\

11. (ii + '>).,- + (ii + li);i.

13. inl-\^ lir -hil.

15. inn + III + II II + //.

17. il'^ + illi -hnr + hr.

19. 1 1. 1- h.i+illi /^.

21. ',.ri + 2.r -iu

23. 2(r'-a2 + 2f/- 1.

25. l-r»

27. a'' + /r'

. + (//(.

' + 'f + l.

'.''/

2. iili-i-li'^-hr.

6. L'^w^ -.'{:{/)//( + 77(*'^.

8. ^'ulV,.l -S(ii,'ii/-\-{iiiii

10. 2C»».i'i;/2-;^< »/,.,-/•.

12. </(.r - .,/)
- /,(r ,,/).

14. (til - iir hil -\- III.

16. inn - nil) - n + l>.

18. nit + /<2 - ,„. _ /„.

20. Ik ' + nit nr.

22. '/' nl, - 2(/2 + 2/^

24. !+»<+/< + (.'/(.

26. u^ + </2 + „4.1.

28. nhx + itliji - nlr - nh,

29. r.r2 - .'y,.,-(/ - -Inxn + .'?/*//2. 30. n\r + /(2,/ - „/,( j- + ,/).

31. 2".'+;i»///-2/>. a/>, ' + :^h.

32. </•'*•.»' - nhrii + nl, l,\'•.'/•

33. nVfl ^ :\nl,ri Ul'i

34. + n.r h.

4- />•''•.

1 25. Square of a binomial : Product of sum and differ-

ence. The f()llt»\vin<r are three important ex;\ni|il - ii;

imiltiplication :

1. a + /( 2. '/ - h

II ^ li II I)

n-+ nh

nh f //

ii'^ + '2nh + h'-

n'i nh

- nit + lfi

n"*- '-11117+ 1r-

n +-'

ni + ,



F,\(Toj{iX(j 103

'I iicsc results sludil'l III' iiici

illnwiii^ t'oriiis

:

imriznl in sviiihols ii> tlio

1. ('/ + /*)•' '/-' t 2,//,f //i.

2. {ii 'h)-i -.ii'i -2„f, + //^.

3. {a -/>){,!+/, ^,,'i -}fl.

Tliiir exact iiie;miii<r sliuiild also l>e iiieiii(»ri/.t'<l in wurds,
r. nieiiilH-'iij; that '/ an<l h htaiid for any mmiliers or al^rc-

l>riiiial expressions whatever.

1. The s(|uare <»f the sum of any two luunhers is ecjual

In the Sinn of their s<|uares tojfether with twice their

liniihict.

2. The s(|uare of the difference of any two nunihers is

n|ii.il to the sum of their s(|uares less twice their product.

3. The product of the sum and difference <»f anv two
iiiiiiiiii rs is e(|ual to tlie difference of their squar

126. Definition. A general truth expressed in aljiehraic

miiiImiIs is called a formula. The three ct|ualities of

.\it. 1_'.") are fonnulu'. They may also he called identities
"1- ill' iitieal e<iuations. Art. 1)0.

127. From the formula' of Art. VI- > manv results ii

iiiuliipluation may he written without performing th

inliiiary operation.

K'. I. Vrom

Ur i;. t

'V W III

(2j- + 3//)2 -4.c2+llr// + l)v2

iiig 2.C for II and .'5*/ for h.

Ui- "I !

•>om (,i - //)2 = r/-' -Jah + ),•'

''v " : uiuL' 3r for II iuvl ."> for h.



1()4 KlKMENTS of Al,<ii.|{KA

w ^'<t (2- :{//)(2r4-.3v) -4r» "y iiK iM-forr.

|{<siilts ill till' iniiltiplicatioii of iiritliiiuliciil f:i(tni> ni;i\

alsii Im' soiiH'tirms (•(invcnifiitly tihtiiiiu-d.

/•;.'. /. <;;") X (;."> (r>() + .".).i ((10)24. 2(.-,)(fM)) + r)!2

;5c.()( ) + ()()( » + •_'.")

421'.").

AV. ;.^ 4i» X 4!l (."><» \yi ' (:>())'^- 2(.'>()) 4-

1

25()(» 1(K)+1

-- •_>4()1

.

/;... ./. (;i»x7i c"'* i)(7()+i) 4iK)()-i

- 4.S1»«.».

EXERCISE XXIII

I'fifonu tlh' ( |M'ra.i<>ii> iiidicatcil.

1. (/ + //)•-.

4. ((/ -t- ;5/>)2.

7. (-Id + 'Mi)'^.

10. (;!.-• ^ .'))2.

13. (1 +."><»
V'J.

16. (</2 + A-')2.

19. ((t.r - l>ii)'i.

21. (/(2 + ,,/,)(„/, + „2).

23. (
- 1 - 2..)2.

25. (///2„ _ „(,i2)'2

27. (2..- ^ ;;//)( - 2..-;}v)

29. S7 X !>;!.

31. („ + /,)2+(„_/,|2.

2. (.' .'/)'A

5. (</ -.'5//)2.

8. (2'/ -;U)-'.

11. (2..+.-))2.

14. (.")// - 1)2.

17. (/*2 ,/2)'i.

20

3. (..+,;)(/-,,

6. (<i ' •M,)(ii 4

9. (l<l~'.\b)(ia

12. (.V-8)(V

15. (4^/ + l)(l

18. (//2 - /;2)(//J

'/2 - ;{,//,)2.

22. ( - 1 + 2.r)2.

24. ( - 1 + 2/)( - 1 - 2 .

1

26. (2j>2 - 'ipq-i)i.

28. SI X M.

30. 7S X .S2.

32. («r + />^2- {,1 -l,\-i

\h

1").

•>,a



FacT()Kin<;

33. (rf -•JA)(<( + 2/<)(<»2 + 4/*2).

34. (IV .'V/lCir t ;{v)(4..'^ f '.tv'i).

35. ('/ f>){<i i /,){„' + /,-){„* + /,*){„" + f,>*).

1 28. Trinomials which are exact squares.

10.-)

Mlicr

ami

ii'i + '2'il> + /,i (a + /,yi.

iliscivc that

1, A trinomial is tlic s<|imr»' of a l»in ial wlini it

iiiisisis of two positive s(|uun' tt-rnis plus or ininiis twice

• •nils.
llif |irn(lu(t (»f the ,s»|uaic root.< of tliosc t

2. The s.|uar(' nxits of the .>^(|uan' tcnii.«^ fiivc tlir t»rm;.
if till' liinoiuial, and the siyii of tl H' rcniaiiiin^' tcrin jfivcs

tlir < .iiiiuctiiijr niffii of tile l)inoiiiial.

/•-V.
/. -J.r2 + 12rv + Uf/^ -- (2.r)2 4- 2(2x)(;{//) + (.i.//)'!

= (2r + .%)2

/-.' i. .,' ()/-' + W-^-(x2 - .'{)2.

/.' ..'. 1 2.^2 - CO.,-,/ + I'ufi = ;5(4.,-2 - 2().r,/ + 2.".,/2)

= '^C. !.r -
-)v)2.

i 29, Difference of squares. Since ,,2 _ /,2 -
till dilTcrencc l-ctwccn anv t\

(iiJ>-l>){<t -/,).

it till >uiii and tile difTcrcuccs of th

o s(}uarc terms is tlic product

tmii^.

< s(|iiarc roots of those

/• /. 4</2 - !>//2 = (2

.')( I.,

'/ + :{/,)(2,*-8/,).

•2 (l+o,)(l -.-,,).
.

!>S,/4 = 2(2.V-' -4V)
-2(.V4-7//2)(.V^7.v2).

:hll

l;i(1. r- iil.tained

iCRUlt should he tested hy multiplyinjf togetlier tl

- 6

-p>"



km; ElF.MKNTS of Al,(il,ltKA

EXERCISE XXIV

Kxpnss ill fnctup

3>

I. .>' //-.

4. I.C-' !y,

\lh-' I.

:,'.'•// 1, 11- y^ + ±r f 1.

5. l<f''f 1-j. 4 ;». 6. I +«»</ f II-

9. J<''^ f_'(l«//, f-2.V/^.

11. .." 10/' f Si.

13. 20/<'.

15. 24.<'^ + .'. i>/-i + 72..V/.

17. «/2A2f2'> I Or//;.

19. KLV .)12.'/'.

21. 1»//V2 + 41»//V^ 12(/M.

23. Sl</V (i-\

25. (•2f/ + .'5/<)2 24^/ A.

8. \ii^ [a f 1.

10. Km' Slv'.

12. '.t.-' + 2.'.y ;;o.

14. ;{.r^ - 1 2..- + 1 2.

16. '»-'/,' - 100/".

18. {'I /,)-i^.\,,l,.

20. 2.")'('./-'-;iO//-7;.0//-y/-.(//-i-'.i'.

22. :!yv - i.s„.,-,/:i4-27n

24. 4s.,-"',/'i - ;;.,yi.

26. ('/ + 2/>)'^ - !/((,/ + _'/,

27. (('A-^ - /(•if/-' - /;2r2 + /,2,/i 28. 1 (/2 - //2 +. „2/,2.

29. //2//2 //2 „2,.2^,.2 30. (// + 2//)2 2A(// + 2/-

-*3K
130. Binomials having first terms alike. In torm ih

linxluct (»f two liinoiiiiiils wliicli didVr only in their .«. ruiii

tt'inis, till- coctlicicnts of their first terni.s heinj; unit\ aini

po.sitive.

f'-'- ' i-y. -'. jy. .1. /•:,
;

'• +- .'• -2 ,,• +2 .,• -J

'•-
-f-

•!

.).-• <i + (;

' 4- Zr

.'- + .).' -f • r,

i>li>;vrV(111 these e\:ihi|ili

1. Tlie first ti'rni of the i.io.Iiict is tl

lir.vt t<r:;i of tlu- two i'itel

e s(|n;irt

wi>.

Mj--&^^ "''

f¥k-.x- 'wt:^.
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2 Tln' <<H'frKMnif uf t I" •xcdinl lifiii i- ll II' ;il;:cl>nMr

-mil mI' tin- MToiid fciiii< (if till' l';i<'fnr>.

3 Tlic last trnii (,f tlif iu'ikIiii I N the |>iui|u.'| ,,f the
NK.inl tiriiis ill tlic two fai'tur^

131. TIh' |.r<'('..(linjr r.'sulls ar.' all miitai I in tli.'

-iiiLiii' fnriiiiila

(.' + '/)(.'•+ A) /i
I {,, +. /,),, ,,/,:

it is iiistriictiv.' 1<» (.I.s.tvc iIh" ivsiilt< liom actual
>iit

iimlti|ili('atii»ii with various uuiiiiiciv

i-y I. V >v n au<l I, write 2-/ au<l .")// n'-|>cctivch

iii'n (r +-•_'//)(., .'.//) fi+('.

Vni iny-'

\{)ifi

II. .'. \.r\ III + 11. II I,

•II (//< + /*>.•!)(/,/ + ,(.-,) („, + „)2+(;J .-,)(,„+.„, \,

III''' + 2iiiii + ii'^
•_'

//' -II I .».

/•;. •/. (.-!/, ^ .-))(;!„ 4- 7) =(;{„)2 + 2(; '.'/) -.!.)

\\<i'i + {\,i ;;.",.

r <

EXERCISE XXV

l''il(.riM th'- <)[>crati<»ns iudicatcd.

!)(.'• •"•).

'/ + •'•)(// '>). 5. (//"<;)(// 1 6 (//+n)(v - !)).

!)(" -S). 8. (/^ +]"))(/- -.')). 9. (,•- l())(,+2(>).

10 + 2//)(.,' - ;;,/).

12 !'f i;!//)(r -;;//).

14

16 . nh

\)(n-' :,),

l][.l- - .,llt>)

18.

20

11. (r 2()//)(,,+

13. '){'' 2)

7/,2)(„ _ /,2),

'^<if>)(a-^ + '2()of,). 21. (2./- -."),/)( 2..- 1

15. (//' f 2.'))(/>' :,).

17. (1 -;5/)(l + 10..).

19. (.'-2 -2.-.)(r2+]o,^.,

0,



U)H KlKMKNTH ok Al-«iKHUA

22. {Ha \l,)(An « 11/.).

24. (••!.. »-(/)(:;, /»).

26. (..-^f ./•-(;)(,.-' ) , . I).

23. (.r+ *()(/f /.).

25. {(I t /. f o){f/ f I, :\)

27. (r l)(.r 2)(.r ;',)(, |i

28. (.r+ 1)(.,- -Jllr .'!)('• •'•).

29. (r :!)(.,• f .".)(..• - 4)(..+ 1).

30. ('/ /')('( .")/»)(»( + /i)(</ + :./.).

132. Trinomials; coefficient of first term, unity and

positive.

Thi' funniila .i'^+ (n > /<).c + ii/> (.; + '»)(.» + It).

wliici 1 i.'^ tlijit (if Art. I'M rcvrrscd. ciiahl

» lurii

tiTII,

»'s lis to n-

triiuiiiiial into factors providinj: it has factors of tli

there jrivcii. This will he the ca.se;

1. If the ex|)(Hient of the leading letter ill the tirsi

he (loui)le thai in the second, ami

2. If two ihiiiiImts can Ix- found wliose al^jehraic .<iiin i-

the coellicient of the secoixl term and whose ))rodii' ! !>

the third teriii.

In other words, to factor a trinoiiiial of this class \m -i i k

expressions Avlii<h. when writt<n in place of .i\ a and '- w.

this formula, make the part on the left a^ree witl tli.

trinomial to he factored.

Resolve the followinir exMiii|iles into l>inomial factm-;

Ex. 1. Factor /^ - S.,•+ 15. The first term of each I k t-

is evidently ..-. The product of the second terms of tli \\\"

factors is + IT), therefore these terms have the same -ii:i.

and since the sign of the middle term is neirativc nnti

connectiiijr signs of the factors are negatives; -8air
are evideiiflv the numh<>rs.

i tit rciiiit J- - S.( 4- ]•) = (.' - ")(.( — i}).

^:\l..» '.l-_^ '^L: v^zy^ h.y^:- 'M^^^



FA(T<)UIN(i 109

hutor y* 2r - ;{:». Tlu' |»r«Mluct c»f till- M«-((.ii<l

I.Tiii- i;- .{•"». tliiicfMri- they havf uiilil«> ,«igns; tlif hiiiii

..f lli.^r trnns is 2. tlH-n-fort' Ihr n.-pitivc fartur i.- tli<'

j.'r.;ii.r; ") and 7 arr tvidciillv tin- mimlirrs.

'Innfiiilr >-i -2..-;r. =.(/•+ .".)(' 7).

A'./. Vsutor 'I* + '2<iV,i ^'2\l>*. In tl

ill [ilacr of ii'^.

ns ixaniplc writ*'

IK'II

= (./f »i//^)(r |//i)

..(<»2 + n/<2)(„ + 2/>)(f/ -2/»).

/;- ^ Factor .V^ .V ;i(). Ka<li term evidently con-
t,iiii.-> the factor •'). KciHovinj; it. wt- have *

- .")(r ())(.*• + :,).

h'. .'). Write (/ in place of x^ \- .,

.

UN //•^ N//+12 .(// «i)(//-2).

Tli.ref„re (/^ + r)'2 - ,s(/-! + .,•) + 1 2 {/i + / (I )(/^ + .r-2)

= (r + ;^)(./'-2)(r + 2)(/- 1).

r.7

EXERCISE XXVI

I'*' -'live into fact

1. - f Sr4- 1.-).

ors :

2. /-' + Sr -f- 1

:

//+ 12. 5. //- -Sv+ 1:

3. X- +- Sr + 7,

6. .//- i;;//+ 12.

:'/ - I.). "- Zii \^. 9. -/-

10. '. f 2/- ;!.).

12 /.'r II /< 12.

'.II - .;.».

11. //- ll/< - 12.

13. 20/// f al.

15. //!-'+ r.)/// 2n.
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16. J-* \y' J I 17. .V f I. 18. .' 1(» r- >

19. r" r' 12. 20. r« 11,' .{-J. 21. .' tl ,/- UK I

22. y'>r 1 l.r,/ .{I'.

24. 20.'7/ +• (•)*/-.

23

25

+ I.'m-'-/ KK)

/// f Uiniit H.\,

26. "-'//' IS///» , .")(;,•-.

28. 4.r'+\, Jl.

30. ...•' + ;5(b' j(M).

32. 0-7, +- l.s„-,Vr |«)„-7,.

34. .(-'-t (2" t-/<).r + 2(ili.

36. .r' +-(«/-' /»-

l>
^iii*/

27. 1 1 .'i.r- (».<'.

29. .;«- :{,( -.'ic

31. 2"/' !(»„ ' 'Ha'

33.

35.

' •>.»-' Vtr

(2'( f ;{/;)./• f (>,//,.

i.l- '/-^///•

38. (:?'»)- 2(;>'/) 1

40. (.(-' •_>./•)'- 2('-'

37. r' (lf/-' + 0/r).r- +;;(„, /,

39. (\<i-)' 17(1,/-)+ IC

2.0 ;{. 41. (. •
t !,)-' •2(.r'+ \i

133. Trinomials; first coefficient, not unity. Thh
niials uliich ilo not cniiic undir citli.r of tlir (hi-.,

already (oiisidcrcd, may .mhik times lie ^^(l|\•^•d into 'u.

hiiHiiiiial factors.

(onsidtr tin- following c.xainiilis in nniitiplication.

".'/

().'- lit' f 1.

+ r.y

l.r- :]
r'f

21.-7 l.S,/-'

l.r- 4 L'l.c,/ \S,/-

Sucli products may ca.'sily lu- written from ins|Mrtii'ii

1. The first term )f the pnxhict in each case i» tli-

prtxhict of th«' first terms of the factors, and the last '• ini

is tlie product of tlie last terms of the factors.

2. The middle term of till' product in each ca.se i.- th'

alirehraic <inn of the pnxhid of each first t<rm in

iaclor. and liie ia-t li rni in the otiicr factor,
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Tiiu« -'( )) . ::( ;!) I'.i nil, I i( .:»4-«wh •Ji,

\\ lien till- iuiihImt^ ;irr not too larj."' llnsr |>r<>(<^»c.i ,t\\\

|Mrfi>rim'i| mciiliilly ami tin- rrs.ilt (iKtaiiK'l uillmut

'Aiitt^ii wi.rk.

(• ii«Tlir prill (I ill;.' |.ri» .^s rcvfr*t'l will p'licraily fiialil

iiiiilii.iiii flic faitms iif a tiiiiniiiial nf tlii- i !a«-. |>r<>vi(liii^'

It li:i- l>iiiMiiiial faitiii-'.

/, lIcMilvr I/' '>r,i Cm/-' into failor*.

W'l (ili.tTN r:

I Tlir (•iiiHiciciits uf tlif lir«t t<'rm> nf tlir two factors

iiiii-i Im citlirr •_', l'. or I. I: tliosc of tin- last trriiis mii-t

ir t), 1, one cocllicinit ImIiij.' innativf in ih

:itl. r la.-c

2. Fn.ni tlifSf pairs of ininilMTs rocHicicnts iinist lie

-III till liy trial, wliicli l.y iToss-iniiltipliration, as in

Alt 1
•!.'.. will </\vv the (dttlicicnt, ">. of tlic niiilillc tcrni.

3. It is u«i'lrss to try such ii coiiiliiiiation as -Jr |,/.

iliat wniiM ^'ivc 2 ;i.s a factor of tlic whole expression,

uh irli i> hot the case

Hv trial we lind I.--' + .")/,/ + (;,/- (4.,- -:{»/)(./• + 2

"iiiiilarlv -1/-' >.".

,

Till more (lillicult cases in the factoriin,' <'f triii

'1 i riiiisiilcrcd at a suhseiiiicnt -laL'i' "f tln' work

oniial

' a
.^^

EXERCISE XXVII

\^ lite from inspection the prochict of the factors

1 '-' •'/)(.'• -1-2//).

3 ;• -•_''/)(.(•-»-//). 4. (•

^ ' ' •'!'/)(.' 2'/}. 6 (."..I- "i'/ -'_»,(• f .".</)

'' '' //)(.(*(>(/) 8 (•>.(-' '/'|(r' - 'J'/-')

2. Cir //)(..• -•_>.-/).

4. (".r _*//)(.-•+(/).
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9. (!»/ f ,H./)(,S/ ,,).

11. 2(;l/ -4.v)(2/-t- v).

I{i'f«i|vr into frtctorH:

»^-'13 2/

15.

• »/ + :

r»/ + .!(/-.

10. (.V^ 7)(/' - '>.»/»•

12. «!((»/ + v)(r - %).

14. 'i.r- f .V(/ I .'{7-.

17. 2/-' 4^.'./ 12.

19. 12.r' -2Vy f 12//'

21. Uhi-f^

28. 4r' 17/

16 2r'

18. 12/

20. »i<u-

11 jr I l_'.

20.

'.','11 ri/ + ()</

i«-JV/ .1 \<ih,l

I f-fr + 4//'

22. II
x'

1 («/- + 1 )fjl f »f-

24. !»/' .s2j-V- + 5>v'

134. Cube of a binomial. Frmu Art. 12.'t \v*> I lavi

Miiltiplyiiijr hy " + /<

Siiiiiiiirlv

«/•' + 2<»2// f iili'i

It i.- ;i|»|»arfiit at (Hicf that (2) can !)< (h-rivc)! frnm d

liy sulistitutiiiK /< fur + A tliroujfliout.

Tlif stiidciit sIkmiIiI (-i)iniiiit to iiiciiioiy nsiilt- M

.iikI (2).

135. Tlic nsuh* (I) aiul (2) iiiav alwi ).«• writtm iiii-

1,1 + A) I f //'4- ;?'//<(./ + /')

(// /.):• ,»:• /»! //<l '')

Tl.ic.xi- furiiis arc sniiu'tuiifs iiMiri' cunvciiiciit tl liii

136. Homogeneous expressions. Wtxn lacli t< 1

<ut\\ has the .'^aiiit' nu

ai<i to ix- homogeneous. Tiic 1

an t'.xinf; •r «'f literal factor- it

liter ot literal fact

Wm^^ljJ^^mWM^^^^M^:
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,;uli f.rin i* call.Hl it- degree ..r dimeniions. If iIm

r\|ir.— JMii Ih' Dot hoiiK.^. Ill <tiH it in -iiiti to liavr fin- .iiriir

ii jir"' H!* itK liiglit st tt rill.

Thii-i 11- * _'<»/. t /•'
if* a liiiiii'y<'ii«><iUM expnsNi ,f tlif

[..(.iii.l ilcjrrtc
;

II' :',„V, ^ l,l,' //• is a hnniM^fii. .ni^

I xi'p *»iMn <»f tin- tliini (h-jfrri- ; irr' /,;/ is an txitnixHioii

if iht fiiiirtli tl«-^r«'i' l»ut iM.f liuiiiKjiTciicouH.

EXERCISE XXVIII

I"' rfnriii the it|M iali<iiis imliratiil ;

,'/)•' 2. (. .'/)'

I'l f-

3. (r f I)'.

7. (•_''/ I)',

D'

13 I' *-/.)•+ (»» /,)•!

8. i:

12. (.•

14. (»/ + /<)' (,/ A)
I.

15. Divide ./(./ -t-'J/i)' /((-"'')' I'V '/ A.

16. DivitU 2//)-' •t-/-(2«/ /-)-' liv >i ^h.

17. Divitli- (, -)./,)-.»-,- liy ,/+/,-).,•.

18. Divide rr' (A -,)' l,y ,/ /, ^ ,.

19. F)ivi(li- («< 4-2/>)' A' hy ' + /-.

20. Divide («» + /<)' - HA-» l)y ,, /,.

21. Divide .((«f + 2A)'' hcl,i ^ l,y \,\ (,i h)\

22. Divide '/('»-2/>)''-h/;(2'/ A) Ky (-/+/<).

23 Kind the val

X = /( /<

lie i)f r•:i .'/ +- • >''/. Win 1

1

L>/,l'

137. Sum and difference of cubes. Tlie rules f..r

Vwl Till' liave thus far Ihcu derived from tji •roce • >l

jiiiuiliiiicaliKii. Tile faet(iriii>r "f liiimmials coiisi-tiu.' <if

Itli. II ur the ditTereiiee i if \\

t .' . . .

•i iriiiii tliviMuii.

\\u cuhes is more leadilv

.. _, ,; -^
,
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H\ iii-ttiiil •livii'iiii) \v«> ••iiMih olii iilli

" * '' II I,

Ami >>iii<r thi' tlivi«l«ml '\n uIw.ivh t'i|Uii| !• tlir |.| I
,

till' tli\ i-ur ami )|iii)tii-iit. \\v lia\«'

<»'f /.' (.. , l,){„i III, /.J). „' /,' (,( /,|(,(i
,

frMin whicli tlic fiu t<ii> i.f tlir >uiii ..r thr ililTt-rt-in . -

t«u iiiIn « iiiiiv 'm- ri'iulily iilitaiixil.

/,''. /. sr' f 27y' (iV)' f (;•„/)
I

Ti> olifaiii tlii« n«iilt «<• ul.st rv*-:

1. sr' i.-< tin I til f •_'. or (2/-)i; JTv' is tlh . li

•\i/ iir (.'ti/)'.

2. F,.'t '» •_»/. /, ;5,/,

»li''ii "* I/'. A'^ '.ill' aii.l »//. »;///

Tlicrffort' ii+l> 2j- \-:\i/ and n'i ~,,l, ^-h'i i,i i,,,,.

Makinjr tlic-c .li.Mips fur n an<l /» in the factors . i

w«' t»l>tain tin* r»'i|iiiir(| factors for the given cxpn --mi;

Note that whilr -Ji s. (,2)1 ,•• thiicforc (•_'- r •

''. t" <'uli<' a iiioiiuriiial uc ciiIm' the ((M-Hi. nt

multitily the expollei^t hv .".

/•;.. •?. ..•• If (.r' k if)(.r' ,r). .\,r !

(/ + «/)(/- .''/ ' '/-' )(r - ii)\xi- + /'. ,-

I 1 . / I II I ^ 1



EXERCISE XXIX

II.

Ui«olvi' into flK'tol?

1 ' < ^
,/l.

4 . )il.

7 ! ^>r'.

10. ' ( /
13 ' m.

16 J7"' ••»/<.

19 ./' . //'.

22 /'-f/.'-.

2. /' M.

6, j' If',

8. Sr • 1 2-'>.r.

11. /" . 1

U. «.(' . _'7A'<'

3 »' f I.

«. 1 V'

9. U|.' |(NNI,/<

12. i'7 y

.

15. iL'.'.yi./i .',1.!.'.

17. .'.".<., Km' 1.1. .,•
» %•

20. s.," j;/,'. 21 iil-<'/,'' I

23. '»'-• /,i-.

25 I" /.)' s/.i. 26. {>i ¥f,)i s/,

28 irJ /)• .s,

30 I t- If* + /»•' f ,«'/*•.

i4. (./ /.)' I.

27. ('/ I 2/')' •-'?'''

29. {ri
f /)' s,

31. I ,(' /,'rr/'/,<.

138. Square of Polynomiali. ( ..nsi.|,.r th, fM||,,wi„j,

xiiiiplt'H in niiiltipiicatioii:

(ill 4 (/('

r/ f /. ,

^'t- (»/» (11-

III) + /r //r

II, lii¥i'

II- + 2«»/» lilr + /<- 2/'<- +• '
-'

»/- +^ //- + (-'

+

-Jm/* -Jor 2/»'

1

2

.lii.

will

T

111 I'

li' - ivsnlts (<,nsist in .-iich ,;i,m' df two .«'fs ..f t.TMi>^:

TIm' s.|niir.s of the s.'v,.r;»I terms, vm\x In-inK |H.sitiv.-.

I'wirc th.' product of .•:i<li pair of t.rnis. ciKli pro-
'"•ini; |H.sitivr or n.-jrutiw !i.v..r<iin^' n.s tli,. i,.rni>

li produced it had like or unii' .• sij.M,s.

' • siMH- laws ..f formation wot 1 rvid.nlh hol.l jrood
:ininjr till' Njuar." of any polynomial.

^
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139. To square a polynomial. To the snw nf tl„- -/.,,

(;/ iiirh linn mhl tir'nr the jninlnf of tnr/i Irnii into roi/i ',i

Icmis ii/ilrh fiilhiir il. l/ir mhj,) of inrh jnoihirt heilUf olihii,,

/n-iii l/ii- xi(/ii-< of t/ir Icnii-t nfiir/i jnodnrnl it.

M'liiri-
These results may also lie oldiiiiiecl fniiii the s

of a liiiioiiiial (Art. \2^i) l»y enelosiiig t\«o of the teiiii«

a Iiraekct.

AV. /. {il + /.-\-r)'--l,ii-{i> + r){- II- + •><{/, + ,) + {/.. r\

+ 2*//* + -Iiir + />- + 2/iir 4 r-

--= 11- + li- + f^ + 2nh> + JLni + •_'/," as 111 ton

Ex. J. {a - I, - r)- ^ \„ - (h Jt r)\- --- <(' ~ 'lii(l, + r") + (/- •

- '(- - 'liih - -lur + //- + -Ihr + r-

-= (I- + />-' + r- - 2(ih - -liir + 2hr.

The learner shoiiM practise ')oth methods and 1>. r;ir>|

fill of a iie^'ative sign preceding a Kracket.

EXERCISE XXX

Write from inspection

1. (.'• + ,'/ + :)-.

4. (r -
//

- :)-'.

7. Cla -'h-,\r)'.

10. {a'- -\-iil, + li-\-.

12. (1 ^.I- + /-)-.

5. (
-.'• + //-:)'

3. (.r -,(/ + :!

6. ('/ - 2/> + .

8. (il -'i/* + .')(,)-. 9. (,i-h + ,

11. („-^-.ih + h-\-.

13. ,.- + .'• D-

14.

16.

.'- + ,/•

-Xprcss tile

- 1
)-•

ollowiiig as S(juare

15. {ah + (ir+ he)'-.

/>]- + 2ii{/> + -) +- ( 17. d' -Inil, r) + ,

18. (n + />)-' ^ Ah(a +A)-f. 4//-'. 19. h)' ^-Ah{<i -/,) |/

20. -"(" f l>) + {'I + />)'. 21 11- -liiiii - /,) -I- („
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22. 1 + in- + /*• + \a Ih \„h

23. a- + //-' + r- f 2,//* J,,,- •_»/„

24. f»-+ l/>- + !>r'-'- 4«/> «i "'• f \-2hc.

of the sum and difference formula in
H' pnidiict of two x;>r(ssioiis wliirh

• Tins, iiiiiv

// + : ;iinl r -)-
*/

140. Extension

ultiplication. T
IV iilikf, f.\cf|ttiii{i the sijrn of one or more t

|nl\v,i\« Iw ol)t;iinc(l fioiii the .Kimi iiiiil (JifTt-n-iicc formiil;

"sliuwii ill the folio A iiiji ('xaiuplc

Kj. I. Find till' i.roduct of ,/• +

In the formulii {n + h){ii h) ^ o- //-'.

kvritiiiir ./• + // in pljuc of//, and l> in jdacv of :.

-•Imv.- M•^ + .'/)^- :!)(.'• + //)- :j (r f //)- :'

;

iliat is (.,• + ,/ + -)( J- + ,/ _ :) ^ yj _ o.,-,) + ,/-• -•-•_

'. .'. {n + !>-(){„ -h + ,)= ]n + {b -r)\]„ {h -,)(

--=<,' -(h -r)-'

- //- - h- + -Ihr - ,-.

Ill Kx. 1 tlic terms .(•+ »/ luivc tl

til

w .«ajnc sifrns in the two
x|ir.-ions; tlicy .in-, tlienfoiv, placed in a l.raek.t and
iikf till' plaee of a siii'de letter.

!i l-.\. tl le only term having the .sinie simi in the two
hlTi-MuMs is (/. which, thi'refore, staiid.- !one. The //

:iving ii/iiinsl/f si^llS ill the two e.\|.ir.'«sioiiS. 1

ign aft;er he inir placed ill hrackets.with a negat

lave

iirii pivrcdiinr the hraeket in th

gative

le second expression.

a:

'/> + h-){,r- - ah + h-)
I

(,,-' + />-') 4- „U I
;(,,-' + ^yj) _ ,,^^

j

-=(((-'4- h-)- - (,-h-

rt:



IIH Kl-KMKNTS OK AMJKIIUA

Nntf that ill this <'xiiiii|>i<' lh<> |in"hi(t nf twn triii Ollll^ll

is ii triiioiuijil, iiint uhsi'ivc many ^imila| cxaiiiplis in ih

f^ollownij.' cxcrcis*'

EXERCISE XXXI

Simplify tlir follnwin^' l)y thr sum and ditTcn i

method

:

1. ((f + /> + ()(</ + //- (•). 2. (ti^-h-r){a h ,).

3. (2'/ h + r){-2ii h ,). 4. (a i-'Ih r){a -Ih + r)

5. (j- -111 + ;'•:
)

(

•111 + : I: .<
) 6. (

/- + / + 1 )
(
r- .c + 1 )

.

7. (.<-' + ./•// f //-')(./-' .ni f //-). 8. (./-' + ;{r + 5»)(j-' - \\j + '.M

+ :;..• + ;>; + 8).

10. ( I- + 2(/.r + 2</-')(.r- 2(»j ^• 2«-').

11. (2<(-' + 2(/4- \){-lii- •l<t+ 1).

12. (,/' + „-'+ !)(„' -«-+l).

13. (rt + /> 4- '• 4- f/)(^< + /> /• (/).

14. (a - h + r il){tt + h -c + (l).

15. {a- + -lab + ?/-)(//- - 2^</> + h').

16. («•- + h- - r- + 2rjft)(./- - rt- - ft^ + 2rt6).

17. ((/ + ^> 4- r)(</ + // - r)(a -h + r){ a + h +

141. Extension of the sum and difference formul

factoring.

/•->. /. Factor (o 2/>)- •»<•'.

This f\prt's«ion is tho ditVcn nee of two si|uart>

Tlic first term is tlic s(|uar(' of <i 2&.

The second term is the sijuarc of .">.

.

The sum of these terms is <i '2h + :],:

The diflFerence of thes<' terms is tt - 11, - 9,r

Thereftne {a - 2l>y' - <V- = (fi 2/' • :V){// - 2/' - '^r).

a m



At rouiNii 11!»

t-).r t\-U-4)- |(; J)f(r-4);s(.v 2)-f.r-.j)j

(•' -2'., \)(.

'1(.'- l)-'CJ.-f 1)

!-'('• 1 )(-'.<• +1).

>' :: ./ f-l)

A/ -1. <i' -4h- !>,-'+ 1 •_'/>,'• "-' (1/'-' lJ//<+ <»<•-•)

" ('M 2/< ;!.)((/ -J/i + lir).

I'll. I, nil 12//'- iiiust (Viil.-ntly Im^ tiik.ii with 46- jiiid !»<

ii;ikr a s.|U:ir<'. hut sine.' thr^.. hitt.T t.rriis an' nc^ativj'
jilair thi- whole three in a hracket preceded hy th.

•ativi sii.'!!, thus foriiiiiifr an exaet s(jiuin

EXERCISE XXXII

ln'-ij|vc into 1., irs
:

2. //-' - {h ,•)•-'.

5. 4(*- {(l + h)-.

1<). 8. (/- - 10)-' -.'](;

3. a- (/> + '•)-'.

6. 4(1- {2u - hf.

9. (/--r)--8(i.

"-
• l<i}> 4- //-' <),-'.

'-'
- <i- 2l>r.

" - :''/.' ^- //-'
-1.

1
''"

2.'.//--f-.!<>,//,.

20. //-' 4 2iih )- //-

11. (;!(( -.-)/;)-' (a^h)--.

13. u- //-' - 4,-' + 4/>,-.

15. 2I>. h

17. '/-'.

'- <- 4- (f-

y/-' + 2iil>.iii - 1.

21. (/- />- + ^

19. A<th 4it- //-'-(•_>•)(•-.

- ' - 2nl ,1'.

il- f 2c^ + 2hil.

22. ^»-' + 6-' - r- ,/-' - 2ah , 2ci1

>3. 'r' }>^ a, - 2M.

,"&
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120 Elkments of Amjkuka

24

25.

26.

27.

/- - L'/

• )./• f • I
)•--

1.

>)' 4(.<- + ,"))-.

2..--
- ;!..• (r- AO)'

142. Trinomials which are the difference of squares.

Ti'iiioiiiinls liiiviiij; two terms wliirli ai'c rx 'cf .s(|' -nv,

may soiuctiitu's In- fxpivssed us tlif (nffert'iici- of .st|ii,iiv«

Hiid tliiis lif n'solv«'d into factors.

AV. /. f< ' + <t-li- f //' /(• f 2(/-7>- > />^ .•/,2

^{u- + h' + (ih)(a- + /.--ab)

- ((I- + (//( + //-)(«-' - «/; 4- h-).

The srtidt'ut will ol»servt' that the ahov

Kx. ;{, Art. 140. n'V.-r.sed.

«' i.s siiiiiih

.'</''i

{(i- + 2(ib + 'Sb'^){a- -'2ah +

Tl u) square terms (/' and !)/<' suf.^gest {it- + :Vi-y-. Tlii>

iiieludt's (w/-7/- as a middle term; the given eyjir

lias only '2i(-h', tlierefoi-e An-li- niust he subtracted.

c-sKili

EXERCISE XXXIII
actor:

'><!' + 2(1 -h- + bK

-\<('+ lh<- + 2.").

(I' + Ah

9. if* + :\j--if' + 9//^

11. o-

J' + + 5».

4. f/' + .")'»-7>- + %'

6. d' - -'xt-b^-hK

8. h(' + l.

10. II^Jr{'Ab\

12. (Y' - 10</-7(- . ':l/,i



FA(T<)KIN(i V2\

13 !'•''' 4-i.i'ir -I- 4y

15, I'' :{7..-//- •'/'.

14. 2'ui^ ^ 7\<i-i' t t;i

16. (II f h)' i-4(a /»)'.

17. {II f /*)' f (M- />-')- f (// - I,

18. (f/ 1)' f I.

19. II* f /*' + /•' ^irlr 'Ihr-

MI.SCKLI.ANKOl '.S K\A.MJ'I,KS

143. Tiif |»rinci|)!('.xiilr('ii(ly ex|»rc,«si(l may he coinhinod

ill vMiimis ways and ('Xt»'ii(ic<l to coiniilicati il •xim'.'isionH.

Tlif L'nmpiiig inctlnMl of Ait. \1\ may he txU'iidt'd to

;.'rnu|>s of tcniis coiitaiiiiiij: a conimoii Mnoinial or t n-

lldllllM fact or.

Tlic student 8l>'jviid, however, reserve tl le jrreater part of

til-' fnllowinjr exercise for a second readin<,' of tlie sul>jeet.

Ex /. I'actor - //- + IIX - nil.

lie terms m:iy In- arraiijrcd in two jrroups, each con
taiiiiiiL' the factor x If-

IMS X- - //- + iix - III/ = (X- - y') 4- ,i{.r -
if)

~^(x - !/)(x -i- 1/ + 11).

'[]„ principle of Art. 122 may !>e extended to the pn
lint if trinomial factors.

Factor •.!./•' + l')/-' -Tyr 1.

ive 1)..^+ 1. )j' - -yx !=(!)/' 1)4- ')X{uX- 1 )

(;i.'-- - 1)(:5..--+ 1 +o
1)

.')

= (;5.r-' - 1 )(;{/-' + ,')., 4- 1).

/'.
-'. Factor 2j- -()//'- + S:-' - J-// - .Sx: + 2//:.

lit factor the trinomial containing x and v

i !• > 2.'- xf/ (),(/- -^ (2r + ;;.//)(/ - 2//).

er
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\'2'2 KhEMEXTS OF Al(h:hi;.\

To riicll of IIh'M' f:li-|i>|> jltliH ll .1 liTIII ii »HlilillillJ.' C. 'I'l

|iiii(|iirt iif till' (wo icniis adili i| mii>t lie S;'. jiml from t!

liTIII Si- \V( M • tllilt tiirV lini>t Itotll In- llri.'!lliv(

trial Wf liinl that I: aildcil tu tlif (irst fadur and J.

to till' sccdiid jiivc till' ri'(|iiir(d prtMliict.

Tims Cljr^'^if - 4!){J- '111 2:) an tin faVtois rf<jiiii..|

EXERCISE XXXIV
Factor:

1. a- h- - (ll + III

3. J- + '// + n 1

.

5. Ui' + ihr .>ii

7. //' 1 f a(<i 1 ).

9. (// +- 1
) - 'Ufiif +- ::

11. (ah+ 1
)-' - (a + li}-

13. .(
» - •> ,-'

15. '(' -7/- + /,'

17. .'' f l()/-y- + 9//'

19. X(i' 'In- Cmi

21. /^' + («-'+
}.

23. (<i - l)'-f-4.

25. irh 111).

2. '/ « ll' f A.

4 '»-' 4 •$'/ 4//-' + (i/>.

6. "' /'' Inbiii' - h-).

8 "' * 1 nut 4- I ).

10. //' f 1 t </('/' // f 1 )

12 {iih 1
)

'
'/' /»-' 4 •_'"/

.4. j' :!.'-+ 1.

16. '/' 1 W/-7<' + /,'.

18. ..' + l(lrV+^ *.'/'.

20. l_>/- + :;r !»j-

.

22. //'+ }.

24. ('( + 1)^ Hi.

26. 3 (/• 4- '.\ltl>

£,"
. Ill' + II iiini III- + ir).

29. <i* lA' \-ab(-lii- + ah)

31. '/(I (-) r

28.

30.

1 <i-

iir + ir + iiini nr 4- //

J'' - v' + .!•'/( -J"'"' + J''/)

32. ( 1 + n)-( 1 ^ /-)
( 1 + r)-( 1 + II-).

33.

35.

•>A 'M.>-- 4- /,/,' 34. -f- 'ln.r^ + ^f
-'.*•-'

- /»'.

37. 1 + // - .(•-'( 1 - V) ^ 2

39. (.t :.'• 'J.)

//' + 1 . 36. '(-V;- - 4'(-'' - //-' + 4.

n/. 38. 1 +// - .'•'-'(
1 -.'/) + ;

100. 40. .'•' + (WfA.r' + S^»-7>-V



A<l<»HIN(i 12a

41. (// - /')" -t i'»i/.{<i /()' -- Hti-f,(ti I,]

42. (11 + hy iUihIa f /*)' f Sn'h'iii + h

/(j +2y)-' ifC^r + ,'/)' 44. t -''/)'
.'/' -J"

45. JiJ- - 2 »/)'+ '/CJc '/)'

\il'lr - [li- + /'-' - '-')-'. 47. 4A-'r' (</-' />' - r-')

|8. I" h-)(r' -^ >)) + 4<lh.ri/. 49. (^/-' //-')(/-' i/) W/Z/.c//.

50. \{iih + III)- (a- + //-' r- il-}-

51. {<i' - h- - r- + //-')-' - Had - /><•)-'.

^2. '(-'('(--1) //-'(/'-' -1). 53. <ih(.r- - ir) + j-i/iii- -h').

' 4- ;?///>-' + '.)ii-h. 55. */' - /*•' 4- 1-' - 8*/-7> 4- 3'/'V'./;

56. (« + 6)- -;{(«4-/>K -4/-'.

57. (I- 4- />-' - 1 2r- - 2rt6 - ar 4- 6'-.

58. 6x- 4- 'Sif- - Sz- 4- 1 1 J-// 4- S/,'' - 2y2.

59. ('/ - ft)(//- - r-) - (n- - b-)(b - c).

60. (a - b){b'^ - r-3) - ((»•' - b^nb - r).

61. ( 1 + //)-' - 2/-'( 1 - //-') t- .'•'( 1 - i/f-

62. (14- //)-' 2./-'( l+!f-} + j-H 1 - //)-

63. .(-'(.r- - a-) - if{,J- - II-) + ±rji(x- -
jr).

64. \{n - h)(n - /•) - 'la(h 4- r)\ -'
- ((( 4- h)Hit 4- c)'.

65.
j {,1 - b)(r - 1I) 4- 2/ lib 4- fv/) j

- - (a 4- b)Hr 4- r/)-'



.
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('HAPTKR VTT

EQUATIONS SOLVED BY FACTORING

144. K<|Uiiti(>iis coDtJiiniiiK thr Mt|Uiirf or higher I)o\v(•^

of tilt' unknown <|ii!intity iKtur in many ilt'partnicnt- nf

inathi'inalical work. Tht-ir sohition in Hiniplt- cast- i-

convt-nirntly rfft'ctrd hy factoring. The following ax iuin.

ari' cinployod:

/ 1. Zero niiiltiplicd Ity any ninnlHT what.^iM'wr iriv'-

/«'ro as prixiuct.

2. If the prcMluct of any nunilK-r of Victors is /ctu, n\ii

(at least) of the factors is ztnt.

Expresscil in syinluilH these a.xioin.n i>e<'oine:

(1) If / denote any numher. then rx() = 0;

(2) If./// -(», theneither J- (>, or// = (), or if (r-2)(j:- :; -H

tlit-n cither r - 2 - or ./• - .» ^- 0.

/•>. /. Solve the ci|iiation .f-'-2y-=lo

S<ll.l TION

Bring all the terms to the lirst side of tin- e(iuat{Uatiui

Then 0.

Factoring,

Therefore either

(X - r))(j- f '}) = o.

() or jr + '. 0:

that IS .) or

The leaning of the douhle result is that two ditl'

values of X satisfies the e(|uation. In other w>)r(l-

e<|uation has two roots.

124

tvlit
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KgiATioNs Solved uy FACTditiNa ILT)

VkUIKU AI'ION

1
W Im 11 / - .'» /• - 2.r ,') - •2(.',) 2') - 10 |."»

1

J- :{ /- - 2j- ( -:i)- -2( - ;{) . 5» f d 1').

\ wliirli pruvts that f'urli vnliir foiiinl is II riMit of iId' ^iviii
" i'i|ll:ltliili.

/' '• ^olv Jrijr l)f;!(r-2) (•lr-;\)-.

\
1! viii;r hnu'kcls. r- - / + ."Ir (> \r--\-ljr^\)

\

< nll.rtinjj tiTiii?'. -;{/-+ 1 \x l."i ().

' l»i\ iiliiiir liv - 1 '!.-' 11... 1 -. n

K:i' I. •iiijr,

Kiiihi wliicli

{x-:{)(;5., -.-,) 0.

iir

EXERCISE XXXV 1:}

n!\c iciiialioiis aiul vrrifv each root.

1 ' fr >.

3. / Iir -40.

5. <^Af = m.

i 7. :^.'-4.r-«).= 0.

9. ' - 2)-' - ;5(.<- - 2).

11 :;i.- -10) -.(-- + 2.

13. 25 (>.

2. x- - r = 1 2.

4. /-f-2.r .T).

6. .r--82 Jr.

8. (r-3)- = .r-l.

10. (./•- 4 )--")(..• -4).

12. (.- -8 )- + (./• -4)- = (j:-2)-'

14. .V -2<V - (I.

15. .

-
,

- ;i)- _ ,V- -f- (r - 4)-. 16. (x + ;})- + {.'• + 4)- = (./• + ,

17. ^;t= 10/^.

if le

21

23.

^0

= 0.

18. (/•- 10;-' ^.9/-

20. ..-'-(..,•' r-f. 1.

_'.. - X ^ ')
22. <i.r -la- - {).

hr ^ „/,.".'•
-I-
(» ^ nil 24. (U (I- f i»A - />,/

2ru: + '/^ - b- - ( I. 26. {<i + />)r- = (u - />)(»,- - «,-')

m
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V2(\ KlKMKNTH of Al.OEIiitA

I'KOKLKMS

146. l]'|tiiitii>iiM nf tilt' sccoiid ilctirt'*' an- i>f fiiju.

(KTurti'iiri'. ••w|H'«-iully in tin- solutimi uf jitfuni trixj

|iri>li|i>tii>«.

/.v. /. A ll<M>r U> fitt loii^; aixi 12 f*"**! wi«l«' is (nvirH;!

Ky a riijx, cxtt'ptiiiji a iiiiifiirni I'uitli'r, \vIjom«! ana u o;|

Hi|uarf fttt. Fiiiil the width of tin- Inmlrr

l«i II

'

•Ti

ID -2J

.1 Kim

(

Let / till' vviiltliuf flu- IhiiiUt ill fe«'t,

tlii'ii 12-2.»- " " " rug "

anil Hi 2x " Inigth '• " "

Now area o ru^ -i- ari'a of liunli-r -^ area nt tlwr

that is (12- 2/)( 1(5 - 2/) + 'rl = 102

Siinjilifyiu>;, 4j- - .'»(»/ + .52 = 0,

i.r /-•- 14./-I-18-0.

