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In discyes ?a.,A“Lducauon one of the ninst 1mp riant questions that will partahe of the instaials y
has arisen i g .6}(1(5(/1:': af sndy posess the greated edu ational value

as tending at o W the hag st decaopment of mental poicer. and con-
tribute mo.rtlargdy 20 human progras 2 Frow the varniety of the antellectual
powers, it may be fairly iafenied 1hat Qifferent subjects of study produce
different results, and that it is alwurd to expect to accrmpdish the great end
of education by the exclusic study of any single department of human
knowledge. But there are some subjects which educate the pow rs of the
mind to a pre-eminent degree of activity and energy ; and as I br.eve that
the Mathematical Sciences can claim a hugh place among these. 1t s my
present purpose to point out, in part, therr beneficial influence as a disaphine
of the mind, and as an instrument of progress. I shall consider the subjedt
under the following heads .—

I. THE CHARACTER OF MarutMatical KNOWLELDGE,
GENERAL (INFLUENCF ON THE MIxD

1. THE VALUE OF MATHEMATICS AS A MEANS OF INVIGURATING
THE INTELLECTUAL POWERS.

ITI. THEIR VALUER AS A LoGican Exercise oF Minp.

IV. THEIR VALUE AS AN INSTRUMENT OF MATERIAL PROGRESS.

L
THE CHARACTER OF MATHEMATICAL KnoweLnon aup ito Curwnnng

INFLUENCE on ThE MIND.,
¢
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uf method.
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of s Lasis. and crumide’ info inn? befolé tie -
mvinuible progress of true pliisaphy. But, of they lear the impress of
welobitable traths, and be Jevddoped by asticly saennfic methed, there
w:llresulta knowledge that can e shahen neither iy the attacks of scepticism,
nar the cavils of ignurance ~a hnowledge which v ainded worthy of the
name of Saience.  Now, the prinaples of pure Maobomaties are necessary
truth.. and consequently the knonledge fonnded upou thau s a saence of
pure reason. It has indecd been asserted] that 1l ¢ Mahewatiaan has na
right to enquire mto the nature of the first puiuaiples of the saence, and tha
a clear apprchension of then character as umveraal vaths cannot produce:
any mushticaton of thewr wfluence m «livation The former as umption s
o rtly wrong, the latter entirely so.  § or. though the Mathematiaian has no
nght to enquues dere paire synthetic puope sitins are pussible as the offspring
Vs bangs properly the provance of the metaphysician -
be hasa perfeat niglit, since his sonee s demonstratiee, v engmre wto the
validity of the princ.ples which umborhie hus demonstrations, o form his Iinks
if the firet prinaiples are constdered as empinical,
the entire science 18 viewed as emjuncal ; the necessary s sacnficed to the
contingent, the mental to the matenal, a standing doubt as to the possibility

of knowledge 1s ikely tu Le generated 1 the mind, and a foundation laid fus
TR Hence,a clea

of the uiederstandisgs

And again .
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Fapprehension of the natare of the first principles of the ~uence, 1 necessary

C wmpared with Mathematics, no other department of m the recogmtion of its real nature as a production of the understandmg, and

knowledge so clearly illustrates the processes of the human nunid Lhe science itself 1s thus enalied 1o (rert a lunefioal infinence on the nind,
the establishment of true science, in none, has mvestigation led to the Jis | by fannhanangat with a Laly of tadis o dderived fHum eapenence

covery of so great a number of important ami recondite truths. Tl 1s no
doubt due to their method and the nature f their prinaiples  The value of
any system of knowledge and its mfluence in (ducauon. depend upun the
nature of its first pnnciples and the mude of sts development.  1f thewe
principles be founded on imperfect observation or hasty genetalizatin, the
superstructure reared upon them, though pussessing an cxiernal aspect of
solidity and beauty, and dignified by its butlders with the name of Science,

Thore are some phal o hors whio mamiun that the first prinaples of
Mathematies are mcn-!y generabieaw i s from exspenence--a view which
redue es the saience to empincsm, and vrtually unplies the impossibility of
any hunowledge andependent of son veus impressions §f the meaning be,
that these princples are fir t mvle manitest through the agency of something
ant of the mun . it mas be el anee there 1s no knowledge
developed in the mind in poant of tuue alisolutely antecedent to expenence.
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{CONTINUFD PAGE 4.)

haud Tyt
. 3 - M . 2
v - t e - . L
? s B . .

- - PO LRI Y K}



THE VALUR OF MATHEMATICS AS

AN INSTRUMENY' OF EDUCATION.

But though experience may be the eccasion of our knowledge, as furnishing
the materials of thought, and calling into activity the latent encrgics of the
mind, does it follow that all our knowledge is derived from esperience, unin.
fluenced by the creative laws of the * IntrLLECTUS TPSE?Y

Nay, the possibility of experience itself depends on the validity of eertain
cognitions which must be the property of the mind alone, For fiom what
source, independent of the universal laws of the intellect, can these principles
spring, which recognize the validity of experience? They cannot be derived
from the fortuitous teaching of that experience whose trustworthiness they
affirm, and they must consequently be the genuine ofispring of the under-
standing. The principles of pure Mathematics are characterized by secessity |

_and mm/%mh/y— roperties whit&:})cxz‘nnot possibly be given in the limited

and fortuitous teachings of the sensible world. These can indeed inform us
that a thing &, but not that it kas Secn, is, and wil? de, in consequence of the
universal necessity that it MusT be, which are the clearly conceived character-
istics of Mathematical truths, Thelaws of the sensible world may change,
and phenomena occur in violation of all past experience; there can be
imagined a time when the sun shall no longer rise in the castern and set in
the western heavens; but there can never come atime when two parallel lines
can meet, or two straight lines enclose a space.  Pure Mathematics, therefore,
furnish striking instances of intuitive truths as eternal as the intellectual prin-
ciple itself, and present a brilliant cxa aple of the almost limitless extent to
which the mind can develop clear and abiding knowledge, independent of :he
laws of the external world,

. 2, " The principles of dpplicd Mathematics are generalizations from ex-
perience, which, by the application of pure Mathematics, are elevated to the
rank of universal truths that constitute the basis of sciences commonly classified
with those of pure reason. The principles of pure Mathematics are pure,
a provi truths ; those of the physical sciences founded on Mathematics, contain
elements of expericnce. The truths of pure Mathematics are absolutely uni-
versal and necessary 3 while the fundamental principles of Applied Mathe-
matics are universal only on the assumption of permanence in the operation

JOf the farmer we are assured that they must be, of the

ure’s lav?.
s %\w know only ﬁm they MUST BE under the present condition of things.

To this cxtent these principles are universal and necessary, and by
the aid of those of pure Mathematics, have become the eclements
of sciences which,’as I have already said, are classed as rational. Now,
Applied Mathematics affords a striking illustration of the application of
pure mathematics to the varied phenomena of the Universe, and exhibit in
a remarkable degree the harmony of deduction and induction as methods
of investigation, as well as the power of the former to aid the latter in
bringing the contingent and variable within the compass of universal laws,
These laws are sometimes clearly indicated by a few well observed facts
and do not seem to require the aid of pure science to demonstrate their
universality. But even in these instances, Mathematical investigations
frequently indicate the existence of phenomena overlooked by observation,
and show the assumed 1aw to be more general than mere experience had
indicated, by demonstrating that certain facts considered as consequences
of other and unknown agencies, are the legitimate results of the already
discovered law. But in many instances the law is only faintly pointed out
by the observed facts, or suggested by a fortunate anticipation of genius,
and Mathematics are needed to verify its claims to be ranked as a

GENERAL LAW, by submitting the deductions logically derived from it, to
the tect of coincidcucC with obseived phenomena. ‘Thus the logic of

induction as applied to external nature, is eminently aided by the logic
of pure Mathematics ; the former often indicating laws beyond the scope
of the latter, while, on the other hand, the latter gives them theircharacter
as general Jaws, and guides experience to results it would otherwise never
reach. Hence, while pure Mathematics constitute a world of ideas inde-
pendent of material forms, applied Mathematics grasp the phenomena of
the material world as the tangible forms of the pure ideal, and show the
harmony between the world without, and the inner world of thought. 1f
the Mathematics of the world of ming, exhibit the ‘¢ harmony of thought
with thought,” their application to external phenomena demonstrates the
harmony of thought with existence, and securesto intelligence its conquest
over matter.quWe can thus understand the importance of the knowledge
given to the mind by the application of Mathematics to the investigation

of external phenomena—a knowledge which alone can dispel the mists
that hide the treasures of nature from our intellectual vision—which wrests
the universe fiom the grasp of an inexorable fate, and with reverence
places it before the T1roNE oF Gob.

3. Mathematical Principles and Propositions are Synthctic—leading
to New Truths. 1t has sometimes been said that Mathematical propositions
are merely analytic—that they only resolve conceptions into their contained
elements, and consequently furnish the mind with no new truths, It may
be admitted that there are certain axioms and definitions in Mathematics
which are identical propositions : but most of these agmonly minute links

in the chiain of method, arfd are not absolutely neceﬁ to the develop-
ment of the Science. * Every principle' really necessdiy in Mathematical

investigation is a synthetic proposition: the predicate is not affirmed of
the subject through the principle of identity, as something necessarily
given in our conception of it; but on the contrary, the predicate is added

as a new attribute to the contents already cogitated in our conception of
the subject. For it appears evident that Mathematics could not possibly
have been developed, as they undoubtedly have been, into the most perfect
of the rational sciences, by combining merely identical propositions. Even

the fundamental propositions of Arithmetic are not identical propositions.

