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Three-phase transmission for alternating current is now conceded
to be the only practical and economical means of transmitting large
quantities of electrical energy over great distances

With the increasing use of electricity for ¥ighting. railway, and
general power purposes, and the consequently larger number of
generating stations required, the question ({;‘ transmission line
design.is becoming more and more important, as the distances from
source of supply to load increase, and with the consequent rise in
voltage necessary to keep the line within commercial bounds

One of the foremost problems which the engineer is called upon
to solve, is the proper designing of the conducting system, includ
ing size, spacing of wires, etc., to ~meet the load conditions with
specific losses or drop of voltage

The present paper is intended to offer an easy method of solving
such problems

Several very able articles have appeared from time to time on
the subject of “Drop in Alternating Current Lines,” and the writer
is indebted especially to Mr. R.,D. Mershon’s now classic article
originally published in the American Electrician for June, 1897, and
rewritten for the March, 1907, number of the Flectrie Journal, and




to two articles in the March, 1907, and April, 1907, numbers of the
same periodical by Mr. Clarence P. Fowler, and Messrs. Chas. F
Scott and C. P. Fowler, respectively, of the latter of which two
articles liberal use has been here made
The essential part of the present paper consists of the four
plates annexed and designated Diagrams 1 and 2, and Tables I and
II. The diagrams were originally intended for use by the firm
with which the writer is connected, where they were found so
useful that it has been thought well to embody them with the
tahles in a short paper for the convenience of other members of
the engineering profession They have been derived, as described
below, from modificatigns of the wiring formule brought out some
time ago by the Genefal Electric Company,* and these diagrams
Reactance
with the tuh\‘«-s (Table I) and the list of drop factors
Resistance
following (Table II) may\be used in quickly solving the conductors
n line

for almost any transmis
The process of nlvvulnp{nvm of the curves may be readily traced,
but it has been thought advisable to show the steps taken in attain-
ing the results, and in this connection it should be carefully kept
in mind that in alternating current transmission at power factors
of load other than unity, the loss of volts and drop of volts are by
Kpo means synonymous—the first referring to a CR loss, and the
econd to a CR loss multiplied by a factor; and that the 9% watts
oss and % volts loss are not the same by any means, and neither
agree with the 9 drop, which latter determines the regulation.
Proceeding with the derivation of the diagrams, the following
equations should be noted
On the basis of watts loss, for any conductor, the following
formule are universal for all systems of transmission when
suitable eonstants are used
DxWx K
Area in circular mils = PxE? (1)
D2xWxKixA

P . , f o ar 1 ine — 9
and, total wt. of copper in line—= Px E2x106 (2)

where /) — distance one way in feet along line
W —total watts delivered at receiver end of line.
I’ = per cent. of loss of power W.
I line voltage at receiver end

K!' —a constant — 1080 for three-phase 1009 power facto
{ =—a constant =9.06 for three-phase all power factors.

* See Foster's " Electrical Engineer's Pocket Book,” pp. 124126, and Crocker's ‘' Electric
Lighting,” vol. il pp. 232 ef s-q.

No!

the

and

Al

an

an



Now if for /1) be substituted VM distance one way in miles instead

of feet

and for W be substituted K kilowatts delivered instead of
watts

and for F be substituted / 1000 line voltage divided by
1000

and for K!' be substituted 7 a constant 1080

the above formule become

(M x 3280) x (A" x 1000) x Z

2 x (e x 1O00)

(n .

1/ A" Z 280060
X
e TOMMMNMDY

I/ A X 3T02.4
Y kd
(0 x 3280)* x (A" x 1000y x Z)x .1

22x (0 x 1000)2 x 10

and (2) total weight I

1/ A 32800 1000
( )\/"(llnm)\m\/\,

7 A" 278784
( ) \/‘\ 1K)

( ”) X 272, 7846,

Allowing 2.659% for sag, etc., these formule become

x 1080 x 9.06

(ny ¢. .u VA ansd
P

)

] :
(2) Total weight= 1 ( /) X A x 280

iz
and the weight of copper per kilowatt delivered
280

(3) / ( l/) X

Iz
and the weight per mile of a single wire (7) is obtained Dby

substituting 3/ x M for W in formula (2), thus:

