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PREFACE

Trim Book ecHiaiiito of the flnt Neetion of the Authors' larger

work entitled " Elements of Algebra." Ah iU name implien, it

contains material Miiitiibli' in quantity and quality for a HtudentH

tirMt year's work in Algebra. The following are 8ome of ittt

leading ebMMteriiiticit.

A H(HiK roR Be(iin\krh. The o|iening definition connectH the

subject with Arithmetic. The aucoeeding definitions refer to the

simplest numerical operatioDM. Each definition state, clearly the

elementary ideas needed at the U^nning, leaving, in many cum,
tiie more ditti(;ult conception.s to be considered after some jtro

gress haf b .'en niade. The illustrations are taken from objects

and proceftes with which young studenta are familiar, and where
[lossible are made evident to the eye by diagrams.

Inductivk in Plan. Each new operation is intrtnluoed by
simple numerical exami-les and clearly connected with arith-

metical processes with which the atodait is already familiar.

Knowledge already obtained is thus utilized in acquiripg further

knowledge. Rules are given as the result of a series of observa-

tions and are consequently placed at the end of an investigation—
not at the beginning. The example** in mth exurciee are arranged
on the same general plan, i.e., they lead gradoally from the aimple
to the mure complex.

CoMPLKTE IN iTgRLF. The book ctmtaining, as it does, all the

elementary operations, together with their ap|dicatiomi to the
solution of equations of one and two unknown quantities, fur-

nishes a working knowledge of the subject sufficient for many of

its moet impcwtant applications. The form in which it is israed,

and the matter it contains, will in the Authors' opinion, In; found
satisfactory to the large class of students, both in city and
country, who have but a short time to devote to the study of

Algebra.

THE AUTHORS.

1S375





CONTENTS

I. DsniflTIOMS AMI> NuTAl.ON 9

Powers and Roots 16

Gmeml Natubaw 18

Pbritive and Nflgi^ve Nnuihera . .11

II. AOOmOK AMD SUMTEACnoN

Addttkm 86

Addition of Pdynomuds 81

Subtraction 3.3

Brackets 38

III. M I' LTIPLICATION AND DlVUION

Multiplication 42

Multiplication of a Polynomial by a Monomial . 47

Multiplication of Folynumiala by Polynomials nO

Division M
DivMoon of Polynfuniala F(dyn«Mnk' .

literal CoelBi^ts 61

IV. Smnji Equatioiis : Om Uhkhowk QuAinrmr . 66

Problems 70, 78

Equatioos with Fractk»8 76

V. 8nmE Eqvatioks : Two Uhkmowk Qvaiititib . 84

iVoblrais 80

Examination Papws . < 84





ELEMENTS OF ALGEBRA

CHAPTER I

OEFunrioNs and notation

1. Algebra. Algebra is a kind of advanced Arithmetic
in which letters are eniplo^-ed as well as figures to repre-
sent numbers.

2. Numbers. Numbers as used in Algebra may be either
P«rtlciil«r or general ; the former are represented by figures,
the latter Ijy letters.

'

Figures and letters used to represent numbers are called
numerical symbols.

3. Particular Numbers. A particular number is any one
definite nundier which may be specified. Such numbers
are represented us in arithmetic by figures, since a figure,

3 for example, has always the same meaning or value.

4. General Numbers. A general number is one to which
no definite value has been assigned. It is frwjuently
^-ome one number, at present unknown, whose precise
value we wish to find. Such a number is represented by
a letter, a, b, c, etc., to which we may assiirn any value
whatever; but each l.-tt-r is assumed" to rcprenent the
same value throughout any one example or problem.

9



10 Elements of Algebra

6. Signs. The signs + , - , x
, ^ , = , used in Arith-

metic to denote the operations of addition, subtraction,

multiplication and division and the sign of equality, are
used without change of meaning in Algebra.

These signs, excepting =
,
together with others to be

explained, are called symbols of operation.

6. The sign of multiplication is usually omitted
between two letters or l)etween a figure and a letter, and
the two symbols are placed side by side.

Thus ah means axh; 5abc means bxaxbxc, etc.

7. The sign for division, -r, is not very frequently
used in algebra

; the dividend is usually written over the
divisor in the form of a fraction instead.

Thus a-i-6 is usually written
^, each expiemion indi-

cating that the number denoted by a is to be divided by
the number denoted by b.

8. Addends. Numbers represented by letters or by
figures and connect*?d by the sign + ,

deixoting addition, are

called addends, and the result of the addition is called the
ivm. Thus a + b denotes that the numbers represented
by a and 6 are to be added ; a and 6 are consequently
called addends; similarly x and 5 in the expression
a" + 5, are addends.

9. Factors. Two or more numbers, represented by
letters or figures which are to be multiplied, are called

faeton, and the result of the multiplicati(m is called the
product.

Thus ab consists of two factors; oabc consists of four
factors, etc.

10. Addends repeat f»d. When a number represented by
a letter is to be taken two or more times as an addend, we
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write the letter once with a figure before it to show how
many times it is to be so taken.

Thus a + a = 2a, (( + a + a = 3«, and 8o on to any extoat
If (I -= r>, then 2 = 10, 3 a = 15, etc.

1 1. Coefficient. A figure used to show how many times
another number is to be taken as an addend, is called a
codBdent of that number.
Thus the 2 and the 3 in the preceding Art are co-

efficients of the number a.

A coefficient may also be regarded as a multiplier, and

,

if so, it and the following numl)er are then called factors.

,

When a letter, ocHiddered as an addend, has no co-j
efficient written, 1 is always to be understood.
Where a letter is use<l to represent a multiplier it is|

called a literal coefficient.

12. Factors repeated. When a number represented by
a letter or a figure is to In' taken two or more times as a
factor, we write the number once with a small figure above
and to the right of it, to show how many times it is to be
so taken.

Thus axn = a-, axaxa = a^, and so on to any extent
If rt = 5, thenrt2 = 25, =!%'), etc.

13. Exponent. A number Used to show how many
times another is to be taken as a factor, is called an
expoant or iad«z.

Whok a letter, ctmtictered tm a factor, has no exponent
written, 1 is always to be understood.

Thus the 2 and the 3 in the {weoeding Art ue expo-
nents of the number a.

14. Square and Cube. The product obtained by two
equal factors is called a iqiuure because the area of a
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square is the jiroduct of the two equal factors replanting
two adjacent sides.

The product of three equal factors is called a cube
because the volume of a cube is the product of the three
equal factors representing three adjacent edges.

The expressions and are read "« squared" and
cubed."

(15.
Expression. A collection of algebraic symbols

representing nunil)ers is called an expression.

Thus 3«2, 5oh, 2j--(Ii/. etc., are algebraic expressions.

116. Terms and Signs. The parts of an algebraic ex-
pression connected by the signs + and - are called terms.
Each term lias a sign and is usually composed of factors.

Where no sign is writlt i ))efore the first term of an expres-
sion, the sign + is understood.

Thus 4r2 - oxy + Gy^ is a' algebraic expression consisting
of three terms; each term consists of a coefficient «»r

numerical factor and two literal factors.

The fii-st and third terms, have the sign + , and the
second has the sign -

; if the order of the terms be
changed, each term must be preceded hy its own sign.

The preceding expression might have been written 6y*+
4jr* - 5/y without change of meaning.

I 1 7. Like Temuu Like terms are those which differ only
I in tlu'ir numeral coefficients.

\ Tims 4tij- and Of/.,-, ,'}//-'// and 5&2// are pairs of like terms,
\l)ut 3itf and 3»///, na-h and 7(ib' i)airs of unlike terms.

1 8. Names. An expression consisting of but one terra

is called a monomia) Expressions consisting of two or
more terms are usually called msldsomlals or poly-
B<Hatala. Sometimes, however, the W(»rd8 Uneolal and
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trinomial are used to specify expxemmu d two and thiee
terms respectively.

19. Brackets. Brackets are i)air8 of symbols used to

combine two or more separate terms into a single term, or
a single factor of a term.

Thus a + {h- c) is an expression consisting of two terms
of which the first term is a, and the second is (h-c);
.i"^ - (a + h)x + ab is an expression of three terms each of

which has two factors, (a + b) being a single factor of

the second term.

A second pair of brackets may be used to endoee terms,
one or more of which is enclosed by a first pair, and so on
to any extent. The two parts conii)osing a i)air arc of the
same shape. The forms

( ), | | and
[ ], are those in

general vase.

A line, called a Vinculum, drawn over a number of
terms, serves the purpose of a pair of brackets.

Thus a-h-c means the same as a - (/> - c).

20. Sign with brackets. A letter or a figure written
beside a bracket, or two pairs of brackets written with
no sign between them, indicates multiplication. Thus
3(a + ft) indicates that the sum of n and ft is to be multi-
plied by 3

;
(fif + ft) ( c + y) means that the sum of .c md y is

to be nmltiplied by the sum of a and ft. Eacli of the
preceding expressions is a monomial consisting of two ;

factors. *

1. Order of performing operations. When several
operations are to be performed, it is necessary to observe
the proper order in performing them.
The multiplication of the factors comprising the several

terms must precede the addition or subtraction indicated
by vne signs between the terms.
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Thus in the expreHsion a + bc two operations are indi-

cated, one of addition, indicated by the sign + betwwn
a and and one of multiplication indicated by writing the

letters h and c Hide by side, but the multiplicaiton must
precede the .addition.

Thus if a -2, /< = 3, c = 5, then o + /^c = 2 + 15 = 17.

If we defflred to have the addition performed before the

multiplication it should be written thus {tt + b)e, and the

result would then be ("2 + 3)5 = 25.

Again, 3«'" denotes two operations, squaring the a and

multiplying the result by 3. These operations reversed

should be written (3a)'^.

Thus ifr/ = 5, then a^=-25 and 3a' -76, whilst (3a)*

= (15)'^ -226.

^ 22. Examples on symbols 1 and 0. Two syndK)ls of

number, 1 and 0, de.serve careful attention. As^a factor, 1

produces no effect and may conso(^ucntlY be omitted, but

ag~Mi Itdaand it miist be coun^T As an ad3«nd,

produces no effect and may Beomitted, but as a buAat it

produces as product.

Ex.1. If ««1, then 5a = o, 3rt6 = 36, but a + 6-6,

Ex. 2. If m = 0, then 5Mi = 0, ma6 = 0, but a + m-a.

Ex.3. Ifrt = l, 1 = 2, c = 3, w = 0,

a- = 1 X 1 = 1 , etc.

then a« + a2(6 + c) + 5(fe2 - ac) - mb^c^

= l + l(5) + 5(4-3)-0(4)(9)

-1+6+5-0
-11.
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EXEROiW i

y\. If a-4, write down Uie valtm ol

2«, «», 8a, ««, 8«« (3«)«.

^. If a-3, 6-5, find the value of

a5, o»ft, «62, a262, a^ + fts, (a + 6)«.

If a = 1, 6 = 5, find the value of

rt + 6, flft, 2a + 6, 2(a + 6), Sa^ft, 5(6 - 3a)«.

X If a- 1, 6 = 2, c-3, find the values of

o + 6c, a6 + «, a<(-i-e),

If o= l, ft-2, c-3, 0-6, m>»0, find the value of

6. 3a+6-e+{i. 6. 26+c-cf+5.

7. a& + &e + ea. 8. 2ie-«(i+efe

». o« + 52 + c»-a«. 10. a6c + &«l+c*.

11. 3.vJ+2«»-Wc». 12. 6»(c-«)+6(c-a)«.
*

18. 2(6+c)»-(iii+#)t. 14. 4«'-|(«-c)«+M}.

15. (36-e)(6c-a2 + i»i). 18. - 6c«0(tf*+ d« - ««).

19. l(6 + c) + i(c + a) + l(o+d).

« d \6 a/\a 6 a + 6/

21 4c'' + 6y c'-kP
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POWERS AND ROOTS

28. Powen. A poim of a number is the product
obtained }fy taking the given number two or more timet as

a factur.

TlniH 22 = 4, 2"'^.S, 2»-l(), 2'' = 32, etc., are the

successive piwers of 2, and are named the "square,"

"cube," "fourth power," "fifth power," etc.

24. Roots. A root of a numher is one of two or more
ecjual factors wlu)se product is tKe given number.

25. Square Root. Tlie square root of a number is

one of two equal factors vvliose ]>roduct is the given

number and is indicated by the sign \'' placed over the

number.

Thus since 3«-9, v^9-3; 5» = 26, ^/25 = 5, etc.

26. CtttM Root. The cube root of a number is one
of three equal factors whose product is the given number
and is indicated by the sign V placed over the number.

Thus since 2«-8, V8-2; 5«-125, Vi25-5, etc.

The fourth and higher roots are defined and indicated

in a manner similar to the preceding, but they are not of

frequent occurrence. The sign is a corruption of r in

"radix " and is called the Radical Sign.

27. It will l)e observed that whilst the square, cube, or

any power of a given number may be found l)y successive

multiplication, but few numbers have exact roots. The
various powers of the smaller numbers as indicated in the
following exercise, should be written out and learned, and
then the corresponding roots will be known at sight
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EXEROMC II

1. Write tho sfumroa and the cabes of all the whole
numlwre from 1 to 12 inclusive.

2. Of what nunjlHjrs are 27, 125, 343, and 612 the
cubes?

8. Write down the values of tlic following :

n/49 v^i21, V2\n, V729, Vl728.

4. If a = 3, h = 4, c = .5, find the values of

5. Write out and learn the fourth powers of the whole
numbers from 1 to 6 ; also the fifth and sixth powers of

1, 2 and 3.

6. Express (>4 as a power of 4 and as a power of 2.

7. Express 81 and 729 as powers of 8, and of 9.

8. Express 625 and 2.")6 as fourth lowers.

9. If « = 2, y = 3, find the values of

A 'y,
.'^'^S i^+ly, (y-xY, (x+yr.

10. Divide 16 into two equal addends, and into two
equal &otonu

11. What valaes of x will make

2a;-64, a5«-64, ar-27, «»-27?

12. How many twos make 8 if the twos are addends ?
if they are factcm ?

18. What values ol « will make

2jt-8, a^-S, aar-81, 3«-81?

14. If3«-27, find the Tftlae <rf 42.

15. If find the value of 4'

2
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16. If flf-10, jf-12, a -6, 6-1, find the valu«i of

(» +a)(^ + b) + (y- h)( VnU-'2h + g)

\ + - Vox + hy + A(« - b).

17. If 2.S - ^/ + + f. find tlic value of

>Ih{s ^„)is-b)(H~f), when ^ = .3, /> = 4, c = 6, aiid when
rt = 5, = 12, 1.'}.

18. If 'J.s- + + r + </, lind the value of

V(« - - b){if - ()(s - f/), when « - 1 i, /; = aj, c - 4f

GENERAL NUMBERM

28. The object of the following fx«?rci8o in to fumiliariie
the learner with the ivpresentation of numlwre by lettera.

The brevity and hiiniplicity of this new mo<le of expreHwing
numerieal relations, and its power to assist in the solu-
tion of problems, will soon evident.

Such expremions as "the sum of any two numbers,"
"the product of any two nun^l)ers," etc., may be very
briefly expressed hy algel)raie , ymhols, using a and h to
denote innnh(>rs, as shown by the following examples:

Ex. 1. The sum of any two numbers is a + ft.

K.i: The product of any two numbers is ab.

Ex. :j. The sum of the stjuares of any two numbers is

(I- + ft-.

Ex. I. Th«' wjuare of the sum of any two numbers is

{(I + ft)-.

Ex. o. The square of the diffi'rence of any two num-
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Thu HtmU'iit hliould verify tlic truth of (lie preceding
[stfttfinent by Bulwtituting for a and b any nuuteriral

I
valut'K, giving the larger value to <i, to make the Hubtraction
{)088ible.

1

EXCRCtSE III

1. Write tho HUin and the product irf * and 6.

2. How much greater in 10 than 7 ? 10 than x?
8. A Uw \H n yvarn old ; how old will he be in

2 yciirs ? in r yearn ?

4. A fatluT is M years older than his son
; liow old is he

when his son is n years old? wiien liis son is y years old?

5. Tom has x niarl)le8, Dick lias as many and two
more. How many have both together ?

6. A rectangle is o 'nches long and b inches wide.
How many inches around it? How much greater is its

length than it» width ?

7. A i)erson having $tn in cash l)uys two articles
"(•ith and % respectively. Write down the mmiber
"•f dollars he has left if he jiays for them in succession.
If he pays for them together.

8. How much will u hooks cost at $3 each? at each?

9. A man works n days at 12 per day and j) days at

l» r day
; how many dollars has he in all ?

10. How many cents in fa;? How many dollars in
•'• cents?

11. A man having $b in cash buys n articles worth
' cents each. How many cents has he left ? How many

[dollars?

12. How many inches in x leet and y inches? In
k yards and y feet?
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13. A tmin runs m mWvn |K'r hour. How many niilug
will it run in T) Imurs ? In x hours ? lu /> niinutrs ?

14. How long would it tukt- to wulk /« luiltM at 4 iiiilen

pot hour? ut « miles jM-r hour?

18. A man works q hotin* n day for u dayn an<l y<

hours a day f«»r in days. How many liourM duet he work
and how mony dollanj will he receive for it at » cent« per
hour?

16. A ructunjili' is x inchcH long and / inchrs wid.-.

How many fwt in ita perimeter? How many squan-
inches in its area and how many square feet ?

17. A Stuart' is x inch.s on aside, and a mstangle is

8 inches longer and 2 inches narrower than the square.
Find tho perimeter t.f the rectangle in inches and in
feeta

18. A boy iH ar years old and his brother is y yearn
old; find the sum and the uifference of their ages after
5 years, the former )mng the elder.