For, to use an illustration from Kant, in the addition of the simplest
numbers, does the simple cogitation of their union, evolve the conception
of their sum ? The conception of such a union can never give the required
predicate, and the synthesis must be effected by intuitions supplied by
external objects. It is thegame with the primary truths of pure Geometry.

The proposition, three straight lines may enclose a space, is not an asser-
tion of identity. For by no analysis of the subject—one conception ot
which (straight) is merely gualitative, the other (line) a quantity of but one
dimension—is it possible, to evolve the conception of a quautity of fwo
Jimensions, and the proposition is therefore synthetic. And thus we
might show that every proposition essential to the establishment of the
pure 1 Mathematical sciences, is a synthetical or augmentatwe proposition. ,
If such therefore, is the real nature of Maﬂfematl e mons, th

explualwe,—the sim, @ cvolutxon ofa potentlal into Y’ al knowledge—
and that therefore it can be of but little worth as an exercise of the higher
faculties of mind. The worth of this philosophy can be easily illustrated.
Take the definition of a circle; this definition includes all its properties
one property is that the circumference is to the diameter in the approximate
ratio of 3.1416 to 1: is this recondite property given in the definition, so
that it isconceived by a mere * negation of thought?” On the contrary
it was discovered only by a train of complicated reasoning, and it
isamereperversionof languageto say that it formed part of the concept
cirele, before it had been discovered by mathem:tical investigation.
Every science worthy of the name must proceed from certain principles,
and may in one sense be said to be given in its principles ; but are its
highest developments therefore attained with a minimum of thought? The
pure Mathematical sciences are indeed founded on principles which are
immutable and given intuitively ; but tkeir law s progress.  They proceed
from their primary conceptions to the most comprehensive generalizations
—from the simplest abstractions to the highest within the cownpass of the
buman intcllect—and yet we are asked .to believe that they do nothing
mote than evolve the truths contained in their principles! If the objection
has any weight when urged against Mathematics, it is equally valid against
all the rational sciences, and especially against Metaphysics. For the very
possibility of mental science seems to depend on the existence of proposi.
tions similar to the a griori synthetic principles of pure Mathematics. It
is the province of Metaphysics not to analyze conceptions of things, but
like Mathematics, to proceed from the synthetic judgments of the reason,
to enlarge their boundaries by combination with others, till organized -
knowledge takes the place of isolated principles. Itis true that Metaphysics
either from error in method, or from the tendency of reason to attempt
the solution of the insoluble, have never attained that certainty which
distinguishes mathematics. Butsurely thelatter are not of lessworth because
instead of groping in obscurity on a sea of doubt, they are constantly mak-
ing unerring progress on the great ocean of truth,

(CONTINUED PAGE G.)
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THE VALUER OF MATHEMATICS AS

AN INSTRUMENT OF EDUCATION.

4. But the Method of Mathematics is as vigorous as its principles are sure.
Proceeding frcm intuitive truths by logical reasoning, we discover new
truths which are}in turn to become the data for higher and more compli-
cated results. Not only the premises but every succeeding step in the
reasoning is cautiously examined. In all mathematical investigations,
tseven those of the poorest and 1.0st meagre form” the mind is sadrtnated
to resolve every train of reasoning into steps, and to make sure each
step before proceeding to another. If practice in such reasoming *‘gives
us nothing else, it give us wariness of mind;" it accustoms us to demand a
sure footing : and though it leaves us no better judges of ultimate premises
than it found us (which is no more than may be said of almost all meta-
physics) at least it does not suffer us to let in, at any of the joints of the
reasoning, any apsumption which we have not previously faced in the
shape of an axiom, postulate, or definition,” Nor can any error be incor-
Porated into the science; for though a mistake may be made in effecting the
synthesis between the known and the unknown terms of a proposition, the
results, either directly or indirectly, indicate a fallacy in the reasoning, and
the error must be corrected before further progress can be made. Such
then, being the nature of Mathematics, and such the character of their
method, we are prepared to understand their perfection as a science. Itis
a science whose foundations cannot be shaken by any possible revolutions
of experience, and whose symmetry and beauty can never be obscured by
the gloom of scepticism: it stands forth, a world of pure ideas, supreme
over the fluctuations of the world of sense—the genuine creation of the
understanding

Having thus glanced at the pature and method of Mathematical
Science, let me refer briefly to the general~influence which they may be
supposed to exert on the mind.

When uncertainty and contradiction in so many other departments of
investigation, incline us to despair of the attainment of truth, Mathematics
in tbeir wonderful certainty, in the almost measureless extent of the truths
they reveal, in the marvellous power over the secrets of the universe which
they give, furnish undoubted evidence of the possibility of knowledge, and
a standing refutation of philosophic scepticism. Dealing with necessary
truths, in the study of Mathematics, the mind becomes familjar with their
nature as independent of sensuous impressions, and acquires a knowledge
that has all the marks of a true science. Instead of looking in bewilder-
ment at the ever-varying phenomena of the external world, we are enabled
to discover, by the application of Mathematics, the general laws which
underlie all changes, and clear and abiding knowledge takes the place of
isolated, perplexing facts. Looking towards the arena of Metaphysics and
beholding the unending warfare of systems which is there exhibited—a war.
fare in which no victory has ever yet secured permanent possession—we may
well doubt the possibility of a true science of mind.  But turning towards
the brilliant success of Mathematical science, which like Metaphysics, is a
science of a priori truths, we confidently look for the time when a true
method shall be found to guide us to the solution of the great problems
which bave so long baffled human reason and which still knock for answer
at the human heart.

To this result I have no doubt, the judicious study of mathematics will
contribute.  Elevated beyond mere sensuous impressions, the mind is
constantly contemplating those pure forms which are its own creation,
and therefore independent of matter and its phenomena. Does not this
contemplation of the pure ideal, qualify the mind for the examination of
its own attributes? To grasp and analyze the phenomena of mind, we
must rise above the physical and concentrate attention on the mental—
the world of thought; and to accomplish this the highest degree of the
power of abstraction is required—abstraction is the only method, the only
guide to success. And thus the processes of mathematics which, as
already said, are constantly familiar with a world of supersensuous ideas,
and which develop to its highest range the abstractive powers of the
intellect, must eminently prepare the mind for the investigation of its own
activities, and contribute materially to the devolopment of a truc
science of mind.

It bas been said that, “'in consequence of their disqualifying us for the
examination of moral liberty in the soul, and familiarizing us with the
phenomena of a mechanical necessity in nature,” wmathematics induce

scepticism relative to the spiritual or moral world. Now, there is nothinyg
in the habits of thought engendered by the study of either pure or applied
mathematics*that would predispose the mind to such scepticism. On
the contrary, I hold that, the very reverse is the case because the study of
mathematics, pure and applied, tends to the exaltation of mind and the
subordination of matler—to magnify the spivitual and subordinate the
material.  The voluntary energies of mind are necess. -ily brought into
prominence by the study of pure mathematics, Independently of the
material world, the mind by its own creative energies, ccnstructs
supersensible world—does the process tend to the ¢ negation of a hyper-
physical and immaterial principle of thought?” 1In fact mathematical
idcalism is opposed to metaphysical materialism.  After contemplating the
eternal truths of the pure mathematics — explorinzg a boundless
world of the pure ideal called into Lizing by its own free andfindependent
energies—the mind becomes conscious of its creative energy—of its
personalty—and feels its worth as an intelligence elevated even to infinitude.

With reference to the phenomena of the material world, it might
seem that their exclusive study by giving undue prominence to the
physical, may tend to degrade the immaterial. But these phenomena can
be profoundly investgated only by the application of pure muthematics, and
therefore it may be replied that mathematical idealism will correct the
tendency, if such exist, towards materialism induced by the earnest
investigation of external phenomena: While, therefore, theexclusive study
of these phenomena may induce, in the mind of the non-mathematical
observer, the belief that everything is the result of a ** mechanical necessity
in nature,"—the decrec of an inexorable fate—a different effect is
produced in the mind of the mathematical observer.

But I hold that in the applications of mathematics to investigate
nature, the dignity and superiority of siND are still proclaimed. For the
triumphs which the human race has won are stiil the triumphs of mund
It is mind that passes in review nature’s grand domain anu with
authority demands the surrender of her secrets and her treasures, Itis
L mind that has penetrated the star-depths, where suns and systems pursue
in barmony their everlasting march., It is mind under whose forming
power the world wears the aspect of a new creation, in which the impress,
of the finite Auman msnd blends with that of the Infinite and Divine.