Farturiiii:. (.' - 1 )(.<• - l.'J) -O.

from whirii .c - 1 (ii- I'-l.

Till' vahii' 13 imist rviilciitly Iti- n-ji'ctt'il as ina|Mi!ir;i! -I

to till' |irolili'iii. Till- width of the liordrr is. tl nfiir'j

1 foot.

/v'l. .'. ir M si|naii' and a rt'rtaiijjlc hav«' the sai |'^"|

imtir. siiow tiiat thi' square has the groutor area



^s

KglATIoNH SoLVKI) IIV Fa< TOKINU

I ' • -' a wiflc of till' Hinijtii
,

1J7

Uli I <t <t till- l.lijrth iif fill' rrttjitiulr;

till II. ( «/ •• wiilfli

Niiw till' ;iri'ii of the xijiiiir. ,
.

ilnl till' :iri';i nf tl|.' Irctaliul.' (, f i/HX -»f)

'
' .'/

;

thin fur.' the jin ;, ,,f t|„' s.|ti;,rr i~ il,.. ^ivalrr l.y v .

^ " "f ""'"iiiviiMMl is inriiii,,,,.,! in till Huhitioii
lut It i- t.i. itiy iissiim.MJ tluil all iiiraHir..iii. ni- an- l.asr.l

1)

III till -aiiif unit.

I

EXERCISE XXXVI

1 Fill.
I
tw., ;itnnlKrs wh.isc pr-xlii. t i^ loO, ,,n. nf fli

iiiiil.rix iK'in;; two-thirtls ..f tin- otli.r.

'2 Til.' siini of two nimil«Ts is ].". aiMl tli.' ,snni of tl

\»\\>'^ is 1 17. Fill, I thf niiinlMTs.

ii'ir

3 Till' .litTcri'ii.-i of t wo niinil.ns in _' an.i th.' siiin ot
till II >.|iiar.'s IS ^nat. r than tli.-ir |.ro<lii.t l.v l_M. Kind
till iiiinilit'i'

( 4 Til

if 1

1

tlilV.f.'iicc of two iinnihcis is •> ami tl !'• s.niare
il ir simi IS ^rn.at.r than tlu' sum of th.-ir >.|uaiv.s hy

I ill'! till' niiiiihc-s

'"> The liitVcniu'c of two nmnl '•rs is (1. ami if 17 h
"I'i I to twin, thi' siinaiv nf thi' 1..SV. th.' Slim will ...mal
'In jii.irr nf i|i(. t^rrat. r.

'6 Tl !' .'iiva of a s,n,;,n. ui|| 1„. ,|niili|.'.l l,v aij.liiHr (

1/7

' '" the IrllL'th nf

jTisi'iil aha.

one -ulf an. I I f.'.'t to tl tl HT.

Il' iiiin I'x r of Miiiarr fed in t|

-'li • tli:

H' an a ot a .-i|iiarti i-

tlii' iiuiiiIht of liii,..,!- f.'i't in its iicrinn't. r I.

IIIU till' side nf thi' s.| nan
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IJH Kl.KMENTM or AUIKIIKA

8 A nrliiiinl.- iw i fi'ft lunj^rr tlijiii \\i«l«', nii-l if I f.

Im- imIiIimI 111 iK.th l.iiuth iiml wiilth it- una « li

iliiuWU'il larking: 4H «.|iiar.- fi • t Kin«l it- i. i»ut.

9. The |M riimtrr nf ti r«-<'taiiKi«- l>»
"<> ff«'t ami it- mi

.'MNt .•..[iian' f«'«l Kiiwl it!« l<n^th.

10 A pitliirt . ill' liiiliiiif it« fraiiu . i« '-'" imli. -

ll)i| III iiirln* \\\i !<•
; tlif una of the fraim- i^ <'•*<

iH.ir.

iii(h«'»«. Fiiul the width uf tli.- fraiiu .

11. 'I'Ih' |MTiiii«'tt r of oiM' Hi|Uait «m cid- that uf .ihuil

In ;{»• fi'ft. an. I tlif ana of tlu' jfr. attr i- 1 M|Uap v

than "{ tiiiii'H thf ana «>( thf ^*nlall<r. Fiii'! tiniorc

Hnlt M in ftit.

4 12, The ihaL'onal «>f a r«<taiiirh' in 1 f<M.t li>ii>:'' ti

f till- f*ii|»s aii'l S f»Tt liaimT than the othtr Ki
«>n<' <>

thi' ari-a.

13. The <liaK"iiJil "f '> n <tan;rh' is 2."> ffit ami l^ - -

f th«' (»tlnr tvvii Hilll•^* W -W U'*'t Kiml tin- ni.hs.

14. What must Im' UikiT. from ImiiIi l.-nvrth anil vmi

f a tifl<l 4<l n-ils loii^r anti :)0 rods widt to havi j> -t I

tho oripnal area?

15. The difTcrfiicf in the luU-s "f two lon-ut!

inttmrM is -VM. Find the iuiiiiImts.

16. Tin- difTiTfrnc in the ftl^'cs nf two cuIms i- 1
'

and th«' imiiilMr of r\\\>\r fot in the ditTtninr ' il

o

o

vollunics is fircatiT l>y "J") than thr niimlMT of s.p

in till' difTcnncf of their surfaces. F'ind the i'<l^- nt

snialler luhe.

17. The Ml f the s«|uaris of two nunil» is i-

tw ice their jinMliK I. Show thai the two nunil>er- lU-t

f-i ual.
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Kgl ArioNH S«>LVFt> u\ F ArT«Ut[.N'<J 1LM>

18 \ «<|UMri> tiiitl a r. . t;iiiiflf liMVi (I (.• -iiiiM |M riiiftt r.

,i(mI til. I.ii^th of f |„ r.ctiiii;;!.' i- •,
f. . | yr. ;.l.r tli.m a .j.l

..fill. -.|iianv M\ li.,w riiii* h .|in-. tlf ana uf || U' '«<|iiari'

\.r..
I till, aria i.f the rtTfaii^l. '

19 A nTtiiiiv'l.' i. M in.h.'H l..ii^, r liian \\\,\.- an. I ifs

.r.M ! ;:r.at. I l.v J H.,uuri' in. Ii.- than lia.f ih.- ar-a ..f

III.. -Muar:' hI,.,^,. |» riiii.t. r .,|i,aN tli- |..riiiMf.r ..f f|„.

|rn!.iii-|. Kiinl til. wi.lih ,,f f|„. r.. taiiujr.

20 A pirttir.. i- 'JO i,,,!,,.- I. .ML' ;.:i.l I J in.li,.- xvi.k
IWhal «,.ltli ..f frain.- iiiiiHt I., put ti|M.h it ,.. that tli.-

iinf til.' fra..i.' may !..•
,. ,,f th.- ana ..f fl !'• pi.tur.'

21 If th.' (hfT.r. II..' ..f \\\n iiiiiiilMrs i- „. >-h..\v that
I.' .lilT.niKT .»f th.ir -.nian-' i« „ tiin.-s th.ir sum.
22 If Ihf ilifTt nii.c (»f fw.i iiiitiih

It III' .litTcnii.T ..f th.ir < iil

Ih.ii ..|inm-» together with thvir i»ru<liKt

ra I- a unit, -how
ir . III.. « is i(|i,al to thi' -iim of

f"

»TB



OHAPTKR Vlll

COMMON FACTORS AND T-iJi^IIt'LES

HKiHKST COMMON .• ><)!!

146. Common Factor. An alfrt'liraical 'xi; > ion why

is a factiT of cacli of t\><) or iiiort' i'X|>rtshi(ms, is . iiinj

common factor.

Tlius Im/t is a comiiion factor of .'>«'/>' and (Ui-fx

.

147. Prin'e expressions. An <x|)rcssi()n wliicli \i.\-:

factors hut itself and 1, is a prime expression, :>n<l t»

expressions which liavi,' no common factor are sail tn !

prime to each other.

Tims (I + h. (i- + l>', are j)rime ex^ '•cssions. ani' "'/in,

rd, X -\- y and x - // are jKiirs of expressions prime \n vy.

other.

148. Highest Common Factor. The hij^hest i umn

factor of two (»r more aljiehraical expressions i< ilir v

pre.ssion of tho hijjliest dej^ree and {greatest iiiMiir!;;!

eoellicients wliich will exactly divide each of then l!:|

evidently the pro(hict of all their common yrinie t :> t^r-

The litters II. ('. F. are used as an al>l»revi:i luii
•

highest cjnmion factor.

Ex. 1. Find the H. ('. F. of 'M)(i'lh\ -iruih-c ai; '!•"

'M)<i-I>'r -. .') X 2 X 3 X (i-Pc

i'tdli-r :
.') X ;3 X 3 X (ifrr

f)()//-V'- - ;") X '2 X '2 X .'> X // ('

Now the factors .") and "> are common to all the ii iiiMn-

eoellicients : A- is the hii.die.-t power of h. and <• tip lii::i"

i.;u



Common Factors and Miltii-lks l.'U

i".ui I (if r (•( million to all the rx|tr('ssions. ThrHC !'

IS tlirii'fort' l-yh-r.

/ .'. Kind til." 11. C. V. of a- > a/>. nh f h- i„i,l „ //-.

I'a( tMi-iii^r, we Imvc /»-' + f//> = ,,(,/ + I,)

(th + h- h(ii + b)

" - /'-' - ('( + h){a - h).

Till only factor coininun to all tlirfc expressions is <i +- /,.

\\t\\r\\ \-. tlitreforc, till U. ('. K. rc(iuircil.

149. To find the H.C.F. of two or more expressions.

I
/;,-../,, ,,„/, rrprrssln,, intn Its primr fnrturx ; ni,<l t/,r

'-

l,n„h.ri „( all fhr rnnniin,, fn,/nr^. ,nrh t'drn ivilh thr Imrrxl
fjmiH,,! irhirh urriirs in mi;/ uj thr rry/zv-sx/,,,/.... /., //„. // c y

irijiiirnl.

150. Highest ConuiK.n Factor in Aljr.'l.ra cornsi.onds
|t(i(;n;itrst Conmion Measure in Aritlinietie. A dilTerent
imiiM is iisrd. hirause the word '

' f,M-eatest
"

* is not appro-
jpruit.- ill referring to literal expressions. For instance a-
[isef hi-li.r dcfrree than a hut not necessarily frreater.

J'f
<i I. a' j-, and conse.|Uer.tly a- is h >s than o.

|Siiuil;ir remarks apply to Least ("oninion Multiple.

EXERCISE XXXVII

Fiii'l the H. (". F. of

[1 "-/.' and />-,-,/. 2. Cui-h-c and \hihnl.

3. r,«-V/', l{)„-f>c- and 2(W-7/-.

4. 7{hff>\ 2S^/7,' and 42>i-fr.

-'''''. 'i<».r7/' anci 7-J.r>'. 6. .V-//- and : ;(!.///( r/ f /,).

7. hHn - /,] and rui/,i(( - /,i

Pe



\:V2

15. (('

Elemknts of Alcikbha

8. V2(i-I>'r and l-/ V f So/r'//.

9. \ \iirii.i- and 2i -//'/< Tnu'.

10. .)(/(> f 'Am III/ and mx// t nif-.

11. .')(f' f .")f<7i-' and In-lr + lhK

12. '('//' (j-7/' and ah(l{<ir - he).

13. 11- k- ah 2f>' and r< ' + Im/( -V/-.

if. ((' .")// 11 and (I- + ti •')•>.

I and «'--i- 'h» 1 J. 16. /' - 1 and .'.r' t '.

//' and X" .'/"• 18. r^ -( .r-f/- + fl' and

19. r" + .//'' and r" + r*,v' + /A". 20 j- ' f S and .-•' f t.

21. Sj'+l and -l/- + 4.r+l. 22. /•' x and r' + /

23. ./'+ 1 and .r' f •ix(j- 4- 1)4-1.

o 24. "'' /'•' aiK' (a -(-/>)'-- "''.

25. rj.m' + ni//' and .')0*/' U •'//> + .'VJ//-'.

26. '/(»<4-l)-. '/-(<«-' 1) and -Idid- - ii -I).

27. /<(/>-' -'/-'). '/(/' '/)- and
i><i{l>- + l><l

-^'/ '

29. ('/ f i)-' (h + r)' an( 1 // '/4-'

30. iiliiu - ()(l> <) and />r(/» - //)(r

31.

32.

33.

2<<-/> -I-
'///-' - /'' and (>«^ + 'vi-lr + /<

.)X-// + J-//- an( P-.'/ + -^ir

X' ' X- an( I ;*,/•' + .V-1 oj- (.).

LOWKST COMMON MULTIlM.r,

151. Common Multiple. A common multiple t

or mort' al-ithrairal oxjm'ssions i.-; any cxpn'ssion 'i ^^!

cafli of tlic jfivcn expressions is a factor.

Thus Vla-hr is a common nudtijde of 2'», 'Mr. "'''



Common FAcroitH and Mivii LTii'i.Ks i:;:!

152. Lowest Common Multiple. Tl,.. lowest common
- multiple nf two nr Hh.iv ill;.'.l,n,i(:,I (.v|,|rs>i, >< is 111,.

- .v|.r-Moi, of l.mrst .!r^rn.<. ;„„l sn.allrst mui.k ri(,,l ,-,.-

.Ilici.Mts of whi.l,-,,,,-!, of tl... ^rivn, .xi.ivssions is a
t.ut.M. It .'Vi.l.iitly CO., ;,ins „ll the pril.i.. f;„.fnrs which
IliV Ul... of the ^ivcn CXI..V.ssioi.S C01,ti,il.>. 1m. t III.

m11|.|>.

Til- letters L. ('. M. a.c „sc,| as a.i ahhrcviutio,, for
g l(p\vi -t eoimnoii iii.iltipjc.

I A> /. Find the L. c. M. of 2ah. :Ur an.l iuir.

I
T\u .xprcssion (;<//><• c.mtains all the factors fo.....l i.i any

t:o!ir of the given .xprcssions, hut no other facto.-. It is

tlu-.vf..iv, the L. C. M. i-c.juiied.

.
AV

.' Find the 1,. <\ M. of ,S„-7>. ]->at>-\ 2()frr\

_^
The literal fartors ar.' ..vidct l,v inspection; the

-^hiL'lust pwwers of ,.ach whi.h occur in anv one tern, aiv
' I'. ''. Till' niuniK
f,ict(ir> are 2\ 2- x ;^ and 2

rical coedicients expressed as
|
inn.e

til e hiuhest poweis of
" " l"»ig 2\ :]. .-, The product of all the fact<..-s selected

1^1.%-7/Vi, is the I '. M require^

-/. f:'

Find the I,.
(

'. M. ..f „'l, "' 'I'h a. id

.5--

f-.-

y

art "ing. we have ti-h ah- -^ ah(„ ^ h)

Th. ditlVrent prime factoi-s. each tak
•urring in any one expit ssion.

1111(1 II I,

ir'-Miiin i!

til to the highest

are <i'. f)-. It -f- 1,

Their product a-h:-(n- ^ h-) is tl... L. C M.



1:54 KlK KNTS OF AUiKHHA

153. To find the L. C. M. of two or more expressions

/,', ••itli'i' tin I I nil >siini.> mill till II' 11111111' Imiiiis; uml lln im.

iliiii III (ill ill! jirimr fmitirs^ nirli Inkiii In llir /iii)/ii >i i.m,.

(HTiimiii/ in iiinj mil', rxjin •<f<inii, in II hi- thf I.. ('. }f. II 11 II'! I

v.'

r

EXERCISE XXXVIII

Kiiiil tin- i.. ( , M. ..f

1. lib, /.

3. t)

ic, iir.

1 .')«>. •_'()(

5. (I- + oh. Ill) 1

1

)-, II Ir.

2. -lii-hi-. Willi v', {\nli..l,

4. 21 /-///'. 'iS;//''y/'. .".i;„

6. '// jr-. II - iijr. II-.I- '1/

7. J- Jt- 1, 8. 'Ix '1. :.-• f 4./ \

9. il->r'lh. (I '111. II- Ah-. 10. ('/+1)-'. 11- + 11. Ii

11. 1 J-) 12. {.»• //)-', J-' -t- .III I'l

13, Jr. .V--(-1(Ia :!.f' + ()X. 14. 1 -'_'./•. I +-.*-. I

15. <l- - II h. h- iih>. '/ - '^
-

•^16. '/•' l>\ a' + ilh + lr. II - h.

17. 4(x- If-), (>(j- .//)-, 1 0( J- + //)•-

18. ;{(/• X-). Aix' .r'), ()j--(j- 1)'

3 ,.3

J

19. J"-' xif-. xij- + //•

20. X- - '.).!• + 2. .r- or f (

X-IJ, .11/- X-i/.

), .'- 4.1' <- .).

21. ai.r-ly-. iilrix- \). ',ih(x- + x 2). r,<ih(/- Jr :h

22. X- - (n + h).r + nh. .r- (h + r)x + In . X- - (il + r)x

23. II -^h, (I - h. 11- h-, (1-^ h'\ a* + n-h- + liI'. If

24. x- - .').,•
-I- (), x- - 4. /- ^ !». ./•-' - .( - (J. .1- + X - (i

25. {ii- + nh)-, (iih-lr)-, ii'h-(it- -h-)-.

26. 12/- - ..• - 20, 12./-' - Jo.r + 12. 1().»- + S.r ^ 1.").

27. li- - h- + r- + -Inc. ir + h' - r- + 2n/), />- + c- - n-

28. 2(.'-' - ] ) - l.r(r - 1), ;{.,(., + 1 ) - 2(.r' + 1 ). ..-



I'O.MMU.N F.\( T()U8 AND Ml I/ni'LKS IX

IIKillKsr ((»\IM((\ K.\< Tor
(I ONTINI Kill

154. When Ihr factois uf tl

liva liiv Im' found ill the oidiiiiirv wav, tlicir

K' fiivcii cxincs.'^iniiy caiiiiot

iiiiiiiiuii f;;<'-

dWlll"-;t-r^ if .my, iiia.v he foiiinl l.y the aid (.f tli.' toll

lin: iph-:

1 If one cxprtssioii is a factor of aiiotli.-r. it will ul

^1" a fj tnr of any iiiiiiti|il(' of tin' otlii r.

Tim- ' is a factor of M,
; it is also a factor of j.V. ;{,

so

".''.

2. 1 1 Miic cxprcssiprcssioii IS a tactor (.f two others, it will

factor of the sum or the diir.'reiice of uiiv
piiii!li|i!' - of the others.

e any multiples of
Til is a factor of (i.r and /<.< , t:,k

Iir«c, ,1- llKl.r aiK 1 /(/;.

err

ii '/(//.' ^ iif).r ~.r{ii,(i + „/)) -Mul lun.r „/,., .,(//,</ „fj).

expression he dividi-d hy aiioth'T. the re-
if any. will he the difTeivnce Im tween the dividend

Mill

'1 a iiiiiltiple of the divisor, and will therefore cont;
3i:t tJH' ta

^Uiirji ( <i|i

tors of the orijjinal expression

it 17.'- he divided hy 8.c tl

tauis the common fact

un

ic remainder is 2.r.

or .'.

Ill- CO] nnion factors of two expressiniis will not h
iiiL'"l l.y nuiltiplyincr or dividiiijr cither of them 1

!"!
I 't contained in the other.

i'liu- li.r, l,c,l have th

iv a

c common factors "•; remove <

fiii'li - not a factor of ah'>(. or multij)ly ii!>c hv r ; in
'^i'H la- the same common f.actors. be. re

ic general mode of

main.

155.

Iiriiicil, is to ohtain from the nx

ipplying the preoedinjr

vcn exnression.s oth.e
tM'ri-.-us of a lower d.'gree. which still retain all tl le



i:u> Kl.KMKNTS OF AL(ii:i!l!V

cntiiiiMiii iMiturs. as silinwii at l« n^rtl, in ih,. fu||,

<xaiii|il( s.

/•> /. I'm.l til. II. ( . K. (.r l-Jr

'All,

•").' + 1
•_».

n V (ll\l»lii||. I-' I:

•J(i

20 1

.'I I II

I

•>.' •)

IkciiiaiiKlir. •2\r :',2 SI

< rm,-TIh' n'lnaimlt r cuiitaiiis all miMiiinn factors; it al-.

tains the factor s, \vlii( h is t-vidcntlv imf a (Miiiiiiion ladn

and may tlicrcforo 1k' rejected. The oidy reinaiiiiii); lai t,.:

'Vi }, must lie tlie common factor if there is oih |;

a<'ttial division we fiinl it (Hvides 12r-' •_'•").'+ I •_'
; it al~

divides 24.'- ;L*. therefore it divides their sum. ulii.li:

the other L'iveii ex|iression an<l is the 11. ('. F. rt'tiuiivil

/ur. J. Find the H. ('. F. of \(i- ^ ii 5 and 4.; 2

8o f I

.

An' + 11 .") \ii ill- ><! + I ((

• ></- f Zil 4- 1

Multiply l.y (. Art. i"d

12'/-' + .S(/ 4- •}

\-2ir :\a + ]:.

Reject the factor 11. Il„ 11 ll(</ |). Art ;.".-i.

'( 1 4r(-'+ a } 4a i-
'>

»</- 4ii

The II. ('. F. is. theivfi Ic. I( 1.

The first remainder is multiplied hy 4 to render ;;> tiN

term exactly divisible })v the lir.st term of the divi-.r ;u.;



Common Factoks am. Mn/ni-i.Ks i;{7

thii- :t\<ii<l nil friutioiial ((MHici.nfs. This d
lUur .1 new t'Mllllllull fMrfur. sillrc 4

<\\\\~»r. AKiiiii, I I i- reject. ..i fn.m tli

till- lines not reiiiuve ally eniiiiiioii fact

'>e> Hot iiitro-

ix lint a fartur df the

le second reiiiaiiKler

;i liirl.f of eithe: «if tl

or. siiict 11 IS not
le original e.\|iressioiis.

/•••. •/. Fiixl th. II. (• K, of

1-1.' + •_'!.

I-""' 2;{r 21 mihI

foil owiiijr 1- a convenient arranp-iiit'iit of tl le work:

;t'-'- i;}.r-4-2;;.. 21

10 '-
-t- (

.'

'-'4- 10.

.'•- Mr f 21 J

2«i''f Ui.r 12

!t 2:

10, +
11

I ii'iu the lirst remainder the factor !»

f n-^iilt is used as divisor, tl n' ori'Miiai

i|i\i( i' ii'l iind the two terms of the result

is rejected
; the

divisor liec(»niinir

oeiiii'

iiij,' <|Uoti(,'nt.

lOjl

phieed on the l,.ft. The process is thus
tii.ut'd from left to right and from right to left

litiiiiatelv until a

'livi-..r :ir ^.7. is the H. (
'. F.

zero remainder occurs, when the last

re(|uired.

i- Find the U.C. V. of }„,• |(»,M +(i,,,. and
".'/•

""
,'/ • is,,.,// 21

K li expression contains a monomial fnrUn:

'•'"^ •!"'•' I<»^/r- + (i//.,' 2'r-( 2/-' -.'.., f.-t,

:\a/-,/ i- 1 Suj-if 21//// ;;,/,/(.,-' 4- Cu 7).

'"'I'l'iitly
// is u coinnK.n factor. I.iit 2- and ;!// are

'"'!
' -niiion factors and may l)e rejected. The II. ('. Fc.f

th'- -Milting expressions may he found in the usual uaN
1. Therefore a(y - 1 ) is the U. V. F. iv.niiivd'.



Kl.KMKNTS (»r AlAiKli l!\

156. It lias Imtm >.|iti\\ii (Art !.')(») that i h Ii icimmi

iiiiitaiiis nil tlu' ('(iriiiiioii factuo. \\ < sIkiII hhu -Im.w

the l:i>l (I visnr ii)Mt.lin-> i;i-tllill;.' l>llt culiilliuli f;|(|.i|-

I" tii.nfo.f tin- II. C. I".

I..t .1 aii.l // 1 H' aiiv t\v<i alL'i'l»rai( al
/; I

i'\|>rrssi(in> : ilixidc.l liv li. !> t // Ke tin' />

i|U(itii'iit and A' tin- niiiaiinlrr, ;i-i iiiili( :iti'(l
j^,

ill tlu' iiiai>,'iii

Tl It'll

and

/.' .1 i>li

A i: . /./f.

Now from (1) v\rT\ factor. >f .1 ^iml H i> ;i factor of i: a\. 1 /;

am C. /.' U

Therefore the (oniinon factor* of .1 ;iml li are tl

those of U ami li.

A II

le ^.lli ;i-

In the next step of the process li hecoiiies divisnr ;ii I /;

le coniiii '11 \M\idividend; it therefore follows that tl

ea<-li divisor and its dividend are the same.

When a zero remainder occurs, the divi.sor i- a fail i mi

the dividend and con.seciuentjy the II.C. I', df it-e|i i j

the dividend. And since the H. (. K. of eadi ih -
>i

and its own dividend is the same, this last divisor i- i!.'

II.C. F. of tl le original ex[)ressu)ns.

157. The II. {'. F. of two alf;t'l)raical ex|pressi()ii-

iiot corre.spond to the (i. C. M. of the numerical vah

the expressions for all values of the letters involved.

The H. {'. F. of .(-'+8j"-i-7 and ./- + (i i + .") is .c 4-

1

Now the numericnl value of ./• + 1 will ahvav-

factor of the numerical values of the n^iveii e\pi-.

icv all values of j\ hut it may not he their greatest

nion measure. If '• lie -1. the expresjiions hecome i'

21, and ./ + 1 =3, niul this is their (i. ('. M. Rut if

>\\\-

Mini



<'oMM(>N FacToHH AM) Mil.TIf i.r.s i;{!>

r^irt 10 iiiitl ;!•_' :ni<l . 1 J. nliK I

lit iM.I tilt ir (.. (' M. Til

I l> :i ' oiiiiniiM I'll fur

' i\|il:in.itinii li.-H in t|„. f,i,.t

h.ii tin- icniaiiiiiifr fiicforM of fhc t \Vu cxiinv-inlis I ( 7
IIHl •. arc pniiir U> .ai li ..th.r alK<'l"iai< allv Ixit ii..f

ilhnntically. In utlitr w.niN, tlnv 1

titui f(ir all valiHs of .., |,iit liav

..irti. iiiar values, i.r., when ., is an n.M niniil

Air.iiii,

lavf no (uiiiiMoii

< Ji <"'>iii II fartor fur

Mf.

.X|.ivssi(.ii.s wliirl, h;,vr facfois aipl-iai. ;, Jh
Ml, IV licciiiiic pniiit' mmiiricallv

till- r- 1 (' f 1)(.'- I) f..r all val

1 3, a |ii'iiii<> niimlM T. In tli

'hiwIih' •> ami I ns|HTtivtly. fiirniini' tl

IK'S (if ,, I, lit if

is case tli<- facton

Miini'rr.

158.

MlHMI-

H llif same |inriM

..• pnicfss f.ir tindint' tl..- II. (', F. is frciuentlv
very artifice jxrssii.lr shuul.l l.c cmpluvid to

K

I'vviit tlic introduction of 1 tr>re numerical niultiplic
iiii I" reject from each remuiii.ler aiiv factor whi.ji is

i'i.ntlv not.'I part of the II. C. F. Two points deserve
•II' I'lii .itteiition ;

1 A multiplication may sometimes l.eavoidc.| l.v elimi-
.itiii-' tli.' lowest power of the leading: l.-iter, inst.-ad of

'li'' l.i.'hcst. If this he done, a literal fa.t(

N' >lni. k out of the remainder
1'.' in tlie following exerci.se.

2, If a remainder (.ccurs wliich can he facto; e,|, the
^;irt,.!- may easily !„• t.'sted in succession. Kxamples 13

'
'

"'
•"•' t'speeially adapted to this mode of solmiun.

159. The H. C. F. of three expressions. Tin fl. ('. F.

• T may always
f^ee examples .">, J)

:tl l|. . ex pressions may he found hy lindinjr the H. (". F.
1 n\. nf tlieni ; then the H. ('. F of i]u- v;^:.'

ill in
' '^ill hetlie H. C. F. of all.

I « ... I 4 I

it aiiii tiu

hr.

t^



tio Ml.lMKMM OF Al,«iKIU;\

I..) .1. ti, (• )m- III. Il in<' txpri-HHiiinH, /' ihr 11 <
\

..r .1 aixi n . iii.ii /» i-^ III.' II ( F. ..f .1. /{. :iirl '

• ir t \ ( rv fli lor of /> illnl c !•< .1 fiuior of .1, /.'

ami tviiy fm lor of .1. //, mul ('
i-* u fartor of l> .inl

Tli.n'fon- /> if* tli.- H ( V of .1. It, iiii.i r
]

priKtMH limy tviiimllv 'r txtimliil |i. .'niv iiiiinl.. <

^•Xjlr^<*-ion^.

EXERCISE XXXIX

Kin.l llf lie. K. of

1. 4..-+ UVh II aii<l •_*. 12.

4r' + ;t. HI iiilil r' 2. il f 20.

4-;i (- f >( 1 ) ami r' + 4r- f •>< |>.

4. rV2,.' f / 4 an.l (••' +- .1- Z.!-

..-' + ;;..
-'

+- ").« ¥ :\ ami ;.'
' f .».!

-

j'
-f- L'.i- in, S aixl 2,r'4 >/-

+ 4/- ;{.

17- 20.

!.<• + .S and .V 20r-'-i-21.. - (1.

8 2

9. I>

-• + .), 22 r + 1"» and "ir + 1S.,- 4 10.

lit.,- f II, +

1

I an<l 10, l'.»r- + 2.,- f C.

10. 2r' 1.V-+ 10, and 22, -' + .'),
-I- 1 I,

11. .,' +.»./-' - • > am 1 f + :\.r* + .

12. 4r' is.,-' + 20/ (I an<l 2./' 12r' -(- !!».,

13. 11. *.» an<l 1.,+ Ib* + ,sl.

14. X* -r..H*+ i;V- - 12.,- + 4 and .r' 4.-- + S.,

15. <.)/+ ll.,-^' 2 and SI/' + 1 1.,+ |.

16. •V>.,•4-21 aiH 1 21. .')•').,'• + 1

.

17. 2.,' + *V + 14x + ;? and .'ir' + 14/' + !(., f 2.

18. 2,/.,-' (),».(•,/ -t- 4, » I/-' and o,/.,-'// + •I//.,//- -i'mi/"

19. (;,,-' + :!.,-'»/- lS.,v- and 12^j/ 12,rn/ - !,/«•

20. ,/•'.,'+- :^,(-V + 2,f/,- and 2,»-A.r-' -,»/*-.,•- .'{/A
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21 • t :{, .-' f ;{. jiiiil r l.r t r (].

22 / 'Ir t Ilr <;, r' '.ij- » 2<ly 21

illHl V I'tj-

2.t r' Klj-' t 'J ^' »
\()j.i

^ •_»(!/ lOr _M

•iiiil j' f 1/ -V Ir . 21.

24 /' ' iiii'l r I// f .(J-

I.KAM- ((»\|\|t»\ \|| l.Tll'I.K

II OM riNt'KIl)

160, Til.' I,. ( . M of t \\u (x|tri>>>i(Mi'. wliicli X |.:init(lv

uiihMt r.;i(lil\ !..• n-olv(«l into factors may \»- ol.taiiu'ii l>v

tir^t liiKliiij.' tliiir II. ('. F.

/. Kind til.- I,. ( . M. of / , > <i and '2j ./•'
'.I.

II. (. i . foinul l»v thf ord iiiiirv in.'tliotl

III. II l.v d IVISDII r +• ») (..

•> ,.1 /- + fi (.'-' 2.+;{)(2r + ;,).

Hi' I.. ('. .M. is .vid. ntly (.-' 2./ +;{)(. + 2)(2.< + :{)

161, '/'/» L.C.M. (,f t,,,, uhiihr.lirnl

l'"t illiiilnl //// ///«/,• //, r, /•;

I I jii I •'.si, Ills 1.1 thri

I I I and /i.l.iioti' the t\

' ' ' " and h d»'n.>tc tl

i>.'.\|tr<ssions. /> tli.ir II.C. V

I.' n'niiiinin^r factors of .| and li.

.1 'I I), an.l /; /,/>,

iliir.-fori'. m/(/> is tli.'ir I,.
(

'. M.

iiU Mi r/> X />/;

/>

•^'ii'ii. (•x|ir.'s.s.-d in wor.js. is tl

,1.1)

ic |»io|Hisition.

I'ractUf it is ni.>st convenient t.> ol)tain and
111.

hlvi

-lilt in fact.trs. as indicMt.-.l in tl

iiiiLr Art.

x|tr..s.«

IC c\ani!>lc of tii<

j"\j
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AiHttlHT mod. nl .xpn-KNiriK (he ••iiiiii' |irii|MM(itinii - if

fit||<iwiiiji

Th> i„n,l.ni nj ih, II r i\ ,,„<} tl,> I, I' M ,,f <i.. , /,

162. 'I III I, (' M of tlir<i' or iiiofr |iolviionii;il !h,

Im- ol.tiiiii.il l.\ ,1 r.|M atrd ii|>|>li<'iitioii of the prih ;|L

Jiln ally <X(in|.lilir.| Ka. h pair of tli.' s.v.tmI »x|»n -i,,,

iiiii-t Im' t.>f.<i f.,r r.iiiiiiioii factor*' Wlicr.' .m Hi. i

fa. for>- luv f..iiii.|, Ihf otli.r fa. tor- may Im' f.Mii i h

<livi>ioii. If two .x|.r."«>'ioiis liav.' ii.i iummoii fa.t.'i il,

prodiiit miwl I..' taken ai- fa.f.>r'^ ii\ the I, (
'. M.

EXERCISE XL

Kill. I tl..- I. ('. M. ,,f

HI / I .1. .r' 2..' f '2x 1 ai

2. 2r' f ;5,-' - S, :', aii.l r'+. 1,'f ,• c.

3. •_'/-
4 It,- f 7jr :\ Mini .!., '

t
.')., lor-f |.

4. '.I. J- 2 and :!,' jO/'^ 7- J.

5- <''•'
'
'/

1 l.'//- + (I,/' an.l (;.-' II., •,/ j-,/'-t-(i

6. u' + -2u'l, ,//,-'- '_>/,' anil </' -i.e'/, ,(/,- f 2A\

7. ,/ T'lA 11/,' and ,/' l,/7<f |,,/,- _ ;',//i.

8-
'

' "' '». '' 7' * (i and x' (1, ' 11, C.

9. 2'/' + ,//, (I,,-, ;{,('+ s,?/, f 1/,- and C,/' ,"»<(/> •

10. '/' t 2,r7,-^ '.)/,', „• „//- _(5/,-* and -r' ah'i-lU,

11. '/ , f- ,/.;- (!,-', (/ ' ,, 2»».,'^

and ,('-f2'(fc "»,(,-'

12. .'•'
;;./ , ., ;i, -J.,' .-,,-' .")/i f fv +. :{

and 2,' .trVJ
13. 2.' + ;;, :j.'- 2. 2r'-:\.,' :v, »

ami ,- +- '2.1 ' - .), I
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FRACTIONS

163. Row fractions arise. 11

I" I
i'\ Ml, ithi r caiiihit ;ih\.i\ » I.

ri>|iiii-il {>> 'lividi- 17 1

|Mrt'uiiiii il If it 1-

. I'V .. w. w:iv th.il I

II'- rial iiiiaiiiiit'. 'NV«\.|. uf tlii

!•• <|lli>llrllt

<i|>« r.ilion 1.

«li

7 ha- L.Tii «. |.aratt»l mt-i tw.. a«li|( mN, |.", ,|„| •_>. cf

I tlif fortiM !• lias III I'll i|i\ ii|i ,|_

the rvillaining' J is wrill-n with tlir .livi-..r li.n. alli

-Imi\v that ijivi-iuii is ini|><i--.ili

164. Quantity always divisible. Tin- .1 istini'tion w III

I'' t. i. ii. !• to <|i\i-^ion h.'twr.n a (iincr.f.- .juantily ami tli

iin :i,.r wlii.h r.'|.r.s,.nts if >|,..ul.| l.r .aivfullv n..t.<i.

^ I' 'i • f<'t luiiir may l>r tjividiil inf.» t

i'Ut HiM I (lilt- caniiit Im' iliviiliil inin t

wu < .|iial |>ait-.

\\|> rijllai JlliiUli

•I M na-uii tliat tlir miiiih.r ;; .annul ,„ .livi.lr.l liv 2

165. Definition. A f

'f ' I iiiinil>*-rs when fhr (|ivi>

niifion is the iiidicatcil <|ii(itiint

Kin cannot nallv ii

I' iiitil

Il II 4 II

ill-.' fra.t Ion?' Hit
Id

fract ions in furm Imt not iti rralitv.

['
,| ivision in an alpln-aif fracti on inav occonif

" tor >|,..(ial values of the l.ttrrs involw.l.

*i. I> '.', till' friifi

IH!

" f ''- .;ti * '.I
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"k:;

166. Terms. The tminlKT U) Ihj divided is cullr'l ih.

Numerator, the divisor is callod the Denominator; to-

gether they are called the terms of the fraction.

167. Meaning of a fraction. The divi^^ion indie ntil

by a fraction Imtoiihs iM)H8il»le when the fraction is iixil

as a co(!fHcient of a number which is a multiple oi ih,

denominator or of a concrete (|uantity capnlile of (livi-

sion. The nunierat<»r then l)ecomes a ninltipliiT nt th.

((uantity concerned, and the denominator a divixii- i.f

the product.

Thus jj of () means that »> is to nudtiplied by 2 ami tin

result divided by ."{.

Similarly '^ of a given line means that a line twit i a.

long is to be divided into three e(|ual parts. The di\ iMim

by the denominator may precede the niultiplicatinii hv

the numerator when convenient, the n-sult l»eing the >;iiii(

in either cane.

168. Negative numerators and denominators. WIih

either or lM)th the terms of a fraction are negative, tin

nmltiplication antl division, as detined in the pn \iou«

Art., may be readily perfornu-d. For the meaniiiir nf

nudtiplicatiou by a negative multiplier, given in .Art. (14.

II, is a|>piicable to both numerical and eoncret*' (|uain!tii«

The meaning of division by a negative divisor ivniily

folU)ws.

Thus a line (i inches long, ilrnaa to Ihc riiihr. vlirii

divide<I by - 3 gives a line 2 inches long, (h-airit fi, tin hP:

since the latter when multiplied by - o gives the iMi;:iii;i:

line.

Hence ^ of a line H inches long, drawn to tin ii.'iit

' >

is a line 2 inches long, drawn to the left.

W^AMm^^^^^^^M*
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169. Fundamental property of a fraction. Since the
effed of any numl>or ust'<l a.s a nuiltiplicr is ciincelled by
usiiiK the Banu' nuinhrr as a (hvisor of the result, a factor

.oiiiiuon to l)oth terms of a fraction may !« introduced or
rfjcctcfl.

'} ,-

Thus iuid "• artMMiual, whatever he tlie value of /

I

For the effect of the factor, r. use<l as a iiiultii.lier in

ithi^ numerator is cancelled hy the factor, /, used as a
ilivi.-t)r in the denominator.

170. Sign of a fraction. A sign, f or - , written
litforc a fraction opposite the dividing line, is the sign of

I the fraction as a whole, and must not 1m' confused with
jtlip sjirii of numerator or denominaU)r, taken separately.

Knini the rule of signs for division we have

a _ - (t

b
~ -h /,

(I

[uhidi shows that any tiai of the three signs may be
rhannc.l without affecting the fraction as a whole, but if

iin.v niic 1)6 changed the sign of the whole is changed.

Siniihirlv
6-

- a

"c-b c-b (I -b b -(I

Chansring the signs of both numerator and denominator
|is(M|nivalent to multiplying each by - 1.

'^

i;i:i)UciN(; fractioxs to lowest terms

171. Definition. When nun»erator and d-nominat^ir
hoiitaii! no common factor, a fraction is s.i .1 to be
ill it> lowest terms.
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172. To reduce a fraction to its lowest terms. /.'.</<

numerator auil dcnomimitnr into thrir prime factorx. njiri ,i/|

fartorx common to etirh, and the rexnlf, mil be thefniiilim in l;.

Umest ternm.

Ex. 1. — = ) bvstrikiiii'Mut the ronmioii factnrs //',

a/>-' 6-' •

^

,. ,
('-' - oh n(a - h) <i , • »i

K.i\ 2. ---
< hv rt'inovmi' the coiiiiiini

.(/; - h- h(o - h) I,

factor (( - h.

Ex. .i.

her - hr hr(x 1) -1 -1

be - hex- br{ 1 - X-) ( 1 + /)( 1 - r) 1 +

.

EXERCISE XLI

Rt'ducf to their lowest terms:

4.

10.

13.

16.

19.

•"ui-h

Woh-'

mb¥\r'

AHab-cy^'

a-' -a//

a- + (ih

am + inh

I- Im

ni-ii - finn

(('- - (ih

(')//- + \)iilt

So-h - ]Sh''

2.
(io-hr

lOah-d

p 24iYq*r'''

mOpYr''

8.
^'^-'

11.

14.

17.

20.

Hiah -2-ia,:

hi + hni

lu-f + onii,

h'rx - b'-r

h-r — h'-rx'-

tix'-i/ - ()J7/-

6x'V/ - 9x1/'

<l' - a-l)-r-

h'-r' - (('-ir

6.

12.

15.

18.

^2..

1 •')'/-'.'//

'l^VIXU

'Vlh-m',,

',Ul-h >}(llr

ahx - ii'^iij

•'.'/ '."

n- + III'

0-' + /

<( + r( '
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22.

25.

28.

30.

32.

,1'' - !>'•

ir - ah - 'Ih-

n- + nh- (Sh-

23.

26.
„- - (A - rf

24.

27.

(«+i)-+r

*f- 4- (»/> - <ir

(" -
.)•-- _ ,,1

I- - h- + 2ah

1

'I- + 2'»c

if

36.

38.

(1 +«/)-' -(«/ + .')-'

('/ + />)- + (» /-)-'_

29.

31.

33.

+ 1

2j-' + 2./- - 1

.1-^ - a.f- + h-.r - nb-

r' - n.r- - h'-x + 'f/>-

34.

o
^-

ib^-

-^ - or^ + 10.r -

' - 9/^ + )7x-

.r^ - r'' + 2

(1 ."w/Kl -2(1) n(ha -7)

(1 -;^»)- + f^(ft-:i)-

(„- ^hf-(h-^ „)(\ ah)

f)--a "ib)(n-'-h)'

12

;V-' + 4x-2

37.

39.

.r3 - Sx^ + 8.,

.I" - J-

8r'>-16/- + 25/-12
3.r* -8/---7J-+12

40.

41.
~h- + 2h(: + „ + b~

I-'- - 11- - h- + 2nh + h + r - n
>:»»

CHANliES IX THE FORM OF FRACTIONS

1 73. Changing i. fraction to a mixed expression. The
'iivisi,>ii indicated l»y a fraction may fretiuently lu' partially
l'trf,,nn(.<l, jriviiig rise to a mixed expression, the <iuotient
i'fiiiir

.
uiisidered iiite«;rul aii<l tlu- remainder forming the

i'"""" iti.rof a fraction wUh the divisor as denominator.
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AV. /.

/>;.'. ^^

'( + /(

= a-' - ll-f) + '«/)- - /<•' +

1 + ^.
2 . -»- ;{

J- -*-.'•+!

2,

.1- + . i

III Kx. 1 tin- rt'iiiaindcr. 2^'. Ix'inv; positive, 1h.(iim,,

tlu' imiiicrator, ami the fraction in joined to the i|Uuti,|t

l>y the hign + .

In Ex. 2 the rensainder consiHts of two terms, of uliii!

the first is negative. In this case tlie fraction ni;i\ i.

preceded hy either the positive or the negative siLiii, a-

written ahove, hut wlien the negative sign is used tln' sia;

of each tenn in the nvinierator must i)e changr<l. Ii,

Arithmetic the fra( : ; n is placid after the (piotieni with

no sign hetwt'cn, hut in Algel)ra this is not adnii"ili|.

since when no sign is written multiplication is nmk-

stood.

174. Changing a mixed expression to a complete

fraction A mixe<l expression may he reduced to ;i com-

plete fraction hy reversing the prcx-ess of the iin.,iliii:

Art., that is :

Mnltii>li/ tilt' iiitfjiriil i.riiri.s.-'iiiii h// the (h'lKiiniiniIni

.

jtindiirt (niiii.r (he mniiinitor, and nniler l/ir result

ih'i\i)miimtur.

'Ix - ;{ (r ^ 1 )

(

X- + r + 1 ) - ( 2.r

_

/- + .'• + 1 ./•- + .'• + 1

_ .r' - 2.»- + 2

.'•-' t .'• + 1

.

Ill ill.

Kx X- 1

176. A fraction whose nuineiutor consists of

terms may he separated into an e((uivalcnt nuri

separate fractions coimccted hy the signs which i

tlie terms.

illlliv!
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Ha- - ]-2<ih + •_'( )/>-' S„- 1 •_>/ , /, 2( V<-'

i4a/>
-t-

.

'24nl, -lAnh 24>ih

(I 1 .")^

That is, to divide a polyiioiiiiul l>y a iiiononiinl

ividf fiicli tf-nn in siicrossion. Art. S-l

\Vt.'

EXERCISE XLII

Uiiliu'c tlic following fractions to niixitl »xprt Hsions:

-2

I, + //-'

2. -^-I
II- + h- :\

a + l)

II + nil +

It -I,

.,' • >.i'
- + (;.,-:

.» +

1

'-+1
/•- + .'•+!

).r'

-or + 3 J"- - ((.I- - ii

iiiilucc to complete fractioni-

l(r

13. 1

1+x
11. \ -11 +

II-

1 +
12. ' + ,'/ +

14. 1

+ />

15. 2 »• - // -
II + />

16. +
// -f- 17. ^» +

' .'(< - ,)

II - i)

18. —II - •)

II + >

;'/-

•' + .'/"

+ 2.

i^

ng.

[21. 1

I 4-

1 - III,

b .'-

1 +.'• + .

123.
.'-' + J- + 2

20. a- -^ iil> + ft- -t-

2//-

22.

24.

.'/(.'

/-ha

r' - I

J

+ (i

II - /;

' + " "" .'/

-I-..--1.
.J ' ~ J ' ^

:»kV,
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25. 1 1 .<+/-' (i +.<•+
''

y

26. M - )Ui + Irlii - till f ' ]

Sopamtc inti> fmctiitnH with a siii>.'lc tiTiii in tli.

muiicrutor

:

lilt + hi- 4- '•'/ .(• - 4/-.*/- + S(/'

nhr <>*"'.'/'

27

„ 2')^* - 4().r- - 7r»,.- 4- KK) _. (/»-' + ///- + //-)(«•-' ,il, f /,-

29. '"^ Si).

ax + ay + br + by
32 "l-^ + .V) - l>(J--- !/)

a- +• *(/> 26-'

ADDITION AND SUBTRACTION OF FRACTIONS

176. Two or more fractioiiH liavin^ {lifTerent deiioinin-

ators may l)e replaced by eciuivalent frai'tiouB having the

same denominator.

For, let - and ' he aiiv two fractions.
b It

Then
II ml , c br
- = -

, and = —
// hd (I bii

Art. Itl't.

This is the oonverse of the i>roeess of re(hiein<i ;i fru t

to its lowest terni.s.

Kill

177. Two or more fractions having the same denuinin-

ator may l>e combined into a single fraction havinu' tliat

denominator.

Tims
'/ f> (• _ii +b - I-

n n n n

which is the converse of the rule for the divisi.m ol

pol}Tiomials. Art. 84.
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178. The twoproccdiiijr priiiciplt'siimldc us to ((iiiiliiiH'

jintnii single fnittiiiii two or inuri- fractionw ctjiinocti'd by

the sijriirj of iidditioii or sulitraction.

