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...o miuuii M' ,,r.H|„....| ,1, „,, , .„ K. W.tl, c„,.„. v |

'"'•"' ^*' '• ^''* "" »" '•"""« HA |M..hM..I ll.i.Muh A a 1.
•^liMH iliit At.« AH IM.

3. A «.vr., |.„...«.^„,. M ,U» I ,.. I„ .|H,.1,.I n. ,n..|,..| ...,(„„

'"^I
' '* I"""' '•' ''

'. " «•.. UuutU ,.t AH. . U... |.„.i|, ,.fAr

.

Thfii, by tlir i|,.|i„|ii„„ „, „„.,|,, I „,,,,„„ , ^ _^ ^
"I '' '<. u< 0,

Kf»lvitn{ liita i|uikitiiiiii' ii|iiiiiiiiii ,

—" * " • ',

KIm.w Hint lUv o.i..l.ii.t „ , In ., „.^ ,„,| ,,, ,,„ „,,^
-'•

» " » 5; <tn<t tlu.o,M,.||i,. , ,„ K«, •. ^ liM- nmt .< „
, ;,

•J

I, hivi.l,. n -t |„„. » i,„|,.., ,„ 1,,,^,,,, ,„ „„,|,,,i ..,,,„„ M,.^,„„.
tli.'..'ii^ili..( .mil |N»i(, ttn.j i,.i i|„. ,, ..„!». I.v ..,!, .lUit.Mi.

'•» The .l,fr..r..M... ..r tl... ,.,„.„., ..„ ,1... ,,.,,. ,„ .. |„... .. „,.„,
'"*"'• •""•''"' ""•"••" -'l""l- 11... ,.,i„.«l.. ,,.„t .1 i.v ,),..
|mrtii.

•I. On a KJv.ri liii...«. uMMiit .», |,>,«.f.„u,. ,|. .,,,!«. „ ,, ,|

....I, timt tl... «.,„»,„ ,.„ , ...1.. ,..,„.,U II.. ,...,.,,.,.1.. ....,tui...l »,v
II. » ii\|H)t<ii.im. nml III. i.iliir mi...

7. If AH Imj lUvhl.d at (• ... iImI \( > MI |!< \ui . i., i «
3A('».

. .»> »
i»

1-'. Problem: To describe an isosceles triangle
having each of the argles at the base double the
vertical angle

'*'"^'
••' '"" '--i •" Al! i.iMJ .liNi.l,. i, ,., II „„ ,,,,„

AH Ai: III! .
,

IMl^&vL-^.;



iV"«#'|Mb' II,,,. „,,!
t I

•••N-'n.lv .,,,.1 I., ,1..
, ,., ,

' ""' ""'" ^"' VII

•'">M AlV Ml

AlU* ,, ll„. I.. ,,„.., I ^ y*

''MM li<

'Mil. ,H,.| ..,
"" A' .Mtc, ^/

l!i NH Ml ,:.

^n nil 111 ,.„

Audlli -^^ \" \lf
"*' Ml Ml!'

.'. < II l>i„ ,1, ^, j,

""•I III .1 \ 111 ,

\

- >l'->* il.u Ml. „„. , ... .

»'"i''l
. II, I,. ,

I-,

\

,„,
"'" Km .|,u,,| Alt

1 1. ,. 1 , .

I in If ; .,|,,|

II II... ,iiv|,.,

L'
' I

•'
I i.

i^ifai

>«P

\-«er'mt*.t^ 'TMr/tUimt;, i~Tl « •.«»» "^ F--



14 l'UA«Tlf\|, \V|, Til Li, I, L..,.,,., .

"Iri'i••'-K'-. .w.-l on tl,.. ra-in.H of tl... nrl
''""'" """'*'"''

"f ra.JiiH ,• is ,', . 10 Oj _.

J^i In Ii cinle of riwliiiu 'i ;•. i ••

tl.c .n..tl.o.l or Kv " M.. s 7 TTr '"^"'"- """"*«"" '•>'

y....rr..ul, ..,.., ,..,.,„ ion,

^"'"" ""''"""^« ""'
'

^

'* In a -iven .ir.lr ,|raw two
''lii <»A. 0|{ a. rt. /M to ,.a,.|,

"""' "ix'^'f Olt at ('. .r.,j„ .VC
aii.I cut oir t'l> CO.

Q Nlmu that .\l) is ,.,|„al to a si.U.
"f ' r.-^i.Iaf .Icaj^.-M in.s.riUMl in
tilt' lirclf.

Tht) n-nnhu- ins,iil«..I ,„.niagoii
may Ih! ,|,ii«n l.y juinin^ .ilte.nate
points ol..;n,u..l Uy placing; sucvossive

^ ihonls eadi ,.,|iiiil to Al>.
JU. Draw a re^^nlar p.„,a«..„ on a ,mv.„ lin,..s..,.„,.n,.