Since, then, the study of mathematics tends to give preeminence to the
mind—to dewonstrate the transcendent power of the thinking principle
whatever that may be—it cannot fairly be maintained that they predispose
to scepticism as to the spiritual or moral world, and to a denial of the
existence of the ETERNAL MIND, whose thoughts are embodied in the
universe, and of which the investigating mind is but the finite reflex—the
dim and shadowy reflection. Nor do I believe that applied science, by
revealing the mysteries of natureto the common gaze, will so “ reave the heaven
of its divinities and disenchant the universe,” that admiration and reverence
shall find place no more in the human heart. On the contrary, seen under
the light of science, the manifold wonders of the world around us, and the
majesty of the heaven above us, kindle a sublimer admiration, and become
objects of a still profounder ** adoratica to an infant world.” Guided by
the light of science, the mind surveys the phenomena of nature, and beholds
in the linpress of intelligence everywhere apparent—not the mere reflex of
organization—~but the wisdom of the Great First Cause. If the wondrous
mechanisms displayed in material organisms suggest the operation of a
personal intelligence to the ordinary abserver, probability gives place to
demonstration under the clear, steady light of mathematical science.

If, for example, the human eye alone, as has been said, be a cure for
atheism, how sublinie its teachings when 4l its perfection, as exhibited in
the adaptability of means to end, is revealed by the magic hand of
science! It is capable of demonstration, that in all the varied organizations
of the natural world, wherever velocity is to be secured, or power generated,
or adaptation to naturalllaws effected, the most perfect means are adopted—
means whose conception indicatesomniscience, their execution, omnipotence
Thus the application of mathematics to the familiar phenomena daily
within the scope of our observation, brings into a pre-eminence attainable
by no other means, the wondrous design universally exhibited and leads
the mind from the design to the all-wise Designer—from the law to the

ETerRNAL LEGISLATOR.  Passing beyond the phenomena of our earth

(CONTINUED PiGE 8.)



THE VALUE OF MATHEMATICS AS

AN INSTRUMENT OF EDUCATION,

which after all, is but an atom of the uwniverse, dirccted by the pure light
of mathematical science, we belold the gorgeous majesty of the
Heavens, and the conviction of God’s existence, strikes us with the
certainty of demonstration, By this science alone does the universe give a
clear reflection of its Creator’s power.  To the unmathematical observer,
the mechanism of the heavens is shrouded in obscurity, or stamped with
imperfections.

A superficial view of its architecture, may produce a doubt of its
perfection as the work of an infinite intelligence, since it appeais to be
marked with variations, which threaten its stability. But seen under the
light of mathematical science, every change becomes constancy ; every
diversity, uniformity. The supposed irregularities which characterize the
motions of ﬂhc beavenly bodies, axk shown to be the necessary con-
sequences of the great commanding law, established for the government of
the universe, and, instead of indicating instability in the system of worlds,
are absolutely necessary to preserve it from dissolution.—~-\While, therefore,
pure mathematics elevate the mind above the sensible world, into a world
of its own creation, in which the spiritual is pre-eminently exalted in con-
ceiving pure forms and contemplating the beaunty of everlasting truths,
applied mathematics disclose the glories of tne universe as the embodied
thoughts of the infinite mind in whom all things ‘¢ live and move and have
their being,”-——they unveil the terrestriad, and it points to a God—they pour
a flood of light upon the celestial, and “the Ileavens declare His glory
and the firmanent showeth His handiwork.”

II.

Let us now proceed to notice more particularly, THE VALUE OF
MATHEMATICS AS AN INVIGORATOR OF THE INTELLECTUAL POWERS.

(1) And first as to Memory, ‘That the faculty of memory is
highly cultivated by the study of mathematics, appears evident from the
method of their processes and the unity and extent of the knowledge they em-
brace. In consequence of the necessary connection of principles which

gives the science its peculiar unity, the memory must be constantly ready”

with previously acquired knowledge, to assist the reason in its efforts for
the discovery of naw truths. For if any ot the previous truths be forgotten,
the numerous results founded upon them, cannot be attained, and the
mind is forced to return to the forgotten truths, till they are made
thoroughly its own. Hence appears the error of the assertion, that the
mind is required to retain only its last results as a foundation for further
investigation, and that thus the memory becomes * stupificd ” from want
of exercise }—To believe the assertion, originated in a speculative unbelief
of the utility of the science, that mathematics tend to stupify the memory,
requires a credulity born of dense ignorance of the subject. The synthetic
processes of pure Geometry demand the constant excerciscs of this faculty;
for how can there be progress unless memory supplies the necessary
principles from those already attained and classificd by the understanding?
From the comparatively few first principles of the science, we proceed to
the more elementary propositions, and thence to higher truths, till a
perfect web of pure science is produced by the necessary laws of
thought. And, since every succeeding proposition depends upon many
preceding ones which are absolutely necessary to its demonstration, how
can it be said that the memory is stultified by progress in the science?
But if thc memory is exercised in acquiring a knowledge of already
demonstrated truths, how much more, in searching out new methods
of demonstration, and establishing new truths,—exercises which form a
leading part in every mathematical training deserving the name. Is it said
that we are required to remember only the results deduced and not the
trains of reasoning involved ? Then we cannot claim to have received a
truly mathematical training, and the science cannot justly be held
responsible for results which it never had an opportunity of accomplishing.
Still, even under this assumption, the memory is exercised, though
certainly not to so high a degree as a rational training in the subject would
ensure, .ﬁFor so numerous are the results deduced—the rules and
formulas and principles—and so frcquently and necessarily are they
employed, that the constant exercise of the faculty of memory is im-
peratively demanded. But is the charge under consideration of any
greater weight, when urged against arithmetic and the analytic methods ?

I reply in the negative. From the primary operations of arithtmetic~—
from the multiplication table—to the highest applications of the Calculus,
a necessary condition of progress is the distinct recollection of the results
already acquired. Is it said, that in arithwmetical investigations ¢ the second
wmark being \ 'scovered, we no longer think of the first,” and therefore, but
little exertion of memory required? I ask how do we arrive at the
discovery of the sccond mark, but through the active exercise of memory?
Ew':ry process of the kind, is but the evolution of new truths from principles,
}vhnch. h:{vmg been once discovered, are rendered effective for higher
mve:%il.ganons. by atrustworthy memory. As to thealgebraic analysis, even
admn_ung, that as soon as the second mark is discoveed we ignore the first,
.flocs it follow that the facu ty in question is not exercised, Jor if at all, only
in the lowest possible degree? Is the mind driven” onward, by an
irresistible agency, through a series of processes and results, in which it is a
* taere spectator 2" On the contrary, all algebraic investigations, like those
of arithraetic, but still more imperatively, are founded on results previously
deduced, and must call into continuous exercise the retentive powers. But
it is of no more true of mathematical reasoning than of any other, that the
second mark being discovered we no longer think of the first. In any process
of reasoning, whatever be the nature of the truths involved, is it necessary.
or even possible, torecollect atezery instane, allthe results previously obtained?
Or do we not rather, withdrawing our attention from steps already taken,
concentrate our encrgies on those about to be taken and reeall previous
reasonings when necessary, by a special exertion of mental power.

In the transformation of equations—a process which at first sight may
seem to demand but a slight effort of this faculty—it must furnish the ma-
terials for ingenuity to work upon, and bring up from its depths the prin-
ciples necessary to effect the synthesis of the known with the unknown.
And, in the investigation of general principles it is exercised in a still high-
er degree, For, though its individual principles are analytic, the science
as a whole is synthetic—it proceeds from the simple to the complex—and
therefore every investigation depends on a multitude of preceding truths
which memory must be constantly ready to supply, or the desired results,
with the consequences that flow from them, are completely unattainable
Thus it may be shown that each of the mathematical sciences demands as
an indispensable condition of its attainment, the vigorous exercise of the
faculty in question,

But as each of the mathematical sciences possesses a logical unity
which absolutely compels the exercise of memory, so the same unity binds
them all into an harmonious whole, and hence the farther we progress inthe
boundless realms of knowledge they spread before us, the more completely
is this faculty cultivated and its tenacity and power increased. Each
branch of the science has certain principles peculiar to itself, but inaddition
to these, it demaunds the truths already demonstrated by subordinate de-
partments, and therefore an abiding knowledge of these truths is absolutely
necessary. From these and like considerations which, if time permitted
might be abundantly illustrated, it seems clear that mathematics demars
the constant exercise of memory, and stand pre.eminent as an invigorat.:
of its powers.  Yet it has been asserted that instead of exercising the mem-
ory they actually dwarf its powers. 1 have no doubt that every man whe
has anything more than a superficial knowledge of even the elementary
branches will acknowledge the groundlessnessof the assertion, and conside:
it but another instance of the fallibility of metaphysical speculators: espe-
cialiy when, like the sophists of old, they lay claim to universal wisdom, and
dogmatize on subjects of which they are either totaily ignorant, or view only
through the distorted vision of the bigot.