Ha-' - I -Inh + '_>()/>'

•lAnh

Tilt' iiuini'ruU)r uml (Icnoiniuator of the first fractitm

lie iiiultiplif»l l»y ,S</. those of the socoiid by r2a/>, and

I

the lust by Ah, to cbanjrc all into ciiuivaK'nt fractionfl with

jtlie CHiiinioii denominator 'lAnli. These inultijiliers were

ihtiiiiicd by dividing the I-. ('. M. of the denominators

[the fjivin fractions by each (h'nominator in succeHsion

i See example in Art. 17/).

f

K.> Simplify
nil + h- II- +• (ih

Fiirtoiinji the (h'nominators and taking the I.. ('. M. for

I

the ((iiiimon denominator, we have

I, -/y-'

b{a-\-b) 1(1,11 + />) (ih{ii + lt)

Fj
(I + ft -h

(ifi - //- (I- + nil II- - li-

Till 1, (". M. of the denominators is nh(ii--h-).

Diviliiiir theL. ('. M. bv the denominators i n sueces-

'ioii. wr jrct n[ii^h)^ l,{(t -/>), ,(/,.

Tl leli
+•/, li ill

i[ii - li) ii((i + h) II- - h-

^ ii{i, + />)-' + h((i - b)- - iib(:\.i - b)

iib{ii- - //-)

_ 11- - lib + b-

ib(ii-^lr)~ ,if7{ll -~b)"

11^ -(- b-

1^
ft
r n
"Jas

»^
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Ohwn'c till- ilTcct .»f a iicpitivt? hI^ii Urfctri' n fi i. ti .;

having two or iiKirc trniis in \\n> nurncmtor.

FnictionK not in tlu'ir lowt-Mt ti-nus slionhl !.•• n.ln,,,;

liefore \m\\\i addrd or Knhtnu'tcd.

179. To Add fractions. /-Lm/ ,/// /, r ,1/ ,,/ //,< ,/

iianiiiialnrH. DIriili' l/ie L. ('. M. I,,/ l/,e ih'nitininnUn- -; .,/

fnirtioii tind iinillijilii IfM ituiuertttur In/ ifir iinnlifiit. '..„,„/-

f/ie Mtrrrnl pr(nliirfx hy ffw x'hjitu rninnrlinij tin fnirtini, ., n,,

under (he. result urite the L. ('. M. Hiihnr tin riMultiinj imrii.r

til Uk tiiiipleetj'itna.

at%

-• -I
a

Simplify

' 2 .f T"

EXERCISE XUII

3.

5.

TT^ ,0 ' 15

4a - ')/> 2a - h

7. '^.UU'-.
a 2a All Ua

2 J- 8 G

11 'l - h li - r i^-jx

ah hi' CI

„ a + /» M - 2/> // '(

2. -f- -I,

:\ 4 r.

(ia - A 3// - ^h '.

s 4
4.

« 2a - 1 ;{„ 1

2 ;5

8. _- +
ox ..I'

1

10..

10.
-1

>x

X - .)

12 + ^ .

a/' (•(/ nh

13.
J' (/

15.
a + h a~b

W7.
2(1 1

ax

(I- - h- a - b

14.

18.

xy xir .. r

a 4-
// _ (11/ + -.

a(a-^) a-(a- '

a^ + 6-
, J)

a-* - //-' (( 4- h
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1^9. '*'' '-^

21.

.'/ •' + .'/

I>[ii f>) <»(" ft)

20.

22.
It + ft'i a + A-'

2(/i ft) 2{n' /*-)

23

25

+ It •!! + »l

i/i/i »r »/r //(/i

1 :{«ft

1/ ft «'* + /f'

24.
Ill -f »» H»« + If

l{lll - U) lll-{lll ll)

2<ih
26. -T^f "-

It -^- It - b It- It

27.

29.

31

33.

(( f itb ah + ft- /» -f- ft

«- '/•- - ft-

+-1 J--1 .••,_

r-1 2j-+r 4/-''-l"

faft + fe^' ni-ith + h-

II' -
1 a^-t-//'

28.

30.

(t- + aj- itx-^x- II-

•I » I

iir + .1- a- - /- n- a.

I

I ;{

m// ((ft - ft- ((J -hf .! + - 6 x* •_'.'

32

34.

'/ » ft

1 -I-/

l+r-t-r* 1

+ 2ah + 'Ll
itVi - ft

ft(* - ti

J- + /-

r f

35

37.

'r.rii+i/^ /'-ry-i-ir

•'•+.'/ J- -
//

/+1 .r-'-r+l

/ -f- 1 jr' -(- r -r i

36.

38.

/•'
-f- 1 r« - 1 4.^

.r 1 r + 1 /! - 1

' ' + LZ'l _ 2/ - 5

J -2 .r - 3 x^ - or + (»

39.

40.

41.

Mr-\)
X--.U- .-- ,S/ + 7 x^-l2x-h'65

1

Tr +
1

'--'.)/-h20 /-'-nr + 31)

J 1

.'•--7.r+12 j---5j--f-<l

42. 43
ix- + .r - ;;

•> ,-'
(•- - .>.( + -J 4x- - 1

2.r

J'- -f 'Ax -{- •> X- f- 4 .I'-t-.) .(• f .').i- + ()

1^^¥¥F^
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4.S.
'/ '.'/

.'•
// .'

-
.1

>l
'/- .r f »/'

46

47.

48.

49

50.

^.'/ '• V •>,^

J- + .< (/ +• //- /- .III > y-

12/ 1

f /'»/'' +.'/* + If

•M/' /+ 1 ^(iO + 1) 2(r-+ 1)"

1 + 2£ I ^ 1 ..•

;l(.-' f / + 1) ()(.- I) •_'('-+ I)'

1 /+ 1

+ 1

"^

J 1

:\j -1

KtS 61.
+ 1 / 1 ;{/ + 2 ;{.. + 4

1 j¥\
+

/ + -J

t>j

t-».i

180. A projMT jjroupinj? of th«> frattiuns U» l)e t'«»!iiiiiiRt

freijuently fucilitiiU'H tlie work.

Ex. I. Simplify
1 1

+ —4.r^

\\\' havt!

1 / + 1 X- + 1 ..' + 1

X 1 X + 1 /-' - I

tl It'll

and

- f -

1 ..
- + 1

1 ..' + I

2x( '
,

'
)

4/'

I 1

4..^( '- + '- \
Vr' -1 r^+l/ 1

181. A rfarraiij^t'incnt «if tlu- Itinoiiiial factors coiit: tiini;

a negative" .-^ign facilitati-s the sini|iiiticatioii of < i it: 111.

»'X|inssi(»n«

X a X a _ X - a

(I .1 .( (/ (/ - .1- a .(• (I - J-

^li^l^'^^
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r I .1

I.W

1

1 -r /•' I I /- 1 /^ 1 .

(/-!)(. 2) (2 -Mr ;{)*(l -)(;t .,)

(r l)(i- 2)(.»- .-i) (.. iH. -.'Mr :»)"

Oli-clVc tIlUt

1 ..- - (r 2) aiul (1 -/)(;{ -/) (r I )(r ;t).

TlnTcf(tn' the L. ('. M., when tlividcil l>y the Hfcoiul

ilt'iiiiiuinatnr, ^jivi-n - (,c - 1) an (|iiutitnt. Imt tlim' i;* no

rliuiii."' <»f Migij in (•••nnci'tinn with the la>*t diviHiun.

Tilt final ri'Kult inuy Im- written in i-ithtr <>f thr fonuM

, ,
'-;; .,- '•"

.

."*-
^'«' Art. 170.

(i - 1 )(r - 2)(.S - r) (1 r)(2 x)[:\ .,)

EXERCISE XLIV

1 1 -In-
1 + 4- •

" 1 f ' + 1 1 - »l
-

'
.

' + ' f
4

1 .1-1 1 - .»-'

-• / + 2
^^.- 6

1 2.V
8

'/ ' -t- .'/
'•-' + .'/-

1 Wu
+ — 2/r/'

10
r a ¥ X /<- .)-'

1 I

I It 1 + « 1 + n-

r r- .r

1 .' 1 ..-
^

1
+.'-"

;{ 7 4 2()r

1 2r 1 + 2.. 4r- r

^ -Ji y:z!i'.
' -

!i X f '/ X- + ti-

ll 'Ix f/(,'ic a)

.' + '( .' It a- - /-

,1. J-_^^-^^.lJ'L_:0.
X + 2 ..• 2 4

12.
- h' X II {(I - j:)(.r - A;

+ —

re
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13
t '/ ' '/

'/ r f y '.'//( ( 7
14

'' I; _»• II
t -

.V .'/(

'

16
'.(. I) ;;('

'
. I) ..(.•' I)

i«
!(. t- I) ;'.(

1 ) '( ' n

)

17 - f
-»( ' 1 ) l( - t 1 ) --hi ,' I

18
(" /')(" ') (/' r)(l, <o (,• ,»)(,• /,)

19
(' "iM' •'!) (' •'.)( I ') I 1 i)C2 .i)

-se-.
20.

21.

22.

^j//(/» r)(l, r) h<ih n){r - tl)

n h
4- --

H -y h

II- It III- he II- h- + III- f hi-

i-'i

23.

24.

.ill + W + ~h 2h

II- + ;»(»/> +- 2//-' ir ^- .">'//* t»/( (/
' f 4*/// + '.ib-

f 1 .'(.'• •-') ;{

.'>r +• (> (•-' l.c +. > ' •>.'' 4

25.
(-' ^ /,-'

//

+ l/C

/,-' C ~ II-

l,r hI- r 4- nil Or r il- + Inl,r ,h

26.

27.

28.

''/ ')' if - (.; .')- 2-

(: ^ .' )-

1 ..• 1

.'/" (<• + .'/)-'

1
_ 2r 4.'-'

4-.'- 1 4- -

-

1 4- ..'

j.r
1 >

I JX i 1

(' ,'/)•

/ * -)

+ J-"

;j - .}

G.r 4 r,, 4-4 !>.,-' - 1 •_'.;• 4- 4 .'J*).-' IC,
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182. Meaning of Multiplication. M iilti|ili< .iiimi nf.

I.tih.,1 III Art. (1.1 f.'.|uin-. Ilir iiiiilti|)li*'r to U- a wholf
lUtiilMr. Art. 1(»7 hIhiwh tli.it tl !<• lumii r;it«»r uf :i frai timi

('iiiiiiiiii.iti'r a
i' \'< Iw (•< iHi<l.r.-(l ;i inulti|.li.r, ,iii<l tin <1

hvi-nr of any imiiiiIht or r..ii(r.t<' (|ttiiiititv. to \\(ii«li the
fri.tu.., may Im- a|(|»lir.|. With this ru.jiniiijr imiltii.li.n.

II l.v .1 fni.tioiial iiiiiliiplifr Ih-iuiiks iva.lilv itit,.||iirihir
'111

•llin- I t <-..nHistH ..f |h<> siic'cM.siv.' |..Tforiiijnu.' ..f t Vi)
|Hr:itiuiis, each ..f whi. h h.i- alnady Urn tlcJinrW.

183. Product of two fractions, if tw.. fri. ti,,ii.«. • an.l

! f'T .xanipl.-. Im- iisfd ill smc.wMioii a- \uu.\\\\>\u'r-* ..f anv
i'i;irili ty capahlr ..f Ikmiij.' innltipli. .1 ami .Jivitlr,!, f,uiir
m-i I "ivc (1iHration.s an- to Im- |.< rfurm. U ; (1) multiply

J. (2)<livi.i.- hy '), (.'5) multiply l.y 2. (1) divide l.v ;i.

N'pw -iii<'»' fat tors, and tlnivfon- divi.-4 >rH, mav Ih' tak»-n in
niv Mnl.r, w«' may rcpla.-.- the two multipli.r«, 2 and 4,
v 111' -mnU' uudtiplicr S, an.l the two divi.s.,rs, :{ and 5^
tin .jiiyl,. divi.^i.r 1.-). That is, to multiply th- .jiiintity

V .' a.i'l the rt'sult l.y
:^, is .'.|uivaltnt to inultii.iyiu^r I 'V

I 5-

Nihil. irjv

/' >/ hil

It
! '.'iitivc numlMTM occurred

Mi:it< tlic preceding reiusoniiii.' would I

iu numi'iators or diiiom
••• e«piallv applic

184. Definition. Art. 1

III J\\ <iir iliitiii it i

may he suniiuetl up ill tli

tnictioii which, when used

"I t>io li.iciioli.v i> the

a> a multiplier ttn any
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inultipliiand, producefl th« same effect jih the oriirinai

fractionn wlu'n uwd in Huccesflion as iiiultipliers on thi

Haine multiplicand.

185. Rule: Tn find the produrt of two or itwre fnniliin.*,

multiply nil ihr immenitom for the niiiiienitor of the pri'ilmi,

and all the denoiiHniitorn for the denuinituttor of the prodmi.

186. The pr(M»f of the preceding rule is basol on

the definition of multiplication and the aKsuiii|iti(Mi

that the order of multiplication and division ni.iv 1h

chang«'d. Expressed in sviuIkjIs the reasoning iii.iy li^

given thus:

Let r and - he two fractions whose prtKluct is retiuind
6 d

Since h and d an divisors, they will be ca.i.'elli il In-

the same numbers used as nn 'pliers.

fl f
Therefore

.
x b = a and - x d = r.

h a

Multiplying these eijuals, x h x'xd = ac.
h d

Changing the order, " x ', x hd = iic. Art. tC

Dividing by bd,

- X X hn = lie.

h d

n r _ lie

b"" d'bd'

The same reasoning is evidently a|)plicable tn anv

number of fractions.

187. Factors common to a numerator and a dcii'iiniii-

ator should be removed Iwfore multiplication, tliii*

shortening the process and giving the product iii it>

lowest terms.

,. , 2ii'' ('»//-' .")(- 2 X (j X ."> X a-/iV-' 1

/v. /. ^ X_ X ;— =—

_

^ --^ = •

,')/*' 'tni livih •) X .') X IG X it'-li-r'- 4

u^m..:^^^m



Fra{ rioNs 159

fif) + //' «^ + nh - 2h^ h(,i + h)
^

(n - f,){a + 'Ih)

^ " _ _ (I

^h(n + 2h)~ ,ih + 2/>-'

/v.'..?. — X X l-Zi—
/- - Ki S.I - .c- /- + :{/ 4- 2

( '• - '^)(^ - •^) ^ (•'• -4)(x + 2) ^ _ yV + 4 ) •_' J-

(.'• + 4)( J - 4) r(3 - ,r) (;,• + 2)( r + 1 ) ,• +1

'

Observe that the <|ii()tient of r - .'] hy ,'{ - j; is - 1, which,
multiplied hy .r 2. a^vch 2 - r.

DIVISION OF FKACTIONS

188. Reciprocal. If the i)roduct of two minihtTs is

unity, or 1, each nuniJ)er is said to he the reciprocal of

the (it her.

Tims 2 and ^, { and :]. are pairs of reciprocal niiiu-

liers, tlie proihict of each pair hcing 1.

Similarly ' and ' arc reciprocals for all values of n
m\ I,.

''

189. To divide " hv '
•

Denote the re(|Uired (piotient hy .r. From the defin-
ition (if division we have

Dividend - Divisor x (Juotient,

that i-
(( (•

X .(•.

Multiplvhv^^ ^x''.''x':x.-
r he ( (I

'"'" '"
,

==.', snice X =1,
lie r d

"hi( li. expressed in words, jrives the rule for division.

re

***
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190. Rule : To diri<h anij efpreHttion h;f afrnrtioii, iwiiii^l,

the dmilend h,, the reripnKid of the ditnmtr.

Ex. 1.

Ex. 2.

Ex. 3.

„ - 4/>- ^ (I- - 2(d> ^ n- 4lr ^ nh + 4h\

a^ + 4<dt
'

id> 4- Ab'^ a- 4- \ab a' - 'Inh

f»(a + 4/>) '/(a - 'lb) II

/_n b\ ^ /(I + h ^ ,i_-J,\

\a -b II +bl ' \ti - b II -k-bj

^n'^ + b-'^2(>i- + b-^^a- + b' n- ~ I.
1

_(i - b-
'

II- - b- a- - //-'
"*

2(11- + /'
1

-1

•-I

Simplify

, 3/// 10//^
1. _. X

EXERCISE XLV

')/>(/ 2l<ix-

t\n- \4id- .,
3. ;:;— X _- X 4f>l/.

Ib'-i/ \')ob

^ \2iib 18f/-'
o .7^-7-77

—

.10/- iOJCI/

7 Ha . 4ii

H(b-r) ' !,--r-'

^a' — ivd) l."),n/

TO-CV ""^a-'-lHa/;'

W.
;^w(-' + '^iib

. J\aj, +j)/»2

^^iib^nlr '

\Oii- - 10a//

I

13.
<"^:''^1%

3/>f^5a<''' 12;//

4.
Wxy^z 2nid)c-

6.
1 1 .r-ji

8. ,
, ... . 22nbi^

1 la-/(C-i

(a+/;)(a-/.)-

10.

12.

14.

:i' A a^ - 2:.
X

a-' + oa a- + 2"

Aid, - ()//-'

_^
_2//-

a(a + /')
' a- /-

(a- - a//)-' _
((-'(" ]

ii'b + lib- 2iil> •
'''

_'i'--j*h'i>^/v->*ij?'' 'Si
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15.

16

17.

18.

19

:\r + 2
- X

If + 12. .'.a- n r + f'

.'.z + H j:='-«)r + 20 42 .'• - X-

a- - 2«»/> + A- ^ f;- 4- 2**/; + /(-' '>n- -(- .")„/, 4- 2/;

''' '/-' + nh - 2A- 2a- - nh - fi^

I- _ (I

<il, -Hi

,« _ y.'f

+ /-

-// />

A(2'/ - //-) (1, + /,).« - ah (n - /,)-• + „/, („ _ (,Y^ 4,,//

II- - jr- nx 2x- ^
11' - ax ^ 2{ii^+ x)- +

fi- + ax (a-x)- '

(,

~ ii.r

-' + 21(5 r' - ,;.(- x-' + 2r
42 r^-12.r' + ;{(

20.

21.

22.

23.

24.

125

26.

('-'/)— ?^ 3- -(•'• + //)-

ny- •2x- - i>S

X-
X —'--^" '^\-

X-
(.'/ + 2)- J

l: («-/H)-'

('• + //)'--' (2-//)--.

\„ ni>/\h a~h) 4,i/>\ii + /, a^-hj

I'l' -a/t\/n- + ,ih + f)^\/ a I, \

'( ^ ---i-U-i/-L-+-I-\
Ih\,i~f, a + h) ' 2n\,i-h a^h)

t- .•••)-' - 'ill +

;

'>.')

I-'. ^ /-' + / -42
S (r ^ <{)•• + («

x'+// + ^
-y+z

II " .»•
•' + .'/

" ' II + .) II " '> + .1- X^}
127. -

(1

1 28.

1 - II-

')--('i + xy^ (1 -,ixy--{,i -j-y

<il' + //-')
. /2a - ;j/, All- - 9/>

+ ;v. /r' + />••a' + /I

cc

?:s*i
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29 ^>( l-A-)-t-Mi-^>-) ^ /L:i^' __:!_+M

.

(1 -*»•')( 1 -//•;) -4f//> V' + /> I "/J

x\a yl\n-£ a- if/ f/\ii .</ \ii - // n . , I

30

191. Special methods In mttltiplication and division.

ExpresHioiis consistinjj of two or more fractional Itriii-

may sometimes he multiplied or (Uvidod like uiilinarv

polynomials. The various artifices used in Cha|itir VI

to ahhn-viate the work of multiplieation, and thr \:irioii.

formula' used in factoring, may also ho occasionally mi-

ployed with advantage in connection with fractions.

Kj: 1.

\-l ;} \)\}\ 4/ (J H W 12 IJ

1

It;

(5 72 1<)

Ex. .{.

II-

Ir
1 +

The result in Ex. '1 is derived from (.»• + //)- =•'"

hv writing - and in place of r and y.

Similarly the result in Ex. 8 is derive<l from

.»^ + '/•'
..

,
..—-^ - .'- - XII + y.

X +1/

,1

if
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Simplify

Fbaotionb

exercise xlvi

163

10.

12.

14. iih

13.

IS. M

16.

18.

20.

(' :)(/-t)-

(M)(M>

i^ 22.

23.

24.

'*»
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25.

26.

27.

Elements of AL(iEBRA

/// /) r\/n It r\

28. (i^:)^(;M^:) -^^V)*('

30.

31.

32.

^ a; - // / V !l-x I \ n-r. I

34.

35.

(

x' 7..-' 41j;-_27i; .")

OS 48"*" 12 r 3)^( •2 4

COMPLEX FRA(n"IONS

192. Tlu! (livisum of one fractional exprof-mn iv

jiuother is fn'tjiu-ntly indicated ])y writing the f.'inrra-

numerator and tlie latter as denominator ir tVirtimia!

form. Sueh an expression is called a complc"' fraction
|

and is simplified l>y ])erforming the division indie

Kx

ittfd

ah
(1

(1 + />

a'

(I. + /* II- It - h

(/ + ll li-

lt -1,

^ "/' ir II + It

" H T
—

,1 h „ -1,

'>-' 'V-> i-'^r
-^:-i''K.Tr»...
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Many romph'x fructioiiM iiro mowt easily siiii|iliHt'(l liv

multiplying lM)fli nuincrator n\u\ (Imniiiinattir hv ;i fiictor

whith will nuiHo the hiiuiH fractions in nunicrator and
(ienuiiiinator to (lisu|>)M-ar.

Ft ! ^ ~ ^<-^ - 3) 27 -(J(/-!) _ 4.-)-6j-

a 4

A/

l> (I + 1)

a- + 2ah + 2//-'

M- + 2^/A + 'llr

'

III Mx. 1 the multiplior used was 12; in Ex. 2 it was
'I' + M Till- L. CM. of the denominators of the small
fnictiuiis is evidently the multiplier reipiired.

tx'.

Siiii|ilify

J

.liH)
•> ,•

••^)

EXERCISE XLVII

2.

7.

^(x-l) + 2

FF
.1 2

;'!(-l-21r)

1 +
f/-l

1 - ..-'__

.;(--i)

3^ ' 3

8.

(I + h tj_+ It

n

1 1

-U
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9.

12.

15.

11

a h + ,

1-j l+r

I - £ 1 +X

Im- ca ah

l> _ «• + a

< + a h

1 +

10.

ilL ^
4<il,

13.
Ja « + /.

>l + h II

4h a + A

16.

11.

14.

II '

1 +
(/(((

M- + 1

2f/ + I

+ -

1 j + \

ICS^

17.

{ii+h-i)( ^ - X-\ Tin
a

1

ir-

is.

20.

/-1+—

i

1 +
4 -X

1-
1-;

19.

/ +

1 +
+ 1

3

22.

1+/

1+/ 1-

l - £ \ +x l+X^ 1 + .H

21.

+

.'fU+.y) x(x+>,,

(r + 2.v)- (2j -(-//:

!/(r-ii) x(x II

Sf

TT7~T+ /-

1 - /- 1 +

.

1 +

RS^fi^^.^:^'^;^^^f^^^^''ii^l;,
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SIMPLE EQUATIONS

( VnVVNTKIi)

ONK ITNKNOWX ylANTITY

193. Th»' ft»ll..\vin>? thaptcr is a continuutitm of
t lia|it< r IV. aixl contaiiiM <xam|»lfH «»f a j^natir (Ii'^hm'

"f (litli.iilty.

•'» 2rV7 l.'>

2j; + 8 (Jr - 7 Ax - 2

5 1.-) 2/ + 7"

.'n^rrr^2
1") 2/ + 7

62r + 217 = 7r>/-3(}.

13X-247,

r 1 9.

AV /. Solv«' tin- i-i|uati(in

[!i':irranf;iii|{,

('<)inl)iiiinK,

Clciiriiijf of fraction,

I
from wliu'li

ami

Whrii iKtth sinipli' and toiniMmnd LxprcsnionH (M-cur in
thf il.uniiiiiiatora of the fractionn, the solution will l)e

luort' .asily obtained l.y rond)inin« tin; fractionH hav-ing
Hinpit (knoniinatorM Ix-forc clearing the tMiuation of
Ifraotioii^.

AV .' Solve tlir .-(luation '' '' + "^ '? 'I

'Ix + ;5 4(..- '.)) 1

Hir 1. c. M. „f the (h-noininatof!^ is 4(2j- + .3)(/ it).

Til. i: 11/ - {\)(f - D) + (.r - ;i)(2r + ;i) = .3(2x + .3)(/ - {)),

1 4r- - (Mbr + 2 1 6 + 2.r-" - .Ir - 9 == 6/-' 4.-)J- SI,

I
from w liich _ \^,. ^ okk

laud

1«7

'>i

Ui.

^v'/'i
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f>, .i. Solvi* till' i'«|Uiition "' f
''•

II -^ h.

X /> f n

CtfuriiiK •»' frurtion, <u(.r <() + /»/( » /.)

-» (ii ^ h){z - a){i li)

Tln'ii its^ <i''j- + hr^ - /*»/ {(t f h))/' {,1 + /,)/ i- ,,',,,

uikI (»i + ft)/- {ir + A')j- (#1 f 6)/J
,j + /,)V 4- ,(/-.., . /,,

"
\(<i + hy (a^^b^)\f /!/,(« + /#),

« + /-

((

ty.j 1

In Bolvinn HU'ral ri|imtion8 k«t>p tl»> Utniis iniuiining

thf wiine iM>\v»'r8 of .i Imuketi'd tngethcr, u« in tin liov.

(>xani|>l«>. Th«> vrrifiiution of lh«' result ftirmx « \r.||,iit

pmctJce in tlu- Hini|tliKcati«m of fractional tximysi.ii-

iix hx 2 2
ThuH

X h X - II
1 , ,

, . 1
,

2 2

«/- + -.'/» ,//, + />^ ,/-' /,-'

II - li h II II h

EXERCISE XLVIil

^ r + I r 1 2j- -H S

a 4 (>

2. ^ U^^' »

8 2/ +-J _ or + .'i ^ 1 - a.r ^ 4r - ') _ 2( »• 1 ) J

•'> r, 10 11 .-, Ill

5. 2^0/ '--1\
'

/ \2.-i ry/ >

6. >^l:Ul M
r \ 1.) ./

X fi , r "so _ .•

20 10() so 10
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«.l 1-

10
.')r r '2*^

r z

11
1 (M I .(I ,|

13

14.

16

10

!•- 1

12
ijr .i ('

-'„') <r.

(' ,,')

1 '>! i 4 2{'.\, 1 1

)

4/ + M 1

/+10 ;5

{h- 4)f'(.», 2)(2.r ;{)

16 V '''.m'"'''
'i)- ("' »)

2(»

17.
J- / - o
" II

+ ') = •_'

,

18
Is - ;{ M

2-»- (' 2)+ \(-'{^-9)
10

(r:-) 11

19
2r+l 3r 1 r
Zj- 1 2(1 2..)

20

22

24

• > .1 .» r

24

r + ;{ r^ +

2 ^ r 1 ;{

I 4(r-;{) 4

»r + «»

21.

23

25.

1 ;^ I

5r 1 4i- - 2 1

ir 1 .!, 2
"()

26

1 r 2
27

r 2 r :\

2f

1 2.»

29
4 J- - .i r I 2x + 1

.) \

^'^2)V '2) (/• + .))(..• - ;{)
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31 !>;<

32
• ^ t / I r

3C^

(

^! : I

sa

34.
'5 _ 2/ f I 1/-

2,r 1
'
2/ I I 4 X-

R6

36

38

40.

42.

44.

46.

J-' Mr +12

I '/ r f (/

' i <i / + /»

r h r II

'i(ii f) /,(/, f /)

h II

.
* "-' " .» 2j' /I

/.< /, /, J

I
^

h 1 +/,

.< .r f (( J- + /(

i ' -f /,

J' " .1 li .(•' (//(

If 1 ;{

IO.r + 24 \r'

37. ' ,

39

41.

48.

46.

47.

*"(„/, ')(„:,, ')'(].')

/ + ..

ii{n.>
1 ) :

.

X II X + /( 2"

// /< r( f /j (/-'

>(.' ./) "Ir -f (<

2.r /; 2(/ /-I

I 1

1 '».• 1 liX

1

II i,)f

,l.r

194. Simplification by Division. TIm- .«oluhnii of fm.

tiiinul ••quation,- ifi nomctiiiu-K fariliuitcil liv tin- <li\ ion

w> far as !.» iwK'^sihlt', of lach imnifratnr hv its own ii urn-

iiiator. A pr(»|H'r arranfr.-nunt of the fractions ii tw.

trroupH, caclj of which i« simn!ifi«'d Isv jt^i'lf I- !!-:

soint'tinicM i'onveni«'nt.
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h I S«.| Vf
2r» .V^it 2»

iMvidinK i'tu'h iiiiiiii'rutor l.y iu own <l» iuiiiat< »r.

Wf have 2 + 2^

/' - .'Ir + <; r 4

/^ 7r+ 12 ^/^ -;{r>f>.

II vvhirh

h 4 S4>l/«. '-
-t-

' ' .
I

ThtTpfori'

friini wliirli

•It -h 2f II 2i- i)"2r :

1 1.1 1

li h 2r !> 2/ 7 2r ll'

-4_ ^ - j

4x»~2Hj- + 45"4r« .{({/ ^ 77'

4r- -JSr-j. 45 =^4. --36/ 4- 7 7,

Mr = ;{2,

r 4.

MiiiiiplyitiK muneraUir and «lri)(»?ninnt<.r «.f th.c.^nij.lex
fni.ti'i • l:y 12 aiid writing result in sinipl.-st for-n w, liaw

r ^ r + <» .{., + J

2 Ur i; (i

r + i) 2

<u-(> :i'

•»' 1 27 - \l.r 15.

'••' 39, <.r J- 4'..

or

( 1 • 1

,*
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EXERCISi XLIX

J- - I X - l\

_ 2. ;{ ;u-7 -
2. + --- •>.

X - 1 r 2

^ <}x + .S 2.r + :i2
I

2r+l x + 1"

5. " + - = 2.r
.1- 1 .. + 1

6.
•.\/-~r)x+\ 2x'''-33- + 2

::x-u

_ / + 4a 4J + 2/'
7. + - -

,).

x + n X ft

X + 2*< - h 2x - lyii + 4/* .,

X - a + 21) 2x - 2'/ + A

o J' X -
10.

X 20

2A 8i
-

4Jl1111 'i

'M

11.

12.

13.

/ 2 / - (J X + 1 X - 3

X j-+j_.,-,s .r - 9

X - 2 X - 1
~

X <; J-
4*

X ;! .r^ ^ -c - 4 X - 2

X .") X - 3 X - G .( 4

2^4. l.s

^*-
x + 2 X -1 :5x 2 ;;x i

Sx 2.') ^ H'»x - 98 IS.r-,S« fir - 2r>

2x ~ 5 2x - 1 1 ix - 9 "^ 2x 7
'

16. 7.',(-^:cri)-'^
2.',x-l

, 4ix -.', l,',x 2',

17. -- + -,,- ".•' '
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18.

19.

2 .{

U - ») .(/ + 7)

!r -7

( ' - ^

20.
Ij/l 1.'. J- i}

•-Mr +
1 1 + r 2r + 2

21.

22.

23.

'i/ - 1 2^/ \:\k lik.

^i 1 KU
+ 23
-28'

Ir 17 ;« 22x

83
X -

^^-i(l+-') :(.'- 1 ) + 2.*: 10-
r+ 1

24.

25.

'/ +-J- 2j- .r-{.r r/) I

" n + x n{i(- ./-') 3

<i.r /,j- + nil

X - (I X - c

26

27.

28.

29.

+ />

7 + (//<X -« + /< +
//.

/ + —
" '/ (/ -f- /i

X + a X + li X -f- '• '/ 1)

<i ^ li f 1

.

+ + f 1.

III {'-<')
^
"{> h)

III 4- //.

30.
'"'•''*")

,
'^ '

-t f>) ill' I //)J-
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TC

tf^.
••*-' ? :!

\L' :i
fir- «
»—« * *

*»r.
#.Id-

#

196. Special Methods. Tho Holution of fra. nona!

t'<Hiuti<)HM in frtMjUciitly facilitatv*! by employing a prin-

ciplo, the truth of which will 1m- evident from the follnwin.

simple cxHTiipIc

Let A and B denote any two a
conirete quantities, surh that

ff

wlun A is divided into three

ami li into two equal part.«. the parts are all eqii.il Th,

relative magnitudes of ,1 and li may then Im- .xpi..,,!

in fractional form in either of two wavs. thus:

.1 // .1 ;{
or

.'{ 2 /; •>

which arc simply two .lilTcrent ways ..f expressin^r th.

same fact.

Again, from tlif diay^ram it is evident that

A ^li A^H A li

3 2 o 1

Also, if the nujnhcrs :i and 2 are replaced h

numlH'rs, m. and /*. we shall siill have

A h A ^ li A II

m II III f // )(( /(

.\ formal pri>of of the |»rinci[)les here exenqilititil

given ill the following Art.

V .111'-

< o^" If " '' .1 " '' II + r II r

'' 'I /> il h+il I. -f/'

For, lei
"

,. and ' x.
Il il

then ,, /,., •• ,. ,ij.^

•I 'id I, -If. r /,., + , I,

and
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Tli.nfnrc
A ^,1

Niiiilarlv

.\l>.

/. //

I:< I. S( >lvc ('i|tl;ili<)ii uy X - %,

\\\\yM\K\ tin- s.jtijnv uf the lii«t fnut i<'ii, iiiiiltiply

Miiiiiciitor and (Iniotniiiator of the s.-con.l frattiun liv /.

•ul'tnict nuiiicrators ami (l.ii(.iiiiiiut<»rs as cxplaiiu'd ahovc.
.UK 1 W. 1 lavc

.' 'lux ^ n- J-

X- - 'litX + fr r-

lux 11-

•2/>x ir
'

ihat i-
.1 z<i a

•II, /,-'

('li.iiiiif,' iif fractions. I,'.r 2n/i- --n-.,- •>(i-l).

In III I w liicli ,.
-"''

S..lv(

.' •' ,1'

/// + /(

.( - II h

Ai'.iiiiir lirst two fra.tions and niultip
iii'i il> iioMiniator of the last fraction 1

vin>( numerator

1.

iUl 1-
III -f ;(

.( (( //

"' ( /(( -t- /( /.(

»y .'. \v«' liavt

('( + l>)X III,

+ A-"/( + ttiii

^"
1,1,

whir! ,;,,,

Mil!

Im- readUy solved in tin- ordin:try way. The

'//( f l,i
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If thew two exain|)lt'H Ik- moIvoI l»y the nnlii larv i H.i|.

thf hrpvity of the incthod given will l«> n'lidily npi inn!

197. An (Miimtion may KonjetinicH Im; hoIvciI dy hmlini;

a coinnion factor of tlw two sideH, providing tin 'utMr

containM tin- luiknowii (juantity.

AV. /. Solvi' tlif <i|uatioii
II)

Till' t<|natioii is i-vidently satinHcd wlini ..

wIh'ii .1- 2. Since in that ca.<c cacii .-idc Ixcoi

for all valneH of in nnd n.

IH - /Ifu

Solve (X •_'<»)' f (r - 2A)» - 2( (• (( /;)'

The I'XpreHHion {x 2^0 f (.f 2h) is evidently ;i i:ui<

(»f the left-hand side of the eqimtion and the hnl! .f ii

viz.. .»• - a -h is a faetor of the other side. If, tlint IIP'

.r 'I - h 0, or r = (/ 4 /), each side Leconies zern .hkI \\v

equation is satisfied. If for ./ we write ii + h we lur .

and 2(x II hf 2(())»-().

The factor 2 and tlu- e.\jH>nent ;i on the right of tl

tion do not in anv wav afTeet tin- s«tlntion.

EXERCISE L

1 -''"•k^^^^jj^
.'•-4- 70"+ 10 .r f 7

.(• 1 X '.\ X - o

/.< f <f\-'_ .r + '.'.'

4. '^ +
.( + . ) .1 - .

»

5.
I /, 1 - /,

X X + II r - /(

6.
II II

r II X I) .1

7. ^ ,-^^J
2.

X 1 X
8. " .»'' "

X 2 /' 2./-

'•i|ii,i
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13

! t

1 1

2(« - h)

10.
f i- (/ + r r + X

ir hjr

'I r - n

- '( X ' J f- ,( (•

12. ^^ +
'» + X h ^x

+ //.

14.

16

16

17.

IX' f Ax ' ^r + /<

.T' ll/' t- I,: 'I I- -k' .

.' 4 nx'

.'•'
1 Ij- f 1!»

18.

19.

.» // /- + +
+ ' '• + " (( + h

X f '( ./ 4- h

t + (• r + II n +

X + r

20. (X ,,)'' + (.'• + /-)'-.(•-'./• // + /,

»1. (2.1+// -/>)•'-(,

22.

23.

-'^ .»• 2//

h + r - ,1 r 4- „ /,

"^
„ + /,

X ^„ ^hf .?(
- + 2a - 26)'.

2A , - 2.'

.' zn •Ih

if r - /f r + r» - h <i -f-
/j/ - r (( + 6 + (

I'HOMLKMS

19 . I'i()l.lciii.« ri'latiiijr t<» imifonn motion arc of frc-

lii'ii! xcurniKc ari.lof frnat iinpoitaiKv in niath«'niatics.
Kiui, i.rol.h-ni iv.niin's tin- .anfnl cunsid.mtioii of tlim-
I"|""-: '1) til.- space passed ..vcr. (_') the tinu' occupi.'d.
"I '! v.l.K'ity or tlu- rate uf inotioii. For example, if a
!'"»"

'
dks

1 miles per li,,ur f.,r .-, li,„„s, th,. f.tal spiiw

*i
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jMihWHl ovt'i iw .') tinu'H 4 iiiiU'H, or 20 » U>n in all h
citiiunon lanfiuiif^i! wv Kav

Sj)aoe = vtliH-itv x ti IIH>,

Morf accurttU'ly thin xhuixUl Ik- fXpri'SKctl thus :

I^'t X <lcn(»t<' thr mimlMT of unit** of npncr paMw.! ,,v.r

and
tiiii(> oci'Upii

v»l<Kity. i.r.. tlu' nninluT of 1 1 1
1 i t - !'

space pasw<| «.v<'r in one nnit of t line.

T)K-n X rl. f

wr-

I

•«- -

ur -
•

I?.

which arc hut three .hfTcn-nt ways of cx|)rcsHinj; th
fact, an<l show how to tind

when the other two are k

any on»! of thr thrce •

Mown. Kach of tlu'^tc f,

fr(M|uently employed in the solution of nrohl

I'lit-

II- 1-

ems.

'"'' ' I >:in run 10 yards |Kr second; />' . , n
M yards 2 feet per second and has 20 vards' start ij.

far nnist I run hcfore he catches //?

I-et /' and V he the jM.sitions .,f .1 and /.' •

ti

iH'^Miniin^'. /(* the point

where .-1 catch //.

/;

.1 runs from /* to /,' whilt

/>' runs from (^ to A'.

Let J" numlier <>{ -^im uiids the race lastf

an(

Then |i».r llic iiumlM-r of \ards ill /'A'.

/7.' /'V + (^i,>

>-!/

lOW sn)ei-

w have (tl -'<• S'if,

roll I \v hull ' 1". iiiid \i)x i:.(). tl

retjuired.

I iiiiiiilii r
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179

UH

l>«t t = thr nuiiih>r of yanlH in /•/<•,

•h.'ii / •_»()

Till Tifon-

nn.

r t 2(1

10 Sij •

|fr 11, whirh X IV), tl... iMiinlMT of yar.l.M r.'.,nin.,|.

Ill iIm- lirwt w.hitioii .-acli si.l." of th.' coiiiit

hr VV linlf iWxtiiiin' iif tl

•HI"' r> [TcSfHts till' ii,n, (Mcupifd

liiiUion r»'|»rcH«'ntH

!«' rue.-; ill thr swond HoJution •ach

A'
.' A lH>atiimn who can row s inil,.H jht h<.nr in

nil w.it.r. ruwH for 1 hour and lo minut.H d
IthrMiini trip nMiuinn an hour and 4,

nit. uf th.' .stream and the di^^Umc- rowed

' / rati' of Hlreani in miles jMr hour.

own stream

> niinutes. Find

Tl I'll >*-*-.' rate of lM>at down stream in miles per hour.

up

In ivf, ire

'III u liich

![(*<+') \\(X J).

an<i

|i"Iii.' Ii.iinl

mx^
H, the numlK'r of miles per hour.

\iX + \y) Wi miles d istatiee

At what time ixti •eeii ;; mid | oel«K'k is th(
twKe as fur from the figure 7 .is the short hand

roin I he ti-Mire ;{'

iitions are possihle. ,„,.. l.-fure the louir hand
liffun ( and on,, after it has pa,s,sed.

'-I!l.

I..t

•'^ "" "Utline of a eloek faee with the hand
it '! o'clock, and
'lilem.

S 111

.lU'ini 111 the position re<|uir<.d

^i;'i

lumher of minute spaces |,

t' ind from .'? o'clock to t

'Ver l.v the

une recpiin (1
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«%

rhi'll . iiiiiiilH'r of xiMU'CH |MiMH>tI liy liniir iian

From till' liia^rltlM .> '••'>

aiKl

from which

.» +•

for tirnt Mthiii "II,

»ii(l

liillili!.

•i-.W) ami 12 rfs|«'( iivfly.

Th«' tiiiu'H art', ihcrcforr. HO miiiiib'H and 12

n'H|M'ctiv(ly after •'{ o'clink.

f-y. 4- -t iinW /> can tojifthcr do ji work in •• li •

wiiich .1 alon<' can do in 10 days, hi what tini' raii /,

jilone do It ?

L«'t .1 numlHr of davs rcouirol liv //.

Then in I dav

I <locs iif tlic Work. // doc« . ,1 and // d<

Th«'rcfor<"

from which

10 . »;

or .1 1"). the nnndH r of dav: I' -iiiirMi

A'.' . 'i. A ;nid II can do a work in 'M> lio\ns; it

2 lionrs and // '» hours the work is ,'.. di

time could .1 alone do it
'

I.i't .' iiuml>er nf days re(|uired l>y .[.

)ne hi wli.i'

Then in 1 dav

I and It i\i> ,,i the work. .1 diMS , />' d<

Tl ICM f-.)
1 1\ 1

1:(:,. ;)

from whii-h .r^-.")4, the imndier of dav: !'i', ll<-'
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EXERCISE LI

1 Kiml 11 fnu-tiiiii wliosf vali

if i« U'xH than i(M iltiuiiiiiimtor hv 1».

!<• i- . uml vvhiwM' iiuiiii-ni-

inil ii fnuti nil \v

iiiii lu'tor in IcHH liy S than f\vi< «• itn niii

\um- viihif Im j an«l wlms.' .h-

iM-rator.

3 Kind thi' vahic of
I

«h • n
- J

4 If th.' Hinn ..f thf frattinns '
. anil

nil ifv. lind tin* valuf uf each frart

5 .1 and II JH-vin I

I

ion separately.

I

KMi huMnicKM with cai.ilal in |>rti|K»rtion

fit..:,. A Kains !?l.-)2 and // h.^.-s .*I72 and now thi-ir

ipilal is pro|M.rti..n 2 t<. .{. H.,w niiuh had . ach at

6 A jH'ixon invcHted a mnn of niuncv in .'5 st<M'k at

icuini- was ^f.'*:. _>."). Kin<l total amount

h". uii.j onr dollar nion- than twi. «• as nuK-h in 1 .stiwk

lit MM ; his whole ii

"f 'a>«li invested.

7 If .1 can run S yards |M'r seeond while // cai
"'. I'lit has u start of

'rtak.- /??

I run
seconds, in what time will .-(

8 In the |.re.edin;r example, if /; ha.l a start of
VMiU. how far must .1 run to overtake h HU

9 \ train whieh travels :V2 miles an h.uir is .T)

""»it- in .•idvanee of an..ther which travels 40 miles
l-r liuiti In what time and .listan.e will the latter over-

|:.ilir til. former ?

10 \ii expnss train which travels {:> miles pir li..ur
|''art> :.i Munntes after a frei^rht train, which it ov.-rtak.-s

- ! 'irs and 4 minut.-s. What is the ve|,H-itv of the
r^'iiiiit rain ?

a.^
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11. It n-«|iiiri-H 114 it>innti>i« longer to walk a > rt.in

tliMtuiii'i' ut :{.\ iiiiliM |Nr hour tli.tii t<> n-ttirn tli> mih.

(liMtaiin- ut 4 iiiil(>M |H-r limir. Fiml the liiKiaiur.

12. /( cnii do 11 work in (( iIuvn wliidi H run •!<> m *'

In what tihir niii iNitli togi'thcr <l«i if

15. .1 itiul //nil) <lo a work in 'iiiavH; if .1 work 1

.'{ day*', // «an tini^-li it in H «la\>. In what tiiii< .
. iM 1

aiom- ilo it ?

14. .'( (-an do u work in tO ilayn; li can do - nu 1

work an .1 ; with th«' hi>l|» of '' thcv can all top tht 1 li. 1

in \'.\\ <IayH. In what time coidd <' ahnu- »lo it
"'

16. A tank could Im- fillc<l in 15 niinutcH Ity t\\ p -

A and H running' toncthcr. After .\ \um iMrii ruiiii i,;; I r

r> minutes H i.s uIho turned on. ami in I'i tninnt' m r.

the tank in tilled. In what liin«- could A alone till 1

'

16. .1 and B can together do a work in '2') div f .1

wt»rk!< 2 davH and // 10 dayn, \ of the work is dm .
I

what time could .1 alone do if
'

17. .\ lN>alnuin who rows (1 miles |H'r hour mu .juw;

Mtream in Il.J luMirs, a distance which requires I Im i- u 1

r»l minutes to return. Find the distance and tli- ' it- :

the stream.

18 .\ -iteainer flescends a river which runs 1 •, 1 |i-

houir a.s tar in I hours as it c;ni return in
'

I I
hull!

the mti' of the steamer in still wat«r and the dist.n

19. .\ iioatman can row a certain distance dowi -inai:.

in 2U minutes which would rei|uire half an lioui n "ti

water. How louj; will it tiike lom to return' ( i|i:ir

liis rate in still water with the rati- of the stream

20. .\ Itoatman rowing? with the tide move- |n il.-

-1 hours. Returning he reijuires (! hours rowinji . in-'
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tul. iwici' HH HirnuK Kin. I tl„. v.l.HJt.v ..f il.. Mr.MiK«'r
ti«lt'

21 At wlinf fini... ImIw.-,ii (i aixl 7 ..'rLH k nn- tUv
iiaii'l- :it rijrhl iiiij(l«M to viuh ..(her'

32 At what tiiiif iM-t Wf. II ;{ iiimI 4 it'vUnk i« lh«> It >ii«

!•< pIlKt
haiKl (1) uH far pji^t th.- lij^un- «1 i\<* th whorl hainl
th. ti-ur.' .'1, (2) twicr a.« far pa^t tin- liKun- 7 a^ the njiurt

liiiiii! 1-* jMWt thi (igurr .'{ ''

23 At what tiiii.H iMtw.ni .'» aixl C ..". I,k k Im the loi

an.l twi.-e hm far from the (ij^ure 7 a- th.- -h.-rt hand i

>K

fn ini he fjjrurc

24 Kithl thf tiini-H 1.. ti • I'll 7 ami M d'eliMk when tht
tnaii ind ininiitt' han<l^ an- (I) exaetly <.|,|M»Hite. (J) at
riuht aiijflfs. (.'{) eoini-i.h-nt.

25 At what tiin.' after U (.'cIcK-k will the lun^ haml In-

It :i iM.int twin> as many minute M|nui'H Ix-for*' thr (igurf «

26

'linrt hand in |)u»<t th.- tigun

i'ivi.|e<J| int.. tWM partM hik h that the »|U()tirnt of
• '111

I remainder >.

27

m til'

It hy tlu- nth. r may Im- ,{. witi

Kind a numher su.h that wh.-n divided into parts
'•'tio 1:2: :!. f hr product of th.- thne part,' in e.|ual

'" til. Mri)final numher.

28 linil a numher sik h tlnit when divided iiito two
h'rt> I, the ratio 2;:;, th.- product ..f th.-se parts is th
•'!"• - th.- pntduct ..f the thr.-.- partM when .livi.le.l in
II.- I: I : ;{ : i.

29 It n-.juires -I Ik.iiis to walk
I'" mil ;{(} miiiut<-s to ride tl

— |K-r hour faster than th.- i
! (i

a certain dist^mce and
11- same distance at a rati

ll.«t;ii

ormer rat.-. Find th

I

J

30 \ Iran• i-* worth 1!» ceiit,«: a mark is worth a fra IK-
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184 Elements of Algebra

'V«

3Ci

Of- '- '

and j^ of a guilder. :iiid a miildcr is worth ^ contH less tli;i!i

a franc and a mark. Find tlic valutM)f cat ii coin in d uts.