19 Write a numher eonsistiiif,' of 7 tens and 5 units.
Wi lie eniitaininj,' x tens and // unit«.

20. What vahie of x will make

2j- + .{ = 11 . - 2 = r^ti, ,V- + 1 =. 7(i ?

21. A hoy has x ten-cent pieces, as many quarters and
2 more

; how many cents has he in all ?

22. In the preceding example, if the wins mentioned
are tt^ther worth #4, what number does z represent ?

23. The edj!;e of a euhe is ., inches; find the sum of the
areas ..f all its faces. If the sui )f the ar^-as of the faces
is 54 s«|uare inches, find the value of /.

24. A bhK'k is X feet long, y feet wide and z feet thick.
How many cubic feet in it? H(»w many scjuare feet in all
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'\tH fji. . s .' How umny fwt in th« hiiiii of Utu k tiKtliN of
ill its l ljjiCK ?

25. if M HtuiuiH for any wlmli- miinlM r. iIk d '_>« n.|)n>.

Hontu nn i«vi»n iuiiiiIht.
" Why ? Writ., two cxpn-HHionB

c<»ntoinlnir », iwh of which will an wld numhrr.

26. Th«' diviiMir in the »|Uotlent in y, and the
n iM iiiuh r is r ; what in the dividend?

Kx|.i. ss ill ulip'hraic nynibiilg tho following ntatements

:

27. riic H(jiiarc of tli." mini of any two nunil>ere in

•'•l»ii<l to the Huni of th«ir wiuan>»« t«i({«>ther with twice
their |»ro<hi( l.

28. Tlie H|uan' (.f th«' (lif!fn'n<f of any t.vo nunilwrH
IS niual to the sum of their wiuant* Khh twin, their
I'nMhiet.

29. The diffcrt nt e of the luihes of any two nunibew,
«livi(l.'<l hy the diffcrciuM' of tln' nunilnM-s, is <..|Uiil to the
-.nil of tlu' Hqiiaivs of the same nunik'r together with
tlitir protluft.

80. The imMluct of the Himi and the difference of any
two numherB iH e«iual to the difference of their squares.

31. ^^.rify the truth of each of the four preceding
stiit( mi nts by snhstituting numericid values f«»r each of
the two li tters in vnch.

POSITIVE AND NW.ATIVE NUMBERS

29. So far, the numbers with which we have l)een
'onocnu'd are the ordinary numbers used in Arithmetic,
»v letters used to represent them. These nuuiln-i-s are 1,

4, 5, etc., counting from zerr* upward. Theg^* are
eiilled i)08itive numbers and may be written with the
l>o8itive sign attached to them. In order to i>erfonn the
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operations of uigcbrii, liowcvcr, \v<' make use of another set

of nuiul)er8, fuuiul hy counting from zero in the opposite

directioa. Thewj inunlM ra arc railed nepntive numbers,
and have the sign, -

. pi. fixed to them. The two sets (rf

numbers when arranged in a series eacli differing from the
adjacent ones hy unity, ai>p(^ar as follow :

-4, -3, -2, -1, 0, +1, +2, +4,

30. While these negative nund>er8 have no significance

in ordinary arithmetic, a few concrete examples will show
how they may he int»*r|)reted in algebra.

A>. /. If .1 i)ossesses S\0 and by investing it makes a

gain of $5, thus increasing his $10 to .^lo, the 8") gain
may be considered a positive quantity, as it increases the
amount possessed by A. If, on the other hand, he Imea
•Sri by the investment, thus diminishing his $10 to $o, the
lo loss may be considered a negative MUantity, as it

decreases the amount possessed by A. The $o loss acts

upon the original i?10 in the opposite direction to the #0
gain. If, therefore, gain Ik* consideml iKwitive, loss may
be considered negative.

Et. 2. If we desire to measure a distance of 8 inches
along the line AH, from a fixed jwint O, the zero point
for measure. ^ent.

A .1/, o .1/
•

li

ii -' I TT* i
> 3

\:o may measure in the direction Oil or the opposite
direction OA. To distinguish between th(> two, we mav
consider the direction OB positive, and tlu- direction OA
ne^^tive. OM is thus wpial to + 3 inches an.t OM^ to - 3
inches.
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31. From tlu- examples of the preceding Art, it will be
ohserved that in the complete representation of concrete
(luantities by numbers, three elements must be clearly
Hpecified: the unit, the number of units, and the mode
or direction of measurement.
Thus 5 dollars gain, .3 inches to the right, are examples

of concrete (luantities accurately sijccificd. The units are
•dollars" and inches; the numbers of units are 3 and f);

and the directions of measurement are indicated by the
phrases, " gain " and '* to the right."

Conversely if a dollar gain be the unit, +5 means 5
dollars gain, -

:} means 8 dollars l.)ss; if a mile to the
north is the unit, + 7 means 7 miles north, - 4 means 4
miles south. Thus concrete quantities may always be
represented by numbers, and numbe« (taken with a
unit of measurement) represent concrete quuitities.

32. When performing the operations of algebra we may
think of the numbers only, without reference to the oon-
<

i
« te units, dollar, inch, and we have the series of numbere

jjiven above, viz.

:

-4, -3, -2, -1, 0, +1, +2, +3, +4, +5...

In this series observe

1. can start at any i)oint and count without limit
m either direction, whilst with purely arithmetical
numbers we must stop at 0.

2. The direction in which the positive numbers
ncrease is the positive direction, and the opposite is the
negative direction. From - 5 to - 4, - 3, etc., the direc-
tion is positive; similarly from +6 to +4, +3, etc.,
the direction is negative.

3. When magnitude alone is considered, a native
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nuinher and the quantity it rr])resents an- ('xactly ejjual

to the corresponding positive nuinlxT and quantity it

representfl :
- 3 is the name nunilHT of units as + 3, and

three dollars loss is the same amount of money as 3

dollars gain,

4. When direction i'loiie is considered, it is customary

to say that the nund)ers increase wp.'n [jroceedinj^ in the

positive directitm from whatever point in the series we
begin. This is equivalent to assuming that algehraically

-5 is less than -4 and that any negative number what-

soever is less than zero. '"Less than nothing" Avith

reference to magnitutle is ahsurd ; with reference to

position in the series of numbers the meaning is clear.

Ex. If the line A, t.iie ini-h long, drawn to the right, be

the unit, then the line B. 2 inches long, drawn in the same

^
direction, is denoted by— + 2, and the line C,

8 inches long, drawn in

^ • the ojj/wsjVf' direction, is

denoted by -3. Had
the unit In -n one inch, drawn to the left, then the lines

B and C would have l)een represented by -2 and +3,
respectively.

EXERCISE IV

1. If a line two inches hmg, drawn fn in left to right,

be the unit, what, numbers will represcmt o ft. io the right?

5 yd. to the left ?

2. If th(^ unit he ;i ft. to the north, what will be

represented hy +10, - o, - 2^, + J ?

3. What is the unit of measurement when a tree ."50 ft.

high is represented by +10? by -o?
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4. If a d(>Ilnr gain be the unit, what wiU be represented

5. In the preceding exanipk' what will represt-nt a loss
..f #2.75? again of #3.40? #4.12^ cash in hand? a debt
of #2.50?

6. If one day forward be the unit of time, what number
would ref. r to yegterday f The day after to-morrow ?

7. If the letter a represents a line of any given length
(hiiwn to the right, vhat would represent a line twice as
long drawn to the left? three times as long drawn to the
right?

8. When a dollar gain is the unit, what will represent
the sum of #3 (leht and #7 debt? #5 cash and #2 debt?
^1 loss and #3 gain ?

9. What must he added to #5 debt to prinluce t7
( ash ? to $3 cash to produce #2 debt ?

Represent each of these sums of money hx the appro-
priate number, a dollar cash being the unit.

10. Berlin is IS^ degrees east longitude ftnd 8t Peters-
I'urg 30^ degrees east. What will represent in degrees a
journey from Berlin to St. Petersburg? St. Petersbunr
to London?

11. A toy balloon can just sustain a weight of six
"unees. If attached to a pap«r basket weighing 4 oz.,
w hat would the two combined wHgh t What wei^t must

attached to the balloon to make the two weigh 8 oi. ?
4 oz. ?

12. What jhange takes place in the number repre-
nting a concrete quantity when the unit is doubled '

ilvetl? directim changed?



CHAPTER II

AIH>mON ASD SUBTRACTION

ADDITION

33. Meaning of addition. The operations uf addition

and subtraction are employed in a more extended sense

in Algebra than in Arithmetic, inasmuch as algebra

employs two sets of numbers, tlu- positive and the

negative, wliilst arithmetic employs but one. The funda-

mental idras, however, in the two cases are the same
;

that of addition being the operation of collecting into one

number that which formerly existed as two or more

separate numbers, whilst subtraction is simply the pro-

cess of adtiition reversed. This will be evident from a

few simple concrete examples.

Ex. J. A gain of 15 in one business transaction,

followed by a Iobb of 12 in a second transaction, gives

a net result of S3 gain on the whole. The process

of CO bining these two separate items into one is

addition, and may Ije expressed thus :

$o gain + .f2 loss = i?3 gain.

Ex. 2. A journey oi five miles north, followed by a

journey of 7 miles south, leaves the traveller 2 miles south

from the starting point. The addition of the two joumeyt

may be thus expressed:

5 mi. N. -I- 7 mi. S. = 2 mi. S.,

i.e., we have found a single journey equivalent in result

to two si)ecified journeys.

26
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34. RepreMntation of addition. If lu.w we replace the
words "gain" and "loss," "miles north" and "miles
south" by the signs + and - , these examples of addition
may )ie conveniently expressefl thus :

( + 5) + (-2)=+3

( + 6) + (-7)= -2.

The signs + and - when used as above to denote
positive and negative quantities are enclosed in bracketu,
with the numbers to which they refer, to distinguish them
from their use to denote the operations of addition and
siiiitraction.

When the quantities to be added are both positive or both
negative, the process is the same as in arithmetic, thus

:

$5 gain + S8 gain = #8 gain.

$5 loss + $8 loss - $8 I08B,

wliich, expressed in algebraic symbols, becomes

(+5) + ( + 3)=+8
(-5) + (-3)= -8.

35. Mode of addition. The truth of the preceding
additions is readily perceived when the concrete units
•'gam/' "loss," etc., are expressed. When only the
signs + and - are given we pn)ceed thus :

To add + r> and - 2, we find + 5 on the scale of numbers,
Ai i. .'52, and from it coimt 2 units in the tM^^iw direction,
as indicated by - 2 ; the result is +
To add +5 and -7, h<'gin with +.", and count 7 unitsm the negative direction, the end of the counting Iw^ing

- 2, which is the sum required.

Similarly any algebraic numbers may he added.
From the^-^e special examples the ' definition of the

roUowing Art. will be re'idily understood.
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86. Definition. The sum of two or more nunilK'rs is

the number ohtaiiu d by counting in sueet'ssiun the num-
ber of units it) the wvpral addends, each in the direction
indicated l.y its sif/n, beginning the count from «ero. The
process of finding the sum is additioa.

37. Addends may be taktn in any order. If in the
examples of Art. H4 we rtwerse the onler of the atldends,

^^'^
( ->) + ( + .5)= +3

( -7) + ( + .'!) = -2

as before. F(»r beginning witb - 2, and counting units
in the positive direction, tlie end of tbe count is +3;
similarly the same result is obtained with any pair of
numbers with whichever one we biggin. If, then, we
have several addends, it will l>e easiest to combine all the
IK)sitive numbei-s and all tbe negative numbers separately,
which is merely arithmetical addition, and then combine
the two results.

38. Rule for addition. To mhl two or more numbers
having like rigns, add the numbers as in arifhtnefic, ami
prefix 1h' common sign.

To <i(hJ firo numbers hiving unlike signs, tahe their lUfftr-
enve as in arithmetic, and j)refir the sign of the greater.

39. Positive and negative numbers may be used as
coefficients of literal expressions, with nujanings derived
from the definition of Art. 29.

Thus if a denotes any number, 2a means twice as
lai^ a number, counte«l in tbe same directio on the
scale of numbers, as a

; l)ut :]u means three times as
large a number, counU'd in the opposite direction.

The sum of any positive numlwr and tbe same numiwr
taken negatively, is evidently zero.
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40. If in the examplea of Art 33 we reprasenta "ddlar
«ain" or ''a mile to the north" hy the letter «, we get
l»y the reasoning previously given

( + on) + ( - 2rt) = + Sa, ( + oa) + (
_ 7,,, = _

( + on) + ( + 3«) = + 80, (
- im) + {

- :]a) ^ - Ha,

from which we derive the rule for adding like terms.

41. Addition of terms. To add like terms we take
the algebraical sum of the coetiicients and affix the
(ommon literal factow. These literal factors may be single
hitters, as above, or expressions in Inackets.

Thus 5(o+ 6) + 3((i+6)-8(a+ 6), etc

Unlike terms t an be added only by writing them with
the sign of addition between them.
Thus the sum of 2a and 36 is 2a + 3i. The sum of

2.r and - 3y is 2a: + ( - 3i^) = 2x - 3y. These sums cannot
be expr^Hed as sin^e terms.

42. QBiittie& ef brackete. In practice, the brackets
iis. d to distinguish the use of + and - as signs of ixwitive
and negative number, from their use as signs of addition
and subtraction, are usually <»niittv(l, and the four
t pies of algebraical addition in Art. 40 become

1. 5-2 = 3. 2. 0-7 = -2.

8. 5 + 3 ^ 8. 4. _ - 3 = _ 8.

Wlien written thus the first example becomes the same as
:in example in subtraction, which shows that to subtract 2
i'"iu 5 is the same as to add - 2. The seamd example,
thougli written like an example in subtraction, cannot be
so considere*!

;
for 7 is greater than and cannot be taken

from it. This shows that the addition of a r.ogative nunt-
l-er, according to the definition given, is possible even when
the corresponding arithmetical subtraction is impossible.
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48. The addition of Algebra api)ear8 in some cases to

contradict well-known faclH of Arithmetic, hut it is only

in appearance. In Ex. 2, Art. 33, a journey of .5 miles

followed by a journey of 7 miloi is said to be equivalent

to a single journey of 2 miles. In Arithmetic we should

say the two journeys are together e(juivalent to one

of 12 miles. Both statements* are equally true. The
iiltfehmieal athliiinn give* the pomtim of a tmedler at the end

of hujourneff; the orithiMiical additimi giret the dintonee he

hm trareUed.

44. The learner should liecome familiar with addends

written in either of the following forms

:

Ex. 1. Simplify ( - 3a) + ( + 2a) + ( - 5*0 + (4«).

Combine the jtositive and negative coefficients separately

and then combine the results.

Thus 2 + 4 = (>, - :i - .") = - S, then 6 - 8 = - 2.

The given expression thus, beeon es - 2rt.

Ex. 2. 3o + 56-2/> + 4f/-7/>-f/

= (3 + 4- l)f( + (ri-2 -7)A = (ki-46.

EXERCISE

Add the following

:

1. + 3 -3 + 3 -3 + 7 - 1

+ 5 - 5 zl + 5 -•10 + 10

2. + 14 -14 + 14 -14 + 14 -14
+ 1G - 1(5 - 16 + 1G + 1B -le
+ 20 -20 + 20 -20 - 20 + 20

3. ^^^ '^h la' - 12«/> 11. 3w
- iih Aah - Sm*

-la 106 -8fl-^ - 2ah 12in
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4. •lj-2 + (-3x2) + (-7i=') + ( + n;c«) + (-jr«).

5. ( llx^) + ( _ r,^2) + ^ _ ^
( ^ + (+*«)+(-

6. 3wt2 - 5«-' - <5m-' - 8w2 + m2 ^ _ 0,„ '

7. - 2rti - oah + Sab + 7ah + ah - fi«i - ab,

8. + ^^,l^> _ _ ^ ^^^^^ ^^^^

10. If a- 2, 6- -3, c = 7, find the value of

11. A traveller takw three 8ncce».ivo joumeyH, lOmiles
•n>t L

, nuh.8 xj-e.st a.Hl f, mil.s east. Add his journeys
H.h algebraically and arithmetically and give the meaning
'f the result in each case.

ADDITION OF POLYNOMIALS
45. ^\ 1). *wo or more polynomials are to be added, it

i> ronvcm arrange tli*' tornis in columns, so that like
" nii.s sliai. cund in the same column. When a t(^rm ismoved to a different position its sign must be taken with
't The sign of a first term may be omitted when jmsitive,

it another term be placed before it, the sign must 1,^
-torcd. The columns should be added in TOccewion,

I'- jrinning at the left.
'

1. 2ft + 36 -4c Ex.^\ Ax^- ry^'>,,'

A^- •>'. Find the sun. of 3(« + 26-c) and 4(2o-6+8c)
^>om Art. 11

,
S{a + 2h - ,) = Sa + G/> - 3.

4(2a- /> + 3f) = 8« -4/^+ 12r

Their sum.= lla + 26 + 9c.
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EXCROISK Vi

Add :

1. 3a + 6 - r. 4« - '2l> + '.\r, -u + itb - fir,

2. 5a -6 + 2c, 36 + 4c-2<i, 'ir-a + 2b.

8. Qa + 2b-5e, 4a4-5e-36, 2e-u-4b.

4. 7«-46-3f, a + h + r, h-e-hx.

6. Aah-ae-k-hc, he-Aah-aCf 4ae + 5(i6.

6. «*-«w-2i«J, 2e« - 2^;^ 4- aj; - 2&r, te-ce-cKt+ar*.

7. a + 6-2c, 5 + c-2<l, r + <i-2a, (i+a-2(.