2. But Mathematics also cultivate it a high degree the powers of abstraction
and generalization.  Although quantity, in its general sernse, is the object o!
mathematical investigation, the conceptions involved are mnot connected
with material substance nor limited by its finite nature. They are the
product of the reason itself, and possess an immutability and a universality
that cannot originate from material forms, though they may comprehend
them. Sensible objects may give us our first ideas of numbers, but the
mind soon passes to the abstract conceptions, and the particularis compre-
hended in the universal, So iatuitions may be supplied, in the first in-
stance, by imperfect geometrical figures, to give the mind concéptions nf
fundamental definitions, but the perception of the particular figures fade
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away, tobe replaced by universal conceptions. In the first stages of the

algebraic methods, material objects may be used to aid the mind in gaining
clear notions of the things considered ; but no sooner does the mind obtain
these notions than it loses sight of the particular and grasps the general.
The language employed in analytical investigations is eminently suited to
the pure abstractions involved—presenting ideas entirely unconnected with
material objects, it is yet capable of representing such objects—universal
in power, it is equally applicable to the particular, Every principle in the
most clementary of the mathematical sciences is founded on abstraction ;
every successive stage is reached by a still higher effort of abstraction,while
the fundamental principles and ultimate results of the calculus and its
applications can be attained only by its highest possible development. This
power of mathengatics to cultivate the facuity of abstraction establishes one
of its most important claims to a high position as a means of intellectual
discipline  For the faculty of abstraction is undoubtedly connected with
the loftiest efforts of the human mind, whether directed to the attainment
of moral or intellectunl truths. It is the foundation of intellectual and
moral philosophy, since the phenomena of the mind, varied, complex and
transient as they are, can be carcfully observed and truly investigated only
by a high degice of abstractive power.

But, in the power of generalization, as wel as abstraction, cultlvated by
the study of mathematics, or is there no generalizations in the sciences, as
some assert, because their universal truths are not derived a posteriori from
experience?

In the opinion of some philosophers, abstraction necessarily implies
generalization.  Without adopting the view that there can be no abstraction
without generalization, since it seewms evident that the mind can contemplate
czrtain abstracted qualities of any object, without necessarily establishing a
¢l.ss whose essential marks are given in these qualities, it must be admitted
that abstraction is the foundation and necessary condition of all generalization,
—Abstraction gives the clements of the concept ; generalization moulds them
into convenient forms as materials of thought. Hence as mathematics pre-emi-
nently cultivate the power of abstraction,they must qualify the mind for generali-
zation. Admitting that, in obtaining our first conceptions of geometrical truths,
“thegencral is viewed in the particular,” the power of abstraction is necessary to
give the mind the pure notion which enables it to dispense with sensible
objects, and lay the foundation of a pure science. If it be said that the object
is still presented to the mind, as a concrete form, by the imagination, I reply
that abstraction is neressary to enable the mind to grasp the general asan a
2riori intuition, before the imagination can present the concrete as the repre-
sentative of the wnizersu/, And further, in vecalling any conception to the
mind, do we necessarily view all the marks given by abstraction and generali-
zation in the formation of the conception? Do we cognize the general as
it ie, orgrasp it in the particular? It is believed that, though the mind can,
by a special exertion of its powers, view the general in its comprehended
marks, a particular object is usually recalled as a representative of the class,
though with the consciousness that the sndividual possesses many attributes
not given in the conception of the cass. In all the higher geometrical
investigations, we are constantly within the confines of the universal—is the
universal reached without the generalizing power? In the fundamental
propositions and principles there is a classification, and from these the sciance
is unceasingly discovering properties peculiar to distinct classes of conceptions
—does not this process of development involve the principle of classification
and the power of generalization?

Generalization is also a characteristic feature in Analytical Geometry.
* Every process,”—to use the language of J. S. Mill—in Universal Geometry
**is a practical exercise 1n the management of wide generzlizations, and abstrac-
tion of the points of agreement from those of difference among objects of
great and confusing diversity, to which the most purely inductive science can-
not furnish many superior.” If we pursue the synthetic method of investiga-
lion, we shall find that every result, though so far general that it includes a
multitude of particulars, is relatively particular, and can be shown to be com-
prehended in results still more general ; and hence every step of our progress
demands the exercise of the power of generalizing. Investigating, for instance,
the equation of any of the conic sections, we obtain & general expression_

comprehending a great number of truths—proceeding with the investigation
of a sccond, another result is found equally comprehensive and equally
general, and thus, for each figure of the entire class; but the results, though
exhibiting cach the special property of the conic to which it refers, have
nevertheless common characteristics whick facilitate their eombination into a
general expression embracing all the results separately deduced from the
independent equations; and if we follow the analytic method, a high degree of
abstraction is necessary to enable us to clearly comprehend reasonings founded
on conceptions so comprehensive.

But is it true that the analytic method employed in Algebra and the
higher mathematics, do not cultivate the power in question, because they
substitute a sign for a notion and thus relieve the mind from all intellectual
effort? I think not. For though it may not be always so necessary in ana-
Iytical as in geometrical investigation,, to keep in view for the purposes of
comparison, the results deduced, a high degree of mental cffort, aided by
accurate discrimination, is required to enable us to select from the many pres
ceding generglizations, and skilfully apply, the principles necessary to effect
the desired synthesis. It is true that the analytical methods, from their
precise notation, and higher power of generalization, simplify many geometris
cal investigations—or rather attain, in a comparitively simpls manner, results
which geometry can give only by long and cumbrous processes—but the utility
they thus lose as an invigorator of mind, is more than restored by their won-
drous powers of bringing within its grasp, truths which auierwise would be
completely unattainable. But in any process of abstract reasoning, do we
constantly cogitate the general conceptionin itsessential marks ? Or do we not
rather use “ a sign for a notion,” by elevating words to the rank of thoughts?
Unless we did so, how complicated would be our mental processes, how
unsatisfactory their results, since the difficulty of reasoning increases with the
abstruseness of the abstractions involved. So itis with the language of the
higher analysis. The reasonings are upon abstract conceptions so compre-
hensive, that the relation between their successive steps cannot be understood
without a vigorous intellectual effort.  And though arbitrary symbols are used
in analysis, the student must have so clear a conception of the things signified,
and their complicated relations, that he is constantly prepared totranslate into
ordinary language, or interpret by geometry, the results deduced, or he cer-
tainly cannot be said to £s0w the subject of investigation.  Does the difficulty
of any process of reasoning increase with the degree of abstraction and
generalization of the terms employed? Then analytical investigations must
demand a very high degree of mental activity, since they employ the mast
comprehensive generalization, and are capable of representing in a single view
processes and results which would require pages of ordinary language for their
elucidation.

As before shown, every first principle of arithmetic and ordinary algebra
must proceed from abstraction, and every succeeding principle is a generalized
result—from the contemplation of particular examples we attain the general,
the universal truth. DEvery student of the science, has at the outset of his
course, experienced the difficulty of rising from the particular illustrations to
the universal principles, in consequence of the generalizations involved
requring a higher cffort of abstraction than his comparatively undeveloped
powers can easily attain; but from the cultivation this faculty receives by
thorough progress in the science, he ultimately comprehends truths involving
a higher degree of abstraction, with greater ease than he had mastered its
clementary principles. But the generalizations of the higher analysis and
geometric methods, demand a pre-eminent degree of mental energy.—The
fundamental principles of those sciences are the result of generalization, or
reached only by a high degree of abstraction, and as every demonstration
is a generalizing of abstract conceptiens, or the analysis of the universal into
its comprehended elements, thorough progress cannot be made without a con-
stant exercise of the higher faculties of the mind. By methods of investiga-
tion essentially geometric, though aided by analysis, Newton effected the
solution of the Lunar inequalities—a problem which had mystified the
philtsophers of all preceding ages — is there no gencralization in the results
which comprehend these complicated movements? By a more extensive appii-
cation of analysis, the dynamics of the planetary worlds may be represented
in a single view,~—does the evolution of results so comprehensive involve no
generalization ? But it seems to me quite unnecessary to enter into a lengthened

defence of the utility of mathematical science as an invigorator of the powers
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in question,shen the origin of its principles, the method of procedure, and its
highest developments, are comprchended in two words abstraction and
generalization, 1t may be said that mathematical abstraction and generaliza.
tion, arc different from these of common observation and experience, and
therefore they do not cultivate the higher intellectual faculties, We admit
that mathematical processes evolve truths ¢haracterized by an immutability
that can never distinguish the generalizations of the world of probabilites.
But the mental powers 2hat abstract and generalizeare the same, Whether direct”
ed to the investigation of reecessary or contingent matter,and they surely canro
he less cfficiently cultivated in the one case in consequence of their attaining
clear and certrin results, than in the other, because they are limited by
probability,

3. But thestudy of Mathemalics Is of greatvalne as correcting the vice (f
mental distraclion, and forming the osposite habdit of continuity of thought.

The importance of early {orming the habit of deliberate concentration, can
hardly be too highly estimated. In the commnencement of all intellectual
effort there is difficulty, and the success attending such eflortemust be in pro.
portion to the power of continuous thought we are capable of exercising.