X
P
or (4) v X A x 93,
(¢) © P
A

and (H)=3/=71 x by substitution in equations (3) and (4)




All the above are for three-phase 100% P. F. on basis of watts
lost These formulw are therefore applicable to practical cases,
when miles, kilowatts, and kilo volts are used

The various symbols used have the following meanings

l Weight per mile of one of the three conductors used,
or weight per mile per phase
I Length of line (one way) in miles
K Kilowatts delivered at receiver end of line
r Per cent. loss of power K in line.
Delta line voltage at receiver end 1000 kilo volts.
7 A constant 1080 for three-phase 1009 p.f

1 A constant = 9.06 for three-phase all power factors.

" Total weight of copper in all conductors.

L Pounds of copper per kilowatt delivered = W —+ K.
.M Circular mils area of copper in each phase

On the basis of watts loss being fixed, the constant Z being
equal to 1080 for unity power factor, its value for lower power
factors will increase inversely as the square of the power factor
(\inu- the copper for watts loss fixed increases as I )

(power factor)
therefore the values for the five equations for various power factors
are as shown below:

No Equation For power factors of
106 N 80 70
LCa=MN 4 854 7200 9140 11950
P
R | ( V) x X x 280 344 137 571
¢ P
/4 | - .
3. / X X 280 344 137 iy
() =
i / M X A X 93 114 145 190
¢ P
53 =1~ x A
V/

On the basis of volts loss being fixed, the value of Z will
increase inversely as the power factor (since the copper for volts
|

loss fixed increases as ). Therefore the values of the
power factor

follo



five equations for the same power factors as the above are as

follows:

No Equation For power factors of
10 N0 S0 0
L ca=YA 334 648 7317 S371
Iz
2, " ( ”) x Xy 280 311 350 100
' /l
\* 1 :
3. / ) 280 311 350 100
(" ) x px g
i, /= M X A X 93 103 116 133
§ P
5 3/ =1 x A
V4

It will be noted that the increase in copper over that required
for a line having a fixed per cent. loss in volts, to give the same
percentage watts loss, increases inversely as the power factor

Diagram 1 (which shows pounds of copper per K. W. delivered
ete.) is caleulated from formula 3, by successively assuming values
of I’ from 1 to 28, and on each of the vertical lines corresponding

to these, finding a certain number of points equal to the values of

i M\* .
L for various assumed values of ( ) corresponding to the ‘‘volts

per mile” of the line. This is worked out in detail for various
percentages of watts loss for unity power factor, and then the
values for other power factors, as well as for the volts loss cor
respanding to the watts loss for 90%, 80%, and 70% power factors,
were inserted after multiplying the first results by the proper
factors as shown above. The diagram can easily be extended to
apply to lower power factors than 709%, but for ordinary use should
be found sufficient

Diagram 2, translating pounds of copper per K. W., into com
mercial sizes of wire, was plotted from equation 5 as follows:
Various total weights of wire per mile for three conductors were
chosen, corresponding to commercial sizes B. and S. gauge (=3I),
and then, by dividing each value of 3/ by various quantities from
5 to 200 corresponding to the pounds of capper required per
A
1/
and by joining these the curves shown were traced

kilowatt delivered ( 1), a series of points corresponding to

were plotted
Of course. more curves on both diagrams could have been

plotted, but for all practical purposes they are close enough, as




between

amounts falling the curves can be readily estimated at
sight

Due to the excessive induction factors of wires larger than No
0000 B. & S. gauge, the weights on the curves are given as corres-
ponding to multiples of standard sizes for all wires larger than
No. 0000, and for the same reason it is hetter to subdivide lines
requiring larger copper than No. 0000 into two or three separate
circuits, each carrying one-half or one-third of the whole load, as
the case may require, and calculating reactance, etc., on the basis