8. 3(a4-6), 5(a + 6), -2(« + 6), a + 6.

9. ff + ft-r, 2(rt + ?>-r), -(rt + ft-^*), -(rt + 6-f).

10. 5(a« + 6) + 2f, 8(<i- + &)-7c + </, 2r-4f/,

3<? - 6(«- + 3r + 7(.a- + ft).

11. 4a(6 + c)-5</, «(6 + c) + 7rf, -3a(6 + r), 3rf,

2d-5e, 6«-2a(ft + c), 6a(6 + c) - 7<l+«.

12. Ta-Sft + Se-lOd, 26-3«4-<2-4«, 5(;-6a-4«4-2<f,

-36-8«+7«-«, 21«-16c4-«-5<l.

18. 3(a« + 6«) + 2a6, rt-'-5«ft + ft^ 10oft-6(a«4-i«),

3rt'' + fiaft + 36-^, rt +6*.

14. «3-3rt^6 + 2aft2, 63-.3rtih' + oo>'6, 2rt-'ft + "xift^,

a ' + //« + 2rt-6 - oal)\ - - 26» - r«i-'ft,

3«26-2«»-<»6«4-a»6.

16. «* + «»6-2a«6«, 3«»6-6a«6»-66^ a6»-3«»6«,

2rt-'6'« - 5a»6 4- a* 4- i*, 4tf6» - 26*+ 3a»6«.

16. 3(x + y+«), 4(j!-jf+z), 5(>r - i/-2), ap-y+ «.

17. 4(2a; - .V + 32), .')(»/- 22 - x), 7(32 -j-2i/).

18. If ;e = tt + 2ft + // = ft + 2r - 3</, 2 = c - 2rt + 3ft,

find tlu' value of x + y + 2.

19. In the itremling exampli'. tiiul tlie value of

ir + 2y4-3z.
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BUBTRACnON

46. The iiuttiung of SubtoMJtion in Algebra follows
(luectly fr..m the meaning asgigned f. addition. In
addition two add. ndH are given and ti.eir mm is to bo
found. In subtraction the mm and one addend are
given and the remaining addend is to be found. Thu« to
sul.tmet 7 fr,)m 10 nu anH that we art* to find the number
•.. which must bo added to 7 to n.ake 10. In arithmetic
«e cannot sul.tmet 10 from 7, iM-eause there is no arith-
metical number which In ing ttdde<l to 10 will make 7
The negative number -3 when added to 10 makes 7 -

we therefore my that 10 frt>m 7 leaves - 3.
'

47. DeflnitioM. When the sum o two numbers and
"•Mc of them are given, suUraction is the proress by which
tl.«- ..ther is found. The eum of the two numbers is
oiled the ICinnend, the given number is called the
Subtnlmd and the number to be found is called the
Difference.

The difference is, therefore, the nuuilH-r which must be
added to the subtrahend to nmke it equal to the minuend.

48. Let it be required to perform the followins sub-
fractions:

"

From
Take

Result 9

-3

2

-1

4

-5

2

5

-3
-5

5
To find what must be added to the subtrahend to make

tt - mmuend m each case we reason as follows:
~ is the sum of two addends, one of which! -2 is to

.e removed; - :> ^vill be cancelled, <,r removed, bv adding
making 9, the other addend re,,uired. The sum of - 2and 9 18 7, which proves the work correct
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similarly .') is ()i)i> of two udflendM which togi>thui

make -I]; to '(1(1 +5, tims cnncclliiii,? tlu' ^ivcn

addeixl, und wo obtain +2, the remaining addi-nd or

difference reqiiiml.

4A. Rule for •ubtraction. To Hubtim t < )ie itumlMr from
mtoihfr, ekanffe the tign of the aubtrakfttd ami add it to tht

Miiitmnd.

ftO. The truth of the Hoveral BuhtractiuiM of Art. 48
will be evident to the eve hy reference to the scale of
poHitivc and negative nmnbent, Art. 82.

ThuH from

-2 to +7 it* i) uuitH ill thf iKiwitivf dinrtion = !>

-5 « -3 " 2

4 " -1 « 6

o " 2 " 3
" " ') " positivt

whifli arc the results foriuerlv ohtiiincd

(<
negative

-2

-3
-5

51. The truth of the rule aiwu for suhtraetion is ji'so

readily perceived hy observing that the distance bctwei >

any two numbers on the scale is not changed by acMi.ig

the same to each of the given numbers. If, then, we add
to eaeli the subtrahend with its sign eliaiiged, the new
subtraliend is »), and the new minuend is therefore the

result required. Tlie oiHjration here described is pre-

cisely the rule given.

62. The subtraction of like U rnis follows immediately
from the subtraction of positive and negative numben.
Thus

From 5/ 3rt=*ft -2((i + h) Sa
Take 2x -^aVt _-_4/<, ^ft) _ .5ft

Result 3/ ruil, JiH + h) :'ia + r)b
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63 Subtraction of term.. Like tern, ate iuhtrneM
hy the iihjehmoul mbtruvHoH of their eoeMemi» amd

Unlike ttrmi tun be BHbtraeM anfy emnrcfing the I
tn-mn hij the proper mgm. ^

I

64. The doul.h. „M,. of Uie wg,, - , to denote lM,th a
...•p.t.v,. n„n.l„.r th. .,,H.n.tion of Huhtmction, i.
what coi.„.,ng t( a \Hr\uuvr. This is ..spociullv the caw
^vhen a chanKe » mmlo fron. on. lucaninK to the other in

^^^ "'"^^i"*^- however, lead
to the .un.e result, u.ul ..re in |act only two wavH

-f h.nkn.K un.l siK-akin^ of the sam. fnets. I„ this con-
'..rt.cn It iH unimrt^mt to ol^jene ,he truth of the thm
f»)ll<)wing i«tateinent»

:

The Mibtraction of a iiuinlKr »f i>o«itivi. unitH iH
-lu.valent to the addition of the name „„mber of negative

^2. Th,. sul.traetion of a munlH-r of negativ.. , „it« i«
•^'l.malent to the a<l,lition of the Kan.e nmnln^r .rf ,^itive

^ .
negative i*. ,K,sitive. Kxprmn,*! in

>,\nU)ol8, theMe statementa bewjnie :

2. «-( + +
8. -(-/,)=

55. llh,stniti<ms of the preeetUng, from actual experi-
are niiiiKTous :

*^

1- A tlecreaHe in a man s ineun.e iM-o.luee8 the aame
't«ft jw an «|uiva]ent inereuse in his expenses.
2. A dtM-reaee in ex,,en8es in e^nivalent t«. a oc.rres-
•«"hng increase in income.
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3. The negative of income is exi)en8e, the negative o

expense is income, i.e., the negative of a negative i

jK)sitive.

The student sliould carefully study the theory of alge

braie nunil)crs and the illustrations as here given, Itu

when woiking (ixamplcs hf should think of nothimj hut th

Rule.

EXERCISE VII

Subtract

1. r>

- 8

-8 -5
•>— •>

-3
- 5

10

t 1(

2 -8 12 - 1 - 11

1 -2 - o - / _1(

3. 4x 14rt- -lab 4-

-.'/ - 0^2 7(if>

4. 7nx -
( + Sax), 'Ihif - (

- ^^hif), -a - {- 5a).

5. iijr- - Tj"-, - 2//-' - S//'-, - Sxy + oxi/.

6. 3a- - 1 h(- + la- - !)</-', 5x=' + (
- 2/^) -

( + 4j-'') - (
-

7. 4<' - ( - -lb) + 86 -
( + T'O - <»" - ''>^'-

8. \la = '\, //=- 5, r = 7, tind the value «»f

a-li + c, a-{h + r), -(a + h + r).

9. It a 2. /; -4, r = - 7, find tlie value of

a - h, b - c, r - a, a - (/> - r).

10. Simplify

4{x - Iff - .")(.r - //)- + :!u - ,/)- - 11 (j- - ij)-^ -{X-

11. Toronto is- 44 degrees north latitude and Kit

Janeiro is 23 degrees south latitude. Find by algebra

ical subtraction the number of degrees Toronto in north oi

Bio Janeiro.
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56. Subtraction of polynomfcls. \M„.n Me subtm-
Ih'.hi (o.,t;.ins two „H.n. tpriiM, Dm. sul.t -m^jon is mr-
loiincd i.y sul.trMcting .-m-h ten. -u, , ssi ,n, i e Uy
.
Imnging the sign «,f ,,icli U rm of the MnnrahoiKl 'and

ndding It to the minuend. Like terniB should he placed
under each other m in addition.

-Er. /. From 4a^ -Ha-b + 7al>* -hi'

Tak(. a-' - naV, + 8«/;-' + 2b^

Result + 2</-7> o)>^~

The signs of th,. terms in th.' lower line should l)e

(
hanged m thought only an<l add. d to those ahovr. Thus
w. s,y - 1 and 4 make 3 ; +.5 and - 3 make 2 ;

- 8 and
'

""'k'' -1
; -2 and -1 make -3, thus giving the

" -l>'Mvd eoeffieient* to which the literal factors are to be
;iIii.\(m1.

A-f. What must he added to <i--b^-ci + 2ab-ae
t< t make a^ + ab + bc + ar -^

'

The firat expression i.s evidently the subtrahend
; write

" I<'w the other, like terms un<h.r each other so far as
possible.

J*'rom +ah + he + ea
Take «*j:_^^i±M___^^
Kesult b^ + &i- ab + bc + 2(te

EXERCISE VIII

1. From 4o - a/> + r take 2a + h~ .Sr.

2. From + 21, - ;> - (i,/ take ll> - nc - 7d
3. From + 2r take +
4. From 3.r3 - r,.,-^> + ,^ uiko 2.< -// - ;'.,,//- - + y3,

5. From 1 - 2.r + - take + 3/-' - 5/ - 1.

6. From /t-'-6='-c':i + 26c take i2-c-'-«'-' + 2a<J.
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7. From 4x=' - Sxy + 7y- - 5j« + Hyz -

take r- - tf- -z^ + ry - Irz + lyz.

8. Prom X- + //- - z- + 'Ixji - + //*

tiiko the sum of //^ - xif - z'-, and //- - ?iXZ.

9. From the sum of 2/' - ."{-r-// + //' aiid 'Ixif- - Atj^

take the sum of x-ij + 'Ixif- an<l r-' + i/^ - \x-if.

10. What must he added to a- \- h- - c- + •>hI> - ac - be

to make ab + 6c + ca ?

11. What must be subtracted from 1 -u + b + a% + all^

to leave a^~b + c+^'?

12. What must be subtracted from the sum of

4/-' + '.ix-y - 4x-y - ojr^ and ~x-y + ily^* - 2x-y

to h'ave - Sir^.y + //'

?

13. Froui .")((» - i) + (\(x - y) tal '-'(o - l>) - 7(x - y).

14. From 8(a + 6) - 4(f + rf) - - //) +p
take a + h - 'i{r. + <1) - 7{x - y) - q.

16. Prom 3(a + 6 - c) + 5(<i - /> + f) + 8(<( - ft - c)

take 2rt-36 + 2(ft + r-a).

16. From a - A + 2c - 3d take the sum of

2« + 3ft-c + 4<! 6 + 3c-4rf + 5«

2c + d-«-ivi (f-2<!+ 3rt-6.

Verily the result by subtracting in succession each ex-

pression separately.

17. From 9rt - 4fc - 1 7r - 12rf+ 12e take the sum of

7„ _ 3/, + ^ 1 J 2h - 8r + - 4c

5c-Hf/-4(' + 2(/ -36-8c + 7fl-«

and verify result as in preceding example.

18. If jc=»2a + /y-f. // = 8ft + t'-(f. *~r + a-6,
find the value of Zx - 'iy- 4z.
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BRACKETS

57. Removal of brackets. The sitn. ^ j-
H.«.ke., indica., U,„t the c^nZ , are'^r^el
" Irnt precede.. X„w ten,,, are added hy < „,,„«,,„/th™

l->;„ Mm„mj it,^ «Hchanged. '
*

58. The sign - |,r«edi„K a bracket, indic«t«, th»t

-N™ «..htn.ctio„ n.,,uir,.s ,|,at the sign "f each^™M-htr^M be changed a„d .he result adL.
' tTLIT

-wL^^rr^ 'f - pro-

3. + „_j_, 4. „.,^.„).„.,^_^•

M, 'he '™l"e„Uy used"< ~'"'<' •xi.re«i,on, u„e |«ir enclosing a porton <^
• tenus e„cl„«d hy another pai,-. I„ Lh^C^it

part, fonmng one pair ,„uat l« carefully oZy^II
" the simplert to remove them one w.ir at „ .7^'

-
.k.ng aiway, the i„„e,„,o., a utu. ex;i:L:'h:„ev"::;
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will l aable the student to take them in any order, and to

remove S(>veral \m\rfi. at one oi)eration. At each step like

terms should he eomltined to srve lalxn- in writing.

Ex.1, a- {h- {c-u) + (h-c)-n}

:=a~ {h-r + a + b-e-a}
= a-2b + 2c.

Ex. a. x-ix-a- (2a - 2x) + [a - (« - x)}]

= jj-j- + 'i + (2rt-2j-)- \a-{a-»)\
= a + 'In ~ 2x -rt + (« - x)

= 2a - 2x + n-x

In hx. 2 the outer brackets were removed each time,

and in b*>th examples like terms were combined after the

removal of each pair.

61. The rules for the insertion of brackets follow

immediately from the rules for their removal.

Thus a-b + c-d-e+f=^(a ^b) + (c -d) -(e-f)

^n.-{b-c)-{d + e)+f
= a + (- 6 + c) + (-<Z-e +/)
= {a -(6 -«)-(<!+*)+/}, etc

It will be observed that a term placed in a bracket

preceded by the sign + retains its own sigTi, but when the

sign - precedes the bracket, the sign of each term is

changed. The identity of the above expressittns should

be verified by removing the brackets from eatrh of them.

EXERCISE IX

Remove the l)rackets from th<^ following expressitms

and combine like ternts

:

1. (a -\-h) + {a -b). 2. (u + h) ~(a- h).

3. {u + b - c) - {b + c - a). 4. a - (b - e) + {e - a).



Addition and Subtkaction 41

5. 2n-b- c~(b + c-a) + (-e + 2b + 3a).

6. na - (ft - 2r) - Ir - (« -*) + («- e)} - (2ft - 2c).

7. - M) -(-b + c)+[n-{b + c- a) + {c- 2a) - h).

8. !c - {n - I - (X - a + 1) + 2 - (a + - (-Sa + x).

9. '2x + [-x + a-i2a + 2x)+{a~{u-x) + r-2a}- «].

10. -{(x- 2y) - (a; + 3)} {2 - (X - Zy) + 2^

}

11. a-[26+{a-26-(a-6 + c) + 6} - «-(6-c)].
12. «-[y-{«-(aj-y) + z}-(ar-y + 2)].

IS. {(3« - 24) + (2c - fl) > - {« - (6 _ 2a) - c]

+ {a-(6 + c)}.

14. «-[6-(a-6)- {«-(A-rt)_i}

- {a -(*-^rri -«)}].

15. rt - [6 - {« - -i7i~h)- a) - h\ - a].

16. Arrange the teriuK of a - 1, + c + (J - e -f in alpha-
l>otical order in brackets; two terms in each pair of
Itrackets

; three terms in each pair.

17. In the same expression, place h, c, d in one pair and
>\ fwx another pair, with the sign - in front of each pair;
the sipn + in front of each pair.

18. In tlie Hanie expression enclose b and e, d and e,

ill small brackets, and then enclose these groups with/in
an outer pair.

19. Verify the work of the preceding example by first
inserting the outer pair of brackets and then inserting the
two inner pairs.

20. Addrt-{6-(c + (/) + f}, a~{b-^{€-d)^e},

a-[b-[c- {d -e)\] and -
;
{a - b) - (e -4)} ^e,

and from their sum take « - {6 - (c + «) + 6} + c



CHAPTER III

MULTIPUCATION AND DIVISION

MULTIPLICATION

62. In Arithmetic, when one niiniher is multiplied by
anotlicr, the foniKT is calli-d the Multiplicand and the
latter the Multiplier. The result of the multiplication is

called the Product.

The same terms are used in Algebra.

68. In Arithmetic the process of multiplication is de-
fined as folhms:

One number is multiplie<l by another when the former
is used as an addend as many times as the number
indicated hy the latter.

For example, 5x8 = ;">+ 5 4-0 = 15. (j)

We have simply to extend this definition to include
negative numbers, to define the process of multiplication
in Algebra.

64. The use of negative numbers gives risi> to three

new cases of multiplication, each of which must be
clearly imderstood

:

I. A attire multiplicand with a podtive multiplier.

II. A podtire multiplicand with a Begftdve multiplier.

III. A native multiplicand with a a^thre multii^ier.

I. The first of these is easily understood.

For example, (-6)x3-(-o)-+-( -o) + (-5)= -16.
42
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Here the sign, -
,
presents no difficulty; it merely shows

the direction in which the o ig counted. Counting from
zero to - f) on the scale of nunihers and repeating tlie
counting in the same direetiou three times brings you to

To take a concrete exaniple: If a man travels 5 miles
111 tlie direction selected, as negative, then continues 5
miles further, and again continues o miles further, he will
finally be lo miles in a negative dirwtion fmm his
starting point

The distinction, therefore, between 5 x 3 and ( - 5) x 3 is
simply that the product (.f 5 and 8 in the one case is
counted in the positive direction, and in the other case in
the negative direction.