For, when we first direct our attention to subjects of investigation, ou
minds are distracted by numerous extrancous thoughts arising from the mani.
fold circumstances that surround us, and we are thus prevented from bringing
our intellectual energies fully to bear upon the subject. Nor is the difficulty
overcome by a simple exertion of will. Even when we feel the necessity of
concentrating power for the accomplishment of our object, and determine
to exclude all distracting elements, a thousand obtrusive notions will spring
up to confuse our thoughts and dissipate our encrgies ; and for a long time
ven after the subject of investigation begins o allure us by presenting inter-
esting thoughts for our contemplotion, the glimmerings and associations of
preceding reflections will obtrude themselves and prevent the full and free
exercise of our intellectual powers. “When opposed by these obtrusive
elements, is it possible for the mind to energize freely and successfully prose-
cute difficult investigations ?  Can it reach its highest attainable success when
its operations are impeded by distracting thouglts, and its energics dissipated
by efforts to concentrate its powers upon the object in view ? On the con-
trary, the 4abit of concentration must be acquired before the mind can energize
with the probability of attaining the highest success within its reach. But
this can be accomplished only by time and frequent practice in the effort
The first effort at concentration is attended with great difficulty ; hut power
is gained by repeated effort ; everv succeeding eflort will become ‘ass difficult
than the preceding ; the elements of distraction gradually diminih in fre-
quency and power, and at last the mind can almost involuntaril* concentrate
its energies upon its object, and zttain iis highest pleasure ~ad most certain
results, in the unimpeded operation of its powers. So imortant is this power
of continuity of thought, that some have considered it 1dentical with genius,
while all admit that it is an invariable concomitant of genius, and a necessary
condition of its greatest achieveaents. Sir Isaac Newton, with his usual
modesty, attributed his success, not to the force of superior genius, but simply
to his power of patient attention. *‘Genius,” says a celcbrated philosopher,
* is only a protracted patience.” Granting that there may be great powers of
mind without a corresponding power of concentration, they cannotaccomplish
great results ; but on the other hand, mediocrity accompanied by a high
degree of this power may be elevated almost to the rank of genius.

Now, in Mathematics, we are accustomed to emancipate ourselves from
the disturbing irfluences that surround us, We must concentrate attention
on the truths b.aring on tbe investigations, or there is no possibility of
reaching a successful issue. The mind is required to keep constantly before
it a vast number of already established premises, and to exercise its powers
in the sclection and application of those specially adapied to the end in
view. And as the connection betwecn the suceessive stepsis, in geueral,
difficult to grasp, in conmsequence of the abstract nature of the corceptions
involved, the continuity of thought necessarily required must be hoth
intensive and extensive,—intensive, as requiring a high degree ot mental

-power to grasp the conceptions and their relations ; extensive, as involving
‘the contemplation and analysis of a large number of distinct, though related
truths.  But the fact that a high degree of abstractive power is required—as
already shown—in both elementaryand advanced Mathematics, proves conclu-
sively their utility in cultivating the power of continuous thought. I may

[

remark, in preparibgthe mind for the careful contemplation of its own transient
phenomena,  The habit of concentration, to which I have referred, can be
formed only by acts of  patiefit attention” which gradually incredse indifficulty.
Tais is avcomplished by the study of Mathematics, The elementary propo-
sitions demand a certain amount of concentrative power, and every successivé
s'ep demamds a somewhat higher degree in consequence of the greater
diffieulty and greater number of the terms involved, and from this constant
repetition and exercise, commencing with the simpler acts and rising gradu-
ally to the more profound, the power of continwous thought is increased to 1
higher degree than can be reached by any other course of discipline. Ifit be
said that Mathematics, from the very fact that they demand a degree of con-
tinuity of thought in their most elementary propositions, are thus unfitted to
remedy the vice of distraction, we reply that if therebe any possible corrective
discipline, it must be such as begins with the simpler efforts of the power of
continuity, and gradually procceds to the more difficult and prolonged ; and
the mind that casnof exert concentration sufficient to master tie elementary
propositions of Mathematics, though it may somctimes give evidence of latent
power, will never be likely to attain by any other means this invaluable habit
of mind.

4. The study of Mathematics developes the powes of observation, and
cultivates the fmagination, whether considered as a representative or a
creative power. By observation we mean the power of ﬂ'xmg attention on
material or mental objects so as to note their distinctive properties, and
their points of resemblance and of difference. From the most elementary
Mathematical notions to the highest range of Mathematical investigation, this
power is exercised. Even the first notions of number and of form which
underlie Arithmetic and pure Geometry, are acquired by observation. Nor
is it alone in securing the fundamental notions of number and form that
observation plays so important a part.  “The very genius of common Geom-
etry is that it is but,a series of observations. The figure being before the
eye in actual representation or before the mind in conception is so closely
scrutinized that all its distinctive features are perceived, auxiliary lines ace
drawn (the imagination leading in this) and a new series of inspections is
made; and thus aided by direct simple observations, the investigation pro-
ceeds. So necessary is observation in Geometry that Comte, the ablest
writer on the philosophy of Mathematics, is disposed to class Geometry—in
view of its methads—with the natural sciences, as being based on observa-
tion. When we consider applied Mathematics, we have only to notice
that the exercise of this faculty is so essential that the basis of investigation,
the very materials with which we build, have received the name obserwations.

Further, the representative power of imagination, as constantly exercised
in presenting to the mind intuitions of space, and the complicated relations
of exterpal things, must be greatly strengthened and developed ; and the
beauty, order, and harmony disclosed in terrestrial phenomena, and in the
starry regions where worlds on worlds arise, must permit abundant materials
for the exercise of its creative powers. And this creative faculty has constant
exercise in all original Mathematical investigation from the solution of the
simplest problem to thé discovery of the most recondite truths; for it is not
by intuitive, consecutive steps that we advance from the known to the un-
known, the imagination, rather that the logical faculty, leads in this advance,
In fact, practical observation is often in advance of logical exposition. . In
the discovery of truth, the imagination habitually presents hypothesis, and
observation supplies facts which it may take ages to connect logically with
the known. That the imagination, and not the logical facylty, Jeads in all
original investigations will be admitted by any student who has ever suc-
ceeded in producing an original demonstration of even one of the simple
propositions in Geometry. .

' ' III.

Let us now proceed to notice “se VALUR OF MATHEMATICS AS A
LocicaL EXERCISE OF MmD,

1.t habituates the mind to the use of correct forms of reasoning.

However valuable pure logic may be as the science of the laws of
thought, its highest utility is realized only in the practical application of its
principles. The bare study of the formal laws of thought cannot exercise
the mind in the forms which it must follow in all sound reasoning. Logic
may unfold the characteristics of these laws, and thence deduce the ncces-

.

sary conditions of cogency ¥ reasoning. But the mind can acquire the
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habit of observing these con<it »ns oniy by practice in their application, and
as affording such practice, mathematics stand pre-eminent. They constitute
the most perfect application of pure logic, and especially of the deductive
method of ascertaining truth, This method of deduction—of which Mathe-
matics give the most scientific form—is a most powcrful instrument in the
discovery of truth. The Taws of extension and number— that is, the laws of
Mathematics—underlic all the other laws of the material universe; and in
the great inquiries of the moral and social sciences, Mathematics affoid the
only sufficiently perfect type. * Up to this time,” says Mill, ¢ I venture to
say that no one ever knew what deduction is as a weans of investigating the
laws of nature, who had not learned it from Mathematics, nor can any one
hope to understand it thoroughly who has not, at some time of his life, known
enough of Mathematics to be familiar with the ijustrument at work.” The
logical definition of terms—the explicit statement of premises—.ne clear
and well-defined steps in the trains of reasoning—the exclusion of intermedi-
ate propositions the truth of which is not clearly scen—the precise and con-
stant meanings of the terms employed—these are characteristics of the
deductive method, which finds its highest type in Mathematics.

But it has been said that the Logic of Mathematics, dealing only with
necessary matter, and concerned only with demonstrative evidence, does not
prepare the mind for researches in contingent matter, that is, to correctly
estimate probable evidence. It may be rematked in passing, that this
objuction is equally valid against Metaphysics and indeed all the rational
sciences, which demand not probable but certain evidence.

" But the objection has no weight when urged against Mathematical
logic. For, to say nothing of the fact that the Mathematical theory of
probabilities is a most valuable contribution to logic, and lays the founda-
tion for a sound knowledge of the rules of probable evidence, what is to be
our guide in cstimating probable evidence, but those logical forms of
reasoning deduced from the laws of mind, and practically exhibited in their
highest perfection in Mathematics? Is pure logic of great value as pointing
out the conditions of cagency to which the probadle argument must conform
in order to secure the acceptance of its conclusion as an article of belief ?
How much greater the value of Mathematics, which demand a continued
application of these conditions, and hence educate the mind to a sagacity in
detecting error, that the mere study of {ormat logic cannot impart? When
we consider the multiplicity of circumstances likely 1o invalidate our investi-
gations in the * field of probabilitics,” we can scaicely think too highly of
those methods of discipline which develope so acute ~ prrception of the form
and essence of sound reasoning, that the mind is enabled instinctively, as it
were, to detect the presence of fallacies. Mathematics proceed from data
which have the certainty of nccessary truths by a demonstrative process in
which the connection between the successive steps of the reasoning is clearly
comprehiended. No obscure terms, nor imperfectly understoed propositions,
are either admitted as data or mark their processes. Should not a similar
rigor be observed in reasoning on contingent matter? ‘They assume no
principle as the basis of an argument, or as a means of effecting a synthesis,
whose truth has not already been established, and they submit to the
severest test everything having the slightest eiement of uncertainty. Should
not the same method distinguish inquiries in vhich there is a balancing of
probabilities ? The highest ingenuity and skill in analysis and combination,
are required in Mathematical research—surely the same qualitics are essen-
tial to correct reasoning in matters of observatior and experience.