of the subdivided lines 1
Now, considering the use of the diagrams, let the following -
conditions be assumed
Given the receiver voltage of a three-phase line, its length in
miles, the power factor of the jgad, the power to be delivered and
the frequency decided upon, find the size of wire required for any
given per cent. loss in watts or volts (CR) (since Diagram 1 can
be used for either by transferring to the corresponding figures at
top or bottom of the page) and the total drop in the line, and
consequently its regulation
From the point on the top horizontal scale corresponding to the
allowed line loss in per cent., drop a perpendicular until it strikes
the curve corresponding to the delivered volts per mile of the line;
from this point draw a line horizontally and to the right until the
figures are reached giving pounds of copper per K. W. delivered ‘
corresponding with the power factor of the load (Or, if ohmic
volts loss be given, start from the bottom horizontal scale, erect a
perpendicular from the per cent. loss given to the volts per mile
curve, and trace horizontally and to the left until the figures are
reached corresponding to the 1bhs. per K. W. for the proper power
factor assumed for the load.)
An approximation to the most economical weight of copper per
kilowatt can be readily obtained in two or three trials, and in a
very few seconds, by observing whether the intersection of ordinate
and curve falls near the knee of the curve, for if the curve gets
very steep, it is obviously unwise to try and save one#or two per
cent. of power at the expense of several pounds of copper per K. W
delivered. and if the point of intersection on the curve shows at a !
very flat part. this means that the loss allowed can safely he
reduced several per cent. without materially affecting the copper.®*
Now, in Diagram 2, find the intersection of the horizontal line ‘
corresponding to the pounds of copper per K. W. delivered ag found 1

in Diagram 1, with the vertical line corresponding to the kilowatts

For further Information on the subject of economy in conductors, see Perrine’s

Flec. Conductors,” chap. viil, where a very full discussion of Kelvin's Law may be read
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per mile of the line (total K. W. delivered divided by miles of
distance), and from the closest curve outside this intersection is
obtained the nearest commercial size of wire to use to obtain the
required results with the given conditions. Knowing the mechanical
properties of the conductor thus found, experience will tell the best
spacing to be used, allowing for swing, sag, length of spans, et
Having assumed the spacing, and knowing the frequency, the ratio
of reactance to resistance in the line itself may be obtained directly
from Table 1, for any usual size of wire, and from Table Il the drop
factor for the given poéwer factor of load may be obtained, and
hence the line drop, which added to the receiver voltage, gives the
impressed e.m.f. at the generator end, and consequently the
regulation is known.

It is obvious that these diagrams may be used in reverse orde:
to determine also what percentage of watts or volts loss would
occur in a line with a given size of wire carrying a given quantity
of power at a given voltage, for, by finding L on Diagram 2 cor
responding to the given size of wire and kilowatts per mile, and
transferring it to Diagram 1 under the proper power factor column
at right or left for watts or volts respectively, and tracing a hori
zontal line to the proper volts per mile curve, the per cent. loss
opposite the perpendicular from this point can be obtained in a
few seconds

The main difference between Messrs. Scott & Fowler's article
above mentioned, and the present one, is that the former assume a
size of wire, and work with it to find the total drop, impressed
e.m.f., etc., of the system, necessitating several more or less
cumbersome trials before the bhest line is derived, while the
diagrams following show how to quickly fintt the best size of wire
for any given line of certain length, receiver voltage, kilowatts
delivered, frequency and power factor of load

In most ordinary lines the static capacity of the line itself is
negligible as compared with its resistance and reactance, and in
any case its effect is to neutralize reactance, and so reduce the total
drop in the line, so that no account has heen here taken of that
factor, hut it is well to say that lines calculated by these diagrams
will be ampnly large for all ordinary cases However, on certain
long lines carryving heavy loads, with consequently large conduc
tors, the question of capacity is sometimes very important, involving
the supplyving of charging current to a considerable amount, and in
one or two cases which have come under the writer's observation
the capacity effect was enough to require charging current, simply
to keep the line alive, to the extent of a large generator's full load

outpnut
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Very full information as to capacity effect in lines may be found
in Professor F. A. C. Perrine's interesting book referred to in a
preyious footnote,* and for all long lines transmitting large power
at high voltages, it would be well to work out each case
individually with regard to capacity effect.