Hence
(
- 5) x 8 = - (.') x 3) = -

] ^2)

II. In performing a nuiltiplication by a negative multi-
l)lier we have only to keep in niin J the fact stated in the
definition of a negative number, namely, that the presence
of the minus sign changes the direction of counting, and
tlie meaning of the process is quite clear.

For example, 5 x
(
- 3) means that 5 is to be multiplied

by 3 and the sign of the product changed, that is, the
|»roduct, 16, is to be counted in the direction opposite to
that in which the multiplicand, 5, is counted.

Hence 6x(-3)- -(5x3)- -15.
(3)

The same result is at once apparent if we assume the
arithmetical law, that the multiplier and multiplicand can

interchanged without changing the product

Thus 5x(-3)-(_3)x5,
then from (2) » - (3 x 5)

= - 15.
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Hence flic rule :
'/<> iiinlt'ijthi n iMmUirr inimhrr hi/ n

lirr iniiiilirr jxrinnn tin' oriliiitiri/ tirlthiittilnil niiilfipliriitina

irithunt reynrd to xliin mid ;iiir flic nnfiiflre xi;in lo the jmiduet.

III. The wuiK! iirinoiplc applien when a negative

multiplicand w to tnt multiplied by a native multiplier.

For example, (
- 5) x ( - H) mcam that the multiplicand

(-')) is to he nmltiplip<l by 15, fiivinfr -l-'), see (2), and
then tlic direction of counting is to Ik> changed, making
the product 1").

This may W stated thus. ( - o) x (
- .'{) = -(-.->) x 3

= -
(
- 15)

= + 15. (4)

66. The signs of the productn in the four examples of

the precedinfi Art. do not in any way depend upmi the

imnierical value of the particular multij)licandp or nnilti-

pliers used, hut upon their signs alone. We have, there-

fore, for any nunii)erH whats(»ever,

1. ( + (i)y.( + h) + ah. -2. ( - rt) x ( + /<) - - ah.

a. ( + a) X (-/*)= 4. { -a)x(-b) = + ab.

That is, the sign of tlje product <»f two nunil)er8 is + when
both numbers have the same sign, and - when they have
different signs. More briefly expressed, this becomes

wliat is known as the

Rule ot Signs. Like ngw give + , vnlike dgm give -
.

The sign of the product of thn'c or more numlx'rs miy
be obtained hy a repeated use of this rule. Tims:

1. The product of any number of positive factors is

positive.

2. The product of any crcn nund)er of negative factors
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3 TJu' product of any odd number of negativft factore
is negative.

4. If tht' sign of <,iic fjit'tor Ikj < hunged tho sign of the
|)roduct is changed.

66. The Btudent nhould (»l»s( rv.- hat wliilc the imiltii.li-
«md way he either a concniU- (luantity or a simple nuni-
Imt, the mnUipKer mvM ahmyit he ohMrad. It is simply a
miinher used to count addends in one of two directions
of measurement.

67. Factors may be taken in any order without change
of product.

Thu.s 2x3xr>-2x.5x3 =5x3x2-, etc., -30.

Similarly ahe=^bca^cah''
, etc.

This i)rineiple enuhles us to combine the numerical
factors from two different expressions whose p'wluct is to
1)0 found.

Thus 3ax46 = 8xax4x6 = 3x4xax6=l2o6.

When a figure and one or more letters are factors it is

customary to place the figure lu st, and the lettijrs in the
order (rf the alphabet, as in the preceding example.

68. The product of two powers of the same number
is formed as follows :

Since a'^ =. an and = muK
we have o* x = an x ana ^ naaoa = a\

Similarly x a- = a"'+", a"' x a" x «" = a'"^"^", etc., where
n, p are any positive whole numbers.

Tlie exponent of a letter in a prodnet w equal to the sum of the
exponents of that letter in thefnetnrs multiplied.
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69.- The preceding rules enable us to immediately
write the product ot any number oi monomials.

Eg. 1. -3a6x56e- - 15a6<c.

Ex. ». Aa?hy. -36ex -5ac-60aW.

Kk. 3. - 3x^ X 2jrjf X - 4aa; X - 5iy- - V2X)ah9*^.

I« fonuing such productfi, three things require attention:

1. The Sign. This is + for iK)8itive factors and for an
even number of negative factors j

- for an odd numbor
of negative factors.

2. The Coefficient. Tins is the product of the numerical
factors forii led as in aritlnnctic; without regard to signs.

3. The Literal Factors. These consist of all the letters

which occur, each h '*
'r having for exponent the sum of

its exiwnents in the eral expressions to be multiplied.

EXERCISE X
Multiply

1. 3 6 . -3 -11 -8
-5

7 -5

3a; -2ab Axy -3«»J Box
-5x - ox -2o6*

S.

-.V -3ii« -5ab€

4. 2«*6cx -

5. bah X - 3te x 2ax x - Aahx.

6. Find the values of ( - 5)« ( - 1)» x8, (-3)«x - 2.

7. Find the values of 2" + ( - 2)» 2* + ( - 2)*.

8. Simplify (3-4)(-r, + 2)-22, (- l)«(5-7)-3( -1).

9. Simplify (.'iu'')-', {2a^f, { - 2tilA)\ (-3«*»>'.
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10. If«-2, A- -5, find the vulues of

a + b, a-/,, (lb, ab(n-h), a'-r .'A

11. If rt-2, 1..= -;{, r = .-,, find the valu.. of

oh(a-h) + f.c(b-c) + ca(c-a).

MULTIPUCATION OF A POLYNOMIAL BY A MONOMIAL
70. If either of two factors be multiplied hy anv

•'••''ijHr
Uieir product will be multiplied by the i«m;

Thus
,} X 5 = 1.-,

; (5 X r, ^ M) and ;{ x 10 = '.iO
•

that h when dther the 3 or the 5 in doubled their p«Kiuct15 18 also doubled. ^

71. If b<)th of two addendH he niultipiied hy anvnumber their sum will also I. multiplied hy the same

TluiH 3 + 5-8; 6 + 10-16;
t hat is when both the 3 ami the 6 ar« doubled their sum,

IS also rloubled. '

72. The very ini|K>rtant principles of Arts. 70, 71 an'uade evident to the eye by tlie following diagnun^

:

.

Q"^.
.

sa - fo
'o l I I I I I

II

^1 I 1 I T
I

Vie. I.

to

II
1 a c a

Fit. 8.

m
73. The area of a rectangle is the product of twofactors, the length and the breadth. In F^. 2 the len!^
double the length in Fig. 1. and its ar^a I

so double the width being the san.e in each ThL
illustrates the truth expressed in Art 70.

i

i
I
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In Fig. ;i the length ih a + A, the whith iH r, and con-

seijuently the area in c(a + h). If we now divide thin

rectangle into two reetangleti whose lengths are a and h,

their ueaa are ae and ie respectively.

Therefore c(o + 6)-oc+6c,

which illustrates the truth of Art 71.

74. The principle of Art. 71 may be extended to any

nunilrar of addendn, each of which may Ije positive or

negative and conHiHt of any nuiiihcr of factors. The multi-

plier may also contJiin two or more fact irw and he either

positive or negative, i.e., the multiplicand may Ihj any

polynomial and the multiplier any «i—ikil. This

gives us the following

Rttlt : 7b miUHply a polynominl by a vumomial we mnUi'

ply each term in mcmrnum and connect th^ pturtkU products by

the proper eiffiut.

Ex. 1. Multiply 8a«-4a6 + 56" by 2a.

Arrange thus 3a« - 4aA + 5A>

Ga^ - >^iah+ 10«t6«

Begin at the left and work towards the right.

Ex. 2. Simplify 3a(2rt2 + ab - 2ffl) - 56(02 - ah + 362).

This example consists of two multiplications similar to

the preceding, followed by the addition of like terms in

the two products.

Now 8o(2««+ o6 _ ») = 6<i» + 8o%-6«6»

and -5* («« -rtA + :W)=_^ -.')a^ + .5ft»- 156*

Adding, we get 6a3-2a«ft- iii»- lW
the required result in itt* simplest form.
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It will be obeerved that the negative iiign ooiuv(30tii%
the two expresBions wuh taken with the 66 m part of the
multiplier, and the two products were then addid. We
"'ight have i$km 4-M m the multipUer and then the
M rand product would have been mhtracltd btm ^
The method given ia uaualljr the better one to Mini,

EXERCISE XI
Multiply

1. 3i^-2x+ 3hy2». a. 8s> + 4r-2by «ar.

». ««-2«y+j>«by 2y. 4 Qt^^M-i-^hf
6. l-2«+8ap«by -ar. «. -¥ p» -n by »gm.

7. 7<Aj-3eiy-&ty«+46VKv -8«&r.

§. 2a>-8iB-ei-2M --Mo-i-2fl6 by -8fli«.

9. l-a-^b-ae + be-aiehy

Simplify

10. a»(aa#-&t+6) + 2«(«i+aB-8).

n. 2«(a)«-2«+8)-6<»(««+8aj-l) + aii-4
la. ae(«-») + 86(2a-8*)-2(«»-«»+SI^.

14. 8(a-*+ ac)-2(ai+8» + fc) + 6(*-2e + 8«).

16. «(a+ 4-c)-i(ft+c-a) + c(c + rt -f )-(na + 2«6-*»).

1«. 7m\!^- 2(» - 2y) I
- 3y J

2(x + 2.y) - a;
| + 5ay.

17. (px -1- v;, + (x + y) + (y> - - + l)y.

18. (a + h).r + {h + c)y-\{u- h)x - (h -c)y\.

19. (m + n).r + (w - /t)y - m(.r + _ n{j- -
y).

20. (a - 6)x + (i - r)^ + (c- n)z - a{r y) - 6(y _ 2)
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MULTIPLICATION OF POLYNOMIALS BY POLYNOMIALB

75. In Art. 73 we have shown that e(a + 6) = oc + c6, in

which a + 6 is multiplied by c. If now we tiike a + b for

the multiplier, the product in either case being the area

of the rectangle, must remain unchanged.

That is {a + b)o= ac + bc.

Similarly (a-6)c-«c-6c,

as may easily be shown by a similar diagram.

If now we replace c by an expreesion of two addmda
«+ rf or c - rf, we get the following:

(a+ 6)(c+ rf) = «(c + rf) + 6(c + c?)

= ac + ad + bc + bd

and {a-b){c-d) = a{c-d)-b{c-d)

'^ae-ad-bc + bd,

which gives the rule for the multiplication of jKjlynomials.

To multiply a polynomial by a polynomial. '

Multiply each term of the mvUiplkand hf each term of the

multiplier and connect the partial products by the proper nigm.

76. The process of the pre-

ceding Art naay be made evident

to the eye by drawing a rectanglo

whose length is n + 6 and width
c + rf and dividing into four

smaller rectangles as in the figure.

The area of tiie rectangle taken as a whole is

(a + 6)(c + rf).

The sum ai the areas of Uie several parts is

TIm two expresBions must tlwrefwe be equal.

ac be

ad bd
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77. Two difiFerent classes of polynomials are of frequent
occurrence, those whose temis consist of successive powers
of one letter, and those in which two letters occur, thesum of whose exponents in each term is constant.. Before
multiplying such expressions they should be arranged so
that the exponents of one of the letters in the successive
terms will he either in descending or in ascending order
of magnitude, as in the following examples.

Ex. 1. Multiply 2ar3 + ^.2 - ar - 4 by 3*=* - 2a: + 1.

Arrange thus + .v^ - 3* - 4

^-2x + \

Product

6«!* + 3a?*-8a!»-12««

-f- -aB-4 /

Having arranged the terms with their exj^nents in order
of magnitude, we at the left, multiplying each term
of the multiplicand by 8««; then by -2« pbdng each
term of the product in the second line under the like term
in the first line

;
similarly with the third line

; fbuOly
the sum of the three lines is the product required.

Ex. 2. Multiply a2 + oA + 62 by a2 _ aft ^. ja.

Arrange as before a* + oA + 6»

Product «« ^f^i

«J!!-« i''!
«»n;Ple« here given belong t<> the classes

specified at the beginning of this Art Such examples
•nay always be worked by the l»ief anithod diown in the
next example.
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Er. .1. Multiply ' - 2jl^ + lit-* + 5 by a;8+ 2a^ - 3.

Arrange the coefficients of multiplicand and multiplier

in the usual order for multiplication, but note that in

each expression there is (me term wanting, and place a
cypher in the vacant place. The work of moltiidicatioii

may then be arranged as follows :

1 2+3+0+ 5

l_+_2+J) - 3

1-2+3+0+ 5

2-4 + 6+ 0+10
-3+ 6- 9-0-15

l+0_l + 3+ll+ 1-0-15
i

Result X' -aJ* + 3i»* + ll«» + a!«-15.

The student will observe that the purpose of the cyph«ni
is to keep the other coefficients in their proper columns.

The highest exponent, 7, is obtained by taking the sum of

the highest exi)onent8 in multiplicand and multiplier.

Pol3moniials of either class desoribed in this Art can be
multiplied by this method, which is called "mul^ilying
by detached coefficients."

EXERCISE XII

Multiply

1. 2..-2-., +3 by ;if-2. 2. a4 + 2x-3 by 2«-l.

3. by 5a: + 3. 4. 3!K»+x-5 by -a;+ 2.

5. j!»+2a5 + 4 by 3!-2. 6. a« - « + 1 by a + 1.

7. rt» + ai + 6» by a - h. 8. tfi-«b-¥h^hy m-¥h.

9. «»-2a + 3 by o« + 2a-3.

10. 2a«-5o6 + 3A» by 2o» + 5a6 + 3*«.

11. 2a!»-3r» + 3«-l by 3** + *-2.
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12. 3«»-7a»-4«+6 by 2«*+8a:-l.

18. l-2a!+ 8«!«+ 4«* by l+2a;-ai:2

14. 2-a!" + 8iB«-4aj+ aj«by l-2ar + ar'.

15. 4af-2a:« + 3a!«- 1 by 2a:-.r-i + 3.

16. ir*-ar« + r»-.r'-' + u,-l by

17. a* + 2a8 + 3«^" + 2a + 1 by a' - 2aS + 3a-' -2a+l.

18. - 3x* + 2ar! - 5a: + 7 by a-3 - 2x- + 3.

19. ar* + «y + ya-a; + y + l by ar-y+l.

^0. a« + 62 + c«-a6 -ac -Ac by a + ft + c.

21. a2 + 2aA + 62-c» by c2-o2 + 2a6-4».

22. «» + 4y2 + a2 + 2a!y + 2y»-a» byx-2y+ ».

28. a*+ 4a'6 + 6a%« + 4aft« + 6* by

a* - 4a86 + Ga^ja - 4ab' + b*.

24. a?« + a;7y - x'y* -aV " -^^y^ +V + by

Simplify

26. (x - l){2a: + 3) + (2.« - + 8) - (3x + 2)(« - 5).

26. 2(1 - a;)(l + ar + x«) + 3(1 + x)( 1 - x + a;a)

-j;(/ + l)(x-l).

27. (x + l){x + 2)(x - 3) - (j; - ] - 2)(£ + 3).

28. (a + 6)(a - - (A - c)(6 + c) - (c - a)(c + a).

29. {a-bHa + h-c) + {b-c){h + c-a) + {e-aXe+a-b).

30. a(a + 6)2-6(a-A)a-rtA(a + 3A). ^
31. (rt» + aA + 6»)(o«-aA + 6«)-a^a + 4)(«-i).

32. (a - 2Ka+ 2K«»+ 4) + (* - 2K* + 2)(b^ + 4)
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DIVISION

78. The meaning of Divimon ot numben and the rules

for performing it are derived directly from multiidicatioii,

as the following simple examples will show

:

20^r, -20_ - 20 -20 ,^=^6, —-=5.

The first example is that of arithmetic, in which we seek

a number which multiplied l)y 4 will make 20 ; the mul-
tiplication tabic gives the re(}nired number 5. In the

next example we seek a multiplier of 4 which gives - 20

;

as before, the absolute number is o, l)ut the rule of signs

in multiplication requires it to be negative, viz., -5.

Similarly for the other two examples, observe that the

number to be divided is the product of two factors, one of

which is the number by which we divide, and the

remaining factor is the quotient

79. Deflnitkn. When the product of two factors and
one of them are given, the process of finding the remaining

factor is called Division. The given jjroduct is called the

Dividend, the given factor is called the Divisor and the

factor to be found is called the Qsetiait.

Since ( + a)x{ + b)= +ab /.
^''*= +« Art. 65.

(-a)x( + 6)« -ab /. -a
+

(+a)x(-6)= -ab +«
—

- ft

That is, the sign of tlie quotient oi two numbers is +
wlwn both nnmbem have the same ngn, and - when
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they have different nigns. From this we have, as in
mnltiplicaUon, the

Rnit of ^laa. IMe dgna give +, unlike ngna ffhe -

.

80. In the previous Art. the dividend is represented
by just two factors and the divisor hy one, but both
dividend and divisor may have any number of foctoiB.
In such cases each of the factors of the divisor must be
removed from the dividend; the remaining factors consti-
tute the qiuxtient

abedThus
ab 6<af-y)

8t. The quotient of two powers of the same factor is
formed thiu

:

o^ocuMoa, anda*s-aa,Since

Therefore

Similarly

positive whde numbers.

a"

aa

in which m and n may be any

88. ladtz law in divtaion. The expmient of a letter in
a quotient is obtained hy mO^tmeUng the exponent ^ the divisor
from the exponent of the dividend.

88. The close analogy between division and subtraction
should be carefully obaen-ed.
To remove an addend from an algebraic expression is

subtraction; to remove a factor is division. Thus re-
raovii^ a from a+ 6 is subtraction

; removing a from ab
IS division.