31. A l)<)y ridi'H his wheel from A to H at 7.J
milc^ per

hour and retuniH on foot 1»\ a shorter road at .'U niilt - per

hour, hut taking 20 minutes more time. Th<' uhdli

distance travelled heinj? 8.^ miles, find tlie whole timt

occupied in the journey.

32. A merchant added yearly to his capitol \ of it, hut

took from it at th(> end of each year *2()00 for cxpensrs

At the end of the third year, after deducting the lost ^.'(HHI.

he had twice his oripinal capital. How much had lir .it

first ?

33. A trader maintained himself for .'? years :it ;iii

expense of .S14")0 a year, and each year increased the |iiiit

of his .'<tock which was not so expended hy ^ of it. .\t

the end of the third y(>ar he had added oO to hisoriiiinal

capital. V/hat hod he at first ?

34. Tom can run 11 yards while Dick runs 10. ilnw

many yards' start must Dick have in a 100-yard nin tn

beat Tom by 2 yards ?

35. A man invested !?748") in stock, a part in :\ -lock

at 90 and the remainder in 3}% stock at 97. Tht total

increase being 8250 per annum, find the amounv inv stnl

in each kind of stock.

36. A and /? can do a work in 20 tlays, A and 'in

2') days. When Ji has worked 8 days and C 10 da; - tin

work is one-half done. In what time could .1 li - tli'

work ?

37. A boy walks to school at the rate of 11 ya: is in

8 seconds, and is 40 seconds late. If lie had w ilktd

o yards in. 3 seconds he would liavt^ be(Mi oO secon^ - t""

Mm ^k«^^:^ :i-#iy^irl mWmS^^^^S^^Si



Simple Equations 185

sMiii. Find thf distanco to school iiiul the tiiiic in which
hcstiould make the journey.

38. An express train leaviiifj; Toronto at it a.m. arrives

ill Hiuiiilton at n..}0 a.m.. wliile a frei)fii* train leaving

Hamilton at '.> a.m. arrives in Toronto a'. i).4o a.m. At

wliut iiour and at what fraction of the w'nole distance from

Toronto do they meet ?

39. .1, li and (\ starting from the same jM)int, travel in

the saiiic direction. A st^irts at 5) a.m. at 10 miles per

hour; li starts 10 minutes later at 12 miles per hour; ('

starts 20 minutes later still at 15 miles per hour. When
will (' he midway hetwern A and />?

40. A teacher's savings and expcn.ses an^ as t>:l(); he

sretsim increase of S2n() per annum in salary and increases

hi.'< expenses !?100 per annum, and now his savings and
expenses are a.'-- 2 : 3. Find his original salary.

41. A, B and r can walk 4^ miles, 4 miles and 3i miles

\m iiour respectively. A and B start to walk from P to

^l at the same time that C starts to walk from Q to 1*. C
meet.-; .1 10 minutes hefore he meets B. How far is it

from I' to Q?

SlS^^llSSSSSl^^^S^
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(JIIAPTER X3

SIMULTANEOUS EQUATIONS

TWO UNKNOWN gUANTITIKS

199. The simple rast-s of Siiiiultiiiu'ous Equations aith

two unknown (luantitit-s were considered in Chaptu \

We now i»r(H'e<'d to tlie nolution of more complirattil

examples and to explain methods by whieh the work mav

fre«iuently l»e faeilitated.

K.I. J. Solve 17/ + 1')//-4()

1.")/+ 17// = .')0.

Adding ( 1 ) and (2), ;52.r + ;{2/y - SHI

Dividing hy 32, .c + ij = 3.

Subtracting (2) from (1), '2u: - 2;/ - - 4,

(li

or //= -2. (4.

From (3) and (4) we easily get .c
1

2

.'/

=

^
The ul)jeet of adding and subtracting, as given ali'Vi, i-

to obtain etpiations with smaller eoetlieients jiml ilni-

avoid the multiplication of large numbers.

/•;.r Solve + -^S. (1

+ =13. (2i

•'
/y

In this and many similar examples it is best to en -iilir

and as the imknown (iuantiti«'s and to eliminn niit

186
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Simultaneous EguAxioNH ]H7

(.f th.-rn iM'fon- clearing <.f fractions. Multiplvin.r ( 1 1 l.v- 'i

an.l (2) by 2,
» . ^ ^

.

we have 9 \H
24

(3)

10 18
+ = 2<}

(4)

Militrarting (li) from (-1),

from which 2r - 1, or

Then from (1) we easily ol)tjiin

AV. -i. Solve 3r + 4y = 8x//

.").*• - 2// = 9ry.

Dividin)/ each equation )V .11/

we grt

i/=-l

(1)

(2)

(3)

;ii

o 2

.'/ J'

Kijiiations (3) and (4) can

(4)

of tll( I)reviou8 example.

now l)e solved hv the method

A>. I Solv( fix + //// = r

Ix +
Mult

iin/^ I).

'plying (1) hy m and (2) hy />

WV ''ct

1/i.r + iiihf/ := ///>.

5111 'tracting (4) from (8), („„, - Jh)x = ,«- - nh

ur

'^iii iilarlv we ohtaii

ii>r

inn - Ih

( - /<</

- »f

(1)

(2)

(3)

(4)
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"J

aj^

11! f

-«»-'• <f

i^'| i"»** a
Cji S^

fsr'" »t

it' :r
r-*

Sr; fc—

i> . *1?

3

/vV. ,7. S(ilv(

In this ('Xiiiiiplc. till- v:iliH' .if r Itfin^ ii ( uni|ili( id ,|

(.\|»n'Whioii, it i« riisiiT ti' ohtiiiii // liy t'liiiiiiiiitiii^ h u

llif <tri)fiii.il t'«|Uiiti<>i)s tli;iii ti> suhstitiitr the viihic (it ;i-

\v;is (Idiif ill |ir<'vioiis ('X!iiii|ilrs.

.. 1 >i

// f I h

— -^ II -h+\. I.'

/ f 1/

Clear each fqiiiition of fnictions. cuIIim t tin- tfiiiis in hhI

// an<l iirniii;;*' in usual form.

We have hx in)-a + h {'.]\

{b-l)x-{<i+ 1)// -0. (4

Subtract (4) from (3), .r -i- // »/ 4- h. l'>

From (.'{) and (•')) \vc obtain / '/ + I. and // .' 1.

Observe tlie siniitlititatioii ctl'eeted liv subtractiiiL; nm

ti|uation from the other.

K.i\ fl. Solvt
.'• +- // .'• -

//

"
^ •' •>

(1

.! + //
.' - //

Kliminat(> .(• - // by multi|ilyiiiLr <'2) by 10 and snlitii tin:;

(1) from it.

'I'lius " (i. from which .' + (/="•
.'• -f- ,'/

Sulistituting this vahir in (2) we get .'-;/-'•).

The values of .r and // may now lie easily obtained

200. Indeterminate and inconsistent equations. ( rt.un

peculiarities in the solution of simultaneous e(|uati(': - wil!

behest understood from their application to the sn itii'ii

of a nrini'» r o[' .-i]ii}>!e j>n>brl;MH.-.

'Mmmm \iS^^F^IE^^E3iSMSriSSiS



HlMlLTANEOrs EvrATlONS ISO

/•>. /. It is rc(|iiirr(l to find ii fniclion hucIi that if

mil t !).• a<l<lf<l t<» tlu' niiiii.'rator, or if 4 !>. siihtract.-d frOlll
tlir .iciioniiimtor. in citli.r cas. the r.siiltinj; frnctiun will
en II I-

f-ct Im- till' ro<|iiiri<l fraction.

Tl irn + 1 1

(1)

aiiu

<iiii plifyinji (1)

(2)

.'/-I »

4.1+ 4 ., ,,

4r //-4.

(3)

(4)

lint ('(luation (4) i< lucrdy ('«niation (D) with tho 4
moved to the otht-r

re

side. It i.- not an indupendent niuu-
tioii and consciurntly gives no additional infonuat
Hording tho values of ., and //. W:
iiiiic whatever, find

ion

•' may give x anv

lith.r (3) or (4). and thus ol.t

I corresponding value of ?/ from

ti(iii,«

iirnl

am as many different
as we i)lease which satisfv the conditions o

acfr

f thi
irniiiciii.

Thus let = 1. 20. etc

.'/ = N. 12. K;. ;52, S4. el(

K.I' I. of the fraction,-

tiitr.i ill the prohleiii.

et< j)ossesses the propertie:

l-'i'i'itions (1) and (2) are not independent; the prol.Iem
•i'l'iiiN()f an indefinite numl.er ..f solutions and is there-
fiTf -lid to !)(. indeterminate.

Ill the previous proMeiii as^uiiic that when 1

/;-

i>;i(|. to tl le numerator, or :; sul.tractrd from the de-
'iiiiii.itor. the fraetioi! h

iMm^^^m^m^^m^m^mmM^^^B



19C) Elements of Algebra

;4cs

Thfii

from which

+ 1 1
aiHl

V -= 4/ + 4

v-3 4

ami y = 4/ + 3.

No vnhu'H of r and V can natinfy hoth tht-Hc equ;iliuii«

The «M|uationH arc inconiistent and the proposed piohlim

in iiniX)S8ible.

Solve

1. / + // -.i/,

EXERCISE Lll

2 :i

15.

4. 17.r+lM.v=l4<>,

16/+18«/=13S.

.'•
.

II 47

3 2 6

.V
, 10^

10/ .

)
// S,)

5. ll.. + U>v = ;5,

19/+ll»/ = 27,

<«. - A
js-":.

(C

*•—-•..

cj:
fV '

tt^
^r*-'
»•«*.^ ,-.

:=>
»••

?

6. 29..: + Ho.v-:U,

8.

10.

r - 1 7-1^16

•^ + .V _ •*' - .'/

•+ 1 // + I .r 4-
.V

7. lOr

9.

11.

lOy - i = Si).

3j" -
// 2/ - -S'/

S ^ 11

.(• + V / -,'/+!

2.. - 1 3J- 4j-

12.
-^/^4.f + 2//+ 1 ^
2)/ 2.I' - 3//

13.
+ 2 _4// + 3.i

14.

15.

2./ + 1

1 .7 + 12/ -3 13-2;/

ix - (/

4

--=().

.(• - ;>// .1- -2 H .r + fi ir-

5
'^
o' 11 ' 4

"Iw^P^i^SS^^SSI^^



HlMLLTANEorH EqUATIONH 191

16.

17.

.•(l'). + i;{//) „
/(r-2//+l).- 12

1 ^ '/ + H

r, .y + 4'

{"-'^'(-^]))-

18.
.•V - 2 .{

f ;{<,

-.y

.'» 1

19. •1 +

•'I -I

2./ -17

.'/
-

18-.

2.// -
1 _^ >y 4»; ;{*,

20.
<)r

!(>'/- r.> -))/ 11

•ij--14//-

!1 (i

V2
.
21

= 11). 22.

24.
N

' + '/ .r

.' + '/ .r

V.i.

5_ 38

.V
21"

^y + 2 2.r-7//+12

<J 4 1

x~.v 2"

U^.S 10

26
v 1 1.4 8

.''/

23.

.'/ -i

+ = 11

.'/ 8

25.
8./- 5,/ s'

27.

J.r

„ -t-

1,S
11,

— + ii;

128.

130.

\\i

14j-fl2y,

+ lOA//.( .'

,i=.ti- -i. /,-

29.
•' + .'/

31. (t.,- + f/^/,_
32.

10.

+ '- . 1 -

'

K // /( l(

'^'^^^M^}..y-;^:
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192

88

ElEUEMTH of iU.UEfiRA

^ - y . L

,

ri -- /< M - /» « + /»

.^••l- + .'' .. -L .

fl + /» '» - /» fl - /»

36. /»(J- + »/) + »((.!• //)- 1,

87. "^ + '^ - /' - ",
ft /»

/i - r r - ft

39. '>(.r +*/) + ''<'• -,'/) '2",

/ + .*/_ I

41. + ='« + /»,

or «//

~ + - =x («- + ft-.

43.
X + V - 1

•' -.'/+!

//j-^ +1 = //.

34. + " '
''

II h ll -k- ft
, ,

.^. „ . /,

J"
.'/

36. .1 - If II - /(,

X II
^ II

/»

It II

38.
II h

+ ' M + A.

40.

42.

44.

r 1/ .! '/ I 1

4-=--- •

(» h h II II ''

II 4- /* II - h III'

>
_ V

II - h II + fi II

' .+ •"

(I + h II - ll

THKEK UNKNOWN QUANTITIES

201. When three unknowiniuantitit's liave ti> i t'lHiiii

it \H usually most convenient to rei)re8ent eaeh tif ^iifni 'y

a .sepanite letter and then three independent jUMti'i-

eontaininj; these letters nuist he ^iiven. from wl li tliirj

values may he found hy methods illustrated ))y tl f"lli'«-

ill".' exaiiiples :

WS^

Mm -mM^i



HiMlLTANEOl S EglATIONH

Kx /. Solve tl

r + 2// - : :\

h f '>// + •l:-41.

Miilti|.lyinK (2) l.y ;i aixl arl.lin^ (I)

•\<- jrti •V -f- 7'/ Ml.

MiiltiplviiiK (2) \>y I iin.l iiddin^r (•*<)

«'?•• 7rf|;{,/ ,-,;{.

Multiplying (4) l.y 7. ("i) l.y T, aiul siil.trart

In ( I), for // Hulwtitiit*' itM value .!.

11 7.I- + .'10 :.",;{. from which , 2.

11)3

(1)

(2)

(4)

(«)

ng

Tl.

In (1), for .. ami // HiiliMtitut.' th.ir valu.-H. 2 aiut 3
Th. 11 4 + .{ + Ih = 22. from whicli :

icln
In this solution note the following f;

1. Knuu thn-e f(,uationH three unknown nuinlK-rs, each
r.t.n'sriit.'(l l.y a letter, were to he found.

2. Irnn, ,,uh of two pairs of tlu'He e<,untion.s the
mv unknown nund.er, i. wa.s eliminate.!, giving two in-
[•('n.irnt ...|uati<.ns, (4) and C). .-ontaininK two unknown
Ixiv / and I/.

mini

3. Fi'iMi these tW(

«iis . jiiiiinatcd. and from tl

i'<]uations. (»ne unknown nunjl)er

le resulting ('(piation th(
|r<iiiiiiiiiii;r numher. //. was found

4. Tl„. value of the h-tti-r. ,,/. was sul.stituted
'iitaining two unknowns, and thus the val

ijuatiiiii .•.

ll^Coii.i letter j\ was found.

ni an

ue of

5. T!,r

iiltstitin.'d
were

•iilues of th.- two letters already found
in one of the original ciuatioiis. and thus th
ik- Unknown iiinni.er was found.
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:. i

5-

6. Till' : wiiH cliiiiiiiiiti'd lirHt, Imt tin- lttt«'r« mivlit ii.i\.

Imi'ii iliiiiiiintrtl ill any ortl«T. In pnutirr tin- l<tlt i h i\if,;

t)i«> Hiiiallr^t ('iHtlitiintH hIiduIiI ii>'uallv Ik- tak< n \\r^\

K. Solve

:.'/ 1: (',

4 J •_'. I'..

Ki|iiuti<)n (l)(l<M'S imt i-ontaiii : ; if iIdii wt- liiiinii it.

from (2) aiul {'.\) we Khali pi an ailditional tijitati. !< .,,

tiiining only r and //.

\\'<' liavf then 2' •'!// I i

aiul 2 1- + ."•// i),
I

from which Jv I, or >/ '2 and « '»

then fntin citlMr (2) or (M) uc pt :

AV. ./. Solve «'<|uations ;!' 4 .')</

r v :

2 ;! .")

From (2) we have r "'. »/
^'/•

') .')

Hulistitutinn these values in (I)

I; ;<

+ -•: .?.we net
.)

from which : 1'), then from (2) r <», and //
''

When the valiU'Hof two of the letters can hecoiix'

expressed in tirins of the third, the solution din

convenientlv efT<t ted liv suhstitution. as in this e\

ii'iitl\

Hi.'-!

202. Indeterminate and inconsistent equations. \Hi i-

peculiarities may arise in the connection with <.i;itini-

eontrinintr three imknown (|nantities. The fullm' nL"x-

amples illustrate two oi" tin- most inij)ortant :

K.I-. I. A <|Uantity of L'rain consistiiiy: of \vln.r 'irl'^

aliii o;il>, i-i iiu>hei.'« ill all, weij;ji?« JiHHi iii>. aim \\<'U.'

i?^'-jj8K^i5*aJ^S3f^
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SlMILTAMEOrH Kc^CATffJNM
1 f)n

a

iiifx rcw

iMJ ;i4 11^.
; tji.ir val

•18

lUs lire !>.'{ cent» "'•
ii'iitM mill .'il

iHTtiv.lv. Fi„,| tlimnmlHTuf JMi.lM.Nofra..}

!,• I '. '/. : rt|iri'M(iit tl

Tl ii'ii

Kriirii ( I ) iiiiii (2)

(I) •• V.i)

u- luitiilM-r of huxlidi.

' + '/ t : I.*)

'«>' I IS'/ t .'U: •_'()<)()

!»;<.< 4 7.*.'/ f .-)|: ;;|;{.-,

2<)r f 11,/ 170

.{!» <+2lv 70.'>.

IMHV \Vf (

lUiiili si

livi.lf (I) I,y (2) an.! (-.) l.y .{,

(I)

Ml ••lUii tii,'-

I.l, + '.'/
(«5)

Ulll SI

Tl

"'"•s tl.Mt (4) and (.-,) an. not ii,.|,.|M.n<lrnt, an.l
-|"'>itl.v an in.|,.H..it.. Mni..b.T ..f values of . „n.| v

• •n for c.K It sii,.|| |,j|jr of

II <'orr«',s|H)ii(liiiir valiif for ;.

ii>^fv till' i>i|iintions
: ami tl

ilii'- »<• ran, from (I), finil

11^ ^ - ••{, 10. i:.. 17.

.'/ = 2S. 1.-,, 121. 2.

:- II, L'<». 17i, 2(;. itc,
«ill

!
. fonnil to satisfy all tlirr imitionH. Tl

III'Mlnn

Tip

indeterminate
H- |>rol)|i>m

HIS,, of this peculiarity arisi-s from tl..- fart thai
!»• tlino ori^rinal i'i|iiatioi

lll;ilN.ii (.)

iH arc not all iii(lc|M'n(Iciit.

). ol,tain..(l from (1) ami (.•{), is tl

'
' from (l)aml (2), aii.l

ic same as (J)

"i"nii;itir,n not contaiiicil in (•! ) and (2

'iisci|ucntly (.'5) jjivcs i lO

Iiifii.t 'inntum (:i) may l.r dircctiv derived f

""^ili^HH|(2) hy mulfiplyinj, tl.c former l.v :{ and
.af r

!h.T..f,

and addiiijr the results. Tl

loin eijua-

the

<oiitains tiiive niikii

ic jrivell prohlcm.

iihi-\, 1,1 tor tl

own i|ll.llltltles lilit ft'W:
nieiit'; eoiieernin;,' them, and th
lie |ii'r|>osc.

MW^^f^^^idiW^^^^^M-:- ^1 ^it-^'f^:'-^^j^2-^-i^^.M^^
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•>!« *n

£ii

Ex. 2. In Kx. 1 a»»uine the total value to Ix- $;!J, {h

other <iuantitie8 remaining th(! same as l)efore.

Proceeding as iM-fon-,

K<iuati()n (4) remains 2Hr + 14// -=470, (7

" (.')) becomes .Sl)j-l- 21// -770. (Si

Dividing (7) hy 2 i;U+ 7// = 235, (!ii

" (S) liy ;i ;8-;+ 7// = 2.')<)j|. dlii

Now (5») and (10) are clearly inconsistent and runs,.

(juently the i)ro))lem as now st^xted is imi)ossil>le.

EXEP- SE Llli

Solve

1. /+ //+ : = 11, 2. .r- // + 22=1.

2.r- </ + 22=16, 8/ + 2//- 2=2,

8/; + 2// + 8? = 81. 2/ + 8// + 4: -•_'_'.

3. 8u--2y+ 2 = 10, 4. oiE - 4// - 8: =- J.

4j: + 3y + 2: = 2H, 3/ + 7//
-.')2- "i-J.

5j- + 2//-82 = 4. 2/ -'»// + 4:= It),

5. / - 2t/ + 82 = 2, 6. 4./-+ 3// + .",: -Jd.

2.r-4i/+ 2=-l, 2.1- - '.>// + 8: -I'k

8/ -2// + 2: = 7. ()/+ 12// - 7: '''

7. 5.r = 8//+ IO2-4. 8. 2(.r-//) + 8(// .
-!

% = 82- 2x-2S, 4(j:-2)-2(// -2.

42 = 3x + o//+10. r)(/+-//) -8(/+ 1
-1

9. .r + //=l2, 10. 2..- - 8// =- 0.

//+:=- 14. :!//-42-7.

;f/-20. 1:+8r S

w^i^^sM'^i^^^asa^aE^^fwi^^^^^^.
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11. /+//J-
.: = S,

•111 - <\z . - 13.

13. 'l(x + II)
= X - z,

/+1 =;?(// + :),

'Ill
~. 5,-.

15.

-1
LtlLtl.

1 // - 2 z + 8
^ o'^ 10

'

12. .V+ V I

-i'/ + '>: in.

!'• >(//-!).

14. ;{(,• -
1 ) ^ 2( .'/ - -)

// = 2(r+:).

16.
' - .'/

,
.'/

• 1 .)

•' + ,'/ ,

.'• + :

2(.r
.'/ + r)

i//- .)

.'/ + :

17. '2x~ 8// - ;{y - 52 :^ r + V + 2 .'! 1

.

18.
8i; + 4v 4= ^yJ:i*_2 ^ •*^+ '^-^ _ •»• + .'/ + - + 3

10 15

19. = + = o. 20.
2 ;?

•5, 21.
'• 1

t. s i^^l.l-
= 8.

22.
2

. 1
+ '-=S.

-.'/ 2 2

1 . 2

y
+ - •).

23.
'•\// :/ 8

1/8
* r ir r

lv:-/'c"^^-^^'^i^'^t>L '''tfir*^2*^':>:;i.. .:-^'>^V- ..
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i5

!3f.

24.

27.

.r f .r •_>/..

J- + // 2c.

25. /<; f (•»/ = (I,

il- f r.r /).

(1 1/
^- hi ,:

29.

31.

/ + // + : -0.

ii.r + III/ ^ r: 0.

J- - 1 _ //
- 2 - - ;i

;! "
/)

" 7
'

.'• + //
4- : 21.

.'• + // + :"'* + /> + c.

/>.! + r// + '»: - r.r + '/// + hz,

(i' + li- + r'.

28.

30.

32.

26. ,1 ( ,/ , . (I

</.» ( /(// ' . II

<•(.( + (•) //(// 4 ,() (1

J" - mj + (/-': (('.

.(• - hij f h-- -^ /)•'.

X - rif + r-': (•••.

.( 4- u\ _ 7/ + /( : .
^,

/* +• /> ;> + ;/i )/( t „

.'• + y + : -= j/i + /( '
/-,

.' + // 4- - « 4 /' . c.

Ux -\- luj ->r (f. n + (M/ + /,:,

-r</> "-t-c/.

EXERCISE LIV

PROBLEMS

1. Thf sum of two miTnl)er.s is ,'{ tinifs tlicir dilT. iviin

but if 5 1k' added to each their sum will he 4 tiin - tliiir

difference. Find the numbers.

2. One-half the sum of two numbers and onc-ihini nf

their difference together make i;i If .'5 be added tn tadi,

one result is ."> times the other. Find the nunilur-

3. If a unit be added to numerator and dcncMiiiiiitHi

of a fraction it lu-comes ii
; if II be subtracted finm cadi

it becomes ^. What must be sul)tractcd from nh !n

make it jj ?

4. A iiumbtM- consisting of two digits, of w 1

unit.-i' digit is the greater, when divided by (he sin

iligits gives 3 ascjuotient with 7 remainder. When
by the difference of its digits the (juotient is '.'

maindcr 1. Find tlie numher.

. Il tin

I nf il-

'livliln!

!l.il IV-
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TIh' (loiiMf of

L'niil. r l.y 4 than tlio mmil

II uuiuImt cnnsistiiitr of t\v(> (limits i,^

llll'trlis' (lijrit |)(. llJllvtMliind tl

•r with its (ij.ritM rev • •rscd. If

If nsiiltin-^'miiiihcrdouhU'd
Ih.-iv.ult will h,. grniU-r than th.> orijfinal mnnk-r hv 9
Kind the first nninhcr.

-r \ man has two \vat< In > and a el

The lirst watih and el

tl

!iain worth ><2'2

i:ini arc togotln'r worth 1 '

t

iiiiicli as the second watch, while tl

inicH as

thccliain are together worth lif tii

Find the value of each wateli.

le second watch and
nes as much as the first.

I saves
j. ot his daily pay and li

iijfctlicr thev save .*1.44. ,1

saves )f 1 lis

and li AW increase of 10;

i'lorc than A. Find the dail

receives an increase of I2i /

and now Ji saves 1(! cents a day
y wagp of each.

6. A huslud of wheat and 2 hushels of Uu-]
tH};.Hi(rworth.'?2.18. If the l.arl

ll'i Mild the wheat

<'V are
ey were to rise in val

vre to fall 10 . s hushels of wh
"•mid \>r worth J> hush.ds of barley. Find th.' val

Ue

eat

laisli •f each.
ue of

-ilk

nfsilk

10 vahK' of 3* yards ,,f velvet and 12^^ vards of
>> the .sune as that <.f U yards of velvet an.!".-, vards

tl

the total value in eael
'f value of a vard of each

1 ca,«e I.eing .SHm.sO. Find

10. "hiee iM.ys have together 120 iiiarhles
-'ivfs I

r.( his niarhh
third

iiian

;ui( I Ilow a 11 th

>t' together 120 iiiarhles. The first

and the .second gives ,', of his to the

11- If .1 should receive

ree have the .same luiniher. \\ow

)iR
MS llilli'li

/.' th

again as hefore. If ^l should

money he Avould hav(

nner would still have t)

now return 8<! to

""•'i 'ixl <-ach at first?

ice as much .ns the l.atier.
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*'12. ./l iiiul •• ran together do a \V(trk in \'-\\ days. It .1

worlvH H ihiy^ an<l // 10 dayw, :-; of the 'work will In .Ion,

In what time ( ould eacli separately perform it ?

13. A and li nap a field of wheat in 10 days, li .wul c

in 12 (Jays, and .1 '.v do twice as much as C in tin ship

time. In what time would T alone do it. and in \\|i:it

time eoidd all three do it ?

14. A cistern has three pipes A, H. and ('. jiy A niid

B it can he tilled in 8«) minuti's : if (' he now oi)eri. ,1 niid

B closed it will Ik; emptied in H hours. If H Im Aam
opened it will he filled a^^ain in 3 hours. In wlmi tiim

could A and B separately till it and (" alone empty it
'

15. A man can row 20 miles down stream ainl l)ii(k

again in 7h hours. He can row 2 miles down in tli. siinr

time as 1 mile up stream. Find his rate of rowiiit: in

still water and the rate of the stream.

16. A hoatman can row 18 miles down stre.im aiiii

hack again in 4 hours l.'JA minutes ; in still wa*( r ii. rdulii

row the same distance in 1 hours. How nnich luiiLir diil

it take to row <lown than to row hack?

17. In a 480-yard race .1 gives Ii a start of 1". vunl-

and heats him hy 2 seconds. In a second trial .1 iiivo /;

a st,'irt of lo yards in a 8()0-yard race and 'xats I in iv

1 second. How many yards does each run per sei ' ini.'

18. A river flows '4 miles })er hour and a sti ; ht

going down stream re(, 'ires IS seconds to jtass

point, whilst in returniUj. it nMjuires 1>Q second

tne length of the boat and its rate in still water.

19. The front wheel and the liind wheel of a iiiuj:

together mike 1!) revolutions in SS feet. If the .miiii-

ference of the front wheel were doubled it won i tluii

L'IVl.ll

FimI

^'M';;%?m: '

s'^i^:^< i>i
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iii;ikr !•") r«'V<ili)tif)nH less than the liind wln-cl in 17<i yiinlc

Fiii'l tlu' ('irciniifcrcniL' <>f cjicli wlit'fl.

20. A niiin anil IiIh two sons could <lig;i ditrli inddaye
if tlic man and eithor son work 7 days, the other soi ) can
Klin plctc the work in 2 <lays. In wliut time can each
iloiic do the work ?

21. Two men took turns in rowing a hoat
; the one

lould cover the whole distance in 10 hours, the other in

14 hours
; th<' journey was completed in 12 liours. How

iiuiiiv hours did each one row ?

22. A (juantity of water suHicient to fill 8 jars of difTer-

iiit sizes will till the snia'lest jar 4 times, or the largest one
nvice with 4 gals, to spare, or the second jar .". times with
ipils. to spare. What is the capacity of each jar ?

23 .1 gave to li and to C as much money as each
already had

;
li then gave to A and C as much as each

then had
; C then gave to A and R as mucli as each then

luul. after which each liad «S. How much had each at

first
'

24 Tlu-ee l)oys had each a liagof nuts. Kach 1

iuii other hov ' of what he had ofiginallv in 1

l)oy gave

lis own l)ag

1 tlu'n they severally had 740, oSQ, 380. How many
md ' ach at first ?

am

25 .1 saves .f h IS nicoiuc antI H saves '• of h IS li

"[HMids gaO less per annum than twice what .1 saves, and
.1 s|" nds !?loO more than Ji saves. Find their incomes
ln'r annum.

l^^:

26 .4 and Ji can do a work in 12 d; ivs. li an( I
(' in i;

'la\>
: .4 does as much work in 1 day as (' does in 2.

Ill w'. it time could each one alone and also all together
I'erf. :,,! it ?

m

: ,[
{''«» ,itC^ r.Jry
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V

;.j:

-tf""*

27. A jfroccr has 2'» n>s. ..f t.a unrtli K) iriits :i p.,rii„|

In- wisJifs to mix- it with (.ilur tens at .'»() ami (;(l.,iii.;i

|K)Uii<l to make 1(K) |mmiiii|s in all worth M cents a |.. in,,!

How many pounds of cacli kind must lie taki ?

28. If a travcllrr were to make U miles more p. i linin

he wouM re<|uire 40 minutes less time. If h.^ u. i, i,,

make] J miles ikt hour less ln' would re<|uin dur |i,„ii

more. Find the whole distance.

29. The inocmies of two men are as :i:2 and tin r . x-

penditureH are as n-.'.i. Kach saves .*"»()() per .iiiimiii

Find their incomes and expenditures.

30. The sum of the three dijrits of which a numiMri^
composed is 1.'). and the tens' dijrit is -j <.f the sum nftlir

other two. If the hundreds' digit he removed thr n «iilt.

ing lunnlwr is ^freater hy 1') than twice the numher fuim.il

by removing the unit.s' digit. Find the numher.

31. If the length of a rectangle were diminished l.v 2!

feet and tlu; width increased 4 feet the area wcmM I.,"

increased hy 100 siiuare feet. Its jterimeter is KC iVtt:

find its area.

32. If a miit he ad<led to l»(»th numerator and d. :,nnii-

nator of a fraction its value is increased hy .,'., ; ii i unit

he subtracted from each its value will he dimini-: -li l.v

3'^,. Find the fraction.

33. In a quarter of a mil<' race A can heat /: Iv II

seconds or hy 121 feet. Find their rates in feet jk i
- (.mi.

34. In a mile race A gives li a .start of 44 yanl-^ hhI b

heatcn !)y 1 second. In a sccon<l trial .1 givo // Marl

of () .seconds and beats him by U;, yards. Find t!i niini-

her of yards each runs per second.

35. One cask contains wine and water in the r.it, .
', ;'>.
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;in.'tli.r in ratio S
: 7, H,;^ inniiy ^'iilions nmst !.<• t;ik<'ii

fn»iii tach task to iiiaki- 11 pilloiis of win.- .-umI |:{ ^'allons

iif wiiwr ?

36. The urea of a ctitaiii triangle would ninain un-
.li;iiin«'<l if its altitudf w.-rt- increased \ty 1 f(M)t and its

lia.-f reduei'd 4 inehes, also if its altitude were decrease*!

I^ feet and its liase increased l.y H inches. Find its hase
and altitude.

37. A teacher after payinjr his taxes has !?2(I.'),S. 40 re-

tiiiiiiiing. The tax rate is IS mills on the dollar for the
Viiliie of his hou.se and for ll !<• excess of his salary ahove
?1IHM). There is also a frontage tax ou his groinids,
whit h is

I of the tax (»n his house and .*5>.(;0 less than the
tax on his salary. Find his salary and the value of his

house.

EXAMINATION' I'AI'KKS

1. Find the value of
.' + (( J- Jfb

f - It J- - (I

h 1

wiien J-

' + l>

2. Multiply (i' - ah + //-' - + ^
1 hv a + /m

'

(I ((-

3. Divide '" +
1

iij- - ((-.I- + ir

;} ()

hv

4. Kind the H. C. F. and L. ('. M. of

2.r-' - 7.r 4 and

5. Sol.'e equations ''"_-'' +

:.'- -
, x + •2.

I -if 1

10 lo'

.'/ •' - -,v •'' ~ •*.'/
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6. How iiiaiiy cliiMnii in u fainily in which r:ii || ,,,\

hiiH an r«|ual nninlMT of hrotlirrs an<l n'ixU-r>*, hut la. h -ul

haw twi<M' an many hnithtTs as she has sisters",'

7. If th«- pric- jMi-yanl ..f a pi.c.' of iloth had Im,i,

one-third h-ss, 2.') yards nior.' couhl havr Ihth houj;hi fni

the same money. \U,w many extra yards mi>:ht \k,u

iH'en IxiUKht if th.' price had heeii Ihree-fonrtlis ol' u Lit

was really paid ?

H
1. He<hiee to lowest tern IS

r' -t- .»/-

r' -(- r-

2S
am I

(.'- + 2)^ + (.r^-2)-

.V+l)-f

2. Simplify i'-^^W\%yc'Z}

lit.

Nilve
/ +- 1( x + a

iind tind the va ii. (it

each side of the e(iuati»>n in terms of a and

If r -= find the value of
'/ + r il(il + 2.1

5. The n. ('. F. of t

L. C. M. is

wo expressions is 1, and idiir

6.

<M-' + ll.r - (). F'ind tiie expressions.

A smn if money was e(iually divided am.M.
numl)er of persons hy giving' the first 8H) and on<-t. •

of the remainder, the second !?20 and one-fourth of

then remained, and
the numher of person.'

so on. Find the sum dividt

The side of a s(|uare is Iti inches less tlmn th(

of a rcctanirje, and its pcrim.UT is 4 inches less tl i;ii

perimeter of the rectansle Th ire I of the S(|

K) square inches greater than th.' area of the reel

ll;i!

urtli

- hat

iinl

•-'III

thr

Find liic Side of the s(|uare
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1. Divul.
Ill

r(r + n){f f ,i - r) + (n c)(r + a){.r r) - n(, r)( r f <» - r)

liv '2r 4-1

2. If J- -o- - h>\ y^l, -i;i, : ,•--„/>, show tliiit

,'>' _!L
1 1.1 +- hif + cz.

3 Simplify

1 +
'_'-»/»

//» 4 />.)

4. S)lvt' ((|uatioii>4 ,1 - h.

-^1/
+ f>.II + f).

5 Find thr L. (". M. «.f

6. .1 can do a p'lvvr of work in 7 days less than B,
and l>oth t()g«'Un'r can do it in 1 day more than half the
tiiiii r('<iuir('d hy .1. In what titnc can Loth together
ill) it ?

7 A i)edcstrian'H rate of walkinji up hill, on the lovcl

ami down hill arc -'U, 4 and U miles per hour respectively.

Hf walks to a certain point and returns l.y the same road
ill > hours. On a h-vel road he would walk tl le same
miiiilier of miles in .'}\ hours. H
kiiiil of road in tlu' jonrnev?

ow manv miles of each

IV

1 I'inil the value of
"'}''"

^
\> "". when „ . 2 and

(/• !) ,
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p -

(3
'i

^ '

«^ ,»•'

2. Th»' Hiun of two iilfp'hmic ••xpn-HnionH \n

-V + 2.''-S,f 12,

and tlnir ililTtniin- iH'i'-f Kt f «;. Kiml thi-ir II.( .h

3. Simplify

\ r'H/\( •' .r)i/l(r-'+|)-' .,-Ml- /+ .,-"
, )

4. KiiKl t\w value of ' f ' - f ' whi-li r -'"

" ' .' '• r II ,1 , r

5. Solvi! (•({tiutioiis I k(i/ :) 1

,'/ ,'<: >)--'2

:-H'-.'/) =-'^.

6. The sum of the ag.H of ;i family of children is uiu-

fourth the Hum of the uKeH of their parent^. At tli. .mi
of 4 years the num of the agen of the children will U.

doubled, and in r>,| years the Hum of th«! ag»'s of ili..

parents will Iw double the sum of the ages of ili.ir

children. How many children in the family?

7. Three travellers, A, B, (\ set out from the -.mv
point in the namt! direction. A and B Ht;irt togetii. r at

10 and 12 miles per hour respectively. C starts '1 llull^

later at 1.") miles p.-r hour. In what time after staitinj:

will Cite midwav between A and B>

1. Divi.le "' +'-""+
1 l.v "^lJi±l. - "±1

/>•' h- h-'

^-'•"m;; •)(' ;'.) a^of^)
Jr I

I

'5to^itiS».'.Jal^.-..
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3 If fltnl VIllui! of
I I t

< 'f " /' I, (-liuw that (<> //')' „' /i

•inii tin- wli«»l«( prolilriu in w«»rfls aluiir.

''
' "'», niul

5 Solve (•^|Uatiorl^
»•

I " "r /i,,

.'/ 1 '' ^.'/

h I.

6 .1 Mini /MoKrtli.r •!<> ,i w,,ik in u certain tirn.'. If
.nil dill on.-lialf the w<.rk M-parately. /( won!. I uoik 2
iiv- l..san.l /f 1 .la.VM mure fhiui l,ef,,re. In \v|,;,t time
"iiM 'aeh Meparately do the work?

7 Thr.-.' thaierx are worth a half|Mnn> more than 11
fniii.s; .-, franes are worth u halfiMMiny mure than 2
i.rins I tlialer is worth twopenre mon- than a frane ami
flniin together. Find the valne of eucl 1 toni ni pence

VI

1. Find the vain, (.f
"^"" ') "(" <)

mil "Inn /* ;>.

2. Show that (r-t-f/)- + -2(

"('/ 1)-
when H 2

f ")(// + h) f (1/ ^hy-

hhI urite a third expression similar in form and e.|ual
ai'li .-f thetn.

3. The H. C. V. of f

L.(. M.

|ual ti

wo expn ssions is .,-
] and their

IS..' l(»r- f 11. Kinii th I' expressions.

implify 1 i.A
i> +-

,ih 1

-h

Ive the iiniatii Ml '
] „, ( r 'II ); ')" (.'• //.)(•

l»otl valnes of /, and ./ alT.. t the value ,,f ,' K
t of makin

\:U!!!!1!

/» 7 l)efore solvinL' tl le ei|nation.

^^^SSS^M^^^^i^
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6. A iMMttiittn n>wiiig with the tidr makcM m iTiili < in'

hoiirM. K«'turtiing hv niakfM f of tin; tiNtuiicf in tin .tn:,

time ogniiiHt a ti«l«' thn*<'-fourtlih an HtroiiK. Kiiil th.

vi'ltK'ity of thn HtrongiT tidf.

7. (JoliI Umm ^', of itn weight and nilvi-r ,'(, "f n.

weight whi'H W(>igh(><l in wutrr. Find thi' ninount .i i;i, (,

ni(>tjd in u niaf<K <>f gold and xilver whii-h wi-ighn 1)"^ ii>. in

nir and '.N) llw. in water.

„»
«?-•'

p- .J"

VN
1. Find thi' vahiff* of

2- -'(2- - 1). 2X2" - 1) Hn<l 2" '(2"" 2).

when u = 2, when » = .1, and when >t = -1. Why :

vahieH of the He<'ond and tliird expreHnionn in <iti

ju8t douhU' the value of the tin<t ?

2. Find ti»e vahie of

III I lu-

ll cav

-1 . .^s ^ ,:. ;{j.,,j

when .(• ^/t + r, y =r + n, Z n

3. Find the H. C. F. and L. ('. M. of

>' - (a- - /i;r + nf). and r' 2«/- •- (a- + //)/ "/-

1 •» ^ > . _1 .4. Sini|>lify

5. Solve
/. h a

ti 1/ + /(X - n ij ^ i> J'

and verify the valupH ohtiiined.

6. Find the price of oranjjex jHr du/eii wiieii I

a dollar raiwH thi- price 20 \

7. A crew can row II miles up utreain and 1

down .1 () hours; they can also row 21 niilew up :'

down in 11 hours. Find their rat*- of rowing ami

of the stream.

-> for

iiiile-

.1 \%

.< nU-
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ELEMENTARY GRAPHS

Repre»>entatioa

^ nli'il into ai

a point on a line. I, t i/;
l.V IiUIiiIm I ,,f ...nial |.:irf- Ki._f I

o
I :i -* I

Hit I tt

•KiNir n ii« th. |„,ii,t fn.ii, whirl
Itih ui- may ri'^^ard, as n)

I \\i iiiiMxiirr (ji,^.

'"Wii III Art. L".t. tl,.. .|i«t;

Ml..
I

f.. thr li^rlit .,, |„,-i|iv,. :,,1.| t|,u>-

' tt 1- iHjjativf.

line

<• iina-iiri(| tl

V.u if I i">iiit I..- n-pn-rtriiu.,1 ).y tl,.. „ui..l« , «|,i,.|,
•r.'. ht* it^ .li^taiK .• an<l .lir.Ttioii fr,„M O. tl

II iiiinilMf. |Hi>*iti\c (,|- iicj:afivf. tl

Mil to l\c|'

If Tf corn
III- liii.

, ami t " ''V.Tv point oil til- liii.. tl

'|»oiiil' a point

! '1- a n al nninlicr.

I'' ii"Mir_' till' distal

til-' distaiK (• Of, anil f,

MIS inra-nivd fioiu I) ],y

Hif corn'

«!• liavi

f"l !(;.• di.-tailC.. lirtWl-fll thf t

' •' > tin- di-taiHf (>/'

Wo
••) 12.

p"int- /'and /'. 12

204. Representation of a point in a plane.
-lit lin.> .V, OX and ), 0)'(F

-Vow i.'t

iir. 2> Im' at ritrht
i'a( h oth.r and l.t .a. 1. !..• .lividcd into ,..„ial

ht I,.

|i:,.- i. tt

U

t th.. distan.vs alon;r .\', O.V iiH-asurcl
>ii-^id.Tcd positive, and th.-diMan,-..s.,

I'

to 1

1 1 1 • I h: 1 1 f4

ativi'

Ji>'.)
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1

Similarly otiiHider the distanct-s ii.casured upwani f om

O along 0}'as jtositivi'. aiul tlu' distances iiieasnicil iuwu.

ward fnini () as negative.

' '

1'

(|

y _ 1
r

y*i
t . i

s

1 .

Fig. 2.

Denote the distaneis measured along A\ 0\' 1.

the (list;u\ces along )', OVhy //. ("all the line X
axis of j; and )\ 01' the axis ot y.

At the i)oint where / = 3 draw a line parallel t'

and at the jtoint where // = 4 draw a Kne {larallel t'

Let these two lines meet in /*. The position of t

/' in the i)lane is deti'rmined liy staling the dist:

tln'se two lines from the axes, viz.. OA. OFj, or wli

same thing, OA and A I'.

The distances 0,4. and A/' are called the co-oni

the point. AT is called the ordinate of the p"

OA the ahscissa.

\ , ;il,'l

'/.Vt!/

. ) oi;

. V, nX.

: |)nil,;

A- i- th*'

M
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Tlii' jM.iiit for whi.li ., .", and // - - 4 is usually .Iniot..!

l.yl!, 4); the jK.iiit for wliicli .--// jm<l // - /* is siinihirly
IrlK tfd l>y (tl, I,).

TIm- co-onliiiuteH of (^ in Fi^r. 2 :\rv ., - .->, ,/;•., f|„,

point JM'injr (l.^Mot.'.! hy ( o. :\). Similarly \\w poiiit l!

- ( -1,-4) and S is (."), -- 2).

It' now till' whole |,lan(! 1... divided l.v drawin^r lin.s
|-ai:.ll.-l to X(}.\\ and 1-0 )•. „HMj, tl... same linear unit, it

\< lit once s.'en that the p<.sition of any jMunt on tl..' plane
(1111 I'e represented hy means of a pair of eo-ordinates,

EXAMIM.KS

1. I'l(.t the iM.iriis (2, 8), (
- 2, ;!), (2, -

.;;. (
^

i». _ :^_

2. Draw the line joiniiijj; the points (2. 8). (
- 2. -

:;), and
find tlie ordinate corresponding to the al.scissa 4.

3 Draw th<' lines joininjr ("), 1), (."., ;5) and (.'5. 1 ). ^2. - 4).
At what i)f)int do these lines intersect ?

205. Representation of an algebraical expression.
Takr the expr..ssi..n 2.,- - (5. The valu.- of the expression
"ill depend upon the value assi<:ned to r.

A--ume that iV - )•>= y.

Tlun when .,= ]. ^ - . 4 .

•'=
:^, // = ^ 2:

-'•=4.
//

- 2;

.'= -2. //= ^ 10.

Tlir,,. results may he tahulated thus:

.'•I _'
i 4 ^n

// -^^

10
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"xt. ' •

If iii.w til.' points (1. -4). {-2. -2). (4. 2). < -*.

plcttt'd, we get the points J\. J',, /'„ 7' in l•"i;,^ li

-^'-
-j-i

—— "— — ~ —— r

~*iCr
— - - -

i
?

f
J

f
—

/ P h

( \ Jf—

1

K 3
I Ql»
f

1
„

j P 2
... ^ /

)P 1

f

j
f

j
1

/P 1—

L \

_i— 1—

r

— -- \-

Kitf. %

Tlu'st' points wlu'U joined all lit- in a stniiirlit liiM

Tilt' valui- of '!.< - <). corrcspontlinir t^ any paitHula

valur for .'•. can now 1><- (ii'tcrniinfd from tlic dia^nii:.

For cxanipli' :

When /-: or OO,. •_'/ ^ »)-S. ,,r <Hly

'Phis cjin at once 1"' vcrititil liy calcnlatioii.

All al<rcliraical fX|)rcssions of the lirst ilru;r(< .
"ir:

plotted as above, are straiirlit lines, and hence it i

necessary to determine t\v(» currespondin^ values foi

// tu determine all points on the line.

The line shows that 'vhen x '\.
// =0, /./.. ;; i~ V:<- V":

of the ('(Illation 2.'- - <") (>. This is at once verili'l i'}

soivinir the eciuation.

iiii'i
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206. Representation of a linear equation involving two
unknown quantities. Take tlic cxiirfssioiis

.'!.i+4// '^ -(•.

SMlvilijr for ,/ ii, trniis uf ... we ).'ct

.") .'fr

.'/

N'nw when .'•= ;!. (/ -= - 1.

.' - - •">,
'/ -^ .").

Since the expression is of the first «legree, these two
loinls ; re sntlieient to (leterniiiie the line. »'Verv |iuint on
'vhi< h satisfies the ^'iveii ecjuation.

Fill- example, from Fijr. 4. when .<• ^ 7. 7 - - }. or tlie

I'liiit /'. (7. -4). is on the line.

— - —. --—
s
•^.^

V
s.\V^ 5k 5)

s\
v^.

\, ; ,

s

- s.
^^^

(^>^>
1

J f

^s,
,—4—

^

- —
~^

' V K
P> -_- .^

1
"^^

: j~r
1—
1

—

—

-i-T

FiK. «.

1"! - is at onee verified In- sul)stitutini; in the .'.juation
!lif v.hies 7 an.l -4 for r avA ; resjKittivrly.
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-i t
«»•• i*"

t— r'
~«»4 '^
«a
cr I'.i

t».j 1^^

^^ '
''

e:
£>

»•*

;ii7

207. The solution of simple simultaneous equations of

two unknown quantities by graphs. Take tli<- i<|<ia;i'>ii>

.'" - ,'/
=-•'),

ill

./• + .'|»/- 3. cji

III ciiuation (1) // = o + r.