For the benefit of the members of this Society who may not be
familiar with the article from: which Tables I and II are taken(
and which was referred to above, the following quotation from it
will be of service:

“In a direct-current circuit the drop in voltage depends upon the
current and the ohmic resistance. In an alternating current circuit
the total drop depends not only upon the current and the ohmic
resistance, but also upon the reactance of the circuit and the
power factor of the load. The method of finding the drop under
given conditions is set forth in an article by Mr. Mershon which
appeared in the March issue of the Journal. A modification of that
method is here described in which the drop or ‘resistance volts’
which would result were a direct current to flow through the
circuit is first determined, and then a ‘drop factor' is found by
which the drop with direct current must be multiplied in order to
obtain the drop produced by alternating current. The drop factor
depends upon three things—(1) the ratio between the reactance
volts and the resistance volts, (2) the power factor of the load,
and (3) the percentage value of the resistance volts

“The first of these quantities depends upon the size of wire, the
distance between wires, and the frequency. Table I gives the ratio
of reactance volts to resistance volts for conditions which are most
likely to occur. This table is readily deduced from the table in
the article by Mr. Mershon

“The effect of the second element, the power factor of the load
is given in Table II, in which the drop factors for various ratios
of resistance volts to reactance volts and various power factors are
given These have been determined from Mr. Mershon's chart
using a resistance e.m.f., equal to ten per cent. of the delivered
e.m.f.

“The. third element, the percentage value of the resistance
e.m. f., has a relatively small effect on the value of the drop
factor, so that the values given, which are determined for a
resistance e. m.f., of ten per cent., may be accepted as practically
correct for all resistance values not exceeding fifteen or twenty
per cent. The greatest discrepancy occurs when the ratio is high
and power factor is 100 per cent.

* “Conductors for Electrieal Distribution,” by F. A. C. Perrine, published by D, Van
Nostrand & Co. in 1903
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“In Table I the ratio of the reactance to the resistance is given
for wire sizes ranging from No. ¢ B. & S. gauge to 300,000 circ
mils, for 60 cycles, and for separations between conductors ranging
from six to xi\l_(‘ inches. In the same table will be found ratios of
reactance to resistance for sizes of wire ranging from No. 6 B. &
S., to 400,000 cire. mils for 40 cycles, and from No. 6 B. & S., to
500,000 cire. mils for 25 cycles, both of these covering the same

Wungn of wire separations as in the case of 60 cycles. Table I also
contains ohmic resistance per thousand feet of line and per mile of
line for the various sizes of wire tabulated.

“Table II contains various ratios of reactance to resistance which
cover approximately the same range as those which appear in Table
I. Opposite the ratios in this table are given the drop factors cor-
responding to power factors from 100 per cent. down to 20 per
cent. The drop factors are determined for a value of the resistance
volts equal to ten per cent. of the delivered e. m.f.”

(Then follow several examples worked out in the text of the
article for different conditions, showing the use of the tables.)

The writer’s best thanks are due to Mr. R. A. Ross for help and
suggestions in connection with the preparation of the present paper

The following examples will serve to show some of the uses of
the tables:

)
EXAMPLES.
Erample I.—Given E. M. F. at receiver — 8800
K. W. delivered.. .= 1760
length‘of line in miles 123
watts loss % allowed 149
frequency.. .. .. .= 40 cycles
power factor of load — 85%
Find total drop in the line and the e. m. f. at the generator end
.
Calculated volts per mile. . = 703
( K. W. per mile .= 60
| From Diagram 1, copper per K.W. deliv approximately 54 1bs
From Diagram 2, size of wire No. 2 B. & S
_ ~ . reactance
3 From Table I, ratio of No. 2 wire spaced 18" (say) =

resistance
0.50

From Table II, drop factor at 859% P.F.—1.13.

From tables on Diagram 1, volts loss equivalent to 149 watts
loss at 85% P.F.—11.9.




Therefore total drop in line 11.9 x 1.13 12.449 or 1182
volts
Generator end e. m. f 9982 volts
Erample 11.—Given E. M. F. delivered 30000 volts
length of line.. 27 miles
frequency. 60 cycles
power delivéred 1300 K. W
P. F. of load 70%
Design the line
Calculated volts per mile x 1111
K. W. per mile - 159

From diagram 1 on 1100 V. per mile curve the economical losses
must be somewhere between 5% and 13¢
will be say 10%

», and a good average value

Let us then assume 10% volts loss, therefore copper required =
33 1bs. per K. W. for 70¢ g P.F

From Diagram 2, using 33 Ibs. per K. W., and A 159 is found
a size between No. 0 and No. 00 wire, but since point falls almost
on the curve for No. 0, letf that be taken

From Thable I, opposite No. 0 wire at 60 cycles, spaced 24"
(assumed), the ratio of reactance to resistance 22

From Table II, with ratio =—=1.22, drop factor for 70% P.F.=
1.56.