It has beenalso said that thematter and the met/od of Mathematics preclude
the possibility of error, and that therefore the science does not, like probable
reasoning, educate o sagacity in its detection. But, as already suggested,
it is impossible to discover the fallacies of probable reasoning without practi-
cal skill in the methods of sound reasoning; and this, the study of Mathe-
matics imparts by rigorous adherence to the forms of strict logical inference.
“Let us be assured.”” says the great thinker already quoted, ‘“that for the
formaticn of a well-trained intellect, it is no slight recommendation of a
study, that it is the means by which the mind is earliest and most easily
brought to maintain within itself a siandard of complete proof.” It is true
that Mathematics have continued to make unerring progress, while contra-
diction and abberration bave distinguished most other sciences and retarded
their development. This progress, however, does not prove the impossibil-
ity of ment;l sophistries in Mathematical investigation, but rather that the

A\

matter and the method of the science lead quickly to the detection of (allacies,
and prevent the introduction of peomanent error.  Such fallacies are pro-
bably due to the abstract and comprehensive nature of the conceptions
involved in the demonstrations; and that their discovery and climination
often 1cquire great skill, as well as acuteness and Soundaess of judgment is
well known to every student of the science. If a vigorous exercise of intel-
lectual power is necessary to grasp such conceptions, a still higher degree of
mental ence- s required to comprehend their selations; and thus the mind
is led sowectimes to confound abstractions which are really distinet; at
others, to assume an analogy where none exists.  Hence, if fallacies creep,
into Mathematical demoustrations in spite of tlhe logical rigor of their method,
they must be such as are most likely to deceive the mind, and their frequent
oceurrence—with their discovery and correction—must habituate the student
to a discriminating caution which is of great value in the probable reasonings
of experience. A mind thoroughly trained in Mathematical reasoning may
indeed commit the error of expecting in all proof too close an adherence to
the type with which it is familiar ; **but he who has uever acquired this type
has no just sense of the difference between what is proved and what is not
proved ; the first foundation of the scientific habit of mind has not been laid.’
2. But further. Z%e study of Matkesmatics yeguives the exercise of ingense
iy, acuteness in discrimination, and cautiom in the admission and combination
of data, and conscquently affords a still more effeciive preparation for con-
quering the difficulties and avoiding the dangers in the rcasonings of experi-
ence. Though Mathematical science is demonstrative—~occupied with the
deduction of conclusions—we aro as often required to establish certain truths
to serve as premises for the deduction of a proposed truth, as to deduce the
nccessary consequences from given premises, These premises are to be
selected from the numerous truths already acquired Ly the understanding,
and combined to effect the required proof: and this can be accomplished
only by a careful analysis of the proposition t¢ be proved, and an accurate
discrimination of the results previously known. A careful examination of
the given proposition is needed to guide the mind to the necessary data;
accuvate discrimination and ingenuity, to select, from the many principles
bearing on the question, those necessary and sufficient for the demonstration.
In the solution of Mathematical problems, how is the synthesis between
the known and the unknown to be effected, without skilful analysis, acute
comparison, and judicious application? The relative bearings of principles
previously determined, and their connection with those to be established, must
be carcfully examined and clearly comprehended as a preliminary to the re-
quired solution—does this require no acuteness in compariser afd discrimin:
ation? The intermediate terms employed in the investigation must he sought
among general truths which from their complexielations, are the more difficult
to distinguish—is there no ingenuity required in the selection and application of
those which will lead most directly to the gigsired vesult ? The very factof
mathematics being a demonstrative yet a progressive science, proves at once the
necessary cornection yet distinctiveness of its propositions, and implies as a
condition of progress the constant exercisé of the powers in question. Hence
as sagacity and skill are required in common reasoning to obtain the needed
premises, and ingenuity in analysis and comparison to free them from every.
thing irrelevant to the argument, it seems evident that mathematics must pre-
pare us for overconting the difficulties by which such reasoning is character-
ized, and for moulding the isolated facts furnished by observation and exper-
ience into the symmetry and stability of science. This seems to receive corro-
boration from the great success which mathematicians have achieved in the
application of the science to external phenomena,  For most of the physical
sciences are founded on observation and experiment necessarily carried on by
mathematicians, and eminently exhibiting subtlety in discrimination and
analysis, and skill in comparison and generalization. It is 2 fair inference,
too that mathematics qualify the mind for observation and experiment, since
these sciences owe their origin to mathematical skill in observing and general-
izing physical facts, as well as their development to the power of mathe-
matical analysis. )
But Mathematics induce a cautiousness in the admission and combi-
nation of data which still further fortifies the mind against the fallacies that
occur in reasoning on practical affairs. However opposed to the progress
of truth violation of the forms of true reasoning may be, a source of error
equally fertile is to be found in the rash assumption of false premises, and
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the introduction of intermediate propositions essentially inadmissible. To
be bleguiled by the fallacy of rigorons reasoning from erroncons data,
and illogical reasoning from true data, seems to be one of the most
common of our intellectual failings, On the one hand, the force
of the premises blinds us to the fallacy of the reasoning; on
the other, the soundness of the reasoning leads us to lose sight
of the falsity of the premises. Now, the primary principles of
Mathematics are clear and certain, and stamp the conviction of their
realty as soon as comprehended by the mind ; and no proposition is adit-
ted unless its certainty is clearly recogmized as a first principle, or as a
clearly established truth. The mind istrained to the examination of premises.
Even in the elementary branches, a vigorous exercise of mental power is
needed to fully apprehend the data; while the first principles of the calculus
and higher branches of pure Mathematics, are products of a very high
abstraction, and, the ultimate propositions and the trains of rcasoning involved,
demand the exercise of great inteliectual power, Are the fundamental propo-
sitions of Applied Mathematics, which are rendered more complex Ly the
union of conceptions from physical laws wi.h the difficult abstiactions of pure
Mathematics—passively received ? Dynamics, Optics, Acoustics, Astronomy,
Electricity and other sciences in which analysis reaches its highest applica-
tions--do their principles condemn to mere ‘““mental inertion”—their highest
development to an absolute “minimum” of thought?  Hence it appears that
mathematics exact the critical examination of data as a necessary condition
of conquering their difficulties ; we mus? concentrate our attention oun first
principles till these are fully comprehended and become genuine elements of
knowledge ; thus trained we acquire—not a “blind credulity" but a Aabit of
cagtion in the admission of premises.

- But if their utility is great in guarding us against errors in data, it is still
greater in fortifying us against fallacies in reasoning, On this point little need
be added to what has already been advanced. There appeats to be in the
human mind a natural tendency to perceive resemblances where none exist,
and to be led astray by falsc analogies. Hence the necessity of caution in
admitting the connection between the successive steps in any argument. Now,
granting for 2 moment that mathematics preclude the possibility of sophistry
in thought—tolerate no false analogy from deceptive resemblances—the suce
cessive sleps in their processes must be immediately comprehended as neces
sary. Hence the mind becomes habituated to the evident connection between
them and hesitates to admit their validity when it does not clearly perceive
their relation. Is there not thus formed a habit of caution which is of the
highest importance in the reasonings of experience ?  If we refuse to sanc-
tion any step in the reasoning till we clearly comprehendits logical connection
with the preceding one, do we not adopt the surest possible safeguard against
a fruitful source of error?

But, as before stated, I do not believe that mental sophistries are ex-
cluded from mathematical reasoning. Owing to the abstruseness of the
conceptions employed, there i3 danger of including something irrelevant,
excluding something comprehended, and supposing an analogy where none
exists, And since these fallacies occur in spite of a »igurous method, they
must be such as arise from the admission of false premises or propositions;
and the frequency of their occurrence, and of their discovery and elimina-
tion, must develope a Aadit of caution in the examination. of connecting
propositions till their relevancy is plainly seen.

I think, then, I am justified in maintaining the value of mathematics
as imparting habits of caution in the admission of premises and inter-
mediate principles. And yet it has been asserted that their tendency is co
develope a blind credulity and an uncompromising scepticism! If any Ma-
thematitian has exhibited a blind credulity in the admission of erroneous data
and thededuction of extravagant conclusions, it must havebeen iz spite of his
mathematicaltraining, and notin consequenceofit. The gost koc, ergo propter
hoc style of argument has been a common weapon with the speculative
opponents of mathematical discipline, Mathematicians have sometimes
proved unfortunate in the management of their business affairs, and forth
with mathematical discipline is charged with the failure, and pronounced
to disqualily for the affairs of life and for common reasoning. But, T suspect
we know of many failures which cannot possibly be traced to the influence
of mathematics. Despite thecaution and sagacity constantlyrequired in their
own science,they);ave sometimes been too proneto manifest a ‘facile credence’
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in the reception of principles and thearies which rested mainly on the
authority of their originators and supporters; but it would not be d fiicuit
to find illustrations of “facile credence” that zan hardly be traced to the
influence of mathematics, Mathematical metaphysicians haveoccasionally
been guilty of absurd theories in metaphysics; but why should mathematics
rather than metaphysics, be held responsible for the absurdities? Would
it not be well to consider the legions of non-~mathematical metaphysicians
who have been guilty of equal or still greater absurdities? The history of
metaphysics thus far is a history of mental aberration; are mathematics
responsible for the ceaseless recurrence of erroneous systems? The great
modern champion of the paramount importance of metaphysical research
admits that the *“past history of philosophy has, in a great measure, been
only a history of variation and error "—have mathematica been the cause
of this endless uncertainty?