When '' = 1, // -<>; and x ^ - .'}, // = 2.

Tilt' liiif throu^'li the |>(iiiits (1, (i), ( - .'5, 2) is a lii,r ;,;;

|K)ints of whicli satisHos ('(Hiation (1), tht- line AJl. I i ;
">

3 (

/
/

/
/

/
/

/
p, /

>. i^ i- 5 2 /
**.

^M
;? ^

/ •-

- / ^
/ ».

/ V •>k 1

A/ q;
1

]

Fig. 5.

*_>

In e(|uation (2) // = '* -•

WIh-ii .-• = !), y= -2; and .> -- -
«», // = 4.

The line through the jioints (!>, - 2), ( - 9, 4) is a 1'

points of which satisfies equation (2), the line PQ. 1 :

The diagram at onee shows that the two lines Im

l)oint in common, viz., ' -3, 2). that is, that .'= - .'>.

are the values of / and //, which satisfies the tw.

etjuations.

r all

rlVl'li
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Til" stndint cuii at uncc vtrifv tlu' rertult hv moIv

the iinliiiarv wuv,

ang in

EXERCISE LIV

1. I'lot tii<' followinj; points:

(1) ( 1, 4).

(2) ( -••5.-4),

(3) ( 'A, -7),

(o) ( 4, 0).

(<!) <», 4),

(4) ••i).

')
( 0.-3).

<} (
- 3. 0).

2, Fiii«l tlir interstM'tion of the lines jctininj; the foHow-

niL' |i;i Irs of ponit^

!). (- \) unci ( -r,, 0), (0, -.')),

1-')

(!)
(

-). -1). (

7). (

•")) and

;{) .111(1

2). (B, 8),

3), (1, 3).

3. Draw the jrraphs of the followin}/ expresMion!"

(i; •>,- 4r + .

('>) h

'.) or - li. (4) .r+2. (H) 2j:

4, Draw the j/raphs of the following linear eijuations.

(1) 6/ -h '111

(2l S 4- 1,'),/= -«.

(3) .'=0,

(4) // = 4.

(5) 8./- -2//= - T),

(B) 3r-4//= 22.

5. Solve jrraphically the following ecpiationt-

'>!/ - 7~-il

'=!()

(4) 2x~ „= 11,

-2
.'/
= 10.

I-) 2/ + 3

3.r +

.'/

(5) A.r+.\,/ =

.\x + A;v= -(>A,

)) H.c+7</=lfi. (6)
y-'

•'.'/ 1/ + 4// = :i-).



CHAPTKK Xlir

*
Ci
et

•—

t

fSl

3C
m

- -»-. a
-«i •a-*

if--"*" F-»
<r~4}.

***" -

V:
f^i j*i4

15^ * "•

* < -^

H:»" •*'"•'

^

SQUARE AND CUBE ROOT

208. Definition. Tlic S(|U;iri' lim.t of a ^ivtn .il

ual cxpn'ssion is an ixprtssion which, when iniih

hy itH«'lf, j»r()(luc-('s till- jiivt n ix|ir»'ssinii.

TIius the s<niarc nxit of S)<(- is -t- ."•*/. or -."{(/.

For ( + ;!/0 '-"•»"', and ( ~\\<t)- %,'.

Similarly tlif s(|iian' root of n- + 2iih + fr is <'itht i

i»r - II - h.

F. ir (ii + />)-' = (
- // ^ /,)-' = „-• + •_)„/, ^ /,:

From thf forcgoinj^ it is seen at oiut- that every :i!

ical (xi)rcssion has two s(|uan' roots, the .-igii of tl

Ixiiifi opposite to that of the other. We shall nn!\

side, the on.^ s(|viare root, viz., that l>e>:imiiii<_' »

positive sipi.

As stated in Art. i"). the Radical Sign, n'~
written over an expression, indicates the scpiare n...!

expression.

209. The square root of a monomial. In th

example given ahove (.Art. 20S), s9r»--,"„f. 8 1m;
sciuare root of 9, and <i heinjj the scjuare root of a-.

Similarly v'*>*/-7r = :],,/>, 8. „. and /> heinjr, respe, •:

the s(niare root of 1), u- ami b'.

To find the s(juare root of a nntnoniial, thent'..i.

the scjuare roof of each factor; multiply the>, -

roots tojrither, and the result is the sfpiare r<»ot

cxpn ssioif.

•J It;

'lira-

' III .

i-iih-

itfi :i

lir-i

: til'

wlv,

tak-

jUari'

r thf
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210. The square root of a trinomial expresilon. Th.
i|U:iic iixil nf M triiiumial txpnssioii may l.r t'unii<| li\'

x|ir.ssiii)r if in sitn|.lc fii.tors. T\n< i^ iisiuillv .|..i,r l.'v

rvatmii.

litis: (1 ) s -(' •_'*»/- f A' \ (" />)tii /,) ,1 h.

(•-') s<i'- + S*/ +1(1 . (,, +. |)(„ ., I) " f \.

\) \ ."iCi/- S-^Mi t 41I'/-'/- \ (•>' I '/)<•>

(<>.' 7'/).

211. Tlu- pnutss (if tiiMliii;; tli

iininial I'Xprcssion (an he cxliil.itcil as fi>llu\vs
:

(''iisi<lcr the cxitrcssiuii umlcr tin- radical.

"jiiaif riMit Iff a tri-

(1)

1 Tht' si|iian" mot of the first t. riii is a. the first ttriii

"1' tli>' rijrht-liand side of (1).

2, If the s(|uan- of this t.Tiii, //-. 1..- siiKtractrd front tlif

uiinl.. fxi»rcssion. tlif rcniaindiT is

:ii T i/\'il>)h. m
3. If now :>«/, twice the term of tlie root ahead\

'I'tiiiiicd, he divided into the first terin of the remaindc
-). ilie (|uotieiit is /;. the second term on the ri-dit-hand
i'l' -f (1).

4. If/* he added to -In. and the 'vh<tl<\ -ln + h, he
"iiliiplied hy I, and snhtracte.l from {•>). there is no
r'lii; :nder.
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KlEMESTS of AL<iEHIU

Tnluiliiti'd. I III' |itiKt>s a|i|H'ars lliii' :

|./-' •- '2iil> + ''' " + '' All".

(-'

•2^' + /' 'I„l77h^
tvn.aiii.i.r (•_>).

Nti n-iiiaiinltr.

Tlu' aliovf limy 1h- ilinrtly ^t!lt«•(l thus:

Takf \\\v si|iuin' mot uli a', it\ Mt|Uiir«' tliis term ami

tnutfroiii the nh<»ltM'X|iirssiuii. The n'iiiain<ltr is 'I'lh

To jf<'t till' lu'W divisor, multiply <», the part of tli'

alrc'uly found l>y 2. iiiakin^j 'In, the first term nf

fjivisor. Divide 2'/ into tin- tirst tt-rni of the niii.i

'l<il> >r Ir. ohtaiiiiiiu A. To <dmpl(t(' the divisor add '

make it the scnmd ttrni of your answer.

Now nndtijily the ilivisor Ity l> and sulttnicl. 'ih'

no rcniaindtr.

The answer is << + /».

Take example (.'.) Art. 210. Find the s.puire n>

:{(>..- ,s4/// + 41».y-.

The process is as follows;

'V\f- - S-l./ (/ 4- 4'.>v' <>.;• 7'/ Anx.
i

;5<i.r-

S4..7/ + V.hr

Vlf-ln - S4.< // + 4'.>//-

No ninaiiuU r.

212. The square root of a multinomial. The m

ir; an extension of Art. 21 1.

We have seen (Art. 1 5*.>) that

(„ 4- /' + <) ^ <i'- + l>- + '•- + '2iih + 'liu- + 'Ihr

=- II- + i-2'i 4- l))h + {2(1 + 2h + '•)'•

|l Ml!

th.
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Tli'Tffon- v'l- -f ( J.( + l>)h + clii ^ 2A + >•),• = ,(+./, 4- r. (I

)

( niir<i(|rr tin- fx|)n>M»<i<)n umlrr tlw ra<li<al.

"-' f (2'/ f /<)/< 4- (2'/ + '111 f '•)'.

1 Tlif ^'<|Uil|•^' riMit iif tlif lirMt U'TVA U <i. tlf (irst ttriii

11 thf ii).'lit-luin(l Hide ctf ( 1 ).

2 If th»' s«|U!in' of thin t<iiii. «/-. !»»• sulitnicti-tl fnmi tln'

ilmli )'X|iri'ssiun. tile rfinainWt-r is

(In ^h)l,-it{-Li ^--Ih ¥(•)' i'l)

3 If iiDW -In. twirt" thf tcriii uf tin- rcM.t aln-ady fouml,

U' divided ii.tu tin- first tcriii of tin- niuaiiidcr (2). when
xpaiiilcd. ihc rcsidt is l>. the second t<rni of tin- root

•hdwii in ( 1 ).

4 If /* l«t' added to -In, .uid the wholi . 'In + /-. lie nndti-

|iliid l>y /'. and tlif product he sulitraoted from (2). tlie

riiiiiiindcr is
(2'( *- 1) + (•)>: (•••')

5 If now the portion of the nM>t already found, viz..

1*1'. lie doultled ail<l tlie first term. 2n. he divided into the

fir>t f< 1111 uf tlie remainder (3). we ohtain r. the last term

f till' ro »t -hown in (1 ).

6 If to 2'/ -(-2/< We ad<l r. and the whole. 2'/ + 2/* +-<. Jm'

iiailliplied l.y / and the pro<lnet sulitracted from (.'i).

'hi n is uo remainder.

rii' vholr j>rooe.ss may he exhihited as follows:

II- + {2<i + h)h + (2'/ + 'IfI + c)r n +l> + > A //•'.

•',/ * /,

1', - '/, + C]

{•2(i + h)h ('111 + '2h + (•), 1st remainder.

(•2'i + h)l,

(2<i + 2/» + (•)< 2nd remainder,

('2(1 + •2i> 4- r)r

No remainder.
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«!..

»-i

S? ::•

IS "J

Bw

Till' alM)\c may U' illicttly -tatrtl tliii- : 'I'.ik ti,,

Hi|iiiirf itHtt iif ii'. II ; >.(niiiri' flii- timl Militnicf fiun -i,

\\ Imlf ••xpn ^j*iitn,

TIk" niiiiiiiKlt r i- Clu f li\l> + ['In + 'Hi i- i)r.

To pt tin- iHW (livi.xor. iiMiltiply ". tin- part nt li -

ain'uily foiniil, l»y 2, makiiijf 'In llic f'lot ttnn ; Mi

divisor. Dividt- 'In into 2'»/<, tin- tir«-t f<rni nf il, r.

iiiaiiidcr. ol»tiuniiiK A. To comidtti- the ijivi^oi. i i,| ,

and iiiaki* it also tin- sfiund tmii of \rMir aii«\vi r.

Now iiiulti|ily tin- divisor liy A iiiid siilitrari jui;

Tin- rt'main<l< r i«* {'In + 'Hi +- <)c.

To again pt a new divisor, multiply the pan ;.

root alrcaily olitaim-d. n + h. Iiv 'J. Divide 2<» into ih m-'

t<rin of the nniaindi-r. olttainiii).' <•. Add « to 2 i • _' in

complete tlu' divisor. .Midtiply tin- \vliol<- hy <. th' 'i i!

term of your answer.

Sulitract the product and tlnrf is no ntnaindtr

The answer is </ f /< + c

It will Im> noticed that the terms in the ori;.'iii;il • to-
nion are arran<:ed in descendin powers of a. mipI i tli.

order ". f>. r.

K.I. Find the xpiare nxit of 4.i' - .'>.'-' + 2r 4.' i

H<arranj;inj; in descending; p<iwers of ./. we olitaii

4.r« _ 4.rt _ ;{, - + ±r -h 1 2.»- - ..

4..'

,!//>

4..--'-^r

4. - - 2..- I

-4.1"' -.'•{.»-' + 2.1" + 1 1-t remainder.

-4.r'+ .,-

- 4./-' + 2.1 + 1 2nd remainder

4.r- + 2r + 1

The student will have no dilliculty in applvi; . tl

method to more general i'xpressions.
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EXERCISE LV

l-AtfiKt lllr .s.|||;||. Iim.I of til.- t.il|u\\i||_r

I I' -'/'->•'. 2 L'V/A',-

sir' Hr',/'

3 111,/''/,

6.
'••"'''".

Ill, -/

12, f .!(f ..tl. lo ' ' _•>.

9 '' s.» f !»;.

11 >!'( is,,/, /,

10

12 -• »

'

Til.,,/ (•.»,,

13 '• in,,i,,- f .•!;;„',- in,/.r *- |i;

14 1 • I. + 1 (»., llV + '.t.,'

15 Jv.t :!7l.,- f i-_>I.,' .li.,' L'-j,

16 • }.#,/ 4- J,/' f '.I:' f (I,: -^ ]•_) 7".

1/ _,.,,
/ •!<»./••'//' 4-

•_'!).'•',/'
I -2.,,/ f J,

'.'.• - (i '.'/ I".'' //' ItmV f til'/'

I

Ml I,/ L'd '/ >'/' _•»</'

:,'
'

+- ;!s

21
.'/ f .'/) !.'.'/(

'-' *

22 !,/. ^ //f -t-r,/) ' !,,/„•(,/ +. , )

23 •
./.t

. ,•' + ,/> •_>„-(/,- 4- ,/) -J/,),.' ,/
) + -2r {,1- - ,/••).

( IMK HOOT

213. Definition. 'I'll.' CuIm' i:,M)t,.f ;n. iilir.l.iai.iil ,x-
''--

:i isuii,-(.f ili,.fliivr,..,u,i! t;icf(.rs wlii.h. multi])]!..!
'."I:.. ,-. |iro(iuct' till- t \|.i(»j,iii

n \ y •> . •' _ •>

!i.-r. t.,n
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(•-') >* ( '.') . ( -2) . ( 2),

N ^ - 2.

I'-U -JT'*' (.'5,1 )(.!,» )(.;.»),

214. It fM||iiu>. fruiii ilir iilMivt thill flit nil., r... '

iiiiiiiiiiiiiul i- fiitin.l I'V lakiii^ llic ciiIk' nn.f ut tli- .li!'

fat tor?* whirl- .iii|m»?.«' it. ami iiiulti|ilyiiiK tlii-iii I-.;. ^

It will Im' I, ti(t<| uImo that thf i iilw nnit nf .i |".

iiioiKiiiiial Im |M.sitivi% while tin- iuIh- r.Mit ..( ,i i,, .

nioiioinial i- in L'ativf.

215. Binomial rc^ts. 'rhc <'iiIh' r<Mit ..f an . \|.i.

thr rout iif which runxists of two t< nn*. ran l» ..l.i ^

(linrtly hy factnrinv' ihf «'X|iriH!<ion.

Thu.^

( I ) N " ' + 'lit'li + :lil/r 4^ /) ' N (<»+/,) ' ,/ . /,

(2) \ Nj-' ;;(>/-</ + •'•4
1 (/-' 27y' s i'2.' ;;-/'

All ixprcywinn \»hich is the nilM' of a liiiioimal n,

Tfudily rt(on,,i/..<| hy coiupariiiK it with tin- k:;.i\\ii

CoiisidtT thi- rxpn'ssioii S.r' + .'{«'»/-'*/ + .'> tj,/-' -f 27'/ 1

Nr" (L'.r)' i.i ill pla.f of ,«
' : 27y (.?(/)' is in pla. . ..t

If. th<ii. tlic cxiins.xicMi is a tiil»c. it must Ix- (2- • '

'r<sf it for the rt'inainiii^r t<riiis hv writiiiL' 2- i<<v -

.!// for l>.

Wi in-t :iiih{(, + /,) = ! ,s.,,/( 2.1- + ;{//
) : '.( ;.r - </ -t- .', \ <

-/ .

which agrees with the ^'iviii cxprfssjon.

Therefore 8/' -t- .3'i.r-'7 + .")l.,v-' f 27,/' = (2,,- + ',\ii)\

Similarly ./' - 3j-' + ."./' - .<-' (r ' - ,/•)'.

m which /-' and x takr' the pLue of n and /> as h. I
'

1 ,

!• lit

r' r

':''
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rill jiriHiM.. Imiwi vt r, < an Im ixhil'iliil tliii*

('/ 4-

A

4- '-)' */' .!./ /, .'m(/. f /.

(.!(( ;!.//< /.)/,.

li III I > <> (.'(<( .'l(//i /, )/,

»rix.-!iiM iiiuli r Ihc r<Mit «tij;ii

rill II f Ih

I i>|lf«ii|tr linW till IX|

' I ) Tin- iiiIm' runt "f tin .ii<.t t.

till' fir-t tirrn of tlic nwit.

..*) If </' !»«• •.iilttniitiil fri'iii till- ulii.lr I %|in—-ion. til

••X|trr«Mi'll "«

hi, lilidi T '\yi f>l'.\o' ^ ',1111 f /, j.

IV ..'''•) If tlic lir-t tcriii of till' ri'iiiiiiiiijir )» ili\ iilnl I

111! is, .5 titiiis llic *i|Uiiri' of till |.;iit iif till' runt .ili-rinlv

t' iiiil, till' i|Ui>tit'iit is A. till' sfCKiiil tiriii uf till' fiHit.

il) In itnlir tiiat tinri- >li(iiili| Im- im ri'iiiaiiiijir afti-r

'ill iliviniir is nMilti|iiii'(| l>y /.. tin' divisor iinist Iw
:.( k .{,//>+./,. timt is. ;! tiiiii'- till' «i|iiart' of tlif lir-t tirin

•
: tiiiH'S till' iiroiliu't of till' twit ttniis. f tii

f till' last tirni.

T.tliiiiali li. it i> as full

I' ^inian

0\V'

- :\ii-fi + :\,ilr , {, , , ^ /, ,.|,

../( /) f .»//(- +/- + (1

/, f /,-iiiri f • i(/-7( -f .'((( /.-' + «i

No ri'iiiaiiidir.

I'l' aliovc may Ih' (lirf'<'tly statrd tiiiis :

I il«' ". tin- ('iii»(> root of ((. the tirst term of tlif I'X-

i't' -inn; cmIm' it. and sulitratt from tin- wlioli' cxpri'ssion.

I"
• t a new divisor, inulti|)ly a-, tiif siniare of the tiriii

liri dy fuimd. Iiy :;. making :]<r. Divide '.in- into tbi' tirst

''
' f th«' n-maindcr, ohtainin); h, the si r >nd tt'rm of tlir

' io the first term of tlir <livi' r. IW-, add .'? times the
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«?-
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•)•>
•J4 Klkm i:\is or AL(ir,i!KA

|irci(lii(t III' the two tt-riiis <it' tlir runt ;iii<l alsu tlif -m-; h,

ut till' la.-'t ttriii, iiiiiUiu^ .">"-' +-.'•.(/« . A- for tlic iifw ili\ -mi

Multiply tills (livi^Di- hy A. iiinl siihtnut ajiiiiii.

If tli<ii' is no n'inaiii(l»r. the rotit n'i|uirfil is '» + A

/•;.

;:i2r)

S,|-' ;>(ii '(/ 4- ").1.C// •

'iti.r-.y » \\xii- - '-T//
'

;'>(>,/// 4-
.")

I///-' "J"'/

i'J.c- ;i|L'r)( :;*/) f (.",,/)- No ri'iiiiiiiidi r.

I2.(-' - 1>''/ 4- '.»//'.

216. Polynomia* roots. Tin- i mdf of ol>taiiiiii- tl-

ciilir root of the i:( 111 ml polynomial can hf scfu liy I:iki!i_'

the case where the root eousi't • of three terms.

((/-»-/( + «•)•' ^-,r 4- (.",(/- 4-.'.(//» + /<')/> 4- ;;',(«( ^ //)-' + :!(,/ ^hy -

11 el lee

+ \:\ii- " .'ni/t + ii')i, 4- ;.".!/( 4- //)-' + ;'.(-/ + /-).• + (•" (Co -t

T'll nt

CiiiisKler the expression under the root sitrn.

1. Till' cuIm' root of the lir~t leriu is <,, the lirst t»

the root.

2. If ir he -uiitraeted. the reiuainder is

(;><(- 4- ''iii/i J- //-)/( + ;

•".(" i l>)' + ;{('/ + l,)r + r-'.r.

3. If •')((-, as before, he divided into the first term '! tlr

remainder, when expanded. /< is oiitained. the second ti in.

of the root.

4. Formiiiii till' divisor as in the last .\rt.. iv-e ol.tiiin

:i,i-*- :^(th + I)-, which, when multiplied l>y Aandsul ir- h

leaves as a remaimler

',(,, + /,)-• 4- ;',(„ +h)r+r'\r.
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5 If tl... tirst t.r... of tin- lV.i,i.il,.|,.r \,r <iivi.l,.,| l.y
'>'"'') tlK.t is. :; ti.n-s tl... >,,,m,v .,f tl... |,.rt uf the
•"" ^'In.Mly f„„M.i. tl... .,u..tirnt i> ,•. tl... tl.ini fnu .,f

. rout.

ti i.'
:

't that then- sl.oMl.l I... ii..rrni.ii..(l.T;,t'l.rth.'
'w^''- :.^ ir,ilti|,li,..l hv r. th.. .livi.Mi- must h,-

•i(" f /')
-f ;;(// + /()( + ,-'.

:HmI is. :! tiin.s tiu- s.niarr of tli.. first tu.. fniis 4- :: tiuirH
^l"' Miin of tlir tirst t.ni.s niiilti|.li,.,l l,v thc^ thinl 4-

!'»•
-'I";""'- "f thi- tliinl lirin.

Til.iiiatrd. it is as foll.,\v,, :

--
'

• 4- CI,- 4- -.1,/. + /.^,/, ^ ;!(„ ^ /,,. ^ ;{,„ ^ ;,,,. ^ ^,, ^^^^^^ ^.

+ !>' f ,.tc,

'/-'/< 4- ."!'//*- 4- /(

'

,!'(- /,)

l,\-

4- ."!(// 4- l>) r + .•)(,/
-f. /, )/-4-,-

+ '.){il 4-/>)r + , No riiiiaiiulcr.

it vill lie noticed that the tt

-'.i'J. I'OW<rs ot </. and in the order n, h.

Til- student will readily see that tl.

•xtMi-ion of that used in the preeedin- ease

rins are arranged in de.s(,.i,d-

proeess i> only an

U/" -.•)„• 4- .-„,:! _;]„ _
I

;,,,, „ J j^
till-)- ;;,(*

'{'»-(./) 4- <l-

"' .,:!• + 11- - '^,r^ 4- .'I

)'/
' - .\<l

If - II'

ill' 4- .Ul-

ml- II

.•{/,i

'><!* + (ill"' -;'„/ ]

\ '' r>'!,!:i!
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, T

If

«;

«Cst

-3 ^-»

ac '-* •

*^ rr-'

5!

217. Cube root of a fraction. Thf ^nhc i nt i

fraction is found l>y Hndinn tin- luhc root of tin- uiiiin la-

tor and thr denominator scjiaratfly, and dividin;: ih^

fornur l>v the latter.

EXERCISE LVI

Find the culx' roots of the following :

1. MaW'r'. 2. - 12:./<'7>'-r'\ 3.
liT" ''<'

.)1-J'/' .'

4. /? + (;/-• -L 1 2x + S. 5. Mr' - 4s,r- + 1 J/ 1

6. l-J.'wr' + 7-')'rV> + l.'xj//- + /<. 7. r' r 12.'-' + -IS
^

- til

8. /. + «».«• + 8( ).!'' + 4.').r' + ;{()/-' + !>.' + 1

.

9. /"-()/' + 4<)r3 -«.)(!/ -(i4.

10. lo2.r' - 27 - (',:{/- + 27/' + (WIH - 108/ - los/:

Arrange atrordinfr to (U-sccndinj.' jiowers of .'.

11. a^'+Uaf.+M- 12. ^:-/':;-8(^%^M-.



('HAPTER XIV

THEORY OF INDICES

218. Definition. In A rt. 1.'! we i|ctiiii<i ,111 ind
•xpoiiiiit as a mimlxT iis.d to show 1

r munlM-r is t<. I... tak.-n as a fu,.t„r.

<'X iir

:illiltli(

low iiiaiiv tiiiK

Tl \Uf "'" = " xt, xa.. tuk •II /// times.

TIh stud.'iit will serat OIKV, tll.T."f(

iisKJ t<i count fac-t<jrs, just

i'lliit ;i(l(l«'ii(l^

ort', that an fXiKinfiit
as a ((Ktlicit.nt is used to

219. The Laws of Indices. T\u- Laws „f I

rtssfil in synilM)]s. are:

(i:

IKlU't'S, HX-

(2)

(!" X a" = ,/"

= i(

Oi) ('>'} = „"

(4) i'lhy"^,,

(•"') (0"='

•" 'I'sc (1) is fundauKMital, th.- other four h.-iny de-
ruv.l tr,,ni it, as will I W S(H n helow.

riior Laws an- proved as follows :

''I " x„" = „x .' X „ .... taken m tin
kfii ,. linies

IfS X II X II X II

= (i xaxoxii .... taken //< + // tin H's

= II
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•J-JS Elemf.n'is of Al<- hka

,i" < II X II t:ikin III tijiK's

,/ ,1 f,
I < II t;iki II (( tiiiM s

1,1 < II X II t:il\t'n //' - II tiiiifs

= //— , win II' III is i.M'i'iit( T th;iM ii.

(:',) ("'")" ii'xii'xii tukiii /( tiims

=.„ '"- -

(ll {nil)"' -nil X nil y nli .... tilkcll in tilllt'S

- ,1 X II -< II taken /// Ulllr-i X h X ll '.

.

tilkcii III tiiiH's

= (('" X ll'".

/ II \" II II II
. , , •

(.)l / \ XX .... taken //( tunes
^ ' [hi ll ll I.

II X II X II taken /// tiines

h X ll X ll taken III tinit'.~

"
Ir

'

In tl;e al«)Ve, n may he either an intejrer or a trjrti-:

positive or )U'<rative, without atTeetinji in any wty iii

reason iiiir.

220. General statement. So far we have (m-idrr i

oiiiv e.xpoueuts. /// anil /(. which may he eonsideril l"--

live ii!te<>ers. It is soinciimes necessary, how mi."

eniplov exiionents whieh arc not jiositivc uunihrr-, vi/

negative exiioucuts. fractional exponents ami /i<''\1

jioncnts. just us we have used nciiativc, fractio'iil .;

zero I'oetlicients. It is necessary, therefore. That '

slioukl determine how such exponents are to I iiit'

preted. For this purpose we may either dcrnie t! -' h'"

expollell^^. itlid tlieli sliow iH.w i>p( rations Wit'i ; ;;:
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:;it((l to the fuiKliuiicntiil law. i<v wc may assiinn' tln'

;rttoliol(| for all values of m and //. positive, iiejrative,

|;r;ntioiial, or zero, mid interpret on tlie basis of this

-uniption.

W'' -liall follow the latter, a^sullle the finiilaiiiental law
,'1 L'^ive to these exponents >n< h rne;iniiio^ us thi< assnnip-

11 makes :iecessar\'.

1 Zero exponent, (onsider '(

<r 'fill

<l X il II
'

dividinir Imth >idis Wv

herelortfort (<')

Til'' nieaiiinjr is iniite dear when we consider that

WW- <i to the lirst power or '('. and if this faetc- i

Ir llin\T( 1 I'y d;vidin«r hy itsilf we <:et 1 or II

\\\\- ,1 I "" - 1.

I
'• HI

litv.

ust. therefore, interpret <i" as Iteint' eipial to 1. or.

» index indieates the al.senee of anv taeter l>ut

2 Negative exponent. (

III ivfore dividin',' iiv "",

|'>- have

< insKier "

"" 1.

(f II

11'' = 1

'•r •<> consider the general ( ase, n ", ;„ l»eiii}r cm-
•lilrn.l positive.



Si

iOi

^ •

2.'!() Elements of Aluebua

Tlitrefon- dividing l>y '/",

\Vf liavf II

1

Also
1

We must, thfri't'ort', intcriuft n '" as Iwing c 'ial u>

and vice v«'rsa. This shows that the ncj/ativi iiulm

chaiijffs tiic factor from a multiplier to a divisor anl

vice versa, after which the number of factors imliiatn]

bv the index is to l»e counted in the ordinarv wav

3. Fractional exponent. Consider
.i

(( H i ii
• H ' il

*/ X II X II ^-=11

— II-

Therefore

or

Or to consider the ^jeneral case

II" y. II" XII" taken /t tunes = r/" " "

II" ^11"

Therefore

or

\ii"/ =11"'.

II" = V"'".

We must, therefore, interpret '(" as being equal t- \'

that is. the /*th root of </'".

The fractional index may also be said to indiciti' tiuit

the number is to be divided into as many e(iual f;i. tnrsii'

are indicated by the denominator, and that the nu: unitur

shows how manv of those factors an' to l)e taken
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221. Tlic following exaiiii»|,s will illustrutc tlit- upnj
(Utiiiii of tile liiWH

;

!»!"-

Kj. /. Find tile value of K X 11' X <l

II'- -K (I" • Xt ^ c - r

fnjiii ( 1

)

'/"=1.

/•->. J. Find the value of \' II X V ''.

v//»-f/* jii^iy

Tlicrcforc /.. .. /'X ^'/. flV,
4;.i

= ('"'')' = \'iil> from (4)

/•-' y. Find the value of (^ x n '^

x (a-) * x (<»''')'.

/•^xa"^(„-y*x(^f''')-' = „^ ^'

from (1) and (3)

= /|0 =</"= 1.

A'. 4- Simplify vA/ x V> x Vr.

v/ax ;//,x 'Jr~-iikK^

'" V AH X ^1'= r;'^x/»

K'xA'xr')'^ from (4)

= {.'n"/,^r^.

7
Sinii)lify ^ .r-"^ y\'j--'-*'r>> J r--^*

[/
/- V J-'v/j--" = (

J-=N .;-"v'.f/..-•uJ

x'(/'s/j--*)4W5

= .1-
. X -.4\>*

V--'-')



9-

if-

'SS'2 Klkmexth of Au.kuiu

exercise lviii

Fiinl till' viilin' i.f

1. ^^ 2 n;'.

5. KKKI '. 6 ''"'

3, It; •.

lit

Q) M ') «

(

1 1 H l<

Wiitr witli fiiictiniial iiidiii > ihc fullowiii;:

:

9- ^ " 10. s n. 11. ; ,„/,,. 12. ^ (.,

13- '•'•^ " 14. !»n'//, s„ 15. K ,, y, ..

16. •_'."> N -/\ </'.

U rite thf folltiwiiij: with r.nliciil si^'ns:

17. "'. 18. .( . 19. ,>''/,\ 20. „.

21. t.

22. 'I '/,',• -'. 23. ..--/. 24. ;;

Write tlif foiluwiiiL' with po^itivi- iii«li((>

25. '/ '. 26. /> '. 27. 28 '.

k
29. "-.

31.
;! 1/,-

//
I + /'- (' :;

)

Write the followiiiL' with iicgntive iiiilices:

33 'I-. 34. ' 35. . 36.

<r '/'

37.
''.'/"

38. s f/-A'. 39. . 40.
\.'-7/' \.

In the foUowinp: (1) clianjri' all tlu' cjciioiiiiii.it. - t.

liiiiiierat.-i.-. (2) eliaiifii'Mll the minicrao.rs lodeuoiiiii; t'lr-
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41 42. 43 44

4r, 46.

//

47
Su /,

48.
_ I 11 III

itiiplily the full. .nil is::

49 50 (/ K II

51 ( I
' X li )("/, «

I. 52 I " < il )ih K II){/>'

53 54. () (::)'
(,;:;,)

55

58.

r;j
I I

i<

f )

56

59
(,:;: •

)

57.

60.

' '/

•''
,'' '/

(,:r)

222. The fulh.wi iijr fXiiini.Ns will illu>tnit<- how tli

nliiNirv (•|icratiinis of al^'fl.ni miilfiplicatioii, d IVISloll.

tHtuniijr, .s.,,„ar.- root. vU: -,iiv |,..if,,rriM.(l with fnictional.
lupitivc. and Zero f.\|M>ii<iits.

/ . /. Multii.l \- ,1
' + ii" )- ,1 '

1 V '/ '/ -»- (/

" + ti" + II

'I II" + II

II -f- II + </'

" II ' - II

II" + II

+ <i" + ii
' or li' ^1, ^ + 1
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.ir*

•!i

=-3 ,.

* i

K..WS^-^.:^ I 'i-'^ -4

•J.M KlKMF.NTM of Al.tJF.MUA

Kf. J. Uivi.lf ./ // I- '*

^ ^ i \ s ^ ,

, .1 ',

.' .1 II

i K

.i \ '. \

A,'. •'. Find tin- !*t|U;in' riMit <>'' (/-'-)- 4'» + "J l-i ' >

2)1 + 4 - *»
'

4'» + '2

U + I

- -J \ii '+«»-'

-2 4'» ' +'» -

= ('»''+/<*)(<»'' -/,^).

Siniilarlv

',
."i

II II
il.r - H+ 12'/ '.»• ' = (//'.r- - (»(/ -'.r -)(<f-j' - 2"

EXERCISE LIX
MultipK-

1. r^ -t- //* l.y r* - // '. 2. /' + «»-' Ity r + 'I

4. r •' + r'' + 1 hv ..'/ +- // hy r - y .

5. /^ -.r'' + l l.y A+\.

6. „^ + „'// + // |,v J-„hr* + /A



??*L*ri^7V^!!^!^

ThEOUV ok IXKUErt 23;

I I.T- f I hV I .1* • -

8. />/ f X II //' hy X 4- /'(/' ¥ If.

Diviih

9 .< f^ '/ liv I +- 1/ .

11 '/ + I
•_'.'./, I.y /»^ + ,V,V

13 < + ,/' l.v -•'• '
•''

10 .' '/ \>\ X
•\ .}

12. '( tH'. liy .»^ 4/<\

15. x' 2x'i/ -^-Ixi/' -t- r' ,/ ,/' In / f .)•'«/

'

16. .
' lOr- •+.'( l.y X \-2x ^

:\.

Kiml the i^tiuan- riMit of

.'/•

17 .r' + 2x'^ + \ . 18. 4,1^ 1"V^.'/'*-

19. -/ + 2'/-//^ + /* + 2/» ^ + -J'/
^ > <, ' /,!.

20. 4<» -'

1 L'r» ' + •_'.'» - 21" + 1 ()./-.

21. '.».»• ' + 24 r • - 2(>.r • - 4Sx '

-f- ;{(i.

Kactor

22. .- - (/. i<iii.>.i(l»'riiig it tin- (lifftTciKr i»f two cuIm's

23. .-4-//, «on.<i(h'rin)f it tlx- .ximi of tw<t cuIm'.x.

24 x' + 2<>-'xKn\ 25. x' 2'i^xKn\ 26. x'^^J.

27 .r* «;4. 23. 2.'+.vV + 2.vV 29. .•{..•--:/// --t-4-/-',

Simplify

30. (./--rr-)- -(«- >i -){>i- + a--).

31. (</+/»)(,/' ^-/r') + („ -/,)(<, I /, 1).

32

34

r- - 1 x^ + 1
.(• 1

33.

35.

'
' i .7i'

.1 —
.'/ J"

(V)^(^)'
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SURDS

223. Dffinition. It ;i iuiiuIh r l><' '>iii h ih.if ,i «|m.i!,,j

HH.t (Alt _' I ) ' Mllliut 111' Jicclll.it. I\ Mlit;iinii|. Ill, t'H.r i.

( ill) <l :i surd.

Tim- •!. N I. \ •', \ ". \ r » // :ii' -iinl

Sllrli .xpiv^-iMiis ;ilv :iUn ,jii|,..| radicals, tli. 1, Mil 1.1

iiMli.MtiiiL' til, ii,.,t t,. !.. t.iktii Ih iiiL' .alli<l il,, indt-x,

iiiiil till- iniiulxr tlic iiK.t of whiih i> to l,.> t.ik'ii 1. :u\:

tiilli il till' radicand.

Ill \ ". " i- till' iluii \ ;U|i| '( till- l.'l'iil-;llll|.

224. Rational and Irrational Numbers. \ m,!, »i

whiili ran 1..' ( xpri'SMil a.-^ an iiiti^'ir m a lia<t!.!i

vvlii'tliiT it Im' |H>sitivi' i,r ii(i:ati\i'. i- laliiil a rational

number; M iiiimlMr wliiili rainint ln' -u i \|iri'*-i-,| i- , i.i

ill I irrational number.
Siinl'^ ail' iiratimial miinlii r-.

225. It will he H'cii at once that Mir<l< ai,- «|.. i!

caM > of fnirtiuiia! iii(lic4's. ami liciicc. that all tin- Law 't

Iixlici's apply tn thiiii.

Thu- s :i
;;';

^ I ">(/-//

226. Simplest Form of a Surd. A ninl i- >ai.l i,. i n

its siiiipli'-f form when the • xpn-.-inn iiiidir t!i ri'i .il

i-i^'u is th,' Miialli -t jH.ssil.l.. iiit..pr. tliat is. wh. li al ur

factors (if the saini- iniu'i'T as th" ro'.it iiiih'v !::!'.: ! • n
iiiiiih- rational faitor-

j.'!i;



Si |{|in L';:r

rims

\ >

\ " '( </ \ .1

227. Entire Surds and Mixed Surd*. It .. -..nj !,..«

iin rational fa. t..r, it i- .ail..| :,i. entire SUrd ; It It li.i' a

rHti.imil fa. ti.r, it i- < alhil i mixed BUrd.

Ilitis s .; jiikI X '» ah' I utile sunl- ,

",
s

'> ai I iii x .< an'
iiii\<<l -iinU

228. Rational Numbers in Surd Form. Ai.v rational
ihiiiiIm r !iia\ I... .•x|.r.-„-,l in -unl form l.v i.ti-inu it to tin-

I"'"' r indiratf.l l.y tli* (|»>itf.l -unl indi-x.

ihii- .1
) •-' X X I

I _'l»,
.»

I

N -" X 111.

( ."l( (( X '''
.

>itiiil!ir]\ a niixiil siml may lir . K|>i<--'t<l a-^ an futin-
•li!.! l.y tai«in;r th.- rational factor to tlir |«i«(r indirat-.l
l'\ tin- Mir.l ind.x ami makiny; it a factor inidir the root

EXERCISE LX

l'"liiic to ilitir -im],],.-! toiiii the follow imr

1 ^
'•'••

2. X l-'>. 3 X '.HI.

•* N
"•"'•

5. X '//.-'.
6. X •'•;.

' -^I 8. lx;5J. 9. x'l;-.

10 X :\\:i,r'h ,. 11 X '.,••,/':. 12. x'ltM''''/r.

13 X •'><'.'''/
7^y''\>r. 14 x'"^»7- 1 (X ).,-,/ -^ .">(»'/-.
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i^ii

Wm

|M

11

ExpH'SH iH Kntire Sunls

16. 3s'2.

18.

21.

23.

16. 2n';^

19 2 Vr>.

17. .r;/2.

20. '»n'/T.

\ a- - ft-.

n - h

22.

24.

ft 4- /< / "-' - It-

229. Order of Surds. Surds are of tlie sanit- onlir

whi-n the suinc r«K)t is reijuired.

Thus s 2 and \'l() are of the same order and ;iit

calKvl quadratic surds, or sec«)nd order surds; V'2 nid

\ 4- are of tlie same order and are called cubic surds, t.r

third order surds
; \'a is an nth order surd.

230. Reduction of Surds to the same order. Surds < >t ;i

different order can be reduecd to the same order l»y hiiii}:-

ing their fractional indices to a c«>nnnon denoininator.

Reduce to th«^ same onler the following:

(1) v/8 and V-1.

jiv8 = .S
.
•^« _ '' '•-!.( *' '.1-

(2) \'a a>w! '", h.

" r r.

^yf.

a"

•>•-'

.

;a.

231. Comparison of Surds. Surds of a different > I'lir

can he compared with each other hy reducing theni t>< tlic

same order. Tlius in the last article

\ o = N 2 / and n 2 = % 4.

hence vH is grejifer than ' 2.

/•.;:js?m^m.£^ut:^sif^!rs ^!&LmK^:isM
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232. Similar Surds. Surds an* said t«) Im' similar to

one unothrr wht'n they have tlie sniin- surd factor.

Tims \:{, s -27 and \:h,- arc similar sunls for

V J7 = -i V .!. and \':\ii- = n \ ;>.

233. Fractional Surd Factors. A fractional surd factor

may he made intt-^'ral hy multiplying? Ix.th the nuimrator
and d('nominat<»r of the fraction l.y a numlMr whicJi will

make ihv (lenoininator an exact root.

TiiUN (i;

(-')

4
a 2 1 ;

i[s^\]
X =--

1 *'.
\ o.

EXERCISE LXI

Itcducc the following to the same order, anrl where
|Hissihle compare them :

1. s'.\ V4.

4. '.\ ;'(;. ;'2o.

Z. \' h, \ (

.

>. ;'8.

5. \ .''-' + //'-'. \ .' + //•

'4 4-
'liow that the following are similar surds

7. N •_'(' s 4.-).
/.
)<>.

9. v'T'i. s .U.S.

Kxpress with an integral surd factor, and re<lucc to the
Miii|.l.st form the following :

10. '/^ 11. '

13.

\.-^/
14.

\:!4:i
12.

^i

V n - h
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234. Addition and Subtraction of Surds. Tn aWI ,1

sul.tiait winiilar surds, a.ld (ir suhtrai't the rational factni..

and multiply by tlu- irrational factor.

= 1 1
^'-2.

Ex. ^. Vus+ Vi^^N - N^2^ -2 Vj+4 V2 -:^s^

When the surds an- not similar, tin- addition or suhtijK-

tion can onlv 1»»' indicated.

I
2. aV4 + 2V4 -(is'4

EXERCISE LXI

Sinijjlify the follo\vin<{

:

1. ;!v'.-)+4s^.').

3. •_' s ) + .") 'J:\ - 7 s'-"!. 4. 7 sis + 4 sl^l - 7 V >

5. 2 s'4 + 5n'82 -;»;'i(is. 6. v:i<i+ x'is<»+ Ni.;j.

7. s-1 - ;; \'s + 4 N^is - v'.")(».

8. V-i-\+ nVi - Vi;»2-u'ii7:i.

10. V'W^+ v^//'+ s'.''/,

11. Vvis+ V->:>i)- s^4:i2- s'4o().

12. (u: VrV + 4./v'.c"'//\ 13. N.'. + Vi-i- v^.'.,

14. s'.', + s'., I,, + v' „,',,,. 15. •2n^.")U4-;u^72 - n-j:

17. (.( - h) sin' -/,- + {.,- -h-)J" '''
^ >!> <a^ - I,-.

\ " 4- A

235. Multiplication of Surds. The process of multipli-

•ation of surds follows from the Laws of Indices. 1; tli-
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surds arc of the mum- order, the irrational factors arc
multiplied under a common root, and the priMluot of the
mtional coefficients is the rational coefficient of the pro-
duct. If the surds are of a different order, they must
tiivt l)c reduced to the same (trder.

Hr. 2. ;W3 X 4 v^ = 8 X :{* X 4 X 5*

= 12 X (;5 X o)*

= 12v^l7i.

Ar. .i. J'lx ^8 = 2- X 8^ = >• X 8*

= {2» X 8-')*

=. V72.

AV. 4. Multiply 8 v^2 + 2 v/8 l.y 4 V'j - %/§.

8 v^2 + 2 v^3

4 V2 - s':\

12n^4 + Sv'«;

- 8 v^H - 2 VT)

24 + .', N/,.-(i^],m-5v^6

A'. -). Multiply 2 n'^i + i - 8 n'</ l»y V,7+/<+ \/(7.

2 n'„ + A - ,8 VrT

n'(» + a + N^/

2(a + />) - ,3 \'n{(i + /*)

+2Va(f»+/<) -8a

Ci'llecting terms, 2('> - «/ - Vfr(a + 6).

if)

-i»rV tf^yJifc ,..tt^ 'V 7^^^^ ^^S^^^^^f^^fF
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236. Division of Surds. The same principles that aiipiv

in multiplication of nurds apply in division. Wh.i, th.

surd fac'torH arc of the same order, they are dividi-d hihIh

the Siiine r«K)t HJjjn ; if they are not of the same order, th. v

must l)e reduced to the same order.

A>. /.

A>. .>.

n2.
\ S

_ jH

V2 2^ '^2^ ^-''

Ex. ,i.

= Vv -}n 27x4\

EXERCISE LXIII
Simplify

1. \ ") X N 1 .">.

4. ;U'l(»x4sl.V

7. 7V27xHv''Ts.

9. N 4 X K o.

11. s Itlx Ni2x ;'2.'7)

13. N2(l-f N.',.

2. \ .") X s 21 >

5. N O ) \ 7">.

3.

6.

\ •") X \ .')n,

n'7 X ^ 111,

15.

17.

1
sVix;; V21.

19. N^144

8. s -.Vlx s 121Mi.

10. s'2x s'-?x s'4

12. \ l.'>^ v/?).

14.

16. vv'21-lv«»

18. s 4 X X'\S X s

20. l^i\-r-lV'ii.

V'7o- Vm

21. ( N^12 + 2 s ll^ - 2 v/2.^) v'T5.

22. ( vTs?i+ Vao- i'(;(X»)s'id.

23. Multiply 2s^S-.'^s'2 by J^+ J2.
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24. Multiply 4 N IS - 8 x'[2 l.y s 2 - Js.

25.
•'

4 - s 10 l,y r, -2sT0.

26.

27. Divid.-

243

V!» Vi2 hv ;7{ ;t2.

V!» s'i2 s'4o l.v ;';}.

28. •• >i4N'(i-2I xS+14s20 l.v7\'2.

237. The Square of a Polynomial involving Surds.
Tlir iM.'thods

. inploycl in Art. l;{(; may »..- applicl to
iMilyiioiiiial c.xprcsHions involving surds.

!>. 1. Find the value cf ( s'«; - %';{)-.

(
s'[\ - s':\)- ^ (I + ;{ _ 2 s';! xTi = <»-(; n/2.

Kr. 2. Find the valu." <.f ( s ;{ - s r, + v/i2)-.

(
N ;i - s'Ji + v'r2)^' = .S + (5 + 1 2 - 2 n'?s + 2 s'-M\ - 2 n'72

= 21 - 1Sn'2+12 = <>(1-2n2).

238. Rationalizing Denominators. Where a surd (Kours
m the denominator (.f a fraction it is usual t') i^et rid (.f it
I'.v multiplyinp hoth the numerator and denominator of
the fraction hy an expression which makes the denomin-
ator integral. Th.> process is called rationalizing the
•Iciiominator. As all prohlems in division mav he ex-
l'r.ssed in fractional form, th<' san)e principle' may he
applied in effecting simplification in such <>ases.

A>. /. Rationalize the denominator of " ""-''"^ ^ -.

s'2 - s'.i

2\';i; + v''2 _ 2 \':\ + N 2 s 2 + s ;!

J-> ^'^ ^1 - N.i S 2+ S 8
rr.

2s() + ,S-i- \()

o o ~" ~ '» ^ o + <S).

^ -s. /Vi.

:;•.• r:
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A>. le. Rationalize the (lenoniinator of
sii + n'/,

<<l - N l>

\'n - s'l, s'f, \ ti + \' /*
'* N tt

II h II - li

ExpreMHions of the form sii+ -Jh, s'n - \'li jire callc.l

conjugate surdw. The product of two conjugate 8nnl« i-

alwayc rational.

EXERCISE LXIV

Find the value of

1. ( n';T+ N^2)-. 2. (4N'2 + <i\';^)-.

3. ( v^2 - 2 V."i - :! v^A)-.

4. (
\^/ + // + >•'.> -

If) + \'f- + //•-.

Rationalize the denominator of

5.

11.

14.

17.

19.

v';5 + l

2V2

;u'2

2 v/2 - s')\

x'lO+ n'T2

4 v^2 + 8 y/r;

Mv^8-2v'2'

6.
N^. - v/2

2n'.{

./.. ./.:

12.

15.

N.'.+ V2

2-8 s'->_

8 N^2 + 2

x s',--

X + s'x- - 1

7.

10.

13.

16.

n'.'J - 2 V J

7 + s':J

7 - n';;

j/r + 1

N .<• + 1 4-

^ + !f
+ NJ- -

I.