Hence total drop =—10x 1.56 = 15.6%

1680 volts
E. M. F. at generator end — 34680

Note.—The 9% watts loss for 70% P.F. corresponding to 10%
volts loss =— 14.3 from table at bottom of page. Taking 14.39% watts
loss, erecting, perpendicular to curve for 1100 voltg per mile and
following horizontally to the right to 70% P.F. we get 33 Ibs. per
K. W., which is the same weight found for 10% volts loss

The power loss then amounts to 14.3% x 4300 = 615 K. W

Total power required at generator end of line =4915 K. W

If we had chosen No. 00 wire instead of No. 0, this would have
allowed us 40 1bs. per K. W. at 159 K. W. per mile from Diagram
2: and transferring 40 lbs. per K. W. at 70% P.F., to Diagram 1,
on volts loss'side, our ohmic drop would be reduced to 8%, as may
be seen by tracing a horizontal from 40 Ibs. at 709 P.F., to 1100

dr
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dr
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V. per mile curve and dropping a perpendicular to lower horizontal
scale

No. 00 wire at 60 cycles spaced 24” gives ratio of 1.50 and drop

factor for 70% P.F. from Table II 1.77. Total drop 8 x1.77
14.167% or = 4248 volts
Generator end e. m. f. — 34248
Power loss using No. 00 wire (8% volts loss) 11.4% for
70% P.F. and total lost power — 11.49 x 4300 190 K. W. or=

4790 K.'W. required at generator end of line.

Knowing the operating conditions of the line, it can thence
easily be seen whether it will be more economical to use No. 0 or
No. 00 wire, allowing for average and max. power required, cost
of copper and cost of power generated

Erample IIl. —Given E. M. F. at receiver = 4500 volts
length of line.. . — 5 miles
K. W. to be transmitted.. —= 1750 K. W
P. F. of load . = 809%
frequency = 25 cycles
loss allowed.. .. .. = 11.5% watts loss
Find size of wire and total drop
Calculated volts per mile = 900
K. W. per mile .= 350

From Diagram 1, copper required — 46 lbs. per K. W
From Diagram 2, size =— 2 x No. 000 per conductor.
= 334000 c¢. m

Two courses are open, either to use one circuit of three con-
ductors, each 334000 c.m. in area, or to split the line into two
circuits, each consisting of three conductors equal to No. 000 in
area

Consider both of these cases with regard to total drop

From Diagram 1, the volts loss equivalent to 11.5% watts loss
for 80% P.F.=9.2%

Case 1.—One circuit From Table I, ratio of reactance to
resistance for 334000 c¢.m. wire spaced 36” (assumed)=1.56
approximately, and from Table Il the drop factor at 80% P.F.=
1.74

Hence total drop =9.2x1.74 =16% = 720 volts

Case 2.—Two circuits. With single 000 wires we can safely

reduce the spacing to 24 inches, hence from Table I, ratio — .78 and
drop factor from Table II for 80% P.F.=1.26
Hence total drop =1.26 x 9.2% — 11.6% = 520 volts

From this it is easily seen that the regulation of the line is
much bettered by splitting the circuit into two
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I'ABLYE 11.—DRror-FAcToRs WHEN RESISTANCE VOLTS ARK