As to scepticism, I suppose that there is some ground for the long-
standing complaint against mathematicians, that they are hard to convince
“ But it is a far greater disqualification both for philosophy and for the
affairs of life to be too easily convinced; to have too low a standard of
proof. The only sound intcllects are those which in the first instance set
their standard of proof high. Practice in concrete affairs soon teaches
them to make the necessary abatement ; but they retain the consciousness
without which there is no sound, practical reasoning, that in accepting in-
ferior evidence because there is none better to be had, they do not, by that
acceptance raise it to completencss.” 3

3. But not only do mathematics educate to the use of correct forms of
reasoning, and sagacity in the discovery and correction of fallacies, they
educe a general vigor and' comprehension of thought which still further
prepare the mind for every kind of logical investigation. In supportof
this proposition but little more need be advanced as I have already shown
heir beneficial influence in expanding and strengthening the several mental
powers. The first principles of mathematics—especially of the higher
branches—though universal and necessary truths are not passively received
but exact a conscious activity of mind for their clear apprehension ; while
the constant exercise in discerning the relations of truths so abstract and
comprehensive, tends to the highest development of the intellectual
powers. And the application of mathematics to physical laws, necessitates
a grasp of mind still more comprehensive; for with the difficultabstractions
of the pure mathematics are combined new conceptions from physical laws
which increase the complexity of the data, the abstruseness of the connect-
ing propositions and the consequent laboriousness of thetrains of reason-
ing. Yet it has been said that mathematics call forth but a minimum of
thought because the principles are self-evident, and every step in their
reasonings are equally self evident, though the discovery of new truths may
indicate a philosophic genius! Such an assertion could never have been
uttered by any one possessing a knowledge of the subject beyond its most
elementary principles. If by self-evident principles be meaat such as ave
passively received by the mind, then mathematical principles, even in the
mere elements of the science, are not self-cvident; and still less the pro-
positions employed in the demonstrations. The fundamental principles of
abstract mathematics strike the mind with the conviction of their certainty
as soor as they are understood i and the successive steps of a mathematical
demonstration are equally scif-evident as soon as their relation is clearly
comprekended. But, as already shown, a vigorous exercise of intellect is re.
quired, especially in the hiyher mathematics, to understand the necessary
data, and to comprehend the logical relation of the several propositions,
before their self-cvident nature is viewed in their mecessity and universality.

Is there no energy of thought required to comprehend the successive
steps of the demonstrations in the sublime geometry of Newton? The
eleventh section of his Principia has been pronounced by a great philosopher
to be characterized by “a spirit of far-reaching thought which distinguishes
it beyond any other production of the human intellect’—does it require
only a minimun af thought to understand his reasonings and to grasp, in all
its comprehensiveness the fruitfulness of the result? By the application of
analysis the complicated dynamics of the solar system are brought within
reach of the human intellect—do the investigations determine thought to its
* feeblest development

Nor is it true that thongh original discoveries and inventions require a
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i philosophic genius, they may, like a fact in chemistry, when once discover-

! ed, bereproduced and applied by the dullest intetleet, They could be ihus

" casily attained if mathematical reasoning were a series of mere mechanical
steps * passively “ taken by the mind, But from what has been already
advanced, we are justified in declaring this t> be a groundiess assumption—
the utterance of an uncandid critic, or of a novice in the science. The
discovery of new truths, or an original application of the old may have
been a work of comparative ease to the man of superior genius, But the
clear comprehension of the modes of investigation, and the complete
appropriation of the discoveries, compel from the ordinary intellect the
highest exertion of its powers. This will be corroborated by every student
who bas made himself master of any important branch of the science.
The assertion that the works of the immortal Newton can be mastered by
the exertion of a minimum of mental power, is too astounding a paradox
to merit serious consideration. In the unquestioned judgment of mankind
they stamp him as the philosopher gui genus humanum ingenio superavit,
They stand conspicuous as the grandest monument of intellectual power
that the world has ever seen, and shed a lustre on his age, before which the
glories of all preceding times grow dim. They have established a great-
ness that does not vanish in the mists of years, but is carried onward down
the stream of time with a splendor ever gathering from the triumphs of a
distinction that can ncver die. They constitute not the transient and
visionary philosophy of an epoch,but the creed of all time,and their author
has become not the forgotten representative of a metaphysical sect, but the
educator of the human race,

} I may add farther that in every mathematical training worthy of the
name, the inventive powets which in their highest degree constitute genius,
are called into exercise and fostered in teaching mathematics to the merest
tyro. For in every rational training the solution of problems forms an impor-
tant part—problems which are not mere repetitions of the type—questions
given in jllustration of principles-—but so constructed as to test both the
knowledge and the inventize powers of the pupil. This is true even in the

simpler branches of the SCIENCE, IN €lcuicntary algehra. for example, 2 great
~~ei=ty ur problems can be constructed to illustrate even the simple formulas

in multiplication, which require for their solution no small degree of in-
genuity.  Of course, if problems are merely ceascless repetitions of a certain
type, rheir solution soon becomes as mechanical a process as repeating the
multiplication table. But no mathematical teacher worthy of the name is ever
guilty of such palpable cramming ; and no mathematical examiner worthy of
his trust will, by setting questions of this purely mechanical type, commit the
serious error of encouraging a system of mathematical teaching which con-
demns the pupil to 2 minimum of th:ught. The thorough teacher rad the
competent examiner will so directand control mathematical training as to ex-
pand and invigorate the same faculties of the mind, which are of closest kin
to those of the greatest philosopher, and which in theiv highest degrees have
produced the greatest discoveries in mathematical scieuce.

4. Mathematics are of scarcely less importance in educating to an
accurale use of language and consequent skill in detecting the fallacies arising
[rom its ambiguons use.

Though words should be the passive subjects of the understanding, they
sometimes, as it were, revolt from its authority, and create universal anarchy
in the empire of thought. It is generally admitted that to inadequacy and
ambiguity of words may he attributed a large portion of the eric.rs which en-
snare the understaniling and impede its progress in the discovery of truth.
Ameng *‘the four species of idols” which Lord Bacon has distinguished as
*¢ besetting the human mind,” he tanks the idola fori- those which arise from
the imperfection of words,——as the “most troublesome of all,” He observes,
*words still manifestly force the understanding, throw everything into confu-
sion and lead mankind into vain and innumerable controversies and fallacies,
hence the great and solemn disputes of learned men often terminate in con-
troversies about words and names, in vegard to which it would be better, imi-
tating the caution of mathematicians, to proceed more advisedly in the first in-
stance, and to bring such disputes to a vegular issue by definitions.”” And
Locke uses still stronger language in refercnce to the same subject, attri-
buting *o the incompleteness of words, almost all the errors that have obscured
genuine knowledge and characterized the disputes of mankind. Though the
latter aay have stated the case somewhat too strongly, since it seems hardly
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possible that the-solemn responsibilities of life should have been so generally
sacriliced in amere contest about words, it is nevertheless true as stated above
that the incompleteness and ambiquity of words have proved a fruitful source
of error, and a serious hindrance to the progress of knowledge. Hence the im-
portance of being accustomed to the accurate use of words, and skilled in
detecting the illusions lurking in their ambiguity. To this, we think, the
study of mathcmatics eminently conduces.—Their language is precise and
adequate, in consequence of the clear and distinct conceptions which they
involve. No word is defective from inadequately representing the concep.
tion for which it stands: wor ambiguous from admitting anything
cxtrancous; all are complete represcntatives of the things signified, and
preclude the possibility of vitiating demonstration either in the admission
of any foreign element, or the exclusion of any part of the case under
consideration, Does not this constant and necessary accuracy in the use of
words, habituate the mind to a corresponding accuracy of language in other
departments of knowledge, and educate to skill in the detection ofyits
fallacies? Or, as has been asserted, is mathematical science in con-
sequence of this unerring exactness in its terms, utterly incapable of
fortifying the mind against illusions from which it is itsclf exempt? Must
we plunge at once into the recling tempest of conflicting meanings to
become accustomed to accuracy in the use of words? It secms evident
that the necessary use of accurate forms of expressiou must tend to the
formation of a kaébit of accuracy. Are we familiarized with the character-
istics of the perfect by being first accustomed to imperfection? Are
habits of certainty and precision in the use of language, best formed by our
being first familiatized with its variable and ambiguous meanings ? On the
contrary, admitting the possibility of the formation of such habits
by this mode of procedure, they could only be acquired from repeated
experience in the illusions of Janguage, and would consequently require the
unnecessary expenditure of mental energy.
“» It is surely far better to enter upon any s bject of investigation in which
errors are likely to arise through the impe %ection of language—not de-
pending upon the successive corrections of erroneous results for ultimatcly
creating habits of precision in expression—but alrcady possessing such
habits from the constant use of words characterized by distinct, invariable,
and adequate meanings. In mathematics, each term is used in the same,
invariable sense—does not this secure us against the fallacies of fuctuating
meanings? No term is employed which is not a full and clear representa.
tive of the thing signified—are we not thus guarded against the illusions og
obscurity ?  No expression involving a plurality of meanings is ever ad-
mitted—do we not thus become prepared to detect instinctively the sophis-
tries of ambiguity 2 It hence appears that mathematics, in exacting an
absolute strictness in their language, must conduce to an accuracy in the
use of words and a skill in detecting their fallacies, which enable us
instead of groping in obscurity in the ficld of probability (o advance steadily
amidst the butructions that surround us, with the greatest assurance of a
rapid and enlightened progress,

) 1v.