N r + y - v'.,- - y

X \ 1/ + 1/ \ X

N .( + \ 1/

18.

20.

V.r- + .(/'-+ \ J--

\X-+I/- - S X'

\ X + 2// + v'.c - 2v

v.r + 2(/ - \ .»• 2'/



21.

23.

X + s All- .,'-'

.r - \'4<i- j-

tl \ II ~ N /* + 1

s'n»+ vV>+l

8UU1>8

22.

24.

245

' + X \V -- (/-'

'•- + ,</- 4- .' \ x- + if

'.. /- 1^
N 2 V .> - \ 7

\/2+ v',")+ n'7

289. Special Theorems. Tlu- following theorems in
.|uadmtic nurds, based up..n tlu- fuct that a rational
(|tiantity and a surd cannot In- ..<iual. an- of sufficient
iiii|)ortance to Ik- HjH'cially noted.

[. A rational .luantity and a surd cannot together In-

(<iual to a Hurd.

For, if }M)ssih]e. j.-t

f r .

, . ..
vr = y+\: where */ IS rational,

^tjuanng both sides.

'T 'lllSZ=I-i(l-z^

i>r J- -'- .'/ - 2

-^/

That is, a surd is equal to a rational (juantity, which is
in I possible.

11. Ifa+ V /<=.,+ v'(/, then a = x and h = i,. For if a
(l«"s not e<jual r, let it eijual x-\-i\.

Substituting this value for </. we have

.<• + </ + n7> = X + ^^/

r/+ v^ft= v^/, which is impossible by 1.

MI. If ^a+ s'h = s'x+ /v. then s'^,~lJJ,^ ^''x - v'.y.

Let

nr

^-l»iaring,

till I'cfore

sf 'i I i~
^ a + s h= \ x+ Si/.

II + s^t =:r+i/ + 2 \'xi/.

III!

<l X~;i

V /> - 2 \ .III.

*.;, /Vf
'=rrTr^v7TT?r
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I' j

I*-'

Subtrattiiig, ,i - >/l,

Th«'r»'f()n'

r + .v

/ /r .'

'

2 V ///

^ .'/)'

t

*

240. The Square Root of a Binomial Surd. 11 1< sp,

thfonins of Art. J.i'.t may !•• upi.licd to .Ict.riiiiiif

mjuiin' root of a hiiioniial <jiui(lnUi«' niinl wlu-u sue
r(H>t exist;*.

Kj. I. Kxtriict the f«|uare rtM)t of (1+ v^2(».

AsHunu' \^;4. v'20= v^7+ v^.

S(|iuirinj(. ' > -''•

thcn'fon-

Also l.y Art. 239. III. nV, s'JO -- n/^? - Vi

Multiplyinj? (1) by (:{), we liave

'.i.il

ill.

Il ;.

C. + \'2<)=./ + i/ + 2\^r//.

.<• + -/ = 6.

or

From (2)

Solving (4) luul (2)

Tlu'rt'fort'

v^'.U; - 20 = r -
»/,

r - 11 = 4.

J- + // = (5.

J" = •' and // = 1.

(4)

M>-h \'2()_-
1 + v.").

In simple examples sucli as the preceding the r.

may frecpiently he written from inspection.

I-et ( v^- + V,/)-' = y + y + 2 s//y

+ 2 V,).

Now find the two numbers, o and 1, whose sum is f.

priKluct 5; v'5+ VT, <,r 1 + s'h is the root reciuin-d.

Similarly 2« 4 v/4{a^T) = 2/i + 2 V(<( + !)(,,- 1)

;

from which a + 1 and n - 1 are the required numUr^
consequently V" + 1 + Vrr - 1 i.<j the root of the s
expression.

-nit

llUl
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EXERCISE LXV

Kxtrart tin- wniart" rix.t of

1 «}- >•>(». 2. 4f 2s'.l.

4 s 4- 2 \ 7-

7. 1 I + fj N 2.

10 7;{ + 4nx.{.

13 •2n + 2s'o^''

6. .s-2\ir,.

8. lit; n'2.

11. 12 2\^.r..

14. 2

3. J -2\;:

8. H4-2N I.'.,

9. 1(1+ l\r,

12. 2.{+(ivlu,

^\r

15. /- + 2// v^/- .'/-.

241. Equations involving Surds. K(,uation.s involvinj?
furil U'nut* can ."^ouu'tim* s In* solved l»y rationalizing tin

surd terms. If the equation contain.^ only one surd term.
this can Ik- rationalized by bringing that term to one side
of the eipiation and all the otlier term.s to the other side,

ami then raising lM)th sides to the |K)wer indicated by the
radical ii\de.\.

if there l>e two surd terms, then it is necessary to put
ttitin on «)p|M»site sides of the e(|uation and proceed as
Iff..re. If a surd term still remains, the operation must be
repeated. The following examples will sers'e to illustrate
thi- process :

/•->. /. Solve the e<iuation \''r-12 = 4.

Siiuaring, a*- 12= 11).

Therefore / = 4.

/
'

2. .Solve the e<juation s^r - •"» - Jx - 4 = 1.

Transposing, J.,~r, = i + ^/; _ 4.

'^'luaring, / - 5 = 1 + r- 4 + 2 v/J^l.
Transjiosiijgj 2 J.>- - 4 - 2.

Simplifying and .squaring, .r-4-1, or .r = r,.
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Ej, -i. S<)lvi> thf <*<|iMitiiin \/+ >.i I

s

s ' -4

Multiply tliniii>ili hy tln' denoiiiinuUtr, \j 4,

and Jr(x \) + x 4 » H,

or N r(r 4) - 12 - r.

S«luuriiiK, /(/ - 4) --- 144 + r^ - 24/.

n.me 20/ -144,

and •''"Jl-

A>. 4. S«)lv«' the (Mjuiition ^ 7 + •'» \ •'>/ - Ki =^ 4.

8<|Uiiri)i^, 7 + •"» > Vi' - Hi- KJ.

UtiHc ;5n m 10 !».

Therefor.' n'-V - Hi .{.

S<juaring again, ').» - HJ =- ;>.

Tln'n'fore /-•'».

A>. .*. S(»lve tlu; equation \ / + 2 + \ / + 4 =- v A.i ^ in,

Squaring, / + 2 + r + 4 + 2 \'( r + 2)(r -t- 4) -- 4/ + 10.

Therefore 2 J{x + 2)(..- -^ 4) = 2r + 4.

I)ivi<lingliy 2 an«l squaring. (.'• + 2)(/ + 4) ^r- + 4r + I,

Clearing and eollerting, 2.i= -4

EXERCISE LXVI

Solve the following e<|uationK:

/:
1. vV-lC. = :5.

3. N.c-+T>j'^=/-4.

5. 1 +;^ v'r = V,

7. n2x '2J--1.".

2. x'j--il-^h.

4. «; + 4n'j- = !<>•

6 v'7- 12 = Hv^/-*-.^

8. \ .;• + •') - Jf = '>.
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9. \ .1- HI \ , .1

10. s i . \ ij I I

Ir 11

n \ '• + < -f- V /
•>s

X .' +•

12

14

> •-/ -7 s2.r 1

> j: - 1 \ / - ;.

IS.

15.
N / + .) S -

16 N^ .'' f •> \ .! s r +-

17. s II + J- + \ ,1 - X ^ \ a - 'Ij-

18. (j:+ N.'»)-' (.,• - s.->)-'«4(i > N .).

19.

20.

21.

N .-5.^ -
I+

V .< + •_'.

.•5/ + 1

:5-r N:{ + .r .rs'.'}

22 ..i
,
/"

C)
•
' + 1 ) =(/-/«).

1 1
•>

28. • —+ -'— =_•'

1+ nV 1 - n / 1+.

^t.
1

+ — 1

1 + v'l -.,• 1 - si -
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QUADRATIC EQUATIOHS

242. Definition. .* <juailriitic «i|uati(iii ii .nt- \\\,u\,

niiitaiii- tin' ".fi oiitl |MiWfr i>f the imkiiowii <jnaiitity, iixl

in» lii^lit r |Miv\<r.

T\\ux .- t o iiihl >- ¥i.r t-4 n MH- .|natlrath .,|iii

tioii.«.

243. Pure Quadratics. A .|ua(Irati.- <<|imtioii mi.i.Ii

cimtaiiiM i.ulv tli- sijuan- of the uiikmiwn tuiunfity i« < :ill.,|

H pure quadratic.

Thiif* /^ !» is a |>nn' (|UJMirafii

.

Su< li (M|uation(* nn- .^niutiiutH calhd incomplete quad-

ratic*, Ix-cauyc tht-y lark thf first |M»w»r«.f till' unki.Hii

<|Uaiitity.

244. Solution of pure quadratics. I'.. -..I v.. .i purt

iiuadratic. tiiuatc the s«iuaif of tin- unknown «|uaiuii> to

the constant Unn, with tin- proiM-r ni^n, ami tak. tl,.

s<|uarf r(K)t of Loth HiiUs. W'c have ween (Art. -JON) iit

.;((!» nunilH-r has two s<|uan' roots ••i|ual in ahsolut.- \nMi-

nitudr hut of ilitTt-n-nt sijrn. IIj'iuc all such <(|n.i' mh-

have two pKits.

A>. /. Solvf the oiuation /-' - !(=().

Tr:iiis|Misinvr. /-'^-W.

Thcn-forc ./ + ;{.

F!.r. J. Solve the equation

(-r + a)(x + I,) +7 - „ )(r - /,) = x- + a- + I,-
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<V» AI»UAIU EwlATIliNH J,*)!

Miilliplyinj; out,

Tll.T.f..iv
, ^,„ /^i

246. Adfected Quadrttici. A.|iiiulniti< .•.,uiiti..ii whi. i.

urilaiiis In.iIi th.- Hi-t m-.l -.foii.l |m.wii> of the iihktfiHii

Itiaiitiiy in nilU'tl an •dtci.ted quadratic
Tliii» r> f !>i f 20 =0 Im ail adft'ctrd .|iiu<lmtic

A.ifirtiil .luiulrati.-^ an- al.-... ralU-d conii.litf .|iia«lratir!4,

246. SolutJ'u of adfected quadratics by factoring.
\\\<- Iniv.- -.Ill in Chai.Ur \'II tlmt tin- i-olution ..f

,t<lf.ct«.<| .|iu<lrati<f* .an Ik- «ITt'(t«M| hy traii.H|M.f<inK all tlu'

'•nil-' of th«' «'.|Uatiou to <ni<! m\y and n-wilviii); it into
Mtctor^. and tli.n r.|uatin>f racli factor wparattly to zero.

If linn- i- dil!i( nity in finding the fai^tors of tin- ex-
i'rt-«ion it ran U- n-adily clianKod into an <.|ijivalt'nt

<|.r.s,Hoii wliicli is th.' difT.T.-ncc of two H(|uar.-s. th.-

!i(t..rv ..f whi.h .an W ohtain»'d at oik-.'. Thr |ir.H-t'S!<

HhikIm u|M.n tlif fa. t that tii.- (•x|.rfssi..ii ..-' + 2'»r can he
hii.i.l'' a jMTtVct s.iuare hy adding n-. the s<|uaiv ..f half

I

th.
' (H'fHiient of ... since ..-' ->- 'Inx + </-' . (r + (/)-'.

Tims if to .,- + i\f we add i'\- or :$- we jjet /-' + (ir + < t.

'^Iii'li i^ e.|ual to (r + ;i)-. a perfect s-niaiv. The f..Ilo\v-

\'H . \amples show h.)W this fact may In- applied to eff.-<t

'h. -..Intioii of e<|uationM :

A /. Solve the e.|uati.'n x- - .{/ - 10 (».

/ !./ is niade a perfect s.|uare hy a.l.ling /'V t.» it.

lf(;,') he added it imist also 1... suhtra.te.i if the viliie

fth expn-sHJon is to remain unchanjjed.
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then

Hfuceif /--;U-1() = 0,

-=-<-(;)-'«-(:;)'=".

(-r-:--
Ttmt in,

last two terms together,

Fmtoring, (^-^ + 1)^-2-^=0'

HilUplifvilii;

or

Hence

and therefore

x + 2 = {) or x-r)=.(\

j= - 2 or / f).

If the c<»efficient of the scjuare l)e not unity. . n it is

nece88ar>' to divide througJi by that coeftieient hefor.

solving.

Ex. 2. Solve the e<|uation 4r-' + 21/ - IK = 0.

Dividing through hy 4,

/I , 21 \-'

4 2

Adding and Huhtracting, < - of
'-

\

Collecting, ^ + 2iy-'_72t>^^

\ n / H4

or (x + «)/x-|\=0.

iis^iji-aiK- mmitmm^^MT'^
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il.-nr x + r, = () or r :{).

Ml thercfort' = - (i (»r r
s 4

247. Solution by Completing the Square. The alwve
-.lution may ul.-o hv .'fTirttHl directly without resolving
til.' .xpression int<» faetorn, hy trunsiwsing tin- constant
Hiiiiitity to the right-hand side of the e«iuation, adding to
adi side the (luantity necessary to make the left-hand
•idr a perfect scjuare, and then extracting the square root
oflx.th sides. The method is practically identical with
that of Art. 24(5, the essential process in each case being
cill) •! completing the square.

K.I. 1. Solve the cijuation x- + \)x -t- 20 = 0.

Transjiosing, /--f-0/= -20.

("tupleting the Wjuare, /-'+$»/+/-)"= -20+/'*y".

Htnee

Kxtracting square r(K)t,

Htiice

/ i»\- 1

(•'-^2) =4-

^^^*2-
1 i)x= + - „r
2 2

= - 4 or - o.

1!)
2 2

Kj. 4. S«tlve the equation
8j-

2.
or

2r - ;{
"
r + 4

Multiplying through hy the common denominator.

(3/ - •l){x + 4) = r«(2r - 3) - 2(r + 4)(2a: - 3).

(It aring and collecting, 3r- - 3")/ = _ 82.

I>i\ iding by 3,

3 3

iTww^f^iLm^issiMm^. ^^a^^r^^m^m-^m^



254 Elements of Algebra

( omitletm^t the H(|uar(', /^ - r -t-
( )

= - , +

n<iu'«'

Extrartiiijj the squnrc nH)t,

Hence

Ex. .?. Solve the »'i|uati(m

8.') ^ 20

/ = +— + ( >r -

= l(>ii or 1.

--'-.-*- = :;.

J- - 2 / + 1

Multij)lyiiij{ through l»y tiie cojiiiih ii (Iciioiiiinatur,

x{x + 1 ) + 4(.r - 2) = 'Mx + 1 )(.<• - 2).

!^imJ•lifyi^^^ - 2/- + s..- -2 = 0;

therefore ./•- - 4/= - 1.

Coinpletiiig tht" square, /- - 4r + 4 - - I + 4 = •>.

Taking the square root, x 2= ± \'-\.

Therefore x-'l-t \'^ or 2 - n '..

248. Should the etjuation lie without a eonstam ^ im.

th( dilution is directly efT<(te(| hy factoring.

Ex. Solve equation x- nx ^0.

Factoring, ./•(./-'/) = ().

Hence x = i) or x - it = {).

Therefore x = () or x = n.

The student will ohserve that in every (|U;i initio

etjuation there are two roots. The zero root in tl last

example must not he overlooked.

. ^^^^^^^^^^^m^nm^^m^^m^^^M^^ii^m^
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EXERCISE LXVII

.^.Ivf. the followinK ...juations, wcrkiriK 1 t<, IC I)v fac-
.or.nK ami the n-mainder hy co.npletinK the H,uareonlv.
\«'rify the result. •

1. /--i) = o.

3. 4x--40 = 0.

5. 2j--' - ;{.r =- 0.

7. iV-'--,r^-0.

9. ')/•-= -(;.,.

'11. X- -r,.r+i\ . ().

13. .«•-' - 10j: + 2I =0.

15. .r- + 24.r + SO = 0.

17. r-- 2/ -48 = 0.

19. 4/--2r-i2 = 0.

21. 2^--27r=14.

^23. .V-"-18r = 10.

25. - + :!£ = 27*
4 •>

~'2-

2.

4.

.(' 4!K=0.

> r2 ..

27.

29.

r + 2 _-ij^.'' 7

x-1 2/ ~;V

(>.r + .-) ^ 4^ 4^4

4r ;{ / -"3

6. 4..- -ib=0.

• >.' = .»/.

10. */.(-' - /,.r = 0.

12. .,--10.r+ 1(5 = 0.

14. .<-'- 20.r + .-,l .= ().

16. .'•- - li;./- (-4.S =0.

18. ..-'- 1;;..- 140 = 0.

20. t;/--.r- 12 = 0.

22. 12.r^'-;57r-21 =0
24. :x- + \)j-=]0.

->.-:_ r + .S ,

.'• 1

~~7~^"*-

'• + 2 _ jr+'t _ ,

'-7 .c - o

3 4 1.-.

26

28.

30.
1 r - 8 .-• + :{

249. The general equation -Solution by a formula.
Ih,. ,uo8t geneml expreHsion f..r the .,ua(lratic e.,uation is

l''/- + />.r + c = 0, 8ince every e.,uation involving fractioM.s
'an l.e reduced to this form I.y nuiltiplving hv the eom-
hum denominator and eolleoting the teniis. The general
I "Illation can he solved exaotlv a« in Art. 24S.

''^ri^iS^^m:.-?;^ ^$: ,r%v ;'*-^^A
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8<)lvt' the equation n/- + hx 4- r =

/>

Dividing through hv u, 3-'+ r =
fi it

, •
,

.. h I
h \-'

,• //' \

I oinph'tinif thi' .xqutire. /-+.'•+ ) » - 4-1 -
(( \1ii I II V-"

/ l>V h-^4>ir
Heme r + - = , ,

\ 2<i / All

Kxtractiiijt the s«|Uari' root,
t N n- \.u

'III

x-=
-l,± x7>- !(

2a
Hi'llfe

This result may he used as a formula for the solution

of eijuations. as shown in the following examples :

Ex. 1. Solve the e< [nation ()/--(- 17r+ 12 =(».

Comi>aring the equation with the general e<iuation.

<»/- + /*/ + r = 0.

,,=0, /> = 17, < = 1'2.

h+ \ h- - Am'
Suhstituting in formula. X --

we have / =
17+ s 172 -4x<>x 12

2 X ()

^17± n'i

-174-1
or

17-1

12 12

= - 1.1 or - U.

Ex.2. Solve the e(jiiution /--3r 88 = 0.

Comparing the eciuatiou with the general equatioi.

<. = 1 . /. = - :\. c= - 88.
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Therefore 'i ± N i) + 4 X H,s

'.i±V.)

' .
'

11 or -8.

1AV. .S.

X + II jr II ,r _ 2<»

Multiplying l.y the eoniiuoii ileiioininator,

(/ - a){x - 'III) + (r -f n)(.r - 2n) -ji*- ,<-'.

(
<
•llecting terms, x- - 4^// - 2n- = 0.

Comparing witli the general eciuation.

Iherefore jr = 4^/± \ l()w- + s</-

= '2ii±a>J(i = n{2± ^6).

A>. 4. Solve the ecjuation ;i<- - ,Sj-+ 10 = 0.

Here a = 8, A = - «, r=10.

Therefore / =
H± \'({4 - 120

G '

250. Imaginaries. Expressions of the form J~I^
(Ex 4) are called imaginary expresaione, as their values
cannot be even approximately expressed, there being no
huiiibers positive or negative whose squans are negative
It IS convenient, however, to take from under the root
hny «(juare i)ositive factor, leaving the remaining negative
factor under the rt)ot sign.

F. r example, J Trw} = J l-i-'xU = 2 J~\4.
fc'nuilarly J -n- = ay/^.

17
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When HUch ii solution is olitjiint'il it means that tin n

is no rt'iil nuinlKT wliich will make tlw h'ft-han<l siclt- ..f

tht' ('((nation (Miual to zero.

The meaning of such cxiiressions will Im- discussed in a

later '.-hapter. In the following exercise the stud' nt

should pnictice completing the square and the use of thr

fonnula, cheeking the results of one ineth(Kl hy the otlni

EXERCISE LXVIH

S((lvc the following e(]uations :

^1. /-'-.V + .'i = 0.

8. 3x2 + j--i(X) = (».

5. S..-'- 10/- 12-0.

7. r)x--Sj- = 21.

9. 72 -{>/- = 1 Ha-.

11. 28/-' = 8rtj-+lS<»-'.

13.

15.

17.

19.

20.

22.

()

1

2. /-' - lor= l.')4.

4. 4..- ~2»5/ - 14=0.

6. 72.<- - 172r -20 = 0.

8. l»..--l2/ + 4=().

10. 12j-' - 17ay + (>/»- = ()

12. 2.").<- = .V + «i.

_7 8_ ^ ^!^
J- + rt / - () r - I

I 1-1 --.-! = -_-
/^ - 1 .r - 1 S x+]

14

16
..-.•! .r + 4

8 (>

+ 1 2./- - 1

.") = ().

7*

O
18.

/ + 1 .<• +

1

1-'

/'+.s'

/-' - 2.r - 1
.•> /-' + 2r - :in /- + 1 0.r + 2

1

^-f^^lzi^.io.
X + 2 J- + 4

24. /' - ox + n'^ = 0.

x+a+h X a h

21. •^ + ^ + i:if=-;5.
.r - 8 / - 2

23. ^• + '' = %£.
(t X X b

25. .r--4<ix + 2fl- = 0.

27. ' +
' « + /.

^f + z /> + X ah
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28. o-.r- - /,-/- - 4,i/,.r - ,1- + />-' =

29.

/+1 30.
4 r - 8

«{*.

31. -^^^'-K^'' '\
> + 2 .< 2 X - 1

32. •'---^-•^=,.,1'
•'>_!L-''I

r-;i ., -4 "I- «i ,-7/"
'>

33.

34. ^-^ +:':+- = ^':j:1^
'•-1 x+1 4(r-2)

r-2 .r J- - :\

II- a'
35. ^+ ^=<..

A + / /; - J-

251. Higher Degree Equation in Quadratic form. An
.H,natmn in which the unknown quantity .H.-curs in two
tmuH only, the unknown factor in on,- Jn-in^ the suuare
..fthe unknown factor in the other, is sai.l to W in the
quadratic form.
Thus .r^-7^-'+lo = „ «„,, .,> + ^,. + ,,^o. are in .nmcl-

ratie form.

Kquations in the .juadratic form can be solved 11...
"Itiadnitic equations.

Ex. 1. Solve x^ - 10a;-' + 21=0.
Kaetoring,

(.r^' - 7)(.r-' - 8) = 0.

'''"«''
r- = 7 or /- = ;{.

riierelore r= + . 7or.»= + 'q

The result could l.e innnediat<-Iy writt^^n down by the
f'Tinula of Art. 24J».

Thus .-' = 11L± ^ 1<»<)^^

10±i - .,—
-T- = I <tr 3.
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That iH, /- ± ^^7 or ± Jii_

f>. a. Solve x*+l()/--24=.0.

Bv the formula
10 ± v'l(M> + !m

Hence

or

2

-1(>±14

2

± J-2,

-2 or -12.

± v/-12= ±2%/ -3.

Ejc. S. ISrtlve jr^ - ITr* + 72 = 0.

llv the formula r' =

17±1
8 or 9.

Extrac'tin)? culie nnrt. / = V 'S or V9
= 2 or V9.

Aj-. 4. Solve a;*-7r*-80 = ().

By the formula

Cuhiiij?,

7 ±13
2

= 10 or - 3.

/=100O or -27.

252. Solution by Sabstitution. In more coniiKx

examples the solution can s«)metimes Ix' simplilit'il l>y

sultstitutin^ a letter for an t-xprcssion involving x. Tin'

following three cases will serve to illustrate the principle :

(.'.WE I. When the first and second jKjwers c! an

expression involving / are found in the equation.

Ex. Solve (Sx' + 2j-)- - :j(;i/- + 2x) -4=0.

If // l)e substituted for 3/-' + 2/, the ecjuation l)eciiiif!»

r -3.7-4^0.
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Fiu-torinK. (,/ - 4)(//+ 1) =0.
•'«"••<'

// = 4 or //- - 1,

We iriUHt now w>lv«' th«' two <<|Uiitions.

•h-^ + 2.r -4=0 anJ ,{.,- + 2..- +1-0.

261

1 t V 1;!

2± s4 -12

1 ± .^'-2

('a.>*k ]|. When an expression involving x an.l its
ricipn)oal (K;our in the equation.

fCr. Solve
**"

.r+ 1

If .V be PubstituK'd f..r

.'/ +

+ 1

' the «Hiuation becomeH

4=0.

or

or

y- - 4// + .'5 -= 0,

4± N K; -12

= .'J or 1.

.r- r-The two e<,uations r^ = :i u„d _ : .
j ^„,^ „^,^.•^+1 /+ 1

Jw solved, froniwhich j- = 'i*>J^,r L- ^ ''^

2 "
2

Task in. When an expression involving r occurs in
tli- e<|uation fnv from, and also under, a radical.

A,>. Solve .r- + i]x+7 + s 'x- + G.rT 1 U = 3.

Adding :i to each side, the ..juatiou l.<.<.onies

X- + 6a- + 1 + svTtwTo = {).

i*^- .
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If now // \h' NiiliMtituti'il for .<--fU7>I(». tl If i'<|uat I 'II

IHK'OIIU'M

or

.'/ + \ ,' '»•

h I ± X I -.'J I t,

Till- two )M|uutioii?< /- - <».! f in - 2.

.r .{.

aiMl /-' + i'yi f 10 ^ - ;{ iniif^l now l>- >*i>\\,

to ^H tin- vului' of J.

EXERCISE LXIX

Silv** till' folU»win)f :

1. 5/* + «'»..- - II -(»,

8. r-V-2.V+12=().

5. / _ /* _(-,-(
».

7. 2n'. -.'{x'r+l =0.

9.
1 1

I =0.

a. / -2<{/- 27 -Ci.

4. 4j-' + 2.V' 72 -O,

6. 4r'- l.T,' .,•{« = <).

8 / ' + 19r ' ^2nJ.

10 /' + ^ 11- f

11. /-' - =rj-' 12. 27..-^- '" + 46-0
/«

10.

12.

!»-0.
.r- - .».»

16. (jr--+l)-4(r--(-l) + 3=0.

17. (J-' -/•)- (r- r) = l.-i2.

18.

19.
i /) "H^"-)

^— -) - 10^0.
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22
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('V-')
-.•,("^,>.

.- +

1

f 1;f :")-

23
' +

-' *
-'

24.
/ + I

r- + 1

2(k{

25. lir-N-4/

26. i-' + 4/ +

27.

i/' - Ir
+^ <;-().

/

/,

f4. 12.

/- - . - 4 s'j- - .< + •-'

U /^--ivV-t- 1 -'24. 29.

10.

/ .

11' ' ' -
I » \ I- -

(

80. /-' + (r 4- 2)(/ + .{) -- x'2r- 4- .V i- .; ;«».

258. Character of the RooU of the Quadratic. In the
filutiuri nf tin- Ki-ni-nil «'(|uatitiii ,i/- ^/,x + r ^0 (Art. 249),
«' olttaiiu'd a. /j • .

r =
2./

A.H then- an* «)nly two stjuurc uhA!* «»f the <x|»nwi<m
'-- iiu\ th»r»' are only two vahu'H «)f r that will sutiufy the
••IHiition ; that i-. onlv two ro.;t- of the eonation

/. -t- s'/,^ 4,
and

- /, - x'/.- - 4

2<i

VIZ..

Ill-

254. The . \|.reH»ion urul.r the radieal /> - Aiv is called
till djacriminailt of the « nation ; sinee. a** we .shall .«*ee,

til- ehaiaeter of lln' root^ <it>|>. imIs U|M»n it.

< learly, h- - Anr nia , 1h* either jionitive op nejfative, or
ZtTii.
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1. If A^ - 4<t« Iw jMinitivi', thi'ii \ /'^ I'l. in u , .,|

iiuiiiImt, uiuI thf r«K»t» of tlif i-<|Uiit»oti an Mil r«M>t-. ..|

uiu'<|iial. If h' 4'ii- Im< alr<o it \H-t1i t -«|iiiii.', fh*- riMtt- a.

ratioiml, if not tin v iin- irnitiuiial

2. If h' - 4<n- U» I'ljual to /.»ro. thin tin- tirni nntl»i 'h.

nuliciil vaiiiMh«f«. and th«> riMiti* an- iiiual, vi/.,

/,

III

and
A

'In

3. If h^ 4iir In- n«'jnitivr. tin- rootn of th«- i'<|Uatioi, ir-

imaginary, Minii- •Im- U'rta under tlic radiud ha« u nt'tfitu.

sign.

TliJH cannot iK-cur if tin- nign of ' In- ncj ativi', unli>. t .

Hijrn of thi- Hn<t t«'rni of thi- i'i|imtion In* uIko lu-jrativ

Wlu'tlur the nH)t» of a imrticuhir <M|uation an- •• n

tiiual, or inmfinnarv, can U- at oiici- <!• t« rniim .1 i,v

exaniininfr the ex|mfhion h- - 4nr for the iM|uatioii.

Kx. 1. Ditcnnini- the natu e of the nnttnof the «<iu ijkm

4r'-«/-4-().
rt-4, /<» - (}, r= - 4.

//- - Ur =;U) + «v4 = 10.

Heuci' the n)otM an- real, rational, and unequal.

Er. 2. Deti'rmine the natu.- of the r(>)trt of the e.|ii. inn

.{/-'-«»/ + 20-0.

//'-4//r = Hl -240= - lo<».

Hence X '/<-'- 4»»r - v^~n^».

The riK)t*« are therefore ininjrinarv.

Ex. .i. Detennine the natUH' of the ro«>t« of the equ in'ii

1(L- -)-l(J/ + 4 = 0.

/;-'- 4»»r ^2.".«; - 2o«> = 0.

The roots are equal.

';*|r;J± '.
,* 4"! tl/T'f''^- /'<^i' ^ •,
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266. Relation between tbt root* and coefllclents. W

.

havf mi'u that nii .•.,uatioi, ,«,, U n.Iv.-.I l.y n-Holvi,iK it

into tuvtnnt, aiMl Molviinf th< fa. torx w|>urat«lv.

ThtiH .' !>/-» 2<) Intojih- wh.ii fa.tor,..!

( l)(. ."»).(), K'viiiK the HK.t- .. J aitil r .*».

fn ll.iH caw. t)i.- r.l.itiori iNtw.-n, tin- ruot« aii.l tht-

'
'

' Mt!. a|.,N'ars at .ai.t' fr.»in Art. J30, viz. : tin-
••>ut«.f ' -.«>t.M iM..,iial to th.' cmMaiit t.-nii, aixi »)„•

''"
'

' ••|""1 »•' «*••• '••••IlicH'nt of J- with thi'
.11 .

•« r Intioii
. u :h- -hown t.. U- jft-iuTal. a.« follows

,
thuoti- th- root^ of thi- e< |uation

t n. II
/' f N /<-'

I,

ll:iMii,i

l|..'i'i|i

Add III);.

/. V Irs '(- tiir

Jl'l

r, + r
/. A />

•-''< ;" II

^Iultipiyill)r, r, X '*.,
( /'»' (/;- l»»r)

•/r r

til- II

If. tlitrcfon'. th»' «'<|uati()i. W writt«n

J-+ J- 0, w> huvf

11. ill in
1

)
Th»' jinxliict of tht' r(K)tH is «.(jual to thf consUmt

tiT'll.

-') Th»' siitT! of the rcK^t.' IS f!!M (! U: the '-K'f!'

« 1 ! 1

1

itM sijrn <lianpe<l.

riCifSii ;;i
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I

256. Formation of equation from the roots. . he r<*..t<

t»f ail f.|Uution Ikmii^j )^iv^-u. tin* «H|uuti<ni lu.i at nii,,

b«' f«»un<l.

1. Since th«' nM»t^ rt*r<ult from the wdutitni (»f the fu< tM^

^
w|>arat«ly. the factors can In* (leterniined from the ro..t^

Thus if tlie roots are 4 and 'i, we can writ*-

.! - 1 and X -- ">.

or X - 4 ={) and j -i:=(».

and hence (j - 4)(.. .')) = is the desired etjuation. Th.

r«M»ts with their sifjns changed U'coine tfie second t. iin-

of tlie factors.

In pneral. if the known nntts are n and A the e.|ii:i-

tioii is (.1 -</)(..• -A) = 0.

2. iJy the last Arti«le », x r, - the constant U-rm uf th.

e<|uatioii, and /, + /•,= the coellicient of x with its -urn

chanp-d.

Hence ..- (/•, +r.,).i+r,/-., - (» is th*- e<niati(»!i whose mut-
are /•, and /„

A>. /. Knriii the eijiiatiuii whose nH>ts are 2 and - •">

|{y .Nhthud I. (r - 2)(.. +.'>) =- is the iM|uati(Hi.

By Method 2. /-' - (2 .'.).' + 2( - .'))=() {« the .•.juaf .n

These, of course, jfive the saille IH-suU.

x-^Wx 10 = 0.

Kx. 2. Koriii the etjuation whose nx)t« are

By Metliod 1. ),• - (1 + s/;{)j
;

,. . (j _ ^8)} =0 i> f|„.

e<|uation.

(1eariii>r of hrackets, .i
•' , _ •> ^

Bv .>hthod 2. Tl

2 = 0.

le sum of the rfM)ts = 2,

The product = 1 - 3 = _ 2.

HencH e<|Uation is /- - 2.r - 2 -
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EXERCISE LXX

iMmniiie, with«»iit wilving th«- «'<|Uiitions, the character
»f th«' nK)tH «)f the f«ill(»winj? :

1. /-' - 7. + 12-0.

3. 2 •• + )/- 8 = 0.

5. y- + 4x+ !(;=:().

7. .'5.»-' + 7.,+«U-(».

9. 2.1- -:ii+H -{).

2. r +4/ 10 =0.

4. ;U)..- - ;r..< + «> = 0.

6. ..- + .Sj- 1«) .().

8. 2r- - 1:1. + l-)^0.

10. ..-' + ..-(- 1 -.0

Konii tlif »'<|Uttti()iis wlioHi- riH)t.H an-

il. '2 •'>. 12. -2. :;. 13. L +A.

14

16.

". +(i.

•! -t- N 2, .•{

15. J:V

./.
17. 1 + J 2. I ./

18. a + s /». ,1 ' s^ - It.

19. V'\\\u tlif .-iiim aiitl thi' iinKlutt of thf roDt.-t of

(x - 1 )(/• - 2) = .'{{/ - •))
; {„ - .i)(r - h) = 4.,- - ,•).

20. Fonii th<' equation tin- sum of wliose r<M»t*< is 2«,
;iiiii prcxluft '»- - 1. Obtain tht- r(M)ts separately.

21. Find the value (»f ;* for which the equation
t'-- -Hj-+lS = has e(iual HMits. and solve the equation.

22. Kind the jrreatwt value of „ for whieli the r(M)ts of
tr 7.1 + /( will not be imaginary. Solve the equation
fill- this value of n.

23. If the sum of the roots of w- - T).!- + 20>J = ecjuals

IMM r i»rodu«t, find /» ami ^olve the e({Uation.

24. Find the values (»f ,) for which the equatit)!!

!"'-(«>/< + 12).r + 2') = • II h;iv.' equal roots, and solv(

lilt resulting equation.



CHAPTER XVII

SIMULTANEOUS EQUATIONS OF THE
SECOND DEGREE

267. SiniultaiU'ous e<|uationM of tlu' sccoiul d.-jfro in-

volving two unknown tiuuntitit's, cannot always !•.• snivni

by tin; incthotlH giv<n for <|ua<lratif «'.|iiationH. as tlnv i a^i

in gt-nt-ml Ut eijuationH »>f tlie fourth il»'grt( . win u tii.

proresH of »'liniinating one of tin- unknown <|naiitttii»

(Art. IK)) is i)orfonnf(l. In certain cases, however tin

solution may Im; cflfcctcd and rules can U- ohtained f.i -u

doing.

258. (ask By Substitution. W hen one ot iIh'

e(|uations is ut the first degree, the sohition can he elT.

•V substitution.

Er Solve r- + //- = ;i4.

/ + 1/ =- s.

V roiii (2)

Substitutint: in ( 1 )
(S - //)-' + ,/- .= .^1.

or -.'r l«>v + .'?0 (>.

H<i ice
H;+ ^'2; >t>

h,\

= ) or .>.

SuV)stituting these values for // in (2) to oht.iii

havt; ,'• = '.\ or •>.

The student will observe that th<' values of .! ;inii

in pairH, aiid that th<- <'<|uations are satisfied only

these pairs are properly selected, thus when x = .). // -

when x ^W.

•i«K



SfjuXI) I)i-:(tKER EvjUATlOXH •_M)!»

250. Cask II. Homogeneoui Equations. When th.-

[«|iiati(»ns an- li(>in«.}.'.ii.nUH tluy nn always Im- hoIvimI hy
tii>t ohtaining one i»f th«' unknown quantitieH iu temw

|iif the other.

Kr. Solve Sr^ + 4rv = 20. (1,

o/.v + 'J//-- 12. (•_>)

By niultiplyinjr (1) hy .{ and (2) hy o, we ean eliniinat.-

|thf constant quantitien.

Multiplying, (1) U'comes i>.r^+ 12/// = W), (.{)

I*n«l (2) " 2.')xv + 10ry-' = B(>.

Subtracting. 9^-^ - 18j-v - 10./- -. ,).

Solviiifr for r in tenns of //, c«)nsiderin« - \:\i/ and
- il>v-' as iinist.ints.

l.s

(ir - '/.

Mil»stitutinK these values for /• in equation 'J), wr hav(
|itt.. f<|uations to solve for .//, viz..

m>,)- + s.v- = 20 and aI -
;|//

V' + 4/// - ;"*

v )
= 20.

1 2../- + %"- = 2< ). 7.') //•- - 1 .S( ),/- = I (}2< ».

Wllenee //- = 1

.V=±l,

.,=2//

10s

_ 10
vv-..,.

21
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260. V\>v. III.

EMF.XTS OF AloEBRJ

Symmetrical Equations. W It'll t

«'«iuati<)ns art' Hyinni.triciil with ns|K(t to r iirxl y. i

If*, wlicn /• and </ can l«' int«>r(liinin«'<l without chai

lat

i;;iiii

IIIIlL
th»- ('(jimtion, u f«»luti<»n may Im- tff««tt<l hy tiivt ohtui
th«' vahu'K of x + n and x-y Mparat. ly, "ami th.n f

thew thr values of .-• and >i may he rvadily found. T...

Iw) apjilits to <<Ttain .'.|uations <.f a .l.jrrr.- hijjh.r li.Mi,

I'Mll;

th«' sccontl

N>IV»' - u --

.!>/ 1 1.

St|iiarin^
( 1 ),

Multiplyinjr (_) hv 4.

Adding,

Tht-ivforc

•'•-+ '/

.' - + »/-

-' _ •)
•lx,i

\x,,

2X11' Nl.

1+ V -= ±!(.

The two j.airK of t<|uations must ih.w I.v .sulvi'd. vi/

X - 1/ = 'i

x+,f= !l

an<

A.ld Ml^r.

or

Su I (tract in):.

O^-

^'1

U

or

Therefore when
.'/
=

.'• + */

-'.'/

2. when

-2.

-14.

-'. .'/-^

TJlis problem of courw can alstt U- solved hv sul i-'l!ll-

tion. as one of the e<juations is of the first dejfTee.

i.r. x'. Sol VI' X- -f //- ->.

// -

Multiplying (2) hy 2,

Addinjr (I) and {.'?),

Therefore

-•<.'/ 24.

/- + //-' + 2j-_v- 4 !».

J- + .'/ = ±7.
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Siilttnunn^r (2) fnini i]

DwrvUm-
ir 1.

±1.
Till* f«i]li)\vii iir i.jiirs . ' .<jUi,?!.M - iiitisf II. .w !..• w.lv.<l.

\]/..

^ .'I

' '/

iliiii ./• 4

l\.r. .i. S.

//
- ^

.'• + '/

.1 - II

l>ivi(liM^: (1) l>v (2),

.S<|uurinji (2),

Siilttrnctiiijr.

-(- -Ixfi -»- ,/-' 49.

SuldriHtin); (•'>) frnin (M).

'/ 12.

iiiwl tli«'n'ft»»« J- -
fi

- ± 1

.

troiii
'/ (

,

/ + !l
=

U)

(2)

(4)

(5)

•Iviiijr iiMW the pairs of •<|uatit.n>.

•'-.'/"> X-II-- 1, we liavf ./=4 / ;;

.'• + ;l - 7 .<• -
,/ 7 ,1 - ;{ ,^ _, j

EXERCISE LXXI

>lvi' the followilltt (MK <-«jtiatii)ii>

1 x- + ,v-=148,

J- - // H).

J- - V- 20.

2. J- + </- == 80.

.'+//- 12.

4. /- - (/- .*.<).

X - u 2. 12.
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^.

6. /' -- Sjy - 2»/-^ '.i2,

2/ - 8v =• 2.

7. 2r'-8/v-H,

4x// - y- ^ 2H.

0. r» +«»/// -•>_(/-' = 7,

/-' -x/f + if^ ^ 13.

11. r' + 3.rv= -."),

2r»/ - »/-' = - 24.

18, 4/- - 2xi^ - Ty = 20.

3/=' + rv -.")//- = 1-

16. /=* + xi^ + / - 39.

3^-' - "1.(7/ = 25.

17. /--//^ = 4H.

XV -32.

19. x + .y-2«),

rv=nw.

21. /^ + y'' = l.i3.

X + _(/ = 7.

23. x^ + // = 2S.

.' + // = 4.

25. X- + (/-=-)(),

rii = 7.

27. x' + (/ = 2H<J.

x- - x// + V- = 2.S.

29. X- - ;lx</ + y- -^ 1,

;ix-' - .17/ + •'? (/- = 1 3.

6. 7x^-Hx»/-ir,9,

Ax + 2;/ » 7.

8. 4x-' + «xi/ - 72,

3x// + 4i/^ - 34.

10. j^ + V* - •'».

2xv - </' » 3.

12. x'^ + 2x^ - 4.V- - 4,

x« - 5x1/ + S»/- - 2.

14. x-4-2ri/ + 3.v-- 17

2x- + 3xv + %-' = •_'>

16. X- +//-'= 130,

x// = ({.-J.

18. x+-i/ = 14.

x»/ = 4.H.

20. x-v = 20.

XV = 300.

22. .--'-,/•= l.-,2,

X - y = 2.

24. x' - / - (>3.

X -
// = 3.

26. ' + y = 5.

/! + v^ . 13.

28. /"--riif'^ 271.

x-3v=l.

30.
J 4- (/

2x + .3//
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PROBLEMS IN QUADRATIC EQUATIONS

261. Th.' HtiiUinciit ill iil^fcl.rnic HyiiilM)lH of th»' con-
<liti<»nH of a problem fir.|u«Mitly jjivrn riw to a (|ujulratic

..|uatioii, and hjiup every quadratic e.mati«»n liaH two n>f>tH

it would at first a|.|Miir that hu( h |»rol.l.iiiH hav«> alwavs
fwowilutiouH. Htjt the solution of an ei|uation do«'H not
aiwavH furiiisli a w.lution of the prohjeni from whkh the
<|uation was formed. The HMttn of an e«|uation may Jk;

fnietional, nepUive or ima>,'iiiarv, and Huh numiMTH mav

t X

t Im. applicable to the <niantity sought in the pn)hlem.
|M'euli,irifi. s are illustrated in the following

NUiie o f th(

amples

:

A>. /. The nunilier of feet in the |H'rinieter of

exceeds tlie iiiillilier of siil

I s<|Uar«

Kind its side in v.in^

liiare yards m its area l>

F-et ,(• (he nuniher of v.irds in a si(l<id<

tlien 12/ ^

Therefore

tiiiiii which

f.Mt til c |MTimeter.

IL'-

X- Vls^Ti ().

•r {).

xpn the
Kaeh of these r(M)ts is ei|Ually appropriate t

I njrth of th.' sid. ,,f a ,.|uare. The problem has. therefore
' 'u distinct sdliitiuiis.

',x . -i Th liypiitcmiseof a ii>iht-an>jled triangle is 1.1,

I kI Its area is :>(). Find its sid:s.

IN r,:\
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iM r and y rppwiwnt th<' f'\d(^.

Then /* + ../-. 169,

*"** ry » m.
Solving the«. <'.|uati..n8 in the iiHiml way, w.- ohuin

X ^ 5, or 1 2,

.'/" 12, or .').

We have thuH two HohitionH of th« ..juationn hut ..nlv
one Jiolutkm of tht- K>vpn prohl.-m. the douhl.. vahi.^ nf

xandylwing a nure intmhang.- »M.tw.'.'n the length^ ,.f

two HideM of the name triangle.

Ei. .1. F(»r eaeh of n numlKT of l)onk» waK paid tuK.M manycentH m there were lHM)kH. Ila,! |<> rentn l,..„

paid for each, the tot^il roHt wo,iid have iMen IV^ ,. n|.

greater. How many IkhjIcm wen- in the wt?

liCt / = the nunilwr of ImmjIch,

^h*'" 2/- ' ,.,.ntH paid for each.

Therefore 2/-' + 35 lOr,

or 2r- -19r + ;r,^0.

from whirh ^^7 ..^ 2 J.

We have again two Hilutions <.f the equation hut .h |v

one Bolution i,! the prohlem, ninee 2A in not a nun , r

uwd in rounting l)*H>kH. If. however, we replace • Im«.) -

hy "yardH of cloth" we nhall ohtain the name e.,uai m,

with the same rootn and we Khali then have two w.hiti. ^
since 2i in {H^rfectly intelligihi.. when uml in couin i-

yardn.

f"^. 4- If the circumference of a wheel were I 1

great«-r it would niak.- one rcvolutinn less in u .li.staiK • f

80 feet. Find iU» circumference.
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lA't X tin- < in iiinf«n'nr»' i.f th«' wlicrl in fi^-t

lli«'n
HO

tilt iiKMiU'r of n-viiluliunH in so f,^.t.

ami
HO

r f -I

tftiT thf in<-n>aM>.

Th.'n-f..r.- ^' ^
X X f I

Siniplifyin;r. .hO(, +4) HOr X- f 4j

or X- ¥ \x .'{20 = 0.

fntm which X Ui or .X).

Vow 20. takiii an the nnnilnT of fcrt in th
fircnc)' (»f 11 whfcl, iri\

•' ••irt'uni-

vSw* no int<'IM){ihh- niian.njt. l\\*xv
i^. then-fore, hut on«' Hohition to the |.rohlein.

Vj. r,. Divi.le .i lit).- 10 inehes lon^j so that the wjuure
"M one HOKnient may Im- .|..nhle the w|nare on the other
M'lrnient.

I'f't X the nunilHT of inehes in tl

lli-n 10 -J -.

Therefore

le smaller segment,

larger

(If

(10 X)' •>.,

+ 20. 1(N) O.

friim whieh 10+ 10n2.

The iHwitive nM)t 10{ \2 - I) mves the onl
Itiii tl

inary solution,

le neKativ.' r.M.f. 10( n'2 + 1; may also Ik- use«l U
("Hnt inehes ahing a j,iv,.n line. If' then, we eouni
K'f \2+ 1) ineheH in the npi^Mir ,limiin„, wo nhall ohtaii
ail txti-rnal point of section which al.>4o HatiHfieK tl

litii<" idition

/>. a. Divide a line 10 in<li.-s 1

II' li that the sum of the s.piaivs on
tH 40.

U" given

ijf into two partH

th.' U o parts may
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\a'{ r nml 10 - f i|<'iio|«> thf two iHirtM.

Thru f' ¥{\() -r)' -40.

Sitiiplifyitijr. r- ' \{\r ^ M) - 0,

fr«»iu whu'h •»± V'

It4»th pNitH ill thix «An#» nr»' ininKitmrv. \nw iimtmn iry

«'X|trw«Mi«»ii!« hiivf li <li*Kiiili- nii-Hning, iimi iin' of v.m.;ii

uw in niathi'iniitirn, hut thrv art' »<»/ nw«l in roun'tii;

unitH of nM-HMun'mrnt Hlonj( a j^iviMi lim- Th«' probhm i.«,

tfi'TS'for.- «'ntirf'ly iin|torti*ihl«'.

EXERCISE LXXM

I'KORLKMH

1. Tlic |ir<Miuct of two foii.-irriitivi' nunilM>rM I'x.i.H*

th«'ir Hinii liy Hft. Fin<l lli*- nunilM'^.