Again, to change 5a k) 3a is to sublnust 2a ; to oiiuiga
to a* is to divide by o«
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The difference of two expreadons renuuns undumged
if a new addend l>e introduced or removed from each ; the

quotient remains unchanged if a new factor lje introduced

or removed from each.

Thus {a + h)-a 1) and (a + h+x) -{a + x) = b

^' = A and ~ — etc.
a ax

84. DiTkioB of polynomials by a monoiiiial. From
Art 74, it is evident that a polyn<Hnial is divided by a
monomial by dividing each of its terms in soccessimi and
connecting the partial quotients by the proper signs.

-r^a -8ay2 ' (o + 6)a ^
'

MO

1.

2.

EXERCISE XIII

^ -20 - 20 - 64

(-6)^ -750 7.-, 84

(_2)2' (-5)2' (-3)(-5)' (-1)34

3 8a«^ 12c^ -14a;»y r- lajw^'V'

2a6 ' - 3<i6c' - 2xy ' 9laAi

^ 84xV« - 40a^ 756V -72a»ftV>

'-4jy^' lOr/rj/ ' -15A<r''' 12a«c

5. 6a26 X 5a6a by lOa^fta
; 2rt.r x • - 3% by - &ty.

6. 8.cyx -ijyzx - by 2j;* X -3y.

7. 4.r"'-6.r2 + Hj by 2r.

8. V+12»/2-% by-%.

9. 8a' - 1 + 24aVfl by 8<*2.
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10. 25a«i«-50a*i-100BWcby -25a6a.

11. -3a!<y+5j:y-6*V-/:y< by -^y.

la. -4ftj!»y»8 + 63a5V«-5e«ry2"by -7«i^
18. 6(a + 6)«-8(a+ 6)i+10(a+6)«by2(a+6)t.

14. •^M-r-.y)- ?/2(j:-y)t+y«(x-y)byy(x-y).

16. (3<i6«-3o«6+ 6aA«X2««6+2a6i)byefl*«.

mVIBION OF POLYNOMIALS BY POLYNOMIALS

86. The rule for the division of one polynomial by
another ig obtaintHl by closely observing the mode of
multiplying one p«riynoinial by another and then nvendng
tht' process.

Suppose the divisor to be
and the quotient

3a;a- 5x + 7

2x ~ 4

then the dividend is

Now observe

:

1. The first term of the dividend, 6x3, ig the product of
the first term of the divisor, 'Sx», and the first teioi of the
quotient

2. Therrfore, the first term of the quotient, 2x, is to !>«
-.btamed by dividing the first term of the divisor, 3j-« into
tin? frst torm of the dividend, 6*".

86. The dividend is the sum of the .product of the
divisor hy the several terms of the quotient. Therdh^,
If from the dividend we subtract the product of the
divisor by 2x, the first term of the quotient, the remainder
must be the product trf ttie divisor and the remaining
lei iu of the quotient (or the sum of such products when
more than one term of the quotient lemains to be fmmd).
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The wm4c may th^irfwe be amogfd m fdknra

:

3x»-5x + 7 6x-> -223*+n4x- 28|2a;-4
- IQj-'i + Uj-

-12/2 + 20/ -28
-12/« + 2ar-28

87. To divide a pfriyaamial 1^ a fAjwmUL

Amniye the tenmof dmaor and dwidend both i» dmtndmg
or both ill (mrending jmrerx (if a rmnmnii letter.

Divide tfie find term of the dividend by the first term oj' the

divigor; the revuU wiU be thefird lenn of the quutieiU.

Mtdtiplif eftch term of the divUor by the fhrti term of the

quotient and subtract the product from the diridend.

If there he a remainder, condder it a new dwidend and
proi eed a» before,

88. It is essential that the terms in the several re-

mainders be kept in the same order with regard to the

exponents of the letter of reference. If a remainder
occuns in which the hi^est exponent of the letter of

reference is lower than the highest cxptxient of that letter

in the divist)r, the division cannot l)e exactly performed.

Such examples will be further considered in the chapter

on Fractions.

The following are additi(Hial exuaples

:

Ek. 1. Divide«8-9j-»+2ar-30by a:-6.

y-6|a:» - 9a^+ 23x - 30|3<-3x->»5

"
-8.r2 + 28.r

-3/8+ 18/

5/ -30
&X-30
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- (tb + 63

•-35 - oA2

-fit. J. Divide o3- 63 by a2 + 04^.^2

59

«8 + a% + flA«

4. Divide 1 - 4x« + 16.r3 -x*- I2y by 1 + 2j: - ar«.

l + 23r-ai!«(l

l+2.r -3j-»

-2.r - j-«+16j-:«

-2x -4j'«+ 6i«

a t«rm ol the regular series in the dividend is
wanting, as in E«. 8 and 4, it is eonvmient to leave a
vacant gpaco ,n „rder to peraut Hke tem» t.> be placed in
the same column.

If bolh divisor and dividend are not alreadv in their
simplest formg, as in the preoeiling examples, ihey must
•>o simphfied 1^- performii^any indicated maltiplications
and collecting hk»Um hcfeie Opting to pm§^ ti»
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XIV
Divide

1. /« + lOx• + 1: 1 1 .y X + 8. 2. - 1 Ir + 24 by X - 8.

3. xt - .«• - m 1 .y J + 7. 4. /2 + J- - 90 hy j- + 10.

5. 4x2 _ 9 i,y 2.r - 3. 6. -7x + C*hyx- 2.

7. r*" - />» bv <» - h. 8. - /r« bv a - b.

9. n^ + b^hyu + b. 10. by ««+a6 + 6«.

11. x»-7x-6 by »--3. 12. 4j#-i-52-i-21 by 2k + 8.

18. 2x»+ 7/«+ 5!r+100by 2/«-8«+a0.

14. rt*-6a» + 7rt«+6a + l by rt« + 8a + l.

15. 3ft«-rKi>6-|-aS6>+13a63 + 46« by fis-aa6 + 4i>.

16. 4ar* + 7/3-6a5-l2jr* + 5r»+3 by 2j^+3-at.

17. - x2 + 10 + 3..-" - 1 1 r"* - 13/a by 3+ a* - 2*.

18. 11^ + nVfl + I ly «2 + a/, + />2

19. f/** + flV/ + by a* - aVfl + fe*.

20. + by ' + Ifi and liy + 68.

21. fi" - 6" by + a*6'^ + 6"

and by a" + /t»6« + + aV** + ft".

22. a:«-2a:«+l by a*-2a;+l and by 3C*-a!"-j; + l.

22. ar'-x by a^-jand by a^-2aj»+2ac*-ie.

24. «*-ft* + a«63-o»6»by a«-ft«-2o*+ 2a6«.

26. x*-/-jrai^+a:«^ by a^+ ^+2«y.
26. 8rt«-/>«+21«368-24<i*6by 3a6-ii»-ft«.

27. ;H - p.i^ + p.r' - p'x by ar - p.

28. j-^ + 2mx^ + - /(2 by x^ + ni.r + n.

29. ftV + «2/>3-»y - - />;i//''
^'.v - by.

30. (M/^.r - 1 7<fV2 + 44rt2r» - 48</ar» by 2fl2 - 3/ix.

31. Divide the product of x* + r-2 and 2x» - 7x + 6

by2/» + x-6.
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82. Divid«ae'-64«bya(,+2)+4,

83. Divide ^*»-5)+&r-l by,(._2)+l.
84. Divide + -ft)i + 26(at+i«) by „+ft
36. divide (a + 6+l)(„ + ,,_2)_iobyfl + A-4.
86. Divide (a« + <i6 + 6«Xa«-«A + />J) + „aft2

Tu-,^
»>.v(fi + 6)a-2«A.

»7. Divide (a + 6)(aa - aft + 6») + - 1 l,y a + 6 -1.
at. IWvide «»-6o+5 by (a»+a+ 1)2+ 2(« + 2)
3». Wvide(x+ l)i(a,.-a;+6) + (2x-l)(x»-2j- + 3)

by (af- 1)1+1.
40. Divide (*-l)«(;r»-a^+l)-.(a.-2K««+«-l)

•»-18»+l by («+ 1)1+2.

UTKRAL ooEFnciEirrs

of

trf C-actot. Ttended. The definition

kinH an^Ti,
^"'P'^^' figu'^^ and coeffidento of this

ext^ -"P'- 'o^ beginners andexpre««i oiUy a part of the ti^. a coefficient rfactor or multiplier, and an «uch may be any IZhZc^

*J ^^Lf"-^*)^.
(« literal factors A,

, / u
^ «>««<»««1 coefficients of hefactors which follow them.

efficients of the factors which precede fhem.

90. Uie of Brackets. By the aid of th. preceding Art

'>teml factor m comnmn, may l^j expressed as a single
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temi >>y conMidering the unlike factorsm ttlend eatflMiBto

and enclosing their Hum i': n hnicket.

For jiuM, m 2.< + i f '.)/• - fi«,

BO (U + h. { I * Aw.

the <mly dintinction Ik ^ M ,, i?i tht Hrnt example we
h*Te a single symbol, 5, t<> uiK tlie plai > of 2-t-3, but we
have no single Rynilx>l u> sUnU in pbee m-¥^ tnd

omisequentlj the exprcssioD (« -f I>)m eamial be fcnrtker

Rimplified.

The flawing are additimuU exuu|^ :

Eg. J,

To fix (a-b);i njf {a-i-h + r)y

add -/*.;• ^/ // (f>-2c^

Sum («-7»)ja; (i + b)y {>t*-lftf {n + 1li r)y

Ke. 2. Fnnn ('» + />)»i -(" + //)« + ('( l>)p-{n h)q

take (<l - fc)?>t - (u - r)u -{h-r^ + {h ^
>J(£

Result ^m-(h'i-f)n'¥(*i -e}p~{n4-e}q

91. In subtracting terms with liteaU coefficients, we]

ioUow the ordinary rule, birt we h««« a eMce of turn

'

ways of applying il When tiw mgom {^weeding th*-

brackets are alike, as in the cane of the coeffirif^nts of in

and n, we change the sign of each ti-rm within the bracket

and add, placing the crnnmoii sif^ )ieioin t^w rewdt.

The coefficients of p and qr have unlike signs ptw^feng
the bracket, and in such caw^ it in l»est to chai^ the mgt)

which precedes the bracket of the lower teanm add
the terms within the brackets as they stand.

92. Tho following an- imj»ortant exampK in ; lulti-

plication and division, in which the terms ( ot inning the

same power of z are ooml^^d:



r +r

't£l -t-a/>,

XV
'

'l' tfe^ c<-fe „te (rf and y in Kx8. 1-8.

5 aj- ^ ' V + + -(a + l)x- (b -%+a,+8y
6. (a - .h),+(ij - '^r)y + 2br - Ay+ (n - «)r - (« -
7. 'IX .V+ (»H. - /O-c + (m - n)v - 2mx - my.

^ (' '>ll(i^+(6-c>r+(c-a^+(«-r)r
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9. From ai'+bxy - aj* take px* - qxy +rj/^.

10. From (a - b)3?+ (ft + c)ry - (c - a)//"*

take (a - c)jfl - (a - < )a;2/ + (a - 6)i/»

11. From the 8uui of

{a-h)£+{h-c)y-\-{c-a)z and hx-cy-^t

take the sum of (&-c)x+y+a! and (c+l)a;-2cy+(c- !)«.

Arrange the products according to the powers of x fn

Exs. 12-20.

12. (x+oXx+6). 18. (x-aXj;-6).

14. (2+aXx-6). 16. (i-oXx+6).

16. (i+oX«+ftX*+c). 17. {x-aY^x-h)(x'c).

18. (i+oXx-6X*+'^). 19- (j--fl)(j; + ftX«-c)-

20. (x-aXj; + 6) + (•'•-'')(•'• + '•) + ('•-<)(*+ <»)•

21. Divide a^-h^- + 2&f by a-h + c.

22. Divide + 6=« + ^-^ - 'iahv by a + 6 + r.

23. Divide Sa-i - ft^ + ,-3 + 6oftc by 2a - 6 + c.

24. Divide + j-y + 2x2 - 2 1/* + lijz - 3z» by * - y + 3«.

25. Divide -c' - (a + 6)x + «6 by x - a.

26. Divide a^- (a + 6+c)ic+a(6 + r) by x-(6 + c).

27. Divide «•-(«+ (am+Mm)*-ai»Mi by at- o.

28. Divide as»+(o+6+c)a^+(a6+6c+ac)se+a6e

by £+aand by x+6.

99, Divide - (a + ft + c)a;«+ (wA + 6c+rtc)« - a6e

by a; - ft and by x-c.

80. Divide x3 + (a + ft-c)x*+ (oft -6c- ac)x-a6c

by j-2^.(((-c)x-ar.

^1. Divide a»(6 + c) + a(6* + c=*)-26c(6 + c) by o + 6 + e.

88. Divide 2oV+26M+airt!«
and by ate- 1*- e'-i-tf^.



Chapter iv

SOtPLB EgUATIOirS: ORS UNKNOWN QUANTITY
(elementary)

93. Definition. An E«iuuti(.n is a Htatement !,«

members, of the equation
'
^

in dkl:;;: zr*^"" ^^^^ »-ber

# lu
represent the mim numbw for nil-t the Jetten which they contain.

""IV amsned tow - ^
~

'

^^^t^^^r value
.

amgned to ^, t.A, i«pw8ent. a general number.

I lie two ^"^r values of x•e iwo expreiatoiM are unequal, i e s r«n~o««*o
ticular irainber.

" '^P'^^ents a par-

96 Ideatitie.. Two expm^ions which are equal for'II values of the lettern contained farm an
" i« Hometin.e. called, an JJJ^Mentity or, as

" 6ft
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An identity always consistB of two expressions, of

which the one may be derived from the other by the

ordinary rales of algebra.

97. Conditioiud equations. Two expressions which are

equal for one or more particular values form a conditioiial

equation. Tlu- word "conditional," however, is usually

omitted and tin' name equation alone ust d. It is with

this class of equation that elementary algebra is chiefly

concerned.

98. Unknown quantity. The letter to which a par-

ticular value must be given to make the sides equal, is

called the naka^wn quantity.

99. MTiag aa eqnatioa. To solve an equation is to

find the value of the unknown quantity which makes the

two sides equal. This value is called a Root of the

equation and is said to satisfy the equation, i.e., io make

the two sides equal.

100. Simple equation. A simple e<iuation is one

which docs not contain the square or any higher power of

the unknown quantity. Such e< luations have but one root.

Thus 3/ - 1 =2(r+8) is a simple eciuation and is satis-

tied by but one value of viz. x = 7.

But = is not a sinqjle equation. It is satisfied

when .f = 3 or - 2. but for no other value.

101. Axioms used in solving equatioaa.

1. If equals Ik- added to etjuals the sums are etjual.

2. If eiiuals be tiik( i from equals the remainders are

equal.

8. If c<|uals Ih' multiplied by equals the products are

equal.
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4. If equals l>e divided by equak (not «m) th.
•luotients are equal. ^ '"^

ol°lmTiT^ *e «».. length

by the ernne number. A pair of scales !,„•,„„ i

^•rms, balan,™when the weiditi in th^^" ,

*

-""ved fro,,, e^h ,„„, the b.l.„<»^mJ'^^^^

Solution

The given equati ii ig

Add 7 t<) each side

.Subtract Sx from each

Combine like terms

Divide by coefficient of x

or -a, =11+7
2x=lH

J- = d

(Ax. 1.)

(Ax 2.)

(Ax. 4.)

Vkbification

Whenur-9, 5z- 7-5(9)- 7-46- 7-38
'^•' + ll=3(9) + ll-27+11.38.

» 'lu h proves the solution comwt

104. In the precedin xilution observe •

•••-"^iliiiroitbfeiXtdl^
"Stead upon the opposite side

' "'^ *°

2. Subtracting 3x from each sid,. caused +8,
'M|»«ir from the He<.o,ni side and t . H ***

fimt side
i*app«r - ar on
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3. The object in making these changes wan to collect

all the tenns containing x on one side and all other terai^

on the other side of the equaticm.

These ob8er\'ation8 furnish thi' mode of solution of a

simple equation and the reasoning upon which it is

founded.

105. Transposing terms. .1 term. wu<i be trmmpotieH

from one mde of tin c<]ii(itio,i to the other, wUhoiU destroying the

equalUy, providiity the niijii of the te>*m be changed.

With this statement compare the first two statem^ts of

Art 104.

106. Rule ftwr irtTillg. Remuee In-adceU, if any occur;

tranapoee ail ternut containing the unknotrn quantity tn (he

fird side, and all remaining terms to the nerond side of the

equation; combine like terms, and divide hoth mie^ by the

coeffini'nt of the unhumn quantity.

Ex. 1. Solve the equation 2/ - 3(a; - 2) = 4 f 2(i - 5).

Remove brackets 2x - 3a- + 6 = 4 + 2a; - 10

Transpose terms 2x-3jc-2a: =4-10- .6

Combine terms -3a: = - 12

Divide by -3 x = 4 (Ax. 4.)

Verification 2/ - 3(/ - 2) = 2(4) - 3(2) = «-6 = 2

4+2(u:-5)= 4 + 2(-l) = 4-2 = 2

Ef. 2. !^)lve equation 2(/ + 3)^ - 13 = (x - 1)»+ - 2)«.

Simplify each side 2.r2 + 12x+ 5 = 2/2 - 6x+

5

Transpose 2xa - 2/2 + I2x+ 6x = 5 - 5

Combine 18x =

Divide bv 18 ac-0

Verification 2(x+8)«-- 13 - 2(3)» - 13- 5

{X - l)«+(ar - 2)« - ( - 1)«+( - 2)»-6



Simple Equations

Et. S. Solve eiitwtioii a(x~a)-^h{x-h) 2ah.