Tueir VALUB AS AN INSTRUMENT OF MATERIAL PRoGRESS.

The time at my disposal will permit little more than a reference to the
objective utility of mathematics as shown in their necessary connection with
other sciences, and with the progress of mankind, It may be said that it is
illogical to attempt to enhance t 1e value of mathematics as a means of education.
by an appeal to their value as essential to human progress. But, in deter”
miniug “what knowledge is of most worth” in education, it is not only propet
but necessary to take into account its influence on material progress. For
what is this progress, but the conquest of human liberty and intelligence over
matter and wmaterial phenomena? It is certainly a part of the destiny of man
to achicve such a conquest. In the earlier stages of civilization, but few of
the secrets of nature are given up to man, and material forms contribute but
little to his happiness—he does not yet appear as the master of his habitation.
But soon the world begins to change its aspect before the operations of
intelligence—it surrenders its secrets and its treasues and ackncwledges its
subjection to its appointed Master. Material progress is therefore but the
reflex of intellectual development. Now, it must be admitted that the most
effectual triumphs of mind over matter, have been won through mathematics.
Take away from what has been sccured to civilization through the long
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struggle of ages,all that is due to mathematics, and we shall be centuries nearer
the prumtive habanism of the race.  Permat me to give in this connection
Herbert Spencer's rapid review of the facts as to the worth of mathematics.
For all the lugher ants of construcuon, some acquamntance with mathematics
is mdispensable  The willage carpenter, who, lacking rational wnstruction,
lays out lus work by Empinical rules learnt in his apprenticeship, equally with
the builder of a Britama Bndge, makes hourly reference to the laws of quan-
titative relations,  The surveyor on whose survey the land is purchased ; the
architect in designing a mansion to be built on it, the builder in preparing s
estimates ; his foreman in laying out the foundations ; the masons in cutting
the stones ; and the various artisans who put up the fittings ; are all guided
by geometrical truths. Ka:lway making 1s regulated from beginning to end by
mathematics ; alike i the preparatiun of plans and sections ; in staking out
the lne , in the measurement of cuttings and embankments ; inthe designing,
estimating, and building bnidges, culverts, viaducts, tunnels, stattons. And
simajarly with the harbors, docks, piers, and various engineering and architec-
tural works that fringe the coasts and ovenspreadthe face of the country ; as
well as the mines that run underneath it.  Out of geometry too, as applied to
astronomy, the art of navigation has grown, and so, by this sctence, has been
made pussible that enormous foreign commerce which supports a large part of
our population, and supplies us with many nccessaries and mast of our luxuries.
And now-a-days even the farmer, for the correct laying out of his drains, has
recourse to the level —that 1sto geometrical principles. When from those divi-
sions of mathematics which deal with sgace and number, some small smattering,
of which is given in schools, we turn to that otber division which deals with
JSoree,of which evena smatiering1s scarcely evergiven,we meet with another large
class of activities whic/ thes science presides over. On the application of rational
mechanics depends the success of nearly all modern manufactute. The
properties of the lever, the wheel and axle. &c.,areinvolved in every machine
—cvery machine is a solidified mechanical theorem ; and to machinery in
these times we owe nearly all production. Add to which that for the means
of distribution over both land and sea, we are similarly indebted. And then let
t be remembered that according as the principles of mechanics are well or i1l
used to these ends. comes success or faslure -individual and national  The
engineer who misapplies his formul® fur the strength of materials, builds
a bridge that breaks down. The mauufacturer whose apparatus is badly
devised, cannot compete with another whose apparatus wastes less in
friction and inertia. The ship-builder adhering to the old model, is out
sailed by one who builds on the mechanically justified wave-line principle
And as the ability of 2 nation to hold its own against other nations, depends
on the skilled activity of its units, we see that on such knowledge may turn
the national fate. Judge, then the worth of mathematics.” Having
determined beyond question what knowledge is of most worth —indced
actually essential to the progress of mankind—we have thereby deternuned
what 1s of most value as a means of intellectual discipline ; for * it would
be utterly contrary to the beautiful economy of nature if one kind of culture
were needed for the gaining of inf «wrmation, and another for the development
of intellect. Everywhere throughout creation we find faculties developed
through the performance of those functions which it is their cffice to per-
form; not through the performance of artificial exercises devised to fit
them for these functions.

T shall be charged, perhaps, in consequence of these views with believing
in the absolute sufficiency of Mathematics as 2 means of cducation, and with
arrogance in rejecting the testimony of certain eminent men against the
utility of Mathematical discipline. But 1 aieither hold the all-sufficiency of
Mathematics nor possess credulity cnough to render a passive belief in any
utterance, simply because it is sanctioned by illustrious names. Thereisa
areat deal of contradiction among the authorities cited against the value of
Mazhematics in educaticn; and those whose evidence is not nullified by

mutual contradiction, are opposed by a greater number of more credible.
because more competent witnesses.  In fact the extravagance of the opposing
testmony demonstrates ats falaty. It is asserted that Mathematics are diffi-
cult only because they are tuo easy, that they determine thought to its feeblest
developement—that they actually dwarf the mental powers —that they con-
tribute no advantage as a passpart to Psychology or other sciences—that
they lead to credulsty and scepticism—and that a great genius cannot be a
great mathematician.  Destartes, Leibnitz, Newton, Euler, La Place, and a
host of others —were they nut men of gentus? Or has the ydmiration of
successive gencrations been only the trnibute of a “blind credulity ? *  Then
humanity has produced nothing great, a:d subjects for veneration must be
sought ameng the forgotien -and soon to be forgotten —assailants of Mathe-
matics. Yo show that I do not stand alone in my estimate of the value of
Mathematics, it may be well to quote the evidence of a few of the witnesses
who are really competent 10 give an opinion on the subject. Kant, after
stating that the sure path ¢f Metaphysical science has not yet been found, says
‘* It seems to me that the examples of Mathematics and Natural Philosophy
are sufficiently remarkable to fix our attention on the essential circumstances
which have proved so beneficial to them, and to induce us to imitate them
so far as the analogy which, as rational sciences, they bear to Metaphysics
may permit.” Cousin, *‘ the greatest philosopher of France,” asserts the
influence of Mathematics in the philosophy of Kant, and speaking of the
Mathematic and idealistic character of the Pythagorean philosophy, says,
* For Mathematics are founded on abstracuion, and ihere is an intimate
alliance between Mathematics and idealism; thence the Mathematical
idealism that penetrates all parts of the Pythagorean system.” And in refer
ence to the Platonic philosophy, he observes .—**Abstraction is, therefore, the
process, the instrument, of all good philosophy ; this is also the process which
characterizes the genius of Plato; hence, all that is true and sublime in the
philosophy of Plato ; hence his morality, his politics, and his derided faste  for
Mathematics ; you perceive, in fact, that the Mathematical habit of consider-
:ing, n quantities and dimensions, only their essential properties, was a happy

| preparation to Platonic abstraction.™ Thic i- rleae --23uuce of the power of
{ Mathemaucs to develop absiraction, and prepare the mind for 4ha aconmie

investigation of its own phenomena. As to credulity and scepticism, we
have the testin.  y of the celebrated Dr, Darrow ; * Mathematics deliver us
from credulnus simplicity, most strongly fortify us against the vanity of scep-
ticism, effectually restrain us from rash presumption, and most easily incline
us to due assent.” Lord Bacon says:—*‘ In the Mathematics I can report
no deficiency, except it be that men do not sufficiently understand the excel-
lent use of the pure Mathematics (he could have added nozw and the st sore
excellent use of the applied Alathematics,) in that they do remedy and cure
many defects in the wit and ntclicctual faculties ; for if the wit be too dull
they sharpen it ; if too wandering they fix it; if too inherent in the sense
they abstract it.” And Fokrn Stuart Mil says: ** The value of Mathematicat
instruction as a preparation for those more difficult investigations, society,
government, etc.,. consists in the applicability, not of its doctrines, bat of its
method ; the applications of Mathematics to the simpler branches of physics
furnish the only school in which philosophers can effectually lea:n the most
difficult and important portion of their art—the employment of the laws of
simpler phenomena fcr explaining and predicting those of the more com-
plex ; these grounds are quite sufficient for deeming Mathematical training
an indispensable basis of real scientific education, and one of the most
essential qualifications for the higher branches of philosophy.” <}

1 think, then, that notwithstanding the dogmatic utterances of certain Meta-
physicians who were almost totally ignorant of Mathematics, and the careless
admissions of a few Mathematical Metaphysicians who sacrificed the certainty
and stability of Mathematics for the aberrations of Psychology, encugh
has been adduced to establish the proposition that Mathematics are entitled
t0 a high position as an INSTRUMENT oF EDUCATION,
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