2. Tlu' (lifT«'n'n<'«' of two nunilN>n< \n *•, hu*\ tfn- M.,)iiri'

»»f their nurn «'X«<»'«lh th«- Muni of th»'ir fMiuart'H hv imi

Find the nunilMTH.

3. The Midi'M of a r»TtRn)(l«' an- ;is .'iM, ami th«' f Iin-. 'rial

iH 7'> inrlicH. F'iiKl th«* widi-s.

4. RodKht a iiiinilHr of a|)|)l<>H for ')() rents. 11 <! |

nnrivcd ") niort* for the wirm- money the |»ri«^e of m li

apple Would havi- lH*«'n one-half a cent leM. How f mv

did I receive?

5. If a tniin travelled 5 niileH an hour fuj^ter it \\ iiM

eoniplete a journey of 10.') rnilen in •'!(• niinutes len.s ' im

Find it8 rate in niileM |)er hour.

6. liought cloth ft»r !?;{'», and hy si'llin^ it for ?. ^'>
i

yard the gain was e<|ual to the cost of on«' yanl. Fii tli'

nunilx'r t)f yards lHinj?ht.

7. A hriek is ."JJ inches longer than wide, and 14 i art
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•li;il

rM|Uin-«l to |MtVf u n>t>Uin)rtiliir iin-n 20 f«<<>t long and iS(««ct

|l>nHul. FintI th«* length of a lifirk.

8. A tiflii of gniin ix iU) umIm long ami 40 mnIi* widi-.

What unifonu wi<itli nniHt In- rut from fach Hi(li> to h'avc

Jof the groin KUinding?

9. Thf h-ngth an<l hn*a(lth of a riM>ni iiH' um :\y2, and if

t (fft Iw addiil to «'a«-h, tin- n«-w art-a of ihr ll«M»r in to tin

foriin-r iimi hm Xr.'H. Fiml tlu- dini«*nxionM of th*- nnnn.

10. Pividi' a lint* U) in«hi'« long lulo tnn |Mirt»« nui'h that

tin- w|uan- on onr fMirt niay In- iluiihli' tin- M|uar«' on thf

ither |»art. (Jivr thi* n-t^nlt rorriHt to ."{ dt'Uinul plarft*.

11. I)ivid«' a line '20 inchrH long into two |.art»< muh that

thf M|uan' on oni- part may <'i|nal tin- nt-tungli' rontuinml

k the wholi* line and the other |Hirt.

12. I'riMlure a line (> ineheM long ho that the rectangle

iiiitained hy the whole line thn.-* prinhK id and the |Mirt

lirxlueeil e«|UalM the Hijuan' on the original line.

13. A pien' of cloth on Uing washed Hlirinkn in length

"i\< -sixteenth, and in width l>y ont-t«nth. Itt* an-u in

thiH redu(*ed hy t»00 H<|uare inchei*. and it** |H'rinieter hy
ii ineheH. Kind itH original length an«l width.

14. A veHHcl having two pijMs can U- filled in 2 hourx'
!•*' time l»y one than l>y the otlur. and hy Inith together

111 1 hour r>2J minutes. How long woidd ca.h pi|H- ahtne
rw|iiire to till the veswl ?

15. Find the price of cggH |»er wore when 10 mon- for

"i entH h)werH the price H74 cenlM |)er 100.

16. The colored part of a H|uan' pictun- is surmundtni hy
livliito iMmler l|^ inches wide. un<l the whole hy a frame

1 1
i. 'h wide. The colored |>ortion ami the fmme together

Ti 'ain 42J^ s.|uare inchen. Find the an-a <»f the frame.
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17. The area of a right-aii^'l.-il triangle is ./^ of the ana
on the 8.|uarc of its hypotenu.se. Find the" ratio of ih,.

Hides containing the right angle.

18. A rectangle whose area is 1(>8 sipiare indies is in-

scribed in a circle whose radius is 1 2A inches. Find its sides.

19. Divide 40 into two parts such that tlie sum of the

fractions ol)tained l)y dividing each j)art hv the oth.-r inav
be2^J,.

20. The rate of an autoniohile is 10 miles per liciir

greater than tliat of a hicycle rider. If it takes the aiitu-

mohile (J hours longer to run 2')') miles than it takes ilie

cyclist to ride (i;! miles, find the rate of the automohijc

21. If the length and width of a rectangle be each in-

creased by 8 inches, the diagonal will be increased liom
13 inches to 17 inches. Find its sides.

22. A boatman can row 7A miles down a river and i>,> k

again in .'{ hours and 4o minutes. If the rate of the

stream is U miles per hour, find his rate of rowing in

still water.

23. Sold goods for 824, losing a rate percent etjuai to

the cost of the goods. Find their cost.

24. Find two numlu'rs whose sum, product and di:'. r-

ence of s(|uares are all (Mjual.

25. The sum of two numbers divided ity their ditiVi. nee

gives the same «iuotient as the greater innnl)er divid. ,i l.y

the les.ser. Find the (juotient.

26. The hypotenuse of a right-angled triangle is
"

^ 2

and its area is lU. Find its sides.

27. The perimeter of a right-angled triangle is 4!' A
and the d flference of the sides containing the right ; ile

is 7 feet. Find the :irea.



Problems i\ QrADRAXic Equations 279

28. T}k' fon- wheel of a carriage turns 22 times more
tlmn the hind wheel in g of a mile ; if the circumference
of eacli were increased l)y 1 foot it would turn only
IS times more. Find the circumfer(>nce of each.

29. Two partners together invest 820<H) in husiness.
The one receives 81 SCO for stock and proHt at the end of

2 njonths and the other 81M)0 at the end of 8 months.
Find the amount invested by each, assuming that each
man's profit is proportional to his capital multiplied by
the number of months it remained in business.

30. An increase of 1 second in the time required to run
no >ards decreases the rate of running by jf mile

| er
hour. Find the rate of running.

31. A stone dropped into a well is heard to strike the
water in 8^^ seconds. Find the depth of the well, assum-
ing that in t seconds the stone falls 16/- feet and that
sdund travels 1120 feet per second.

32. Two trains start at the same time, one from A to
H. the other from B to A. When they meet the former
hns travelled 12 miles further than the latter and reaches
B 4^ hours after meeting. The latter reaches A in 7f
hnurs after meeting. How many miles from A to B?

33. An increase of ] « mile per hour in the rate of a
<;irriage would ,ause a wheel 16 feet in circumference to
revolve in ^ seconds less time. Find the rate of the
carriage.

34. A rectangle has a strip 2 inches wide taken from
oil'- side and one end, and the area is thereby reduced bv
tw . .-fifths. If a strip of the same width were' taken off all

aiuimd, the area would be reduced l)y seven-tenths. Find
th' original length and width of the rectangle.
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II

t?

EXAMINATION PAPERS

I

1. Find the vahu'of /+! whni -
'^+^-'>

3 - V.')

x =

x =

X 2

Why urc the twi» results alike?

and will II

2. What values of /* will make li" = W\ 2"+^ = 4"?

H + s';{ '.\ + 2 s'}i 1 .
s'2+]3. Simplify + ^^_-lL' and —^ - ^ -^-

1 + s';i 2 + <:\ . 2 s'2 n'2 I

4. If j; + ^ + 2 = X//Z, prt)ve that ( 1 - a-)^ = (
1 _ j-y )(

] _ ^^

,

5. Solve the ecjuations x+v'j; = 20 and j:-v/ = -J(i.

Why do both equations give the same pair of roots?

6. Solve ((juations -r = ±^ xi/ = 40.
X y 20

7. The perimeter of a right-angled triangle is 60 ft. t.

and the area is 120 s-juare feet. Find its sides.

II

1. Find the value of /-' + xii + if- when .r = 3 + ^Jh

2. Simplify
| |

(/""
• + x)- - (x" '-/)-(.

3. Simplify ^^r' |^'-<^-l)n

4. Findthes(iuarerootof/(x + l)(j + 2)(/ + 3) + l. Wl it

property of numbers is proved by this example ?

5. Solve equation (4 + 2 s/.S)^-' + ( v^3 + 1 )x = 2, and vei: v

the result.

6. Sf)lve equations ^ + ^ - '^^^ =
"

X ij 10 jh _// f ;-;

t^il^i&^^;-:^iis^l3iiS.M'SA. J^M^^ ^^^M.
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7. A hoatniiiii who ciri row 6 milt-H jmt hour in still

I

water, r<-«|iiircs half an hour to row 1 inilr down a rivt-r

\:m\ hack u^ain. Find the rate of the Htrcani in miles [kt

hour correct to three places of decinials.

Ill

1. Find the value of ;?.r + .V- /' when ./--J - s'.i.

2. 'f (f = •J.'). /> = 1(), write down tlie value of

"--//-, {a^h)K{<i ' /- ') ', {„ * + /;*) ^

3. Find the sijuare root of

a-(ii- + I,- + ,') + 1,'r- + '2ii{/> 4- r)(hr ,/-').

4. If {hx- + 11-11)-= ((tif- Jth-x), then either nij^hxur
II b

hj- f aij = all.

5. Solve the equation j- + (> nV- - 2j-+ '> = 1 1 + 2/, and
verify the result.

6. The perimeter of a rectangle is r>0 feet G inches, and
its area is 85 sijuare feet. Find its sides. With the same
iKiimeter, could its area be 160 scjuare feet ?

7. A starts from P to Q at the rate of 8 miles per hour.

Tliree hours later, B starts from Q, to P at such a rate as

to reach P in 19 hours. They meet when B has travelled

;i!> many hours as he travels miles in one hour. How
nijiiiy miles from P to Q '

IV

1
. If / = A( 1 ± v'.T) find the value of \{/^ + 1

)(/-' - 1

)

li. Multiply

(u + hf - (a-' - 6'^)* + (a - bf by (a + b}'' + (a - 6)*.
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3. Kxtract th«- H<|iuirf root of

4. If/) be 111" (litTrn'iK-c hctwcfu iiiiy nuinhcr iunl its

reciprooul, »/-' tin- ditTcrcnn' iMtwccn tin- s<|Uiir«' of tln' sum.'

miiiilM'r and tlic s<juar«' of its rt'ciprocul, show that

5. Solve the ('(luution 2/- - .'5 <//-' + L'j- + 11+ Ajc = 4i>.

6. St)lve tlu' ('(lUiitions /' + //' l.'J.S, xii[x -if ij) = 70.

7. Fiiul, CMrn-ct to '^ plact'S of dicinialx, the shU'm uf a

rei'tiingh' whose leiiL'th exceeds its hreadth hy half an iiirli.

and whose area is one sijuuro inch.

1. Simplify * ^^2 + n'2 x n'4 - 2 n'2 and (7-4n'.{)
'

2. Simplify 2" + 2", 2" - 2" . 4(2" '), i(.S"), and v.iifv

the resnlts when /* -=."{, 4, and 0.

3. If jr = it- - /«•, (/ />-' - en, z = r' - a/,, show that

/- - I/: //-' - :/ -' - XI)
, ,

ir - zx

4. The suin of the scjuares of tw(» numbers is //* tiiucs

their produet. and the difference of their squares is n ti s

their product. Find the value of */*-' /(-'.

5. Solve the equation p + x+ s'-lpx-^ x^ = q, and v.rily

the result.

6. Solve equations •" -''^ •'+''

20

'

7. A rectangle is one inch long. Find its side, i n.-

viding that when a sciuare whose side equals the widt of

the rectangle is removed the area of the remainder i iv

bo one-half a scpiare inoh.

8f<v^^:->^!;s^rjsuif.srisiiiaHi'.'U^^
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v'.Ti

vr

1. Simplify - ^+ "'•^

•U'l2 .")>';{ + .•> sl»

iiii<I cxprcHs its viiliif to 4 places of (h'ciiiialH.

2. Divide a- -- ,j-7,-'
1 + />

-'

|,y „ + ,//> ' + 1 + /, i.

3. Kxtrui't the S(juure r<H)t of

2n-{h ()- f,^r - „)-' + 2r-'(fj - A)-'.

4. Solve the e(|uatioii r + 4 v'Jj- 7{ + «> (). and also

. 4 \ 2j- - H + H = 0. Why have two apparently different
ei|Uati()nf the same r<K)ts?

5. Solve tlie equations ./-^ - y = (j;5. j-_,/</ ~ y) =- 12.

6. If V2 1 is a nxA of „.,- 2»v2 + 1 =0, find ;( and
tiie remaining root.

7. Two cyclists set out at the same time, on tlie same
read, the one from A to B, and the other from B to A.
They reached their destinations in 2 hours 40 minutes and
1 hour 80 minutes, resp.ctively, after meeting. How long
after starting hefore they met? If the difference in their
rates was 2 miles i)er hour, Hnd the distance from A to B.

VII

s'r.0-2 V.J
1. Simplify

2+^-6 v'5

;iiid express its value to 4 places of decin:als.

2. Divide u^ + x-^ + Six + r'') hy x + j-\ and express the
4i:i)tient as a square.

3. Simplify

(x-\+ s/2){.r 1 - v/2)(.r+ 1 + s^2)(x i 1 ^'2).
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4. S«)lv«' the wjuution .» + ^7r 1!) 1, aiitl verify lli.

rt'Hult.

5. S».lv.' x-'v* - 6r./ - 72 - 0, ^ ^ + '' "^ ' = 2.
')

.'J

1 '"i

6- H ' in niK- HM.t of 2/- - /u- - 1 =0, find /< nmi

tht' rt'iuuiniiig r<M»t.

7. The difference in the cin;un»ferenceH of the front and
the hind wheels »>f a carriage '\» li feet. When the carriatr.

inoveH at the rate of 10 niilew jjer hour the front \vh..l

inakeH one-haJf a revolution jier neeond more than the hind

wheel. Find the cin'umferenre of earh wheel.

i^'^Pm^mmmsma^K^



CHAPTER XIX

GRAPHIC SOLUTIONS OF SECOND DEGREE
EQUATIONS

262. The graph of a second degree ezprenion. In the
chapt on Elementary Graphs we shewed how the solution
of first degree ecjuations of one and two unknown quan-
tities could be eflFected. We shall show in this chapter
how the same principles can be applied to the solution of
eijuations of the second degree.

Mill III iiMhiinrmi

mi- - 1L _/

IhHHilllH

1
ll

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 , 1 1 1 1

1

Fig. 1.

Ex. 1. Plot the graph of /-' - .3.

Let T^ - 3 -
y.

285
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\W^

AHMigniiiK valut'H to r, «.• git thf nirr<>|H.n.linK val i.

of »/ hv t aiculation.

1. 2. '\.

2. I. (i.

Th»w valiH'H |ilolt«'(l givi' tin- curvf Mlmwri in V\^. \

III ploltiiiK tfi«' graph, two .>f tli.- Hinall «livisioii> ir.

tak« n as the unit of l«'iigth.

The points where the curve cutH the iixix of x givr th.

Rolulion for the iMjuation /* .5 0.

ThcHt! vahii's, of course, are at once Meen from th.

equation to he ± \\\ ± 1.7. It will Ih' noticed that th.r.

are only two nH»t.s jMtfsihle.

H-H-j-j-j- f-|-|-|- f-4-j-

-

*"

1 1

_- ...,
ft r

'

-t -2_ L.

"

A — -fil — " 2S
^sn 7 ^ <• ^

J

f "^ r

_~ ~
z^i-"" 4 I- z

-.-:: S__ _ i _:::"^2
4- s^ 1 - ^^

'^ i'

1 ^ •..

3:"":i!5 ":=!"":§ -__j— _^__,^__.

-4-1 h

1 X

KiK. 2.

AV. ^. I'lot the graph of // =.r-'.

Assijrning values to ./•. and calculating the correspoi

values of //, we ohtain tlii' following set <if values :

x= :;, -'11, -2. U, - 1. ', (». A. 1, 1.1, :>. ^

1. .11

.V'
o

<'i, J, J, 0. 2}, 1, h;
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(htAPHlC SOLI'TIONS 2H7

Art the vnUu's „f ,, itunuM,. i,„irh inon- riipidlv tlmn
th..^.'..f r. ti.k.foiiruf th,. Hu.ill.liviHi.,.1^ ,.s th.. unit cf
iiMaHur.-in..|,t i.luny th • nxin „f r, an.i ni... alunmh.. axis
f '/. ThiM H.al.. tmiHt also U- „hH..rvr.| in tukinj^ m.^nnnrrs

frnin the nirvi'.

Th«' cnrvi' is shown in Fin. 2.

It will Ik. ul,...rv..,l that th.' Kraj.h is svmm..triral with
r.Viir.1 t.. th.. V axis, an.l that it fuu,h..s th- r axis at the
riiiin.

This ^raph is of s,„.,.ial inten-st hrraus.. of its assistttii.M'
n s..lvn>K J^raphi.-ally .|na.lrati.. ...piations ,.f „n.. unkn..wn
lUimtity.

283. Graphic solution of equations of one unknown
quantity. Th.- soluti.m ..f an ...nmti<.n of on.' unknown
iu;intity may k' jHTforni...! in two ways :

(I) As in K.x. 1, hy o.juatinK th.. wh<»l.' expn'ssion to v.
I'loitiuK IIk' graph an.l finding th.- points whcr.' th.' //axis
• < ut hy th.. graph.

(-') When the ..xprt'Hsion rontains t..rnis of iM.th the first
iMJ s«',-on.l (l..-rr...., th.. work .an 1..^ gn.atlv l,.ssen.-.l hy
Miig th.. graph plott...! in Kx. 2.

This s.)lveH graphi.ally th». ...piation

r- - ./ -<; = (( Mr r- = j-
-f. (>.

It w." draw thf graphs ,, x- an.l // - / + f> s«.paratply, the
I'lrticular valu.s of </ conmion to th.. two graphs ar.- th.'
~iiii-s for whi.h .--• / m;. an.l h..n,'.. th.. corresponding
il'i's of .'• are th.. r.)ots of the e.iuati.)n.

T'le graph of// ^/ + () is plott.'.l on th.. same .liagram as
' ^ -', an.l .)n the sam.' seal... It is tlu- line AC. Fig. 2.
H -lie,. / . (Hi or :\, an.l x ()/) or 2 an- the tw..

'Ii 'S .)f X eorrespon.liii<r to th.. e.jmmon vahu-s ..f ,,.

:!'-! e the njots are ;5, -.Uid - L\

MP^-^^-:^':^^^-^^: <:?:.-
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Tlio Htuiirttt will iiotiit' tlmt lliin iiifthiMl iIin'h nut ^\\i
\

)rmph of /' r H, hut it wiIvcm tilt' «-(|imtii)ti '' r »'»

The nii'th<H| in a|t|tli('alili- to any <|imilriiti(' of our uiikn<>

<|imiitity, mill Iiuh thi< n«lviiiita-ir that th«> fp>i)rml <

n

1/ /'' irt couinioi) to thi III all. niwl itn ^rapli \\vvi\ tioi

n'«lmwn. It i« only iituHHury to plot a llin' wliiili raii

iloiii- l>y iiM-aiiM of two |NiintH.

264. Graphic solution of limur^neoui equations. I'

in I'fTfcti-il l>y plotting the Kr^plt <>f *'m\\ aiul taking; \

{MiiiitH of inttTHrition.

- — — — — — _ -, —

3

r n "k N/ a ^ P _ -/ / ^

/ (
/ \

r /
^

^ «[ ff
•\

1 a *_
1 Q

~

V H J -
\ /
^ » J

1^ 4
<. ^ s ^

»• ij{. a.

AV. /. I'lot tnc );rapli of r- + '/'

Solving for //, // = ± n • - x-

Thcn when

± v' - 7, 0, ±2.2, ±l.s, ±;{, ±1.S, ±2.2, (),±



OkaI'HH- HOLI'TIONH

utjriv. Ill,

r ti II

unkih'Wi

I'm! tur\'

I l| liol l>

u)\ cai, 1

'JH9

Mukin,< th.. unit ..f l.n^fh m,, .iivi^ionn nf th.- wrti.in
IWIMT. Till- gra|.h is hIiuwii in Fig. .{.

Th.' Hti..|.„t « ill ul,...rv.. thai th.- Kraph is a .ink, thp
nuhuH .,f w In. I, i. ;{. Th.. ^raph .an th.-r-fur.- Ik- ,,l„tt...l
ntotuv with u pair ..f .livi.l.rK.

All WMM.n.l .l.-^r. .|uati.mM „( iUv f..rin r^ + ,,^ ^ /i ar^
.ml..H an.l .an U- no plott..!. TIiim ftt,t n.n Jk- .|...I.i,v,|
:.t .,n.-.. fr..n, th.- Kraph .,f th.. rir.l... K.,r if anv ..nlinaU'
I'Q \m Uiki'U, or Lfin^f th.. ra.lins, th.-n K,.<)nH.tri(.nlly

or ,:.. ^ ,.i
,

r''.

PlK. 4.

It will alHO Ik. .)hHerv...l that for any valnc> ..f r prcator
It in :\ th.. vain.. ..f ,/ is an Imaginary' quantity, n.T point
'"' whi.-h X is jrn'atvr than ;! h.-in-r on th.- .in-l.-.

Thus when 4,

19

y>0'^m^^-!Hh^^^
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Ex. 2. Solve the eciuation

x- + (/- = 2o,
(1)

x + lii = 2^. (0)

The graph of (1) can l)e plotU^d at once hy the (livid, is,

since it is a circle of radiuH 5.

In (2), when a- = 4, -3,

.7-3, 4.

Plotting for the two points on the same scale as (lie

circle, we have tlie line AR. The points where the I in..

and circle cut each otlu .• ^,'ive the romnion values of r :.nri

y, and hence the solution of the equations

r = 4, -8, .v^3, 4.

265. Draw on the same diagram the graphs of th..

equations

x-y = %. (2)

The graph of (1) is the line CD.

The " (2) " EF.

The solution of the equations

and x -
2/
= 4,

common points, is a; = 4.

9

?/= %
The graph EF do^?, not cut the circle, and there aiv ii.o

points in conmion. Hence no solution can he ohtain^d
graphically.

Solving the e.juation, however, we ohUiin

as shown hv iIh'

I

.9,

4.9.
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Here the roota are found to be imaginary .,uantities
It can be shown to be a general proposition, that when

the graphs of ,no .-.juationH d,, not cut. th.-ir ro..ts nro
iniapinarv.

Er. .?. Solve the e«juations

12In (1),

Hence when

-12,-8, -6, 4,-3,-2, -1, 1,

|,v= - 1, -U, -2, -3, -4, -6, -12, 12, 6

(1)

(2)

2, 3, 4, 6, etc.

4, 3, 2, etc> ", -I, <j, i,

Fig. 5.

Plotting these points and drawing a rjraplj through them,
«( have the two-branched curve shown in Fig. 5.
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These branches are completely neparated—all the vain.

of X and y in one branch being positive, and in the otlu

negative.

Equation (2) plotted on the same diagram, gives th

line A B.

The two roots are r = - 2, and 9,

.y= -6, and IJ,

the scale being one square per unit.

yX-

""~-

u
L : "

t II-
-A -- --= =

:: _ ^^''^ l-?s-::iiiii:
>_ _ y^ » ^ ^>^ III :

7 * S^ ^r-
::_ z :_ a i. S- "

_y 2 ^N^-
.-- jTX- ' [!= = -:

, lt«9.ft-3«-lO J25SSS2J1 {

TI ]_ ± JL

::::::^^::_ : 1
[

__ __ ^-^^ -^ it t '

i -- -^ 5.- •* 2
_ _v-^ - * 7^

-i

:::::::::::?:
_ 1

Fig. &

The student will obser-e that a line may be drnwn h

cut either branch in two p<»int8, or both ia one, l)Ut tlial

only two points can be common ; that is, there are mlv

two solutions.

It will be observed also that the smaller value wegi
the larger value do we get for y, and \'ice versa.

('/.
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When I is very Hnmll, 1/ ih very large.

When I is very large, ,</ is very small.

This shows that the branehes reaeh out continuously in
the four directions.

Ex. 4- Solve the efjuations

/-' + ,/2 = o3,
(1)

x^ = 14.
(2)

The radius of the circle (I) is v^.53 = 7.28. The circle
can be described at once (Fig. G).

Equation (2) can he plotted as before, from the following

values derived from y = •

-6, -5, -4, -3, -2, 1, 2, 3, 4, 5, 6, 7.

-2.3, -2.8, -3A, -A'l 7, 14, 7, 4§, 3^, 2.8, 2.3, 2.

These values plotted give the two-branched curve as in
the last case.

These equations have four solutions, two on each branch,
produced from equation (2). The solutions are

x= ±7, ±2,

y±2, ±7.

The graph shows how it is that two second degree
e-iuations of two unknown quantities have four solutions.

EXERCISE LXXill

Plot the equations

1. y = 2x. 2

4. y'^^4x.

y = 'ix.

This curve is a parabola

3. u= -.
^ 3

':n::!i^:''mm
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This curve is an I'lliitse.

Tliis riirvc is iin hyi)t'rlKila.6.
''

!>'=l.
9 4

7. Solve the equations

y'^ = 4j-, graphically.

8. Solve the equations

r+_l

2

(Get an approximate result.)

9

9. Solve graphically

a:+l
|-^ = 1, and^ 3

(Get an approximate resiiif

10. Plot X- + X-2, and solve equation x^ + x-2 = i)

11. Plot 4x^ - 3/ = 10, and solve the equation

4x2 -3/ -10-0.

12. I'sing the graph of i/ = x-, solve the e(|uation

x2-x = 20.
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24. J!/z, 2(xy -k- ,,z ^ xz), 4(r + y-^.). 26. •->«'+
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1 ()«-', 0.
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- a- 6-' + f-' - a6 + 26c + 2ac. 11. « + 26 - c + ab-.

-.i-^+15i--V + 7y'. 13. ;{(a-6) + i;j(/-y).
-•(a + 6) + (c + rf) + 2(r --

.y) + ;> + y. 15. 1 1 „ _ 46 - [ic.

a -46

3a - 36 - c.

2a.

- 6 + 2c.

2a - 46 - c.

-2y-2.
- 26 + 2c

</-B* 17. « - H),- - 5rf+ 21.

Exercise IX. Page 40

5. 6a - 3c.

8. X + 2rt + 3.

11. 2a -6.

14. 7« 66.

3. 2a - 2c.

6. 3ri - 46 + 4t

9. X - hi.

12. X - y + 3^.

15. ba - 46.

(a - 6) + (c + d)-{. +/) ; (rt _ 6 + c) + (rf - c -/J.
a - (6 - c - (/) - (^ + /•; a + {-6+c + rf)+(-c -/).
a- l(6-c)-(rf-^)+/j. 20. 0.

15, - 15. 15.

Exercise X. Page 46

77. 40.

I5x-, -Vm-bc, -20j-y, (\nW, oa%x.
-J^y\ 9b-VV-. x'y\ - 8m^'»^'.r, - 3.5«36\-.

-30«*6V. 5. 12(WV>V 6 2.') 8 54. 7 0, 3:

9. yc^^ 8a^ lGa^6^ ^ :,43a-6"

10. 70. 29. 11. 120.
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ExerolM XI. Pa^e 49

1.
2jJ - if- + 6/.

3.

5.

7.

8.

9.

10.

12.

14.

2/'y - \xy- 4- -V.
I + '1/- .1/».

2.

4.

6.

a-b - a'i + «-A2 - a»6c + d^b'^c - ri'V/-'c.

-9x» - P-V + 6/-.

firt-'i-.',-.

6a6 - 1362.

14a -4&- 14f.

16. 2/-'+ 10/y - \'ly\

18. 26/ +2%.

11.

13.

16.

17.

19. 0.

-Sr*- lGx-+ lb -

2a» - 1I«*6+ 10«6-'-

- 'Ibc + c^.

2/>r.

20. c£-^ay-¥bz.

\h'

Exercise XII. Page 62

1.

3.

6.

9.

11.

12.

13.

14.

15.

20j3_ 18x^-25/ -«).

,w 6. a»+ 1.

2. 2r* + 3/^ - f<i- + 3.

4. -SH' + Sx-' + T/- 10.

7. a8-63. 8. a3 + //

rt*-4o-+ 12a-i).

6.r'' - /» + 4r' + 2/-' - 7j- + 2.

6x'' - br* - 32/3 + 5/- + 1 9j - T).

1 - 4/- + 1 -Ir^ - 5j^ + 8r ' - 1 1'

A

2 - Hr + 13/-' - 1 l.r'* + Gj* - 3j:' + jfi

-3.r' + 8j' + /''-|..3/^ + 10r-3.

10. 4a*- 1.3a-6''' + 96^

16. x"

17. a-^ + 2a« + 3a* + 2a- + 1.

18.

19.

21

22.

23.

24.

27.

r"* - 3x' - 2x« -I- 1 Ir' - 1 4x* -i- 3x8 + 16x-' - 29x + 21.

X-' + 3xy - y + 1

.

20. a3 -(-
6S ^ c3 - 3a6c.

•Id-b- -(- 26V + -Id-c- -a*-b*- c».

r' - Sf + z'* + Gxyz.

n ia%- + Ga*/>' 4a-6« + 6».

X'- - x'-y -h .<«/ - yy + yi-'. 25. X-' -f- 1 9x -t- 4.
rl^

26.

12.

30. a^ - 6^.

28. 2a--2A-.

31. 6* -I- 2a-'6^.

29. 0.

32. 26*

^^^-i^sc^a^-"-- ..'/Fl^r
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ExerolM XIII. Paye 66

299

:.*. - :u). n. 21.
1. - 4, 4, 4, 4. a

8. 4a//-, 4«-'6, 7r, iin*.

4. -•2lr*!/\ -Ux-, 5/>3, - 6rt»AV. 6. 3aA, <*/,.

8. oA, - 1 r.ys^. 7 .J/i _ ;j^ ^ ^ g y - 4y + 2
9. a^ - lab + 36^'.

iq. _ „.' + ^o* + Ac.

11. 3r'-5/->+6ry^ + y8. jg. 7rV-9/y + Vj.
13. a -4(«4-ft) + r}(a + 6)-'.

15. (36 - a)(a + i).

14. x'-z(x-y)^^.

1. a:+7.

6. 2j+3.

9. d^-ab + b-

12. 2j--'-3/+;

Exercise XIV.

I. x-3.

Page 60

I. .< - H.

6. jr'^ +
4. /-9.

+ 6. 8. a^ + aA+6^.
10- « -*• 11. r' + 3x+2.
18. x + b. 14. aS 3a-' + 3«+l.

ix + 9, Rem. 9r - 24.

18. a- - ab + 6^

15. 3o- + 4a6 + 6^. 16. 2/^ - 5x^

17. 3x^-5x3 + 2^ + 3, Rem. I.

19. a* + a2A-' + 6*.

20. o»» - a'6' + 6'", ai-' - a«6a + afb'^ - u->b^ + b^i
21. a^ b\ 22. X* + 2xa + 3x- + 2x + 1, x=^ + X + 1.

23. X* + X- + 1 , r< ^- 2J-' 4- i>x ^
25. r* - 2x-V + 2xy- - /.
27. x^+px.

29. a'-^x- + 2a6x// + by.

I

31. x2-3x+2.
33. x8+2x- + 3x- 1.

[35. a + b + 3.

I

37. a^-ab + b'^ + a + b+l.
39. x8 + 4x-' + 8x + 6, Rem. 1 3x -

1 0. 40,

24. d'+->nb + bi

26. - 6a* + 8a-7/-' -t- Sab^ + fc4

28. X- + WX- ,t.

30. 3a-'x-4ax''+ Kir*.

32. x'-2x* + 8x-- 16x.

34. a^+2afe + 62.

36. a- + 6'-!.

38. a^- 2a +1.

.r^ - Sx'* + 7x.

Exercise XV. Pagre 63

1. ia + m + p)x + (h + n + .j)y. 2 (}a+.r)x+(7 3%.
3. (m-l)x-(x-l)y. 4. (a^ + ai + 6-')x+(a^'-2ai-6^)y.

,r.J>.i'>-it:..*-'>?r^; .-.^-'w- .."*.'.•, l-i-£-i'. -.-'. .^-J
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6. »/ - my. 7. - u r

(n - p)jl^ + (6 + q)xy - |c -f r)y

6. (A+ l)/ + (a + 4)y.

8. 2(fi - «•)/ - •_'(« - 6)y. 9
10. (<' b)r- ->- (fi + /»)ry (,. A)yi.

11. (« -/' - !)/ + (/> - l)y-(rt 1)2.

12. i^' - (rt + A)/ + ,iA. 18. r'-(« + A)r + /»A.

14. r» -»- (a 6)/ - rtA. 15. r^ - (« - 6)/ oA.

16. /» + (a + & + c)/2 4 (fiA + ..-• + A)/ +. ahc.

17. .1^ (rn- A + r)/^ + (mA -»- oc -f Ar)/ fiAc.

18. /» + (,i - A + c)r' (riA + A« -^ »•)/ «Af.

19. /3 - („ _ A ^ f )j.i - («A _ „^ + ^.)^ ^ a^.

20. 3/-' ~ (<*A + Ac + ca). ' 21. a + A - c.

22. a' + A-' + ri - aA - a«r - Ac. 28. 4a-' + A'-i -- c^ + 2aA - 2ac + /«;.

24. / + 2y J. 26. /A. 26. x a

27. /•' - TOX +- w««. 28. /^ + (A + t)j- + Ac, x^ + (o + c)j + ae.

29. X'' - (a + c)jr + «•, x- (u + A)x.+ oA. 80. x i 6

31. a(A + c) - 2A*-. 32. a^ + 'lab + A^ - c-, - a'' + 6=* + 2Ac + .
'

Exereise XVI. Page 60

1. x=I2. 2. x = 9. 3. x = 27. 4. x = 47.

6. X=L'. 6. x='J. 7. x= - 1«. 8. x= - 1

9. x= -3. 10. x-2. 11. x = 0. 12. x = 6.

IS. x= - «. 14. x= -2]. 15. x = 31. 16. x = 98.

17. r-3. 18. x=,a,. 19. x^ 15. 20. x = 3.

21. x = 4J. 22. x = 2. 23. / = 8a. 24. x=ia +

25. r = 0. 26. x = tt + A. 27. x =
«
•>

28. x=*.

29. x=l. 30. X = A - a. 31. x = <e + A. 32. X = A - ,'

33. x = c-«- A. 34. x = a + A. 35. x = f. 36. x = a + t

Exercise XVII. Page 72

1- •-• 2. 46, 29. 3. 10. 4. 71cts., 54 t^

5. 57 ets. 6. 11 ft. 7. 19 ft. 8. SI 3.

9. 3Uyrs. 10.40. 11.25,17,14. 12. 39, .H .

w?s^s^^if'^ix'mJmm^sm!^^^s^aBBaxts^aa^
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18. 4ft2, 423.

16. 9t(H).

20. 21.

28. .^t <•!«.. 40 cfH.

27. h:», r,|, .13.

31. 60. 82. *«7.

36. 60 gAlH.

39. I 2H00 H,^, y,\

U. 24, 29. 36. 16. i\.HH, ?|.U.l, |i;j H3
17, .V>, 35. ig. 10

21, i?r»60, «460.

24. 20 rt*. 28. 40 rt«.

28. !?3.20, 29, I.*).

33. 23. 34. #5. (10.

37, 4fH> Hq. in.

19, 2H, 5.

22 I!). 21.

26, 10 <tN,

30. J?3,H0.

85. 41 if.

38. 324 Ml. in.

Exercise XVIII. Paye 78

1. r-6
5. X « 1

9. r - 2

13. /

17. x=2.

21. j:-2.

i»«-

2. r-^7|.

6, ,r - 3|.

10. .r - 9.

14. ./ - .')

18. / 2|.

3. / = 1 2.

7. r^l
11. r . 1.

16. / = 0.

19. /.,-,,

4. X--

8. /

12. r

16. ,r

20. X

Exercise XIX. Page 81

1- !"•
2. 21. 3. 24. 4, 9. M.

6, li^ mi. 7. 40. 8. 39. 9, 36 ft.

11- 40. 12. 149, 13 16, KH.
15. !?3.'i0, *6.W. 16. J?4«0, .-a.lOO.* 17. 21.

19. 19, 24. 20 lOyrs. 21. 10M«q. ft.

23. ?600. 24. .'JIJOO. 25. *160.
27. #12. 28. ^MOO

3.

l
31.

4.

5.

10.

14.

18.

22.

26.

3.3.

7.'» ct«.

IS.

54,

l.V

64K.

Exercise XX. Page 88

1. x=12, 2. r = 22, 3. /-ll, 4. ;i: = 1.3,

y = 8.
.y = 3. ./=1.3. y - 23.

5. x = 3, 3. r = 2, 7. r^^.'), 8. J -8,
y- -r). y = 7. .'/=!• y ^ 3.

9. x=4. 10. r = - 4, 11. .r = 6, 12 r=1.5,

y= --'. y = 3. y=10. y=io.
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la /-3. M. r-ll, 18. J- -A, 18. /«22,
jf^n. y-^i y " 1

.

V - 24.
17 r - .1. 1«. r-J, 1». r-2, 20. /- 16.

y--'. .v-f y-l- y- -3.
21.

y-l.
22. r-.2.

y- -fl.

ExerolM XXI. Pare M
1. 19, 2n 2. 12. «• 3. lOotn.. 21 rU
4. 12.25, #1.20. 8. .10 cU., 40 ctii. 8. 10 11m.
7. *22, *26. 8. #12 . #15. 9. #1.20, 10.60

10. IHO, 20(), 11. 13.50, 82.25. 12. 1 2 + 20 - 32.
IS. iJfi. 14. 36. 18. 36. 18. 26.
17. Tho Num of th». (ligitu ; tho (lim.|Tiicf. of the ili«it«.

18. Whet. th« IttPKo .ligit is ill the t4.nH' pin*... the iiuniber ,,

7 timed the huiii of itH diRitB.

" i 20 1^ 21 2H. 22 24.
28. 20 ft., 12 ft. 24.

2jf mile-. 28. 27 mile..

EXAMINATION PAPERS

I. Paere 94

3 r + y 4- J- + y. Jjr + -J V, 2{r + y) ; xy, ] 44 -y.

6. a^-ah+hl

1. 16.

S. irt + 76

8 aj.

4. a'^ f a**.

7. .10 lb«.

II. Page 96

1- -2i. 2. 12, 64, 81.

4. 2/^- l.-ix-H. 5. a 106.

7. 7,J weeks, ^7:., ^H2..*)0, $\H).

-2ia6-»-JA».

/ = 3.

III. Page 96

^ *'
.

2. I) sq. ft. 3. Twice tli.' larger numl..
twice the Mmaller iiiiiiiIhm-. 4. 0, Jj^. S. x - a

6. -0. 7. 30, 50.
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IV. Pate 96

I. -H.

3. 2rt ^ AA +

6. a*' oA -f

.1A»

hi

2 Mr -4. It 4/

4. 2ri'' 2A» -^ 2*^

6. r ^ 1 r..

Ift. «r' 1/4-1.

7. I(> yt'urn.

1. 120.

V. Pave 07

a. fiU.w
6. r-ft. y-2.

VI. Paff«97

8. - I 4.

7. 18, 6.

1 -i-
5. J- - 2.

2 I' + a'A-*. 8. 1.

6. r - 4. y - 9.

VII. Paire 98

4. aA ^ Ar +• /K».

7. l». 47.

1. 2 » fl.

4 1 -A + oA.

7. 24, 19.

2 2. 8. 2(o-'A4-<i-VH.ac-+Ae« + «Ac A»)

5. J- a^ + oA + A*. 6. 1 2 ft., 10 ft.

3. nr + hy - \

6. 37.

VIII. Page 99

1. 3a'' + oA -- 4A«. 2. r^ - «-.

4 9(aA + A»- - 2W - 2r2). 6. r = H.

7 «200, 830.

Exercise XXII. Page 102

1 .3(a-A-t-r). 2. h{n + f, ,.). 3. .V(o-2A-.3/-).
4 .3j-(2/- -.-Jjr + .-)). 5. 7/<(/,- ;-./> + «>).

6 1
1 (2m- - 3m« + 7h^). 7. .O^iAla - 3A).

8 2.»A(3rtj: - i/„, + .'{ry). g. 1 2«-'A(rt-' - 2rtA + 3A^).

jlO I.Vy-(2rt/-;%). 11. (a + fr)(r4-y).

12 (a - f,)ir - y). 13. (« ^ (,)(, ,/). 14. („ _ ^)(^ _ ^^
15 (m+w)(a+ I). IQ. (m \){n-f>). 17. (a + /,)(<, + c).

18 (&-,-)(« + /.). 19. („ .r)(.rfA). 20. (f, - n)(a -i- c).

21. (./•- + •_»)(/• :{). 22. (a- - /,K„ _ L>). 23. (!'« - l}(/i-+ !)
24 (]+«)(!+ /<). 25. ( 1 - a)( 1 - A). 26. (n^ + 1 /(„ + 1 ).
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27. (a* - a!" + 1 )(a + 1 ).

29. (2aj:-3Ay)(/-y).

31. (a - h){-lj- + 3y - 5).

33. (rt^ + 6c)(A-' - .W-).

28. (oA-ccO(z + y).

80. (rt - b){aT - by).

32 r{a + 6)(a*- - 6y).

34. {x - r){r ^ a - h).

Exercise XXIII. Pa^re 104

1. x-' + 2j-y + y-. 2. j--'-2a^ + /. 3. x- - yK
4. rt2^r)rtA + 96-. 5. n^-(>ah^W. 6. «- - Oi^.

7. 4rt''! + 1 2oA 4- 9/.-'. 8. 4rt- + 1 2ah + 96-!.

9. 4a2-9ft2. 10. 9x2 -30/ + 25. 11. 4r2+20r + 2o
12. 25r-' - 9. 13. 1 + 6<i . 9o2. 14. 25^^ - lOA -t- 1

15. 1 - ifirt-. 16. n< + 2a-62 + 6'. 17. a^ -2n-b--^b\
18. a^-A^. 19. a^x--2nbx!/ + b-y-.

20. 4rt^ - 1 2a% + 9«-//-'. 21. a^ + 2a''/. + n^/,^.

22. 1 - 4r + 4/^. 23. 1 + 4.r + 1/-'. 24. 1 - */-'.

25. wi^w- - -ImV + m- I* 26. 4/)' - ^Op^q- -^ 25/>y.
27. 9y--4/-'. 2R 6561. 29. 8091.

30. 6396. 31. 2(«- + ft-'). 32. Ub.
33. «• 166^. 34. 16r^-81y^. 35. „i«Airt.

3. (r+l)2.

6. ( 1 + 3a)

9. (-In + nb-

11. (r'' - 9)'-'

14. 3(j--2)

Exercise XXIV. Page 106

1. {x + y){x-y). 2. (r - y)'.

4. {2x+:iy)(±r-:iy). 5. (2a + 3)-'.

7. (4.r+l)(4j--l). 8. (2a- 1)-'.

10. (4x- + 9y2)(2r + 3y)(2T-3y).

12. (.3j--5y)-'. 13. 5(a-' + 26-)(a- - 2A)-.

15. 6(2r+3y)-'. 16. (a6-^ 10c')(a/>- - lOr^). 17. {a/, - .,)

iS. (a + A)-. 19. 2{9/'+Hh/){:ix + iy)r^x-4y).
2a (5a^V - Wy)-. 21. x^(:U - IbyK 22. 3^-(.r - 3ay)-

23. a-(9.r-" + 1 )(3j- + 1 ){;{x - 1 ). 24. 3j-y-'(4/-! + 1 ){2x + 1

25. (2a -36)^. 26. (a + 26)(a - 2/>).

27. (a + b){a - 6)(r: + d)(r - d) 28. ( 1 + a)( 1 - a)( 1 + b){ '
/;)

29. (A + r)(;.-o)(a+l)(a- 1). 30. (a + 6)-^.
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Exercise

1 /- + H.r+ ir». 2. y-'

4. .'/' -
!J - •*<». 5. //

7. «-' - ! Ki + 2>. 8. h-

10. T? - .»•»/ - «).,/-'.

12. /-'+ lOry .'iny-.

14. i" -^«'+ 1.-).

16. J-- ~ :.\j/,.r .5,,-y/i.

18. «-'
- Sfi//-' + "//.

20. a*+ l.O.rV* 100,, 7/-'.

22. 9«-'+L'l«6 - \W-.

24. 9j;- + .-?(,, - l,)x - „/,.

25. (V« + /')•- + l'(" + /') - l-">-

26. x^ -l-2.r'-.r- - 2/ - 24.

28. .H- 10j-' + 2.Jx-'-.'?r,.

29. .»•' -2.V-+1U.
30. rt' - 2firt-'A- f 2.V;'.

XXV. Page 107

-Hr+ I,-,. 3. 3.-'_2j._ |r,

' .'y + fi. 6. y- + 'ly 99.

+ lOA- 7.5. 9. ,.-•+ 10c -200.
11. /-- 19/y-20y-'.

13. ..' 9j-'4- 14.

15. // f20A' - 125.

17. I + 7r - .'K)/-'.

19. .r'-f- 10/-'yc - 24y-V-'.

21. 4.,-' - .Wry + .'iOy-.

23. .'-' + (« + />)/ + aA.

«- + lab + /.-' + 2rt + 2A -
1 5.

27. (r- - -yx 4- 4)(/- - .-).r + 6)
'-(/-' -")r)-^10(.r-'-.5/) + 24

= r«-10r'' + .3.'5/-'-.'-,Ox+24.

1. (r + .?)(.,• + .-,).

4- (y - •'X.y - 4).

7. (rt + h){a - •?,).

10. (A -(- TX/) - -)).

13. (/« -;5)(w - 17).

15. (m+20)(m- 1).

iixepcise XXVI. Page 109

2. (rn-2)(.r + (;).

5- (^-2)(y-6).
3. (.<•+ !)(,• + 7).

6- (.'/-I)(y-12).
8. ('« •>)(*? + .3). 9. (,,_7)(,,+ r,)

11. (A-12)(/>+l) 12. (A+12)(6-l)
14. (,«-;i0)(w + 10).

16. (•'•--7)(/- + ;}).

17. (.'•+I)(x-l)(j+2)(x-2). 18. (x+l)(.f-l
19. (r'-4)(j-3 + .3).

21. (x + .j)(r-r))(x + 4)(j-- 4

23. [xhj + 20)(x-V - 5)-

25. (w+ 12///>)(wt- Inp).

27. (l+6x-)(l +.r){l -J).

29. 'Mn - 9)(« f 8).

ol. 2a(.c'- 7(«)(.r>+i'rt).

20

)(.f-l)(r + .3)(j--.3).

20. (J-- + 4 )(./• + 2)(.r - 2)(.H + 2).

). 22. '/y- l(;)(xy+2).

24. (j; + r)y)(.,- + I5y)

26, {ah ^U:){ah - \U).
-^8. 4(j; + .3)(/- 2).

30. r)(.,--'+10)(r + 2)fj:-2).

32. «-6(l4-19j-)(l -.r).
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88. x( 1 - 6r)( 1 + x). 84. {x + 2a)( / + b).

36. {x - •2a){x - 3b). 36. (x'^ + a^)(x + b)(x - h).

87. (x + •2a)(x - 2a)(x + 3b){x - 36). 38. 3(.Sa - 5)(rt + I

,

89. (2a + 4)(2a - 4){2a+ 1)(2« - 1).

40. (x-3)(j:+1)(j;- I)-. 41. (j + 1 )(j-- 1)(x + .3)(j- + .m

Exorcise XXVII. Page 111

1. 2x2 + 5j-.y + 2y2. g.

8. 3x* + 5jy+2/. 4.

5. 4x2 - 11/y+ 6y2. Q
7. 14x2 + 83.(. 6j/2. e.

9. 72x2 + 55xy-8y2. lo.

11. 12x-- l0xy-8yK 12.

18. (2x-l)(x-2). 14.

15. (2x-y)(x-3y). 16.

17. (2x-3)(x + 4). 18.

19. (4x - 3y){3.r - 4y). 20.

21. a2(5x-lly)(2x + 3y). 22.

28. {•2x + !/)(x+2y){2x-!/)(x-2y).

24. (3x + y)(x+ 3.y)(3/ - y)(x - 3y).

2/^ - 5xy + 2y''.

3x2 + ry-V-'.
6x^ - /y - 1 5y-.

':<*- 13.r-y-+2y^

ox^ - 26.c^y + 5y-'.

6rtx- - 35axy - Gayz

(2x + 3y)(x + y).

(2x - 3)(x - 4).

(3r-4)(4x+5).

a(x-6y)(6x-y).

(ax + y)(x + cy).