Remove hncketii m-at^hx-h^^

Combine temu. in X .«.+2«A+^
Divide l.y a+6

a;-a+ft
Verification «(a+6-«)+6(«+/>-A,I^+^

"

-2aA

EXERCISE XVI

resT*
^^"^ '"""^ equiUioni, and verify each

/3. .3(r-5) = 2(.r+l) + 10. ^4. 2(x+7) .3(ar - 11)
5. x-(5-2^) = 4(l-.) + o.,»

2(/+ 2) + 8(r-r,) + l =0.

7. a'-(4r-5) + 3(r-7) = r.''

8. 8ar+7-(r,r-2)-n=0.

9. 2(x-2)+3(x-3)-4(.. -4) = 0.
*^

Mti. &-2(7-3a:)+4(2j-r>)-(^+2)-o
6^1. 8-2(&+5)-2(2-&r)-ar-(({-ll.r)
5/12. X - 7(4r - 11) - I4(a. - 5) - 19(8 - .

) _ 61
-13. 5a:+6(;c+ 1) - 7(«+2) - 8(x+8) - 2(x+8) -0
-^4. (j:+3)(x+ 7) - («+2)(* - 12).

/5. (.«:-l)(x-9) = (x+ 2)(x-ll).

^6. (-+8)(. - 1 1) - 2(. + 3)(x - 7) =x(4 - «)+52.
H7. (.r - 2)(7 - r) + (.r - r,)(x+ 3) - 2(x - 1 ) + 12-
V 18. (2r - 3)(.. + 7) -

( r - 5)(2r + 3) = .r{x - 2) -
19. (2.- - 7)(.r + r.) = (9 - 2x)(4 - X) + 229.

20. (•^-l)(^-3)(x-5) = (x-2)(a;-3)<x-4).
^
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^ 11. (/-l)«+(*-3)«-2(*-5)«-12.

22. - 1)»+ (* - 2)»+ (x - 3)» = 3(x - IMj- 2)(:r - U).

^2S. r>(rt+j-) + 3(fi-.r) = :{..-.

24. n{x h(T - h) = a(j- + />)
-

25. (x+«)(j- - h) -(x - a)(x+ h) - (a -

26. a(.r-o) = /)(r- 27. (a + /<).r + (« - = //2.

28. (<t + />)j--(a-/>).( =/*2. 29. nx-hx = a + hx-2li.

30. a) + /*(/>-.r) = 2M/>. \81. a(x + a) = b(x-l>) + 2(fl.

>32. (.'• - ^r)2 - (x - «)(.-• - /*) + (x - />)» = x{x - a) + n\

^33. .<•(«+ />) + {a + />)2 - i-{r - x).

,y 84. .* (.r - a) + 6(x - h) = (
j- - /i)*

+

2ah.

y«5. («+ 5)(« - <r)+ (ft+ f)(x
- rt) » (c - <i)(x+ 6).

^ ^86. a(x - «) + ft(x - ft) - r(x - r) = 2rtft.

PROBLEMS

108. Algebra irf extensively used in the solution of

problems in which one or in(»re numbers are to found

from their connection with other nunibcri already known.

The mode of proceecHng can befit be leameil fnmi a lew

simple examples.

Ex. 1. A purse t-ontains dimes and quarter-dollars, 15

more dimes than (juarters, and 51 coins m all. Find the

number of each.

Let X = number of quarterKloIlarB,

then x+15» " dimes.

Adding x -i- <x + 15) total number of comn

= 51, the number given.

Therefore 2x+15 = 51,

from which x = IS, the number of quiirU-ix,

and x+15 = 33, " " dimes.
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fhf"' 1

P«cedi»« exuinple, if the total value ofhe co.ns had Wn given, #7.80, i„rte«l of their nu.nLrthe solution would have been m follows •

'

Let

then

and

jr = number of quarter-doUarw,
'

" dimes,

25*= " <«nt8 in 2r, ,,uartere,

vn- .r^
'2'^'^^"' " " ^+15 dimes.Addmg 2%+ 10(^+ 16). total number of cents

= "^^0 the number given.
1 herefore 35x+ 1 ;>0 = 7,S0,

from which = '^^e numlnr of ,,uarte»

.+15.a3, w
dimes.

'

8 .n"^; / ''f
• o« age, has 8 chiWren of 10,

8 and 6 years of age. In how many years will the
the ages of his children In. double his own age ?

•f - the number of yean nquind,
40+ J- = father's age after ar vean
10 + J- = eldest child's age

8 + .r = second "

6+ j; = youngest "

24+3ar=8um of children's ages,

2(40+x)- twice father's age.

24+ar-2(40+*)

«-»88, the number of years raquiiwL

then

and
<(

((

Therefore

iwlviag

°' ^« worth 50 cents more thana yard of sOk; 10 yarfs o| «lk and 12 yards of vdve"-^togeth^ worth tti. KBdthe^'oi.;^^:;
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Let / a number «l cents for a yard silk,

then x-l-50» ** " " velvet;

10/- " 10 yank f>f lilk;

12(x+50) • 12 " velvet

Adding 10ar+12(x+fiO) = (»l()0.

Solving equation x = 250.

and .. + -)() = 300.

The vahu'H arc, therefore, *2. ')0 and if3 resptHjtively.

109. No rult'W run he given for the solution of prob-
lems, hut thu following ol)Her>'ation8 may he of KHne
assiRtance a» a general guide :

1. Let X stand for the number from which the other num-
beni ctMinected with the problem can be most easily found.

2. Find from the problem two different ezpreasimw,
each of Avhich r(>i)nwnt« the same number. These will

form the two nides of the etjuation.

8. When coneret<> (]Uaintities occur, they must all he

expressed in units of the Mime denomination.

4. Be careful to spec ify clearly the units which x is

used to count ; x must stand i<xr an afutraet number.

EXERCISE XVII

1. Find the numbiT which when multiplied by 3 and
with 11 added to the pi .duct makes 47.

2. The sum of two numbers is* 7') and their difference

17. Find the numbers.

8. The double of a certain numbrar is greater by 3 than
the number itself with 7 added. Find the number.

4. Two boys together have $1.25 and «me of them has

17 cents more than the other. How mu< h has each ?
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«. IVo hovR had each th
t , ,

Willie nunilw of ( (.nts. One
.f theni l,>Ht 2.5 centi and the .rther earned 7 cent« andtiun the atter had twio« a« many a. the fonn^ 'h^nmny had each at firet ?

TdluLt'*^^'^'"'
1^ ^t. wider it .ould U

ilf^^ f "7'^''^andnow^h«i8time.a8n,i^
as jr. Mow much Imd each at first ?

only twice aa old. How old i« ^ at prenent?

, T^ ^IT number .>f marbles •

one of them win. 24 fcon, the other «„i now the foZ^
haB^^fame«aam«»ya.the

latt«r. How many had each

i-rt '«.v''tJV"'"
'^'^^ ''''^ that the fir.tPWj^may exceed the i^cond part by 8 and the third part

naifn,.^"^^* /fo'"*^
^''^^ th^^t ^2 times onepart may equal 13 times the other part

18. A t an election 875 votes were cast and the snooeas-AUcandadate had 29 majority. How i„«»y votes

f 14 Divide 89 into thm. parts such that the first imrtmay Ibe less than the se««d by 5 and less thin t^e tiSS

lesl'tha^'lS^L^^o**^^^less than and e 2 eeat, than 4 and J togettw.
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16. Two men have each the same amount money.
One of them pivcH thi- other 460 and now th«' latter htw 3

tinu'M an much an the former. How much had each at firnt?

17. The ages of two men differ hy 20 years, and 15 yean*

ago the eUler was twice aw old as the younger. Find the

age of each at present

18. A father 40 years of age has 3 sons, the nam of

whose ages is 20 years. In how many yearn will the sum
of the sons' ages ecjual their father's age?

19. The age of a father u 3 years more than o tiuies th»'

ng«' of his son, and the sum of their ages is 3.S years. Find

their ages.

20. There are four more girls than boys in a certain

class, and three times the numher iA boys n greater by 9

Uian twice the number of girls. . How many giris are there ?

21. A parent divides 12500 between 2 sons and 3

daughters, giving each son 9100 more than each daughter.

Find the share of each.

22. A franc is worth 5 cents less than a mark ; 5 francs

and 7 marks are tt^ther worth #2.63. Find the value ot

each cmn in cents.

23. A rouble is worth 14 cents more than a guilder ; 10

roubles and o guilders are together worth 17.40. Find the

value of each coin in cents.

24. A i)ound of tea is worth 5 cents more than 2 pounds
of cof¥e ; 4 lbs. of tea an* worth 9 lbs. of coffee. Find the

value of a pound of coffee.

25. A bushel of barley is worth 2 bushels of oats, simI

a b '-"hel at wbcat. is worth -0 c. idn mcire than a bufhel of

barley
; 2 busbels of wheat, o of b.irley and 10 of oats are

worth $10. Find the value of a bushel of cats.
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i^S'J «J? *r ^ * Aether
wortht2.4i>. Find the V8lu« of .pound of tea.

27 Divide $1.68 between A, ir«d t\ giving 1.5 centM
leHH than twice «i m«ch - C, «kI ^ 1 cSit «Le timn Saud r' together.

'

'

'""^ *"
' a'Hl ^ have

'

' ^ '^"^

29. A puree contain. quMTter-dollaw and 1 0-cent pieces,
4- cou,H n. all

5 the t<>tal value i« $6.45. Find the numbei
of <]iiart4 rH.

80. A puree contains a numb,>r of 10-, ent pieces,
uuuiy francH and «ix n.ore, each wt>rtl, 1!> cent. The

tJ'"" ti.e 10-
cant pieeea. How much are all the fmncti together worth ?

31. A merohant bought 100 yards (rf cloth at $2.50 iier
.vard. H,.K<,ld |)artofitat$2.75peryardandthei««Min.
tier at $.3 jht yard, gaining on the whole $40. Howmany yards did he sell at $3 ix r yard ?

A workman worked 40 day.., ,,art of the time at
#1.w per day and the remainder of the time at »l 80 per

In/fh w?^' '"T' IJ"^"*^
^ '^^^^ more thun

for the latter in^nod. How much did he receive in all f

''^"f^'"^"
^'ng««ed for 60 days on condition

that he Hhould receive fl..50 for each day he worked hut
should forfeit 75 cents for each day he was idle. At the

^^ ^r**^ ^ """^

»4. A gentleman gave a number of children 10 cents
each and had a doUar left To have gi,^ them 16 cent.
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1 4-

If
I r

each he woul<l have reqniml n ilollnr mon than he piMh

Btumnl. How much moTu>y hn<l h<' ?

36. A win« nuTi'hnnt hl^^ twu kirnln »»f wiiic, one worth

60 mitH luid Uh' oUu r 75 Cfutn a quart. Fnun thew he

wishes to nmku a mixture of 1(X) gallunR worth $2.75 a
gallon. Hnw numy gallmis (rf the fcmner kind mnsl he
take?

86. Two cankK contain equal quantitiPH of wator. From
the firnt cask 40 quartn are drawn and from the pocond 35

gallonH. One viwk now contaiuH tnice an much as the

other. How much did each cank at first contain ?

S7. A rectangle in 1 foot )c4^>r and 6 iuchcs narrower
than the Hide of a H<|uare. The arm of the square is 48

in. leHH than Uie area of the recta^le. Find the area of

the («quare.

88. The Hides of two wjuan H (iiffer by 3 inches and their

areas differ by 1 1 7 square inchex. Find the area of the

smaller square.

89. The length of a field is twice its width ; if 10 yards
were added to its width and the name amoant subtracted

from its length, the area would be incrMsed by 700 M|uare
yardH. Find its original area.

EQUATIONS WITH FRACTIONS

1 10. Equations frequently occur with fractional coeffi-

cients. They may always be sdved 1^ the m^hods of

the foUowii^ examples.

Ex. 1. Solve the pquati<m ~ - 5 <

«1 x-1

Multiply each side by 15 ; this will not destroy

e<}uality and will cause the fractions to disappear.



hikI

TbwBion ai*'-73-fi0-8(*-l)

= .50-&*+«.

Wiu e lt.tu..r8 in alKi hra Htun.l for nunibern, the niultipU-
cation of fmcUoiw containing letUfW foUowu the onUnarv
rales «f Arithnt<>tic.

««»"iw7

Thu. ^xl.-,«S^; ^-ixl.l-3(x-l), etc

()I.K.Tvi. ni.vfiflly the negative sign before th^ fraelkm
(•oiuuuung two u.nnH in the nuniemtor. When the
denominator han been ninove<l ly n,ulti,.!i,ation the
nef«tlw ripni a.n«es tl» sign «.f emh term n. the nuiuera-
'or to be chung<>d in the example given.
The multiplier whieh will cauw «11 ('„ >

to
UiMappear i.H . vitU-mly the lennt coninu.n .,. ^ ^ fht
denominatorn. Thi« procew h known an dearin. mn
eqwtion of inetions.'' ' ^
&.M. Solve equation ^(•'•-3) -^(x-o) » 1 -^(^_8).
Multiply by 12, - 8) - 4(/ - r.) = 12 - -

8).

Remove brackets, 6j- - 1« - 4/+2(> 12 - *+8^

3r=18,

Olmerve the two different form, in which fnu tionH con-
taimng liteml expnsssions may written, with the
fractional part .s . eoefficient in this example, or with
the denonmiator written h.-neath the na«e«Uir as in
Itx. 1. The meaning i« the in th cases. Such
tenn« are multipli<.l by multiplying tl,e fnurtional co-
effieteat wnJy. Art. TO.
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The student hotdd T«tify each sdintioii.

Thus when x-S,

l(,-3)-i(.-5).|(6-3)-l(6-6).»-i.l|

l-l,.,.-8,.,-j^(»-8).l.

which proves the solution correct

EXERCISE XVttI

Solve and verify each result:

8. «+l+?:±2+::ii>^o. 6.* ^-iii-izJ?.
2 3 4 2 3 8

8. — + g ». +—

+

11.

3 7 13

3j; + .") 21 + j;

8

la. £-2:ii = £iJ+i.
4 8 12 2

tA 2j- + 7^3-ir 2(.rf5)



17. 3^2^7._ J_s
o X Sj: ox 3

&1IPUI liQirAXIOKS

2 3 -1 ^•

79

18.

•J 6
19. ^-'l^i^^J,. ^ r 2x-o 0.= -^0

4 0. 8 12
—

--fo--

l«

PROBLEMS

SC;^,!^ ~" « the eoluUon,

Let

then

and

Alio

and

Then

solving

Then

^ = number at 2 for a cent.

2 - nunilH^r of cento for fi«t lot,

feoond lot
(C

2

2x-o
5

3*- 6- total numlier Injught,

^(Bx - 5) - number of cento received.

3^ - 5 - 175, the totiil nttmber lx>ught
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£1;. 2, A saves 20% of his income ; B lias 1^ tiiiit's as

large an income and saves 25% erf it A siiends #20 mon
in 6 iiios. than B mves in a year. Find their incomes.

Let 2;-v4's income in dollan,

then

A
J,

and -— = .4'8 exjit'nseM ptT annum,
5

^ » B's stivings per anninu.

Therefore %-20«—

,

5 8

from* which - 800, and |?- 1200.

Their inotnnes are, therefore, $800 and $1200 respec-

tively.

Ejt. J. A rectiingle is f a» wide as it is l(mg, and its

ami Ih 25 sq. ft. less tliiin the area of a B(|uare oi e({odl

perimeter. Find the area of the squari'.

Let 2/ = the width of the rectangle in feet,

then ac- " length " " "

and 10/= " perimeter of rectangle,

" '-^ = si(le of wiuare of equal iwrinieter,

" 6j:> = area of rectangle in square feet,

(I)'
" square "

Then 6/*+25='"'
-ay

It 24j''+100 = 25/'',

/«= 100. an.l x = 10.

Then ami of s^juare =
^

'j^
j

(2ny^ -= »>2.'> fw|. ft.



XIX

1. Find a iwinhwr whow hiitf exc«edi» its third by 2f

.

2 Two numbers differ by a unit, and if the l««r be
d.yided by 8 and tb,. sn.ull..,- by 5 the sum of the ^mtBmil be n. Find tlie hirger nun.lH-r.

*u tJ'"' r'V''^'"' ^ "n*^ them i« « of
the other. Find the ki^r number.

4. Divide 17 into two part*, such that a third of one
imrt and a (,uarter of the other may together equal 5.

5 Find tb. nun.lK.r whone third part ii, ap much hmthan 4H a» its doulde is greater than 29.

6. It reuuire8 6] n.inutvs h.nger for a Ih.v to walk to
Hchool at J mdes per hour than at 4 miles per hour. How
far is it to school ?

7. Knd a number BUch that when din.inisbed l,v 7
one-third the ren.ainder is greater by 3 than one-fiftii of
the original nuniU'r.

8 A lK)y lK,uKht a nunilM^r of marbles at 3 for a cent,
and having lost r, Uv sold the ren.aind. r at a half eent
«i«h, gaining on the whole 4 cents. How many did he

•. A post stands with one-third of its kngtb in the
.•arth, one-half in the water ami 6 feet above the snrfece of
the waU'r. Find it« length.

10 A »M,y s,Kn.t one-fifth of bis money for candv, one-
htilf the reiuainder for oranges and ba.l 5 cenb, num. than
one-third «if his original sun. left. W hi.t bad b.. at first ?