I'ex PeEr CeNT. OF THE DELIVERED VoOLTS

Ratio of Drop-factors for Power fuctors of

eactance

0.1 1.00 0.94 () 88 0.80 0.70 0.60 0.30
0.2 .01 ] 098 1 092 | 0.80 | 082 | 0.67 | 0.40
0.3 1.05 102 099 0.93 | 0.89 074, 0.0
0.4 [ 110 108 1.04 | 1.00 | 0.3 | 0.82 | 0.60
0.5 114 | 113 110 | 1.07 | 1.01 ; .70
0.6 1.18 1.19 1.15 1.14 1.09 | .80
0.7 1.23 124 1.21 1.20 117 91
1.28 | 129! 1.28 | 1.27 | 1.24 | [ 1.01
1.33 | 1.3 1.34 | 1.35 | 132 | 11
1.37 | 1.39 | 1.40 | 1.41 1.39 | 1.38 | 1.20
141 | 144 | 145 | 1.48 | 147 | 1.46 | 1.30
1.46 | 1.50 | 1.51 | 1.65 | 1.54 | 1.5 40
[ 1,50 | 1.55 | 1.57 | 1.62 | 163 | 49
| 1.55 1.61 1.64 1.70 1.71 4 o9
1.60 1 | .77 1.80 70
165 | 1 1 1.85 | 1.87 80
1.70 | 1 1 .92 | 1.95 |
1.76 | 1 1.99 | 2.04
1.82 | 1 I 206 | 2.11 |
1.87 1 2 ‘
1.92 | 2 2
1.98 | 2 2
2.03 | 2 2 [
209 | 2 2, 3 |
2.14 228 2 ’ 2.60
220 | 2.34 2 2.67
2.26 | 241 2, 2.74
2.47 2.76 | 2.82
2,83 | 2.91
2.90 | 3.00
297 3.10
. 3.05 | 320
2.63 | 2.80 312 { 3.30
269 | 287 3,20 | 3.39 |
43 2.74 294 3
3.6 | 2.80 | 3.00 3 i
3.7 ‘ | 2.86 | 307 3
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300 000 C.M
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400 000 C. M
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No. 0000

) 000

00

0

500 000 C.M

100 000

300 000
No

0000
000
00

NoTE.—The

E .-

Unmic

]
v

Resistance

er
mile of
line

Dl
0.365
0.518
0.653
0.824

1.04

1.65

resistance

ength

per
1000 ft
of line

0.069
0.098
0.124
0.156
0.197
0.248
0.313
0.394
0.497

| 0.627

0.791

0.052
0.069
0.098
0.124
0.156
0.197
0.248

0.040
0.052
0.069
0.098
0.124
0.156
0.197
0.248
0.313
0.394
0.497
0 627

0.791

RESISTANCE

FACTANCE TO

In the

of wire |

40 Cvycr
1.80 | 2.00
1.42 | 1.60 |
1.10 | 1.22
0.91 1.00
0.74 0.82
061 | 0.67
0.50 | 0.54
0.40 0.43
0.34 0.36
0.27 | 0.29
0.21 023
0.18 | 0.19

25 Crar
1.40 1.60
1.156 | 1.25
0.89  1.00
0.69 0.76
0.56  0.63
0.46  0.51
0.38 | 0.42
0.31 0.34
0.25  0.27
0.21  0.22
017 0.18
0.13 1 0.15
0.11  0.12
table is glven |

Ty mile and A

AND APPROXIMATE

LESISTANCE

RaTio:

Ratio of Reactance to Resistance for the distance

yin ) In

60 Cyct
10 | 2.40
65 1.82
.35 1.50
10 | 1,22
01 1.00
74 | 0.81

.60 | 0.65
.50 | 0.53
.41 0.43

3 0.35

.26 | 0.29

between wires of

2in. | 18 “ U in
ES,
2.60 3.05
2.00 2.30
| 1.60 1.86
1.32 1.50°
i 1.06 1.22
[ 0.86 0.98
i 0.70 0.80
| 0.57 0.6)
| 0.46 0:63
[ 0.38 0.43
f 0.31 0.35
ES
| |
2,15 | 248 | 2.65
1.7 ' 1.91 2.03
1.32 ’ 1.45 | 1.53
1.07 | 117 ] 1.25
0.88 | 095 1.01
071 ‘ 0.77 0.82
0.58 | 063 | 0.66
047 | 050 | 0.53
0.38 | 042 | 0.43
0.31 | 0.33 | 035
0.25 ' 0.29
0.21 [ 0.22 | 0.24 |
| |
S
|
1.75 1.95 | 2.05
1.35 1.556 1.65
1.08 | 1.20 | 1.27
0.84 0.9 | 0.96
0.67 0.73 | 0.78
0.55 0.63
0.44 0.51
0.36 0.41
0.29 0.33
0.24 0.27
0.19  0.21 | 0.22
0.16 0.17 0.18
013 014 0.15
“°r ¢ nda per feet o
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