Exercise XXVIII. Page 113

1. X? + 3x^y + 3xy- + y\
8. x8 + 3x2 + 3x+l.

5. a^ + 6a^b + I2ab-^ + Hh^

7. 8rt3+12«-^ + 6a + l.

9. a^ + 9a-b + 27nb- + 27 h^. 10.

11. 8o3 + 36a-A + rAab^ + 27A''.

12. 1 25a' - 1 SOa^ft + GOab- - 86''.

14 2(3a26 + 63). 15. n^ + ab + h'

ir a2 + 2a6 - rtc + 6-' - 6c + cl 18.

19. a- + 5a6 + 76-. 20.

21. a + b. 22 'I

2. .»••« - .-^.r-'y -1- 3xy2 - yS.

4. r'-;{x2 + 3j-l
6. rt' - ()rt- + 1 2a - 8.

8. i<a? - 1 2a-6 + 6a6- - 6 .

27a''-27a-6 + 9a6-'-/,

13. 2(a3+3aA-').

16. a"-a6 + 6^.

a- + ab - ac + 6- - 26<' •

a- + 4a6 + 76-'.

23. 0.
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1

3

5.

7.

9.

10.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

27.

28.

29.

30.

31.

Exercise XXIX. Page 116

(r + y){x- - jrif + ,/-). 2. (.r + 2)(x^ - 2r + i)

1. (r+l)(/--r+l). 4. (r + 4)(/-'-4r+16)
(.'• - >/){x- + x,j + ;,'). 6.

(
1 -

y){ 1 + y + yi).

( 1 - -'y)( 1 + -'y + V-). 8. {2r H- 5y)(4/-' - 10."ry + 2.^v-)
(4r - 1 0//)( 1 6/-' ~ U)xy + I GO;/-').

(X- + y^)(x' -- .,-</- + y^). 11. (.,- + 1 „^4 . y, ^ ,

,

(•5 + r)(9-.3r' + //).

{r + -')(., - 2)(r^' - -Ix + I )(/ + U + 4).

(2« + Uc)(\n- - (irtA,; -f- 9//- -').

(Hxy ~ lz)(-i:yrhj- + ^Shjy, h 495-').

rt(3rt-4)(9rt-+ \2n^ 16).

2fl(5 - •.>rt)(2r)+ 10rt + 4a-).

(/2+2.y)(r*-V-.y+4/).

(« + *)(«-' - ah + A-)(«" - aV^'' + /.").

(iV « 363)(4a^ - «a-A't + 9//).

(2a6 + 1 )(4rt-'ft2 - 2«/, + 1 ){2nh - 1 )(^n-h' + -ifih + 1

)

{a* + /,^)(rtS - a^h^ + //).

(a2+6^')(«< - n-fr + A^)(a + A)(,r -ab + h-)(a - />)(a- + «A + h^
ia-f,~ l){n^'~-2nh + h^ + n~f>+ 1).

(« + h){a^ - 4ab + 7b-). 26. (a - ft)(a- + iah + Ih-)

{a-l,){n- + 7ah+ 19^2).

{X + 1 )(r - 2)(r^ - 2r' + .V-' - 2/ -r 4).

(x - 1 )(.r + 2)(r' + 2.r^ + .V^ + 2x + 4).

(1 + rt)(l 4- ft)( 1 -n + «-•)( 1 - A + //-).

(1 - a)( I - (,){ l+a + a-)( 1 + A + 6-').

Exercise XXX. Page 116

1- •'•- + y- + ~- + -Ixy + -Ixz + lyz.

2. X- + y- .,- z'- + -ixy - -Ixz - -lyz.

3. 3:- + y"- + --' - 2.(7/ f 2j-,r -
2//;.

4. X- + y-' + .;- - 2.,-,/ - 2r; + -lyz.

'o. X- + y- + z- - 2j-_y + 2xz - 2yz. .
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6. a^ + 4b- + c- - iah + Jar - 46c.

7. 4a' + h- + 9c-' - 4ah~ I I'or + 66c.

8. a- + 4h- + 2.V- - i,th + lOrtc - 206c.

9. ^2 ^ ^2 + ,.j ^ ,/.. . .,a6 + 2nc - iad - 26c + 2V - 2crf.

10. a* + 2a^f> + 3n^62 + 2rt6s + 6^

11. a* ~ 2n^ + :\a-h- - 2a6'' + 6«.

12. 1 - 2/ + .-}/-' - 2.r' + j-\ 13. r^ + 2x3 - r- - 2j- + 1

.

14. X" - 2/' + lU* - 4.r' + .3x-" _ :>/ + 1

.

15. rt-6- -f- a-c- + 6-V- + •Jabcin + 6 + c).

16. (rt + 6 + c)2. 17. (rt_A + c)-.

19. {n + hf. 20. 62.

22. (1 +2rt- 6)1 23. (a + 6-c)-'.

18. (rt-6)2.

21. 62.

24. (a-26-3o)-.

Exercise XXXI. Page 118

1. rt- + 2rt6 + 6- - c^. 2. a-'-2rtc + c-

4. a-'-46-'-c--

6. x^ + /-'+l.

8. J^ + 9x2 + 81,

10. x* + 4a\

12. n« + a^+l.

-6^.

46c.3. 4rt- 4- 6- - c- - 4rt6.

5. 92-' - j:- + 4xy - 4y-'.

7. x* + tY- + !/*.

9. 4x^ + 3x-' + 9.

11. 4a* +\.

13. a2 ^ 2o6 + 6- - c- - '2cd - d-.

14. a- - 6-' - c2 - rf- + 26c - 26rf + 2crf.

15. n^--2n-h- + b\ 16. 2rt-7/-' + 2a-V-' + 26V - «* - 6»

17. 2a-'6-' + 2oV + 26V - n' - 6' - c'.

Exercise XXXII. Page 119

1. (« + 6 + c)(rt + 6 - c).

3. (rt + 6 + c)(a - 6 - c).

5. (.3a + 6)(«-6).

7. (.c+l)(.,-i)(r+:})(x-:j).

9. (.'•-'-./:+(>)(.r-.,)(x+2).

11. t^(rt - 6)(rt - 36).

13. (a + 6 - 2.j)(a - 6 + 2c).

2. (a + h -c)(rt-6 + c).

4. (a + 26 + c){a + 26 - c

6. (4«-6)6.

8. (j; + 2)(.-- 2)(x + 4)(/ J)

10. (3a + 6)(rt + .->6).

12. (rt + 6 + 3c)(« + 6 - 3r

14. (6-c + rt)(6-c-rt).
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16. {a + b-r)(„ /, + ,). iQ (a + A + 2)(a + /,-o,
17. {af + V + 1 )(«r + />y - I ). 18. (I + ;w -

.y,)( I
- :u + r.A)

19. (5c +2«-/,)(;V^ -„ + /,). 20. («+/, + . + </)(« + /,-,^rf)
21. {a + b+.--,i)(a-f, + r + d). 22. (« -/> + r-rf)(a - A -,- + rf)

28. (« + A-. + rf)(„-/,-r ./). 24. (/•-3)(r+l)(^ + .S)(^_r))'

27. .V-r,)(r + ;})(r + r))(r + 7).

Exercise XXXIII. Pa^e 120

1- (•'•- + /y + y^)(.r-' - .ti, + ^-). 2. (/-• + 2.r + ;$)(,-' - 2x + 3)
3. (3a- + -Jab + 6^)( 3«-' - l>„A + //-').

4. (a^ + ab + :W}-)(a- - ,if, + 3/i-')

5. (2«^ + 3«.-n)(2«^-3«^o). 6. («^ + «/,-6.„„._„i_i.,.
7. (a- + 2nb ^ .V/-')(«^' _ -^ab + 2//-').

8. (2a-'+L>a-Hl)(2a-'-2«+l).

9. (2x' + 3/y + 3^-')( 2r^' - 3.ry + ;{/).

10. (o^ + 4ab + N6-')(rt-' - 4,,/, ^. y^2j

11. |2/-' + 4j- + r))(2r- - 4j- + 5).

12. {a + b){a-b)(a + U{a-:ib).
13. (7.r-' + 4j-y - 2y-')(7x- - 4/y - 2^-^).

14. (-,,1^ + :]nj- + «/-')(-)«-' - :]aj' + Hf^^.

15. (2x + y)(2x - y){.r + 3,/)(r - 3,/).

16. (5a'' - 2a6 + A-')(a-' - 2ai + 56-').

17. (a^' + 3/>-')(A-' + 3a^').

19. (u + b + c){a + b-e)(a -b

18. («-+l)(a-'-4« + 5).

+ '•)(« -A - ').

1. {a - b)(a + b- c).

3. (/ + 1 )(.f + «-!).
5. (2a-'-I)(2«-' + 3«+l).
7. (a- ;)(rt+l)-'.

11. (a 4- !)(«, - !)(/,+ ]\(/

Exercise XXXIV. Page 122

2. ('« -b}{u + b-^ 1).

4. (a+2A)(a-26+3).

6. (a + b)(a -by\

8. (« + 1 )(a ^
1

)-'.

10. (!/- -y+lHiz + a+l).
12. (fx-r l)(a i){!,+ if^^(j- I

J
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(r-i-f-r l)(.r-'-.r -
1 ).

13. (J--(-2)(.r-2)(r2+.I). 14.

15. («- + :U/) + />-')(«-• - :\ah + Ir).

16. (rt^ + a«A - //-•)(„-• Wah-lr).

17. (r^ + !y)(.r^ -f y^). ig. (.-^ ^ ...^ + 7^.,(^. _ .,^ ^ .^,,

20. .V(l+x)(4-.V).
19. 2a(«- l)(4a + .1)

21. ,a2+^)2.

23. («-+ fx,,-' - \„ 4 :,)

26. «/>(»»' + //-)(»/' //).

27. (m - /«)-'(w- + inn + «-

22. («•-' + «+])(«-'- rt + ^).

24. (a- l)(«+;!)(,e- +•_>«"+:,,

26. :ia(,i^ + h)(n* - „-f. + f/^).

28. (*/« -r «)-'(»*-' - 7n« -)- «-').

29. («•-• 4- ./> + ,>//--)(„. + „,, ./,..). 30. (/-' + .ry+r)(/- + r«/-i,',
31. (</-.•)(,«<• +1). 32. 2(„ -,.)n «/)
33. (j:-' + af + f.^)(.r^ - ,„• + /,-•). 34 ^

,.. ^ ,,^ ^ ^,^j^,, _^ ^^^ _ ^^.^

35. (.c- 1)(>-1)(.. + l)(y-+yf 1).

36. {,( - i)(/, •_>)(,,-' f „+ I )(/,+ •_').

37. ( 1 - r)( 1 + .,• + ,, - ,.^). 38. ( 1 + .,)( 1 - ,. + y + ..y)
39. (r + .})(/ + r.)(,- .!)(., - :,. 40. /-•( j.. + 0,,/,,,,.,. ^ 4,,^)
41. {., - h)Hn f h)Hn^ + //-). 42. („ + /,)-(„ _ /^),(,^, ^ ^.,j

43. (./•-»/)(/-' + .ry + y- ). 44. (.'• -y)-V + y).
45. (/-.vf(r-y) 46. (« + /> + '•;(« f/> -c-)(,t -/> + ,•)( -,, + 6 + ,,

47. (rt + /- + <)(„ + /, . ,.\(a - b f ,•,( - a-\.b + c).

48. (a.r + ,j^ - />.,
-f. %)(„.,• _ „^ .|. j,,- ^ /,,^)

49. («j- -)- ,,y + /,.r - l,i))(ar - ay - hf -
1,,,).

50. (« + i + ,. ^ ,l)(„ -f- /.-,. + ,/)(,, /, + ,. + rf)( -
,e + i + ,. + ^)

51. (« + i + ,. f r/)(., - i - ,. + ,/)(„ +/,_,._ ^)(„ _/. + ,._ ^,
52. (a + />)(„ - l,)(a^ + i-' ] ). 53 (,,^ _ /^^,,/^^. ^ ^^^^
54. ( £ + /, ,)(„-• + //-' + ,.L' ^ 2,,/, ^ ,,^. ^ ^^.^

55. (f< - /> f ,)(«-' + //-'
-f.

(.-' _ -iah - nc + hr).

56. (« +- /. + .)(,, + I, _ _,,.). 57 (^, _
,^ ^ 3^.j^^^ _ ^^ _ ^^^

58. (IV + % + i-;(.V + ^ ._ o.) 59 (^ ._
,^^^,^ ^.^1^. _

^^j

60. (,/ - /;)(/, - ,.)(,. _
„)(,, + i + ,., gj

J
, ^ ^ _ ^,^ J

_ ^^
,

62. ( 1 + r)( 1 - r){ 1 + ,• + y ^ ,.y ,(
1 _ .^ + ,, ^ ^^j

63. (.C + ^)(/-y)(.,. + ^ + «)(/ +
.
//-„).

64. 8a(i + c-)(c -«)(„-/.). 65. 4(«-o(« + r/)(6 + c)(A - ,.
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Exercise XXXV. Page 125

311

1. r^-1, W. 2 .' = 4. a. 3. /= 10, -4
4. X. - 3, - 1

.

5. .,• -. •;, 10. 6. J -8, -4
7. / = .3, I. 8. X '2, n. 9. r=3-_), D.

10. f- », !». 11 X I, - ». 12. r .3. 7.

13.

X
14 X - 0, ••{, :i. 15. r -

".

4

16. r = 0, t. 17. /.= 1. 1, .3, -3.
18 .'• - -'. -'. '.. .1. 19. / (). 1, 1.

20. .'• -1. 1, - 1. 21. X . 1. 1, -2.

22 x = 'In, II. 23 .' II, b. 24. /-a.
25. a- = 41-)-/., ,/ 0. 26. x = a ~b, b a.

Exercise XXXVI. Pag« 127

1. 10, 15. 2. <;. 9. 3. 10, \2. 4. 5, 7.

^- '^' ''• '- '
6. 144 hi\. ft. 7. 12 ft.

8. 14 ft. 9. 'JO ft. 10. 1 inch. 11. 12, 21.
12. 60 sq.ft. 13. 7ft., 24 ft. 14. lo'rods.
15- 'f*' •'• 16. r,ft. 18. 25 sq.ft.
19. 2 inthes. 20. J inches.

Exercise XXXVII. Page 131

1. be-.

5. i2jy.

9. 7m.

13. 11 - b.

17. X^-y^.

20. j-'_0j.+ 4

23. x+1.

26. a{n + 1 ). 27.

2. 3a6r. 3. 5rt-6.

6. 5xy. 7. 5(a - b).

10. rnx+Hy. 11. a- + ,V-.

14. (( - 7. 15. II - •_'.

18. .r- .ry -f-
,/

•. 19. .,

21. 2r + 1

.

24. a- + nb + i-'.

4. 14«-'ia.

8. Aab.

12. rti(rt - b).

16. .r- + j-+l.

xy + y*.

:m- hi,

p-ij.

22. r(/-' + 1 ).

25. 25a- -20ai+ 166-.

28. 2(«--i.;). 29 a + 6-l-c.

31 0.,'2 + 6^' 32. y- 33. .«- - o.
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1. nhc.

5. oh{n--lr).

8. \-l(ri -I).

11. (1 -.r)-'(l f J-)

14. [/'- ^
1

.

17. «;()(/-•-,/-)-'.

20. (.»• |)(j- 2)(r - .-{,.

22. (.r n)(.r-h){.r - ,-).

24. (r-- |)(r- !»).

(4r+:»)(.V - t)( !./•-.'J).

ExerciM XXXVIII. Pa^ 134

2. G*i7/-V-V/. 3. (iOw^ry. 4. IG^Hrw'ti'

6. ar(rt-r). 7. .»(/+ !)(/-. 1).

26

28. (/'- I)(2.r - l)(r •_')

^ ""' - •'''• 10. r,A(„+ I )-(/>+ 1^

12. (.r^y)-V4-2y). 13. :»0r(r+2)
15. «/,(,! - A)-' le. „•'

/,
.

18. l-.V-(r !)-• 19. ,y(y._y2)
21. i\ah-(jr l)-(r-t- I )(/ + •-')

23. a" h'\

26. *i-7<-'(,«- A-')-'.

27. hi-b- - (li^ + b- - c^)i.

Exercise XXXIX. Page 140

1. 2/- + ;?.

4. /-'
-f- .!»• 4- 1.

7. .S/ - •_>.

11. r»- 1.

14. /-'»/+ I.

17. ./••^ + rir+ 1.

20. «/ + //.

23. x- - 1.

2. .r- - '2.r + n.

5. ./•-' + •_».; -- ;{.

8. /-' + \r ',. 9. •_>
,.

12. x - ;{.

15. .V- + •_'/+ 1.

18. «(/ - y).

21. .(••- - 2.r+3.

24. .f ,1.

M.

16.

3. x + :\.

6. .1+4.

10. J -7.

13. /-' 4-
•_>/ + ,

19. .-5(2.^-3^).

22. r-3.

Exercise XL. Page 142

1. {-+l)(x--2Hy' + x+\). 2.{.r-^2){2x-lHr--i-2x-:
3. (iV + 3)(;{.r-4)(.r- + .V-l).
4. U-i)(:\x-2)(:ix- r-2x+l}.

5. (r - .y)(i).r- - 4.y-)(4.r^' - 9./-'). 6. {a- - b^){„ + 2b)(a - 2/.)

7. {„' + //')(„-' ^ „/, - (,//-). 8. ix' -
1
)(/-' - 4)(/^' - it).

9. (2n - .U)(„ + 2b){:]„ + 2b) 10. („'- - 4/>-')(«4 + 2an>^ + 5)/

1 1. ax{a + .'•)(/» - 2x)(a + ;{.,•). 12. (.,-' + 1 )( r -.•?)(•>/-'_ ^
13. (J---1 )(,•-- 0(l.'---lHr + .3).
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1.

s.

9.

13.

17.

21.

(I

•J

•>

ft 11,

I

1

a- - lUi -f-
//-'

2.

6.

10.

14.

18.

Exercise XLI. Page 146

r./w

•",'/

24. a- - lia + -'.

I

It

III

- I

:\r

22.

25.

.1 //

11

IS.

19.

a + I,

4.

8.

12.

16.

•.u

3,-'/-'

It

ih :{,•

ah

'!/

a

'•(»« + L)

n- + h^

«' + (1-7*- + />'

rt + /»

23

20.
c-

26.

27.
n

a - b - (

31.
x- + b-

.r--b-'

35.
It

b

39
l\x - 4

3/ +4

1. Ix - 1 +

28

32.

36.

40

a - b + I'

It + b r

•I

a b

I

29.

33.

37.

41.

/+ 1

X \

•I

a -lb

/-' -x+\
r- + x+\
ii + b - c

C-lt + b

'I- + b-

II + /( (

It ^ b + I-

1

30

34.

I X-

1

1 -f-a

r+ 1

38
X- 1

b -i-c - a

Exercise XLII. Pagre 149

2. a - b +
^'''

3. X- >!/ + !/-
if\ .

X + II

5. -ix - ;5

7. J- - 1
-^

X -1

4. rt + L'i +

6. X

a + b

It b

••U + 1

8. /+ 1 +
ox - Ox + 6

K!S^i«f
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9. r^n^ /ll+ a/i

10 •

12.
IS.

1 +.

•2n

11 i li

16.
16.

-V' + r)

18
I «-

II f .{
19.

1

1 riA

21
1 -»-/•

1 +J- + /-"' 22.
r + u

24
25.

1

I r'

27. '*'.'.
,a r-

f (I />

29. ^ - ^ -V ' .

ai. -^ - 3' .

r + y a-k- />

11.

14.

I

»i + A

17
>i r,

20 "-+J^
fi A

23

26.

r f I

I +A

30. ' ^- ' ^ [.
f>* li^lr a*

32. " + H^.
a + Jb a-b

Exercise XLIII. Page 162

1.
5a

I-.''

2.
{•2

3.
Ax r,

4. *.

5.
2a U •1

**

•>
6. •2a. 7. 8. 1.

a
J- - » •)

9.

tix'
10.

'^x
11. '». 12.

a- + A-' + c'i

ahc

13.
•Jx

(I

1

14. 15.
fi- + A-

<«-' -A-'
16. "+J'.

f«-'

17.

21.

1

a + fj

n + f>

~ah'

18.

22.

(I

ah'
al,

u'-h-'

19.

23.

r- - y^

m + //

20 £-.
r-t-y

24. "' + "

m-



a-i-ft

«* - <»A -f I,-

a - X

X

26

28 29

32. (rt + A)-. 33

36 2r

40.

Anhwehm and Remi'lth .115

26

n I,

-•A

a' h-

37 ^(^'+^1)

30.

34.

It

27

•>

31.
'2f+ 1

1 f r-'-i-r'
35

38 'J. 39
,»

f 7

42.

44.

(.r »)(, »i)

(j- lH-2jr+\){-2x+J}'

41

43

X + ;<

47. -<^ + .V)

45.
-'^•' -//''

48.

.r' +- y'
46.

-<^'-^.'/-^).

49.
I

50. J^-^'
-r' L'4r^' + 5r 4 Hx' + r' l'I/- r,r 4

Exercise XLIV. Page 156

+ 1

14.

J- +

« + r

/ -

10.

6. 0.

r +--'

r« - ,-t

15.

11.

16.

12.

I X*

.(• -f-
:.'

13.

17. 18. 0.

19. 0. 20.
- (

I--- -')(r ;{)(/ :>)

21.

i- - (b
23.

25. 2. 26. 1. 27.

(a + l,){„ f ;;/,)

24.

1 -.
28.

*̂ \r' ~ \Hi\x - +_9^lr - 6

H^j + -2)(:\x--2)-
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IxtrelM XLV. Paft i60

•
^'<R

1
-n

2. 1 3.
Knnf-

•Vy"
7/y
J* i

^^,'

s
***'».

6. ''/ . 7
* + ,•

8 •'^•''.

"iiij -V'y »

9 '
10.

(.1 •.')(,i :.) ft

'

12.
('« ''Win :u,

<»-'
h-

.l/>

18.
('1 /').»•

•»
u. -' ''

,..
1 f

16 " ''

' <l r ¥'
<J Jh

17 ('I +• A)-'. 18 ^ 19 'lijr + 1''
20. 1.

-»i +- J '-' r .10

21 1 22.

11 ^ h
24. 1.

26

20. 1

26. L. 27.
•1 f J

30. (" + i')<^- -y).

1 «'

1 X-
28. L'(a - A).

Exerulse XLVI. Pa^ les

1. /-' -»--' +

/,-

2. .•
:.'f

/-

-t-
J-

8. / +

11. /

X

1

9. 1 . U '

16.

19.

A f 1

12.

16.

(j-' + J-+ i)

22.
•'^"

+ y.

13 /+ I.

10. ''%
1 ^ *\

t>- a-

17
n(n + ^)

14.

18

*,. h

'°-;;^^r-,;-:r 21. ^%'
1 -J-'

r

3 )

23. ^'t^y + r.
^'-'•y-t-y-'

24. r'+l+ L.
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26

28

ai

f
*. I.

26. «-

26. rt*

27
*'

I f 32 r'

36

1

•J

so rt«f

.»r

S3

3

f-
•-• + "

.

1.

8.

9.

18.

16.

20.

.4

:[r

ir f |(»

I

fi + A + «•

2

6

lO

14

17

Ixercise XLVII. Par« i66

- 1 f I
r- 'Jr f 2.

11. /..

t

•2ft- ^a+J

', .8. '.

21. ^L:/l±ff'.

I

16.

22.

4.

6

12.

19 «x

rt + A.

I fr-

• > »i

.t»?(A »• fi)

I

19. 4_
/:4- i

•I

r

Exercise XLVIII. Page 168

1.

5.

9.

18.

17.

21.

25.

29.

13.

X - .».

I. = 40.

J'=»42.

I = ").

x = 7.

2. J- . 11.

6. / 37A.

10. r - 1

6.'

14. r 3.

18. J - J.

-» 0. /,. 22. .» ^ 1.

M-

26. r

30. X

3. r= .J.

7. J 350.

11. x-lj.

15. r . L'.

19. r -3i
23 X I

.

27. X ~--l\.

81. /• - lii.

4. .r = 4.

8. / 4 HO.

12. / =
J.

16. r =
,1,.

20. r =3}

24. r = h\.

28. r
J.

32. X :J.

34. x— - i. 35. ':!• 36. X.

n- I
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37. ..

41. X

45. X

1. X-

5. X

9. X

13. X

17. .r.

21. / =

25. x =

28. J--

Anhwers and Resulth

ah
n'^,:

38. X. -. 39. T--- 40. / = «-&.^ - ft - a
I

• 42. r^h -n. 43. jr .^ -.: . 44 j-

_

-, r) - n n-b-
'"'' - -Iff' 04-/-

2aA
"

a- a

46. J- --. — - 47 r 48. X

Exercise XLIX. Page 172

0.

= 7.

6. X ly.

10. x-n.

14. x^l
18. X- -7.

3. X ---
\.

-ah
4. x^-2.

8. r =- rt + *.

7 5 A. 22. J- . .•?.

h f ,;

26. x =

7 r

11. J=2f 12. .r = 4.

15. .r = 4. 16. .r = 2.

19. /= 17i. 20. jr=(!.

23. x^-2. 24. .r = 2rt.

fr/*f

a + h

ah

am hn

27. X
n +h
a'tn + 6-«

ab + hc-\- en m - « 1.

1. X

5. X:

9. X

12. .c =

15. X-

18. x =

21. x =

fV 2. X-

Exercise L. Page 176

Inh

n - •)

3. x-=2v. 4. x=l.

« + /*-!

ah
^ ' '."

• 7. x = A. 8. 7; =

ah - ar - /»
10. x = 11. x =

13. X
(• - a

"-'
I-

('/'

/»• - rv/ A
• 16. X .

a + h + r. 19. x^ -(a + h + r)

a^ + h-

n + h

14. x= -Jia + h + r

17. x = 2, 2^.

20
a h

t
2(h-n). 22. x^.a + h + e. 23. x = n + h + c.
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Exercise LI. Page 181

1 « 2.

5. a-'lOO, .4(t()00.

8. 320 y.ls. 9. -2}^ Ins.. 9;}^ mi.

!! '^i '»'• 12. 3Ji days.

14. 30 (lays. 15. 37^ .^j,,

17. 2U mi.
; 1 mi. lu-r ),,•. jg.

1 lir.
; (lonhie. 20.

1«,\ mill., 19^»,- niin. after f).

^'W niin. ; 42 min. after .3.

V
:

') .\

6. .?150l.

10.

13.

i> SCI .;iifis

'III jrfT lir.

19.

21.

22.

24.

26.

16. 40 (lay.s.

IH mi. per lir. ; "M mi.

-'ii mi. |HT hr.

49, 1.0.

":-M,'', ;
7.-.38,^

23.

25.

r):42.

30. 24, 40.

34. 10} y.

10 "27. (,. 28.

31. II; hrs. 32. ?22200.

35. S4575, 82910.
37. ooOyds.

; (i min. 38. 9.18 a.m.
39 10.37^ a.m. 40. S1250. 41.

i]xerelse LII. Pagre 190

a; 30

3 : 30.

29. 16 mi.

33. ^i:.250.

3^ 60 flays.

-i

• .'?•

20 mi.

1. r=16, 2. .r^ll. 3. r=6, 4. x = 3.
^=21. y

"• y-9. y = •"»•

5. x=2, 6. .r 4, 7. ., = -,, 8. .^ 1.3.

.'/- - 1. .'/- - I. y-9.
'/

- •").

9. r-9, 10 J- = 3, 11. / = 5, 12. ..^3,
.'/- - 1.

.'/
-- •">•

.'/ = 0.

16. .r - 1 7,

13. x== 19, 14. .1=^4, 15. ./• .- 1 7,

.'/ 3.

17. x^7,
.'/ = 3.

18. .»•= - 1, 19. X 11,

y •«.

20. X 4,

y= -2.

21. j=l, 22. .1=^6, 23. X - ;;,

!/ 7.

24. x = 9.

y = 3.

?5. .r=l. 26. j- = 3A,

y
=

'-- 3.

27. .r =

y=i2.
- 1

^ = •
Z/ = "-

.'/ -- 3i;.
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320

28. X

y

31. X

y

34. .»•

y-

37. / =

y =

40. r =

y =

43. r-

= -s-

« - A"
"

1 -a//
rt- - //

^
I -ah

•>

2

n - h

-h(r - a).

'

a- + //^

'

«- - 6-'

1 + 6'

r+6"

Answers and Results

29. / = - 20,

nh(a + /))

>i- + fr'
'

nh{o - h)

nh
'

32. r =

36. .r

at)

38. J" = fir,

// = M.

41. ar=l,

y =

44. X = 1/ =
n- - 62

Exercise LIII. Page 196

1. X--

y

5. / =

.'/
=

-V -

9 x =

.V
=

13. /

y -

= 4,

= 5.

= 3,

- o

= 1.

= 9,

= 3,

= 11.

- •)

"J

-3,

4.

2. .r= - I,

2 = ,3.

6. / = 2i,

r = 0.

10. x=4,

y=i,
~- - 1.

14. x = 3,

y = 5,

J = - A.

30. X

y

33. r

36. X

y

39. r

2/

42. X-

y-

= n - b.

n

h

a + /(

= rt(A + I ).

= 6(a + I ,.

n
-J,

a + li

a -\-h

a-h
\

n + i)

nh I

n-h
ab

3. j: = .3,

x: = 5.

7. r=4,

y= --',

11. J- =7,

.y= -2,
~ = x

15. ./•-."),

z= - .-j.

8.

12.

16.

.T = .i.

y = <;

x= 1

y =

y= I.

X — i
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17. X

y

21. r

y

25. T

y

28. x--^

y-

31. x =

y =

z =

26,

— _ o

= i.

1,

Ihi-

- '!±"" - '^'

n^+b- - c-

•iWb

-- ahr,

- nb + br + rn,

a + b + r.

b + e - a,

c + a-b,
a + b - c.

18. r= If,,

.'/ = '>,

c= 18.

22. .r=A,

19. / -2,

23. j-=,T

y = •'»,

s = 7.

26. .r n. (^ - c,

y - ^ - rt,

r - rt - 6.

29. r = 4,

c=10.

32. j- = a,

y = h,

z = c.

20. r-,',

24. .r = A + r - a,

J/
^r -i-n - h,

27. j- =

y
1

'(f>-r){b-o)

1

(<--a)(c-6)'

30. x^n+p -m,

y =p + m- 71,

s = Tn + n - p.

Exercise LIV. Page 198

1 20,10. 2. 15, .1 3. 11. 4. .37. 5 49
6. «42, 848. 7. ?.3.20, 62.40. 8. 90 cts., 64 ots'
9. 812.40, .S1.60. 10. 48, 45, 27. n. ^45, go;

[12. 24 days, .30 days. 13. rq dayn, 8 J days
14. l^hrs., Ihr., Jhr. 15. 6 mi. ! 2 ,„i. fH.'r hr
16. 58in.in. 17.8, 7i. I8. :i96 ft. ; 1 2 „.i. jh^^ hr.
19. 8 ft., 1

1
ft. £0. 10 days, .30 .lays, 30 days. 21. 5 7

22. 14, 10, 8^ral. 23. 81.3, .^8, .^.3. 24. 1000,600 100
25. aiOOO, 81200. 26. .30, 20, 60, 10 day.. 27. 10,

65*

r®-
'^*^""- 29. .8.3000, 82000; 82500 .« 1.500

30. 267. 31. 600 s,,. ft. 32. .V 33. 12, 11.' 34 5 4"
1 35. 24. 60. 36. 4'^ ft.. 12 ft. 37. $2200, .86000.' '
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examination papers

I. Page 203

1. 2. 2. n» + h^-:ih +
1

4. 2/+1, (2j-+ !)(/ -4)(/-'- 4j + 2).

6. 7. 7. IT)^.

II. Page 204

1- —

:

—— • x^ - 2x + 2.

3./• =

(^- + 5)(x + 2)

c - a •'"

3. /- + rtj - .

5. r=;],
_,/

2. r-

4. 2. 5. .r--;ir^2, r=-4j-+.,

6. -fOO, 3 persons. 7. l(t| inches.

III. Page 205

1. nc. 3.

A-rf
4. .r= - , !/=_

5. 60a26V - f>'y^. 6. .1^ dayn. 7. 7 ,..i. ..f hills, 4 mi. Ie^,.

IV. Page 206

1. a(r+2), a(r2+2r + 3). 2. r+.3.

. a - c

3.
J^(j: - 1 )

ac

/- - r + 1

5- •^=is. .V = iff. 5 = 1^. 6. 4. 7. .Hl,|.

V. Page 206

2. - -'-i^'^ 3. -2,.

ft
'

5. x = rt-l, >/=-/>+!. 6. 12 (lavs. 24 dayo
7. 35, 9^, 23f

VI. Page 207
1 2 1 2 .3

^'
a'^ a^ a

^5 "^ «»• 2. Each expression ^= (r + y +

3. Ji^ + 3x' - X - 3, x-'-.3/-'-j- + 3. 4. 1. 5. r = i

6- ^- 7. 38 lh,s.. (iO lbs.

a 4
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vn. Page 208

1- fi. 12. 12: 28. of,, 56; 12(,. 240.240. 2. 2.

3. y'-ajr + f,, i.r--n^){r2-ax + h) 4 ^ 4^

Exercise LV. Pag'e 216

1. 2af>c.

_ 10c*6a^

Exercise LVI. Page 221

2. 5rtS62c4

Gab
6

3. 8rt«A«,.,

7. J- + 6.

. 7a26
4.

9c-'

8. x-5.
9- ^-4. 10. r-18. 11. 9„_^

13. a^ - 5„x + 4.1 14. 1 + 2.. ^ .3.^'. 15 17
', ~

^3

::T^r'i -^'--y-v. i^^^;:^
21. /:^'-/y + y:.

10 ^'^ ^ 1 1

4"^o, -r-. 20. ^^-r, + l.
4 '2y .-iy-

22. oA + 6c - ca.

rt'

23. rt- - h- + c- - ff-.

Exercise LVII. Page 226

1. 4rt6Vl

5. 4x- 1.

2. -5a-'/»V'.

6. 5n + b.

3.
4. x + 2.

I 9. X2-2X-4. 10. 3x-'-4.<-.l 11. «+•. 12. ^_j_.y.
y



V.

!?::v;,

:%M

i^:-^-

324

1. 4.

6.
^--^fi.

HI

Answers and Results

Exercise LVIII. Pagre 232

2. 4.

7.
81

8. 10.

HI

9. a*.

6

10. a

1

10'

h

U. {ah)^. 12. {af>)\ 13 3a*. 14. !)«,^t ^ 15. «
...nn. .1/.. 3/-

\

22. Vn"-"^'-.

16. 25«. 17 Va-. 18. V« -. 19. V «-' Va^. 20. ; ,.

21. \ r N n .

24. 3 Vh*c •'.

28

32.

36.

40.

I

a b

25.

29.

33.

26.

/,«

flt"

1
30. --

h i

23. ^V^^/'

27. rt^

6c»

34. a 4

31.

35.

a ~i

1

«v»
39.

41. 2J-^ —
2 'j:^

43. «*/.«, 1

rt
»*«

- '
I

44. m "tr, -~—

45. ahK^x\^^^

46. AVV, _JL

47. 8(27)-'rt^A3,;-3^-L'^ 1_

-'7(8)-irt--A-VW-

48. 216a3m6-3n-', I

(L»16)-'a-am-'6^'d
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49 1.

63. rt*A *r ''».

57. 1.

50. a'\ .«/*,51. re7>*f".

56. <rir'.

Exercise UX. Page 234

54. (• "j'y

./'

52. 1

66. 1.

68 59 60.
t>'r*y*

2. r'' + A* + A,*+««.

5. /* + r* -j'-r'*-Hj*+i.

7. r+ 1 +.r-".

9. /^-xV +/ 10.

11. a*^ - 5a*6* -, L>5A^.

13. .f*-ry +/

17. /*+!.

19. a-+/;* + a */r*.

21. 3j;--' + 4j-'-G.

23. (^*+y*)U^ ->/+/).
25. (.r^-a*)-'.

27. (x^-\)(xK\x^+\(i).
29. (3x-4y--')U-y '

^':'
a+y

4. r'-r»+.

6. ,r ^a^b*^f,\

8. X +> y - /•«/'

x^x*-l.

..«

32. ^^: 'i*) 33

Exercise

12. «^ + 4a*/>^+166f

14. j:* + ^*.

16. x ^ - i>j * - 3.

18. -Ja^-yK

20. -'a '-3 + 4«.

22. (x^y^HxKx^yKy^y
24. (r* + a*)-'.

26. (./' + «*)(x-* -a*).

28. (L'x**+/)(:,ii + OyiJ^_

30. l'«-^-i>. 31 4

3
(I. 34.

1. 5\^2.

5. ah \' c.

9. 6 ii/2.

/;
2. 8\i>.

6. 2;'7.

.c- 1

LX. Page 237

3. 4v^6.

7. 3t/3.

10. labc^Vb'c.

35. a'".

4. Sv's.

8. 8 V2.

11. xya V JS-.
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.r^\ '.

12.

16.

•2xi/:s:>z\ 18. Ti/'ffs'iy .{j^y.

^''^-
18. Ni-'. 17. ini.

14. r)(r-y)N

18. ;/i'4.

19.

23.

x'^0. 20. v'rt-7,. 21. "/*.

Exercise LXI. Page 239

22. J"-^''

1.

4.

6 / .
/'^ -7 •> '- -J '- , ,

9 r.s';{, ik'.i. 10. i^V.T 11 1 V7.
4 ,.

13. N 'MUl.
.).»

14. _' v;}5«. 15. v^«- -^A-',

•,v Tl

Exercise LXII. Page 240

1. "t \'h. 2. V4.

5. - 15 V 4.

8 :! VX

3. <». 4. 2;Wl>.

6. 5 \ 7 + 9 V J 7. 2 s'j

10. (a + 6 + r) VVa 11. .-{^'o

12. LV^^(.i + iy)^/^^. 13. -fv^ 14. 'j;/;}

15. 28v'--3s';i. 16. (2« + :iA+l)v/«tA.
17. (2«-46)s'a- -i-'.

1. Sv^.S.

5. nV3.
3. .Jv6.

9. v';}L>000. 10. 2^3.

13. -J. 14. ^ Vlt).

18. -2 t^->S.S.17. U'Tn

Exercise LXIII. Page 242

2. 10.

6. 7. 7. 168^6.

11. 4^30.

15. ,'• V}\.

19. 2 t'2.

4. eov'fi.

8. 12 1/2.

12. v^3.

16. V63.

20. f T V \\}\



'"7 :;-. s^:'^^.:^iq;p^if^y^_^^^

Anhwekh ani> Rehilts '•V27

21. nO^fiv^-, i.K'l.V 22. ;'|«3U^-J ;':.o _ ,o;/tj.

^^
'

\''' '*• *- "*^i 25. 4(t |;u'H)
26. ;i s';m + :<;', -.-|h. 27. in. ;» /;/i5
28. I:.' s ;5 ^ <! + i»N Id.

Exercise LXIV. Pa^ 244

4. if + .1 \ .,
-'

,/
'. 5.

\ c, + s :»

7.
-^(•\-t--'N'»!). ^ .{(» f N(;)

8.

o, .

6

9 s»! s'A-^ k'-J - •>

10. ;{ + -2s -2.

•'<;
t 7 N ;!

11. js:u> 11. 12.
''""-' "

7

13

16.
r+-2 - '2 \ ., +

14
19 "

• - .,1

19. V18.
•'" ' " • -

"'

21 -'i'
+ -^ ^

*'«-'-
/'

a-' -6- 1

/y.

23

15 •Ix' - 1 - -V \V-''-1

17.
/ + S 1

-
.'/'

20. 7v^'.

-'.'/

22.

9/1
N 16 . 35

Exercise LXV. Pa^ 247

1. V 2. I 4 N .{. 3, \.S - I. 4. 1
/~

N •") - N :i. 6. V\". + s'.'i. 7. 3

+ V7
+ \ L'.

9. 2 + \ v.. 10. -) + 4 s':\

8. 3O - N

13. va + j-+ v'

11.

a X. 14. \ J- + 1

^ ' ^^•">. 12.

- ^'' - I. 15.

vo + 3V2.

Exercise LXVI. Pa(?e 248

1- ' -'u. 2. r = a-^4-i-.

5- liiZ-iy. 6. r= -4:. 7. x = 32.

!/+ s'x'i-y-.

8. J =4.
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9. f - 5.

IS. / - .».

17.

21. X«J.

*'• '"'-^ 11 -^ y 12. i- - irxi-2^

** ^ • 18 J^
Jl

16. r^ I

18. / . x'.l - 1. 19 ,,. -.{ 20, / s- I

-y 23. r- J. 24. r IC' n .{,

\ 'I + .

22. r-

J

I

1. r- ±X
4. /- ± v^6

7. /-O. 1

10. . 0. ''.

rt

13. / -.». 7.

16. .'• = 4, 12.

19 r -2, -ii

22. ^~i ^
25 -r - .-{ +

28 / - 10, 1.

Exercise LXVII. Paire 266

2. r ±7.

± v'll!>.

5 / u, ^
8. / 0, i

11. J- •_)
.{.

14 X •». 17.

17. X «. (5

20 X ;i

\

23. X O. 1 'I

26. X .<. 1

29 /• = -
A.

3. i-» ± v'ld

6. /^O, ;.

9. / = 0, •

12. •-'. «.

16. .< t. J

18. X - 20.

21. /= 11,

24. r = »,

?7. r 1.
I

10. r-7,
:;

Exercise LXVII' Page 268

1. X
5± vl.{

3. jr = (<.

7. / .{.

10. r^"^«,
4

-*•

ii-

•la

3
'

5. x~-l, -I

11. x="^ -•*«.

7 4

6. x=|,

9. r^2,

12. x^l

_ 1

- 1

- E

18. /=i. '

14. r=2, -••*.
•>

15. r--;{, - i

16. / H. -
.>

17. x = ^'*^^. 18. x = 3. -
s'

19. X .- - .lA. 20. .= - ,^— . 21. x = 0, I



22. -I

26. /•

28. /

SO f

S3. /

3S. J-

1. r -

4 J-

7. r-

10. / =

12. /

14. J-

Anhwekm axi) Resulth ;{2!>

fit v''.»l 28. r t s' ,U>. 24. Jr -^l f >.''
H)

a' +- A-"C-'i M'). 26. X

rt^ f /< /( a

'I A /( + >i

HI ± >«i^-i7

IH

I

1

fi. - .').

31. /-(,", t.

«.

27. X ^ 0.

29. r .'.», ;i.

32. .I- ' * ^''V

84. j-w3,
^.

Exercise LXIX. Paye 262

±1. ±iv' nr.. 2 .r = ;<. i. 3,^, ;/3^ »^/j|

'• ''* 8- -f- '•
,f 9. x= ± I. ±3.

± «. ±
'

".i-

t /.

1, 1. ;{±2v/2^

11. < ±«, +i v' - I.

a

13. / 3, I.

15.
^.-^i^'^. -'tN^:^^

16. X = ± '2, ±
1

17. X . ». - 3.
I ± N 13

18. x= I.

20. 3, -•'

22. r = 1± \ 3:.
I +

19.

21

i I. _
.'< ± \'' - 3 1 ± v' . 3

N (53

23. r = 2,

24. / = + N •'

26. X

± ^ -- ± -'n 2.

± - n'5, - L> +

25. r= -1, -1, 1 + N -1.

V / 27.

28. r = 26 - 2 \'26.

30. J--0 - ^.

I. 1± N''I37.

29. ^-±h ±^21
o± N -63



:T»l

i.'-';

*».

im

11 r^

14 r^

17 J-

19 <i. 1

20 r^

21. /«

22. «l

24. n-

AXMWEIW AND KehULTH

CxerolM LXX. Pare 287

•'/ + « <• 12. /^f.VMJ O, IS U- 10

L'.i.j f « I -0; «+ 1, ,1 1.

1-'. X-:\, 3 ; n |-.», /- ;{, .1." h I 28. M -
|, /- 10 i t ^

ExerolM LXXI. Pa^e 271

1. r =«

y
4. / «•»

jc ^

7. /'^

9. /-

11. /

y

IS. /

11.'.

• >

"

»

±4.

±1',

- -'. 2. r - H, 4,

6. /»!.
--{I,

± 7.
•

y - -.
?if.

±5, ±

v7'J
•>

v79
I

+ -',

±3,

+ - .

\ 7

12

15. a:

y

= ?-*. ±ll{v/ -1.

±5. 4: «.

8, j--fi,

y-4.

10. X ±1'. ± jx':,,

y- ± 1. ±
ii

v'r..

la- -r = ± 2, ± J- ,

n'29

y= ±1, ± r
V 29

14. x=±l, ± '

N 2

y = ± 2. ±
*'

v'2

16. X = ± 9. ± 7.

y = ± 7, ± <}.



Anhwkkm anu Kkhulth .Til

17. 1
-- ± H, t 1 N 1,

y t ^, tX N 1

10 r 10 i»;. 20 1 to, 10.

y I»'>, 10 y !o Ml
22 J' '1. «. 23 / '«. 1.

y ». •; y 1. •{

26 X ±7. ±1. 26 .1' •-'. ••».

y t 1. ±7. y ;«, •-•.

28 .» - I<», !«, 29 x ± 1. ± 1',

y- •«. H- y ±-'. ti.

18 .» H, r,

.'/ tl. N

21 *
'1

.'»,

y •"'.
•»

24 X

y 1.

27 X i, 1.

y t. • 1,

30 X ••«. t)

I.

Exercise LXXII. Page 276

^ '^^ "• ^- •' 2 10. I.-.; lu. I.V 3. i:., 60.
* -'^ 5. ;J0 6 10. 7. Mi„.
8. r, ..,Jm. 9. iHft.. ii>f,. 10 ^ ,,^, .,^.-

11. 10(.J v.^). io(s:, I,. 12. ;{.7(M.

13. 1-JH i,,,, ;}()i„. u. .') I„s., .UuK. 16. .{7 1
.•••i.tH.

16. .lo.v,. in. 17. 1. 18 7 "^.,

^® "'• -»• 20. 17, or L':)mi j^-r |,„ur.

21. 5 in., \1 in. 22. »^ mi. jhi hour. 28. ««)0, ,.r *?|0.

24. i(.'{± s'-.), ^(1± %'.-)).
26. 1± N-J.

26. :• n'« f 1, 2 s'«i - 1. 27. GO sq. ft. 28. '.• ft.. lU ft.

29. 11500, Jgnou. 30. 15 mi. jH-rhour. 31. 19«Jft.
^2- '^^^ 33. lOmi. jierliuur. 34. lO in, ix in.

EXAMIVATlu.V I'APKRS

I. Pagre 280

1- 3. a- 2. lu, :>.

6. y, hi; 9, 1«. 6. z=4, lu,

y=10, 4.

3. -'n3
; AC-' v'2)

7. 10, 1'4. 2G.



iC. ^ui^'iJB^^^'^.vje^!^

332 Answers and Rehults

1. :i2.

II. Pafre 280

2. jr". 3.

4. /^ + :\x+ I.

6. x=2, 5, -n± n'Io,

n'-'

5. I - A 4(v/S-|
7. a. 464.

^^^.^

^je*.-]

5. /•=!, I, l±2v/i:
7 57, or lo-_».

III. Page 281

2. 1, 3, Mjl, ^s'5. 3. a--aA-«<; -6,.

6. -'II ft., 4 ft.; Nu

IV. Pafire 281

1. \('i±:i\^'}). 2. '2a.

5. .,==:), -7, -^(-2+ n/69).

7. 1,281, .781

V. Page 282

3. x+1+1.

6. x^-2, 5,

y = », 2.

1. 1. 2+ V3.

4. 4. 5. itS-1)'.

2. 2"*' •>"-' •>»+!

6. .r = 5, i.

1. (2+ \.3)( v'.-H- v^i>

VI. Page 283

) = 2.1S62.

y = -t, - 5

3. ab + />(• - 2,

6. 1, V2+I.
at: 4. j=(i, or 14.

7. 2 liix, i>f< mi,

2. (a+l)(l+6-i).

5. r=4, -1,

y=l, -4.

VII. Page 283

.44:

4. x=i,

5. .(- = 0,

but

2. (j- + .

s 7.1- - 1 <J

1
,-'

3. .c*- 6x2+1.

n» 14 ± v':'s(j

•i .^

1^ 14 X N L'SC.

•i, or -4.

6. 2, i(l- v% 7. 8 ft., II
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W^ —!—
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Vfr^