11. The number of lK)y8 in a certain elass is one more
than one-hrf Ae whtite, nnd the number irf giria i« G lesB
uuui

f. How maay in the
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12. Bought a number erf applen nt 2 for a osnt and
twice as many lacking one at .? for a cent ; tlie cort of the
second lot was 8 cents more than the cost of tlie fimt lot
How many in all did I Imy ?

13. A journey of 2H.V miles was jjerforined in ").^ hours,

part of it at 4 miles |>er hour and the remainder at 7 miles

per hour. How nuuiy miks at each rate ?

14. How far can a boy ride his wheel at 12 miles pnr
hour and return on f(K)t at 4 miles per hour to a point 2
miles from where he started, being 6| hours in all on the

* journey ?

15. Divide SIOOO into two ])arts, such that the interest

i ^ on jiart of it at 5% and on the n-mainder at 6% may be
B $1.50 more than the intorest on the whole at 51°/.

^ " 16. Divide $780 into two parts, such that the simple

I interest on the first i^at fer a nenths at 6% may he $1.50

i
<- li'f's than the simple int«p^m the remaindw for 5 numtiM

J- I
at 6%.

'

i|g 17- A jmrse contjiins dimes and <|uarters, 8.') cciins in all.

The total value of all the (|u.arters is t ^ times the total

value of the dimes. How manv dimes in the i)urse ?

18. One-third of a rouble is worth I cent less than a
fmnc, and 4 frani« are topether w»>rth 5 cent*i h ss than 1 ^

roubles. Find the value «f a runhle in cents.

19. A franc is worth 3 more than | of a mark ; a
mark and a franc are tufeOier worth 43 cents. Find the
value of eatth tx>in in

20. Five years ago Ann wjis half as old as Mary ; at
present Mary is .} tinjes as old as she was when Ann
bom. How old is .Vnn ?
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21 A n...t.u,gl,. is
i-
as wide a. it in l„„g a„a u« ^

P lad the urea of the m tunglr.
i^^mwier.

is "diri^^" tl" r " - inchs a.Wed to both length and width its area in increased bv
91 «<Iuaro,ncheH. Find itn jK^rimeter in feet.

^

23. Two workmen, A and 5, have ««ch tbo same inn.... o w ieh ^ saves 5% and 10% annuaU, r^n^
^''^^ ^ '^^^ « their

l^/ ofbissala^, Uui
24.

M. A workman worked 64 days fur «14S. part of th..mne re..n.u, ,2 ,>er day and for the ..nuunderl^How much moi,ey did he earn at #2 per day?
27. A workman saves 10% of his income. Hin i,av is

years. The first ye^r he mvee I of hiH salarv thn

iHiii. jiis wliole siivinw 1- enn-i! t<. 1 ; ! r

•iur'sMlary.



CHAPTER V

SIMFLB BQDATHnrS: TWO UllOOWB QUAMTITII8

(elkmkntaky)

112. In th«? solution of problems in which two un-

known numbers arc t(t he found, we may use two letters,

one to represent each numlH*r. We mmt then ohtiiin from

the problem two distinct statements, each of which will

furnish an e<)uation. From these equatitms the unknown
numbers are to be found.

Ex. Find the two numbtw whose sum is 10 and
dtiTerence 2.

liPt

and

Then

and

Adding

t>r

In (1) for X. write 6,

or

2-* the larger number,

y- ** smalls **

a?+if = 10 (1)

x-y^2. (2)

2jr=12, (Ax. 1.)

fi + y= 10,

Then H and 4 are the numbers retiuired.

01w»er>e carefully the two factn given in this prob-

lem, (1) the 8uni is 10, (2) the difference is 2, and note

liuw each e<]Uatfon expremieu one fact in algebraical

^'yn^bols.

M
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113. In tlH. preceding example, if but one Htatement
Ima Uvn nuHh n.^tnling ih. two numl«.«i m, definite
result could have Ijeen ohUiiiu-tl.

J'+//-10i,lon.' Jh. given,

^ - <i. .. -12. rte.,

.'/ .'/ 4, // = - 2,

all satisfy tl.,- r.-.,ui,v,I c-ondition, «n«. the num of each
pair iM JO.

Similarly if .,• _ ,y ^ 2 alone is givn,
wehave x=.S, r = (5, ., = 1, ..t...

y = (;, y = 4. ,//
-

1,

eat* pair of which witinfy th.. given e.,uation. But when
M.th e.juation8 are to )^ gatisfied at the mnne tivw, i e hv
the Ban.,, j.a.r of nunilRw, there is but one pair, fi and 4whu h can be chosen.

'

1 14. Independent equations. Two equations which ox-
press (hfTennt faets. two faets. on. ui whieb cann<»t be
n>femHl from the other, are .aid to l>e independent. The
two«,uation. of Art. 110 are independent, sinee from the
a. t bat the sum of two numbew is 10 we eann<,t infer
tlmt their difference Ih 2. But tlie two equations

/+y-10
2/:+2y-20

are ,u,t in.l..,K.ndent
; the second «,«ation i« a men.

tion of the iirHt.
*

115. Simultaneou. equation.. Two independent e..ua-"OMH whh l. .uv to iH' .•^.ti.n...n,y the game values of two
unknown .luantiti.H are ral!,.,l slmulUneoua equatioM.
The two e.,uation8 of Art. 1 1 2 an. simultaneous equations.
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! 116. Elimination. From tw«> siinnltAneons cnuiitions
• i •

con tain 1 1 1>? two unknown ^uuntitifH it in giau-rally |HMHiblc

to obtain a iu>w iniuation oimtMning l>iit one unknown
quantity. Tlie quantity which does nol appear in the

nt'w (•<iuation iH said to \ye elhninatad, and the pnu'ctw

Ity wliith tlu- new otpiation i« obtained is colled

elimination.

,

By adding the two <'«iuati<niH of Art. 112 the y was
eliminated and the new equation oontaine<l x alrnie. Its

value was then eanly found."
"r-

117. Sdtttioa of siiBiilttBMiifl eqvatiMS. The solu-
* tion of Hiinultaneous equatimis is effected by eliminating

^ one of th(> iniknown quantities and solving the rewiltiag

h *• equation by the methods ".Ircadv given.

f:
'

^ I
Ex. J, .Solve the equation 2x+3y = 21, (1)

j ^
5.r+2y = 25. (2)

f t • Multiplying the firet <>quation by 2 and the seomid by 8
'

i::- we gft

' £ 4x+6»y-42, (3)

1^ 15y+6y-75. (4)

Subtracting (3) from (4), llz-SS,

or a;-S.

Similarly multiplying (1) by 5 and (2) by 2

we get 10ar+ 1% =. 105, (.5)

10»+4y-«). (8)

Subtracting (6) from (A), 1 ly » 5.5,

Having f<»un(l the value of x, we might have substitllled

its vidue, 3, in either ol the given equations, uid then y
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would Lave »,een easily found. Thu. for a: write 8 in
eciuatiwi (1),

we have 6+8y-21,
from which y-5Mbefoie.

This proccHH, known m mlMtitetiM, in ngimlly the mart
satisfactory method.

& «. Solve
7 3 '

4 « 2

Multiply (1) hy 21, .V+ 3y- 14v-h7r = 6.3,

coUectIng termi., lOr - n^, = 63.

Multiply (2) by 8, 6y + 4f+ 9* - 5) = 4.r,

orflectlngtemw, »x+6j/ = 9/
" 3x+2y»3.
MuWplying (8) by (2) and (4) by 11,

2ae-22y-126,

88!P+22y.-38.

Adding (5) and (6), >t5Sx^m,

SubstituUng 3 for x in (4), 9 + 2y=

3

W * n
.V- -a

VsuncATION

(1)

(2)

(3)

(6)

(«)

7 3 ~^ 3— «-(-3)-3,

^S+^+^^LzM -g-fH 18 3 9_3 X
^ « 4 ^8'^ 4"^4~2"2'

Which proves the values found for * and y to be correct.

and
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118. Th«' lUtility to wilvc siinulUinpou.^ cqiwtimw quickly
an»l com'i'tly is ohtjiiiu-d only l»y olwcrvation and experi-

emc. hut th«' following general ilirec'tionM nmy lx> of Hervice

to the leanuT :

1. Clear vmh ('(|uation of frm tionH, reiuovo brackets,

ooII<H>t thv temiH and rtrik«« «>ut any fiwjtor which niay be
ooiuoion to all the teraui in either equation.

2. To » liniiimt*» a lrtt«>r, find the L C. M. i»f its cnefR-
oi«'ntM in ihv two ('(luations and nmltiply oadi (>(|uation hy
the (juoti. nt ohtain» »l hy dividing the L C. M. by the
coefficient of tiial l< tft r.

3. Sulitract or a<ld the resulting e<{uationH according
as the sigmi o! the coefficient!* of the letter to b«> eliminated
MV alike or different.

4. Subotitute the value of the letter thu« found for that
letter in one of the preceding equations, clioosing the one
in the simplest fnrni and with the smallest eueilicieuUi and
thus find the value of the remaining letter.

EXERCISE XX

H<»lve the e<|uationH and verify the resnltn obtjiiniMl

1. j+.v-lX), 2. /+ (/
!>.').

' .'/-i. •'• + 2// -is.

8. 2/ + // .T), 4. IVr - //= Hi,

x+2// = .17. 2j- + .")// =141.

5. ')..•- 2// = •->.">, 6. Hx+ '.\y = [i:,

2 r f% = - 9. 1 2r+ .% = m.

7. !)+.(/ =12, 8. S(/ -.-)) + (J =

4/ + 3(y-l) = 29. 4{y+l) + 8-.ir.



"SSI-O. 2(x-,v+/i)-3to-,).

2 -4y-a:.

5

as.

i{5ar+2y+l)-|(3-^_^) = |(,_o,^
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PROBLEMS

119. The following are additional examples of the use
of two letters in the solution of problems. In many cases

tlu' solution may also be effected by the skilful use of a
single h'tU'V. The learner is recommended to occasionally

solve tlie same problem by each method and to compare
the various steps in tlie two solutions.

Ex. 1. A bill of $5.5o was paid in quarter-dollars and
10-cent pieces, 27 couis in all. How many of each were
used?

Let X —the number of quarter-doUan^

and 2/= ' 10-<»nt pieces.

Then 25x = the value of the quarters in cents,

and \0y= " " 10-cent pieces.

Then x+ 1/ = 27, the number of coins,

and 25sr+ lOy = 555, their value in cents.

Solving these equations in the usual way, a; =19, and
y=% the numbm required.

Et. M. A number consisting of two digits is equal to 5
times the sum of its digits, and if 9 be added, the result-

ing number consists of the Hune digits interohanged.

Find the numbers.

Let ;»:=the tens' digit and i/= the units' digit

Then j +2/= the sum of the digits,

10a;+i/ = the original number,

and lOy-fza>tiie second "

The equations are lOx+^ 5 (z4-y),

and iar+y+9-lOy+x.
• Solving, we get ^=4 and y^o.

The required number is, therefore, 45.
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of 10/ and i? an increase of 12^%, and now A saves 4 centeper day more than A Find the daUy wage of
i^t X = number of cents received per day by ^

and ^= '«
J J y

Then

and

Bimplifying
(8)

5\10

4a:+5y-2600

176x-225y-3200.
Multiplying

(3) by 45, 18ftc+22.5y= 112500
Adding (3) and (4), 366^=115700,

^iL. y = 240.
Th«rincomes are, therefore, $3.26 and «2.40 respectively.

EXERCISE XXI

1. The sum of two numbers is 47, and 3 times the
^"^^^

*
^

Jth^lTle^te-riLr
by 4. Find the numbers.

'^'^ ^ the lai^er

worth ilT^vf 1 ""^ t°8«ther

are www f1.62. Find the value of a pound of each

1 r* V 7? ^ "•O'^ P«r day than
3 boys, and 4 men together earn 00 c«,ti more per d!vthanTboys. Find the dai^ w.^ «l • «m« «S a'l^'^

(1)

(2)
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5. Two ap|>le8 coet one-half as much as 3 oranges ; a
ddzci) apples and 21 uranges together cost a dollar. Fiiui

the price per dozen of apples and oranges.

6. Two buphels of oats weigh 8 lbs. more than one

bushel of wheat ; 2 bushels of wheat weigh 18 lbs. more
than 3 bushels of oats. By how much does the weight oi

3 bushels of wheat exceed the weight of 5 bushels of oats ?

7. A and li play for a stake of #10, to be furnished

by the loser. If .1 wins he will then have twice as much
as B, but if B wins he will have 3 times as much as A.

How much money had each at first ?

8. Tom saves 25% of his week's wages and Dick saves

20% of his
;

together they save $6 per week. Tom's
expenses are | of Dick's expenses. Find their weekly
wage.

9. A saves half his income, B saves one-third of his

income; together they save ^1.80 per day. If their in-

ccnnes were interchanged and each saved the tame fracdcm

of his income as before, A would save 10 cents a day
more than B. How much does each save per day ?

10. Paid a dollar for some apples at 8 cents each and
«Hne oranges at n cents each. Sold two-fifths of the apples

and one-fourth of the oranges at coet for 34 crats. How
many of each did I buy ?

11. A and B together earn $h. 75 per day. If A^» wagee
were reduced 20% and fi's raised 20%, A would still have

10 cents a day more than B. How much does each earn

per day ?

12. The sum of the ages (A A and B is f (tf the sum of

the ages of C and D. Two yeans ago the sum of the ages

of ^ and i? was one-half the sum of the ages of Cand D.
Find the sum of the ages of all four at present.
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at "'.entlT''
"'^^ ^ barleyat 8() cents, the average price for the whole being 88 cent«

vdue of the wheat. How many busheln did he seU inTf

«,if A ''T^'"
^'"n^istins of two digits in 4 times the

^o»««t of the onginal digits interchanged. Find the

16. A number con.'Vting of two digits is greater by 2thaj, 3 tunes t},e 8uni of its digits. The sum ST
« double their difference. Find the number

of 'the T •
'"-^^ """'^^ -»««ting

and theT?^ interchanged is divisible by 11and the difference of the nnmbew is divisible bv 9 Stat^m words the quotient in each case.
'

18 Show that a numb«T consisting of two dints. who«H

ite digits or to 7 times their^™»ngaMh between the two cases.

i« 'add.:^ Tui" ^ - unit
18 add( d to the numerator, but equal to 4 if a n„it h«addcKl to the denominator. Find 2o fraSii

„nf • '^ilJ^^"' ^'•''^•tion becomes i when aunit ,s added to its numemtor and t.. i if s l>e addeS^t itedenoimnakM-, Find the fraction.

«taed to its

21. A bill is exactly paid by 8 marks and 12 guildersor by 18 marks and 9 ffuildeni. H«» ^ guimt rs

pay the bill ? " ^^'"^ How many marks would
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22. A freight cur carries 13 bales of cotton and 33 caskf

of wine as a full load. When 9 casks and '» bales have

been removed the car is still two-thirds filled. How many
bales would fill the car ?

28. The area of a rectangle will be unchanged if iU

width be increased 3 ft. and its length diniini.«lKil 4 ft.,

but if its width be diniinislied by 3 ft. and its length

incr»jased 5 ft., the area will Ik; reduced by 15 sq. ft. Find

its origiual length and breadth.

24. A boy can ride a bicycle 1( miles further in three

hours than he ".an walk in 7 hours. He can ride from

home to school in 15 minutes and return on foot, in 36|

minutes. How far is it to school ?

25. A journey was performed in 4A lumrs, a part of it at

4 miles per hour and Uie remainder at 10 miles per hour.

If the distances travelled at the two rates were inter-

changed, the time re(iuirt>d would be 27 minutes greater.

Find the whole distance travelled.

1. Find the value of {x - ay^ + - bf - 2(x - n){x - b)

when a; = 5, rt = '4, 6 = 0.

2. Draw a rectangle whose length is x feet and width

y feet. Write in three different ways its perimeter in

feet. Write its area in square feet and in square inch's.

8. From the snm of 2a -36 + ^, 2{b-e)-a and

3ft - 2(1• + |fl\ take the snm of2o - 3(6 - c) and c + 2(a - 6).

4. Multiply {a + bf hy (u-b)\ add a*6«-6< to the

product and divide the ftnal result by a - 6.

EXAMINATION PAPERS

I
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5. Divide a«(«-ft,.6*(a-ft)+«i(a + j^ by« + 6.

6. SolTe the equation

ae-{5-|2x+3(l-;c)^2j-3J.lO

,^ia^.re;« Lt-:- ^^^^^^^^^
-

II

1. Find the vftlue of J^±h^
a i t r

2. If 2-« 16, find the values of ',ix, and 3-.

3. Add a- - 2ah - om o / 1 . \ 2A

4. Simplify \ ^ y 4

(2x + - 3) + (1 > 2ir)(ar+ 1) - 3(& - 1)(2 - ar)

5. Divide

(«-26)(« .-34) + 26(a-38d) by 2(«+36)

6. Solve the eqiution U^^qX _x/A \\

after 'thfxn::/'^^„^
:::^ifHat::'^^^

™ueh greater than T^Tj'Ly :^\i:'Z:

^

-.ng«, and how .^uch money ZllZ f
"' '

III

1- Find the value of Jl+^zl /iTl r~\

84
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2. A rectangle is 6 feet long»r than it is wide, and a

square has the same peritaeter as the rectan|^e. How
much greftter is the ana of the square than that d tito

re^ani^?

3. Express in words the renult when the diflFerenoe of

any. two numher * (1) added to tlieir gum, (2) subtracted

from their sun

4. Simplify ^(| + 4)-|(7l-..-)-|(«-l) and find

the value of the result when x = 3, and when ^ =- 5.

5. Divide

(rt - x)((l - 2x) + (x - «)(x - - 2(rt - X)- hy x - a.

6. Solve equation |(2 - x) - ^ (3 - 2x) = and

verify the result.

7. A and B play marbles. At the end of the first

game A had twice as many as he had at first At the end

ci Uie second game S had twice as many as he had at the

close of the first game, and then each had the same • - Ti-

ber. If they ti^ther had 80, how many had each a

IV

1. Find the value of a% - S " ( V "T + i^l

2. A rectangle is 2x + 3 feet long and width 8 fwt less;

find its perimeter, its area and the area of a square <rf

equal perimeter.

3. Simplify «(« + />-!)- h{a -b + 2) -{a-b)(a + b- 3).

4. M ultiply (rt - />)- + (b - 1)- + (c - a)- by a + 6 + c.

6. Divide {a* + b*f-(t%-^ by (a + bf-ab.

6. Solve equation
^||(|

-
]^ - 1}

" | » 1-
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7. At a baseball ^aine Tom made 5 moie runs th,.n hwas years old; Dick, who w«, two^Xr iSltwice as many runs as 1... was y«« dA hL^J?^*Snm.. How old was Tom?

^

1- Find the value of <iA(a-M + A-/* ,w /
when a = 2, -3, ,. = 5.

^ »^ + - <?) + «i(c - a)

2. If x = a + 6, y.a.fc, find the value of ««-«,+^
3. Divide

by 9(2-.).
4- Smiplify

'

when for * we write a. .
'

«• « i(*-i) + |(*-2)-i(*-8),
find the Trine <rf

|(^+l) + |(a:-2).

6. S<d^eeq»«tioo8*-l(y.2).6,
4y.|(,+ ,0)-8.

..f 3fi^^r"^^ ^ ^y^'^ ^PP^«« «t the rateof 3 for 5 cents and orange, at 40 cents a dozen HadTh.nmnbers of apples and oranges been interch^ Z^o^'wouMW been 20 cen^ How m.S;Te:^^S

1. If g(fo-5) = £--(2-3x), find the value of

|(l-2«) + l(a.-l)..

S?. Knd the algebmical expression which when divided
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by a' - a6 -f gives a^ + ab + b'^ fur quotient wttll - 6* M

5. Simplify

(1 - - >K1 - c) + «(1 - >K1 - *) + »(1 - e)+ «.

4. DividA (a-t-fr)<^-f0)(«-t'«)-»-«ie Vjr

6. Solve equation i(2« + 1)» - - 1)« = + ^^^s^-

7. Five francs are together wortli one cent more than

2 fiorinp, and if tht^ valuo of n fmnc wore decrrased one

cent, 3 francH would l)e worth 7 cents more tLan a florin.

Find tlie value of each coin in cents.

VII

1. li x-^l, y= - i and .? - J + - - H, find the value

of ^ 8 2 a. 2y .
'

a. Simplify {x-*-l)\4x-l)+l\ -{x-l)\l+x{l+»)\,

S. Multiply (o + ft)«+(6 + c)«-(o-<^ by a-b + e.

4. Divide (1 + 6X1 -'^) + « + «*(« + *) ! + « + ''•

5. Solve equation <i{x-a^)-k-b(x-h^''0 and verify the

result.

6. The i)erinieter of a nHiui is 44 feet. If it were 2 feet

longer iuid 1 foot wider tlie area ot the floor would be

34 sq. ft. gTMter. Find its lengUi and width.

7. Two-thirds of a schilling is worth 3 cente less than a

franc, and a half a franc is wortli half a cent more than f
ol a diillini;. Find the value of each coin in cents.



Simple KQuinoxs

vni

90

1. Simplify

(« + *){2« - 3(a - 2*) - 61 - (a - 6),a(*-8.)^a.-»|.

«Tide th« result by (*-6)«
.^^^ •/« and

a Divide

6. Solve the equation ^/1 - + i^/'i _ -^X 5

,

and verify the result. ''^ \ */ ^ \ x) 'i^'
~

J* consisting of two digits is im»ter 9

ttw nraltii^ nitiBbw will be sreater bv a fb-n 7 ,. '^*'"f^
sum of its digit.. JlndtheCw.^ ^^'^^^^^^

7. ^ loses J of his nionerand J ndna «, «m»..»4 t

rtSSt? «»"'»'«* Wwoh





AN8WEB8 AND HESULIB

IxtrelM I. paft fi

6 6 L •
•

*• ^' ^' «•

lo'ao. ,rji-

iO. U. 17. 1. t« 10 .
21.16. aa.;*.

* 3^. .7, ,, I„V«.'' ,* r-/'-

1. x+5, 5jr. 2 lO-T lA

--.n.,. ^^^r-- J^;-
la lOftfe -f-^ 100' 11. 1006-«,i 4>J!!£,

100
12. 12x+y.36x+12y.

12. 6«,

14. -hra, ^hn. 15 ^ +^ +



Answebs and Results

10. 7(10) + 5; lOx + y. 20. 4, 11, 5.

21. 36X + 50. 22. 10. 28. 6x2,3.

24. xyz, 2{xy-{-yz + xz), 4(a; + y + «). 25. 2i»+l, 2«-l.
26. ay+r. 27. (a+ 6)»-a«+6«+2«6.

28. (a-6«-a»+ 6«-2«6. 29. ^-^ = a» + 6«+o6.

SO. {a + 6)(a-6)-a^-68.

ExvelM nr. Pag« 24

1. +18, -90. 2. 30 ft. north, U ft. south, 7^ ft.

south, 1 ft. north. 8. 5 ft. up, 10 ft down.

4. 12.50 gain ; $3.25 loss. 5. -2f, +3f, +4|, -21.

6. -1, +2. 7. -2a, 3a. 8. -10, +3, -4.

9. $12 i-a8h= + 12, $5 debt= -5. 10. + 17, -30^.

11. - 2 ox., 14 o2., 2 ox. 12. Halved, douUed, «gn changed.

Exercise V. Page 80

1. +8, -8, -2, +2, -3, +3.

2. +50, -50, +18, -18, +10, -10.

8, a, 9fti - 4a* - IO06, 24a!y, 7m. 4. 4x«.

5. -7x« + 3y-. 6. -6m2-10»t2. 7. - 3aA.

8. -a-6-4aA-'. 9. -6(a + 6). 10. 6, -8, -12.

11. 10-25 + 5= -10=10 miles west, the end of the journey;

10 + 25 + 5 » 40 nulei^ the diatanoe traveUed.

Exercise YI. Page 32

1. 6a + 46 -4c. 2. 2a + 46+ 11c. 8. 9a -56 + 2c.

4. 8a-26-4c-4x. 6. 5a6 + 2ac + 26c. 6. -m-fibx^ex.
7. 0. 8. 7(a + 6). ft. a+6-e. 10. 9(«s + 6).

11. 6a(6 + c) + e + a;. 12. 9a - 46 - I7c - 12d+ 12e.

13. 3(a2 + 6-!) + 13a6. 14. - a* + 1 2a-^6 - 2o62

15. 2a^ - 036 - .5a-6-* + .5o63 - 76*. 16. 15x-7y+3«.
17. -4(e-l3y + 2Sic 1& -4a+ 66 + 6c

1ft. -Ua + 136+lOe.



1- -8, -2, +2, 3, -3. 2 -9 U q 1 a ^
»• ISa', 3„-,M.+ .,"'

^

7. -«+ »». «.5, -9, -15. 8.-2,, „ „

Exerelse VIII. Page 37

10. -."-M+et-aJ+jfe+a^. 1, _„+2j!,.,^.,

18. -26+ 2c. 14. 7a -66. H

Exercise X. Pagt 4e
1. - 15, - 16, 16, -77, 40.
a- -16x», -6««fcv -20*»y, 6«%8, 5a36x.

4. - 30«^6V. 5. 120aW. 6 25. 8, 64. 7. 0. 82.
8- -1. o- 9. 9a« 8a8 lC«</,«, - 243a»«ft«
10.-3,7, -10, -70,29. n. 120.
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XI. Pa««4B

1. 2** - 4x2 + fix. 2. -9r'^-\ + 6a;.

3. Ix^y-^xf-^-lf. 4. -8fr''A+12a-!62-4aA».

6. -a; + 2!E»-3a:«, 6. x^j^z xi^z^ - T^yzK

7. -21a»6x«.+ 6a2«iy+9atey-12ii«iy.
8. - Ga'ftc + 9aA3c + Sflftc" + 6a-6c2 + 1 2ai«c« - 6aWc.
9. d^b - a% + a-'6-' - a^bc + et^fc^c - a^'^c.

10. 8;r''-Ux'-i+12x. 11. - ^x? ~W + \ U - \.

12. 6a6 - 136*. 18. 2rt' - 1 la«6 + IO0A-' - 46».

14. 14a -46 -14c. 16. -26c + c*.

16. 2.r2+10ry-12y2. 17. O;,/.

18. 26.c + 26y. 19. 0. 20. cx + ay + bz.

Exertise XII. Page 62

I. 6ar«-7a?+llx-6. 2. ?xS + Sx^ - 8x + 3.

8. 20x»-18x«-25x-6. 4. - 3a-"« + 5x* + 7x - 10.

5. x3-8. 6. «='+l. 7..a8-63. 3. a^ + i".

9. a^-4o2+12a-9. 10. 4a* - 1 3a-'6- + 96^
11. 6x-'' - r* + 4r» + 2.H - 7x + 2.

12. 6a:«-5af*-32x» + 5x8+ 19x-5.
13. 1 - 4/2 +12/3- Tix^ + Sr"* - 1 2/«.

14. 2 - 8x + 1 .'Ir- - 1

1

.1^ + 6/» - .3/' + x«.

15. -3x' + 8x* + /3 + 3/-'+i0x-3. ig. a«_i.
17. a8 + 2a^ + 3a< + 2a2+l.

18. a*-3af7-2a5«+lla*-14iH + 3x«+16r«-29x + 21.

19. x3 + 3/y-y3+l. 20. o« + 6» + c» - 3a6c.

21 2a262 + 2h-c- + 2a-'--^ - «* - 6* -

22. r'-Sy' + r' + Gxi^i. ^
28. o«-4a«68 + 6o*6*-4«%«+ 6«.

24. «»2_a*y8+^_^y^yM jB. a!«+19«+ 4. 28. 6 + x.

27. - 1 2. 28. 2a2 - 26-'. 29. 0.

30. a3 - 63. 81. 6* + 20*62. 26* - 32.



Answebs and Besdlzs

1.

3.

4.

ft

9.

11.

IS.

^5.

2. -54, -30,5, -21.
- 4. - 4, 4, 4.

4oA^ - id% 7x, -6u\

(36 -«)(« + 6).

1.

8.

».

12.

IS.

17.

19.

20

21.

23.

26.

27.

29.

31.

88.

87.

EzenlMXIV. Pftg» eo
*+7. 2. 3r-.3. 3 .

2x + 3. 6. a;2
, .7^ « _ "

*'

3«*-=^^2..3. Be... 1.

26. - 8«« +8«V+ Sii4« + j4.V
28. X- + jMj - n.

80. 3a2jr-4aa;-'+ 16x3.

82. «»-2a;* + 8a!8-i6a;.
34. a2 + i>a6+ 49, ^
86. a^ + b'.

38. a=*-2a+l.

1.

8.

a-x- + 2o6ay+ *V. ;

«+ 6 + 3.

1. a«

Bxerelse XV. Pa^e 63
(•+«i+/>)a; + (i + „ . \ a /.i , ^

(m-lW-(ar-iu, + + (' - 3%.



6. (6+ l)x + (a + 4)y. 6. nx-my. 7. - nx
& '2(a-c)x-2{a-b)y. 9. (« - + (6 + })aiy - (c + r)y-.

10. («-&)!ea + («+6)ay-(c-6)y«.

11. (a-6-l)x + (6-l)y-(a-l)«.
12. a;- + (a + ^.)3; + a6. 13. - {a + b)x + ah.

14. x=-' + (o - - a6. 16. a^' - (u - 6)a; - a6.

le. Jr*+(a + 6 + c)«*+(rt6 + <ic + 6c)x + aAc.

17. a^-(£»+6+c)ii?+ (aA + «?+6c)i-«4c.
18. T' + {a-b-\-c)7?-{ab-irbc-ac)x-abc.

19. a:3 _ _ J ^ ^^3.2 _ (rtj _ ^ j^.)/ + oAc,

20. 3j:- - (oA + 6c + ca). 21. a + 6-c.
22. a« + i« + ea-a*-<»c-6e. 28. 4a» + 6« + + 2a6 - 2a« + 6c.

24. x+ 2y-«. 26. x-6. 20. x-o.
27. x^ - TOX + wi«. 28. :t - + (6 + c)x + ftc, X* + (a + f)x + ac.

^9. x- - (a + c).r + ofl, x- - (a + ft)x + oA. 30. x + b.

81. o(6 + c)-26c. 82. + 2ab-\-¥ - c\ - a2 + 62 + 26c + c«.

Ex«p^ ZVI. Pig* 99

1. x=12. 2. x-9. 3. x=27. 4. x-47.
6. x = 2. 6. x = 2. 7. x= - 16. 8. x= -1.
9. x= -3. 10. x = 2. 11. x = 0. 12. x = 6.

18. X- -8. 14. x» -2f 16. x'-Sl. 18. x»98.
17. xn.3. la 18. x-15. 20. x»3.
21. a:-4J. 22. x-2. 28. x-8<K. 24. Xi>a+ i.

88. x=0. 26. x<Ba+b. 27. X-?. 2& x.^.
2 S

29. 30. x^b-a. 81. X- + 6. 82. z»6 -a.
88. X—c-o-6. 84. x««+i. 88. x-c. 86. X""o+6+e.

BxerelM XVII. Page 72

1. 12. 2. 46» 39. 8. 10. 4. 71 cts., 54cts.

8. 57 cte. e. 11 ft. 7. 19 ft. 8. flS.

ft 30 yn. 40. 11. 25,17,14. 12. 89,88.



18. 452, 438. 14. 24, 2f, M
l]^'

55. 35. la io
^' 21- i»560, 1460.

W, 51, 33. 28. 13.20. 29 15

39. 128^s,.^dH.
«i.82-^ i..

16. 11.88, $1.93, #3.83.

10. 28» 6.

22. 1»,24.

26. 40ct8.

J. $3.80.

35. 41§.

1. x = 6.

6. a;=l.

6. a;=2.

12.

17. a; = 2.

21^. z-2.

1. 17. 2
8-

1J mi. 7
11. 40. 12
!« iSOO* iBflO.

19. 19, 24.

28. $600.

27. $12.

2. a:-7f
6. x = 3f

la x=9.
14. X- -5.

It. ar-2f

2. 05-12.

7. a; =
J,

11. j = l.

16.

It. arx^y^..

4. !e»3.

8. Xa3f.
12. a: = |.

16. a; = 31.

20. x^i.

21. a. 24. 4. 9, 8.

^0- 8. 39. 9. 36 ft.

l-t9. 13. 1*;, 10^.

16. $480, $300. 17. 21.
2ft 10 yw. ai. 108 m. ft.

24. $1200. $160.
28. $800.

6. 33.

10. rSetfl.

14. 18.

18. 54.

22. 15.

26.. 148

I. !e-l2,

y = 8.

5. a:=3,

y=» -5.

9. at-4,

2.x = 22, 3. a;=ll,

y«3. y=13.
«• 7. ««6,

10. -4, 11. x=6,
y-3. y.JO.

4. x=13,

y = 23.

«. «=8,

y-3.
12. x=15,

y=lO.



AN8WBS8 AKD BI8ULT8

la x=-3, 14. J = ll, 15. x = 6, 16. x = 22,

y-5, y-S^. y--l. y-24.
17. «- -3, 18. 3:- J, 19. 1-2, 20. SB-ie,

y = 2. »/ = }. y-J. y- -8.
21. x = ;J, 22. x=2.

y=l. y--5.

Exercise XXI. Page 01

1- 19. 28 2. 12, 8. 3. 40 cts., 21 cts.

4. $2.25, «1.20. 5. 30 cts., 40 cts. 8. 10 lbs.

7. $22, $20. 8. 12, .115. 9. $1.20, $0.60.

10. 180,200. 11. .«3.o0, $2.25. 12. 12 + 20 = .32.

13. 125. 14. .36. 15. 36. 16. 26.

17. The sam of the digits ; the difference of the digits.

18. Wheti the large digit is in the tens' place, the number ia

7 times the .sum of its digits.

19. i^. 20. VV- 21. 28. 22 24.

23. 20 ft., 12 ft. 24. 2J miles. 25. 27 mUes.

EXAMINATION PAPERS

I. Page 94

1. 16. 2. x+i/ + x + i/,
2x+2y, 2(x + y); xy, U4ay.

8. -4a + 76-7c. 4. a^ + d-b. 5. d--ab + liK

6 3J. 7. 30 lbs.

II. Page 95

1- -2^. 2. 12,64,81. 8. -2lab + \VK
4. 2x- - \r)x - 8. 5. rt - 106. 6. a;- 3.

7. 1\ weeks, $75, $82.60, $90.

III. Page 95

1- h 2. 9 sq. ft. 3. Twice the larger number;
twice the smaller number. 4. 0, 2J. 5. x->a.

6. 20. 7. 30, 50.



Akbwebs and Results

IV. Paare 96

+ a..16. ,.,0 years.

V. Page 97

T & a;-6, y-2. 7. 18, 6.

VI. Page 97

VII. Page 98

ikli" + 6. 12ft.,10ft.
^

Vm. Paare 99

4. 9(a6 + 6c-2ac-2c«). ^7 ' ^'- + ^-1.
7. «200,«30. •

*