II. CimnnsciilH. a reyttlar ,...„,ago,. al.o,.t a ^,Lu nnl..

1^.
AI«;i)K is a r..«ular p,.n.a.on. Sl...vv that Al». hi^ CDK > tliscct

ir, Constrn.-t a regular .Lcagon l.y ,.„ttin^ olf th
ii'gular pontagon.

e coriiHis of a

"; "" "„ »'- '" -' »"'<' .1. 1 1 „ril., „ „ 1,,



»

>nN.KM.AVKu,s TIIKOKKMH.

Mi>

in

U Theorem: ABC i, a triangle and P i, a pointm BC such that
'''

" „ ,,

that
l'<' ." " " "quired to ahow

'*'""" A A lip.

AH- Al- f |}|»
/

\
-'lil'.PX.

C

-^ Kx. 1.

'"• 'x'th .si.,...s of th. s...
1 r ,'

•"^''"^
'•>•

+ WP,P-' + „(.p..

1 III

^" •; A Ai!c. , -^
,, ,

'"'" I'iM.I tl... .Ii.sfan.-..s tVoM. C to .1
of AJ{. ^ '" ""' l"""ts ..f t,ns,.,.tion

"•'0 //</// J,,!,! ,. 2^,{



10 ''ft\(Tlr,|. \v„ i|,,:,.|;,:il. \ • '-liMIITI!*

delcribed^n'^K*'?*^^'^
*"^"«^^" ^ rectilineal figureaeaciibed on the hypotenuse equals the sum of th!

^ *' ' . /^< l.ll I III' Milt"..

It is iv.|iiin.(| to sli.nv tlutl \ , y /

Kn.in th.' siniil;,,. ^^ ,\l!(', .\('l».

A--0 B

\

AB : A<' AC Ai,

. X Ai:

V ^ AI)

an.l •
^' A I)

"z Ai;

Sin.ihrlv -^ '*'•

/ Ai;

.

•'^' ^ V A I) f 1)1!

z Ai; 1.

(11, ^ 1<)S.)

Jllld (•ollsc(|iu.i|t|v X _^ ^- y

Kx.— PiiiM. fi.;. tl I

Pa,t ,,

^'"""•'"
">' *'-"=^ ^^ li'- an,. 121 of



"'MTi.i.wiMiN imi:oi!i:m.s.
-,7

17 Theorem: If the vertical angle of a triarirle

base, the rectangle contained by the sides of thetnangle . equal to the rectangle contained by hsegments of the base together with the square onthe straight line which bisects the angle.
'^"<* i^ " A .-.M.l .\|» ,1.- I.,...,,,,, .„•

^

'' '^ '•'I'lirci I., ,!„,„ ,,,.,,

'';•• "-t. Ah AC ,...,. ^ ^

' "•'""-•'iIm- .-,
,.,•,,. I,. ,.,1„.„, /

""• A A lie. iv.„lu,.,. .M> „. '

\
'•'" ""' ••i,ru,Mf,.r..n,...

...t K f,

•'"ill l-X'. V 0, ,
-C

'" A- I:aI), Kac \ ••
.-•''/

- '-^I' - KAC ""-0 L-'-
AIM) _ Ai:c.

~ f

•
- •^'"' - A<';: .M.l ,h.. A-m. sinular-

Im-mc...
"-^ '-^

Al) AC"

•""' •

'•
' \ \<' A I) KA.

"'" ^" '-'A Al. ,\|, , ,,K;

A I)' f Ah hi.;

" Ah 4. |;|, ,,,

,

•• ''"'• '=-^ AC „„,. lih he ^ AU.



18 PHACTIrAI. AV„ •|llK.,|<i:iI. Al. .-KoMIT.a.

IS ExercisHs.
I. If lh« exterior vtrtual Z A of ah,- , ,

•-•• l'r»w
, ,

aim; lmvi„« „ ,s| nun /, ,u.
Hi.-t ilu. interior un.l ..x,en..r zVl x ,

";'"• " ""' """•

check >„ur rcHuliH .., .al.ula.i.",.
•'""""" ^'*- •^'•'

=
«"<«

iJ'. Theorem: Tl... s,u~tUr nvt.u.,i..s ....„,,,•
, ,,

-tuM,I,. ...n.uinnl l.y tl.' .|i.,onak
''-•'-tin.

AMCI) is U Jirull, AC.
Bl> its (liii!,'i dials.

Hccjuiivd to show that
AB.DC + AD.HC is not
loss tlmn AC. IW).

Mak«' _ HAK
CAD and _ ADK =
^ ACR Join KH.

As BAG, KAi) are
siiuilur,

• AK - AD
and _ BAK _ CA D
••• As HAK, CADan.'alsosin.ilar

From tin. sunilar ^s JJAK, CM)AH AC
BE ^ CD' ""'' •• AB.CD = AC. BE.

Fn.ni tin- similar As HAC, K VD
i5C Kl)

,

AC ==
AD' '""' •• '^'-^^'* - AC. ED.

Cons...,,u.ntiy AIJ.CI) + BC.AD - Arvi'l-' ^ r...
huti'.K^ Ki.isnot<m> -^*^'*''^ + ''-");

•

AB.CD + U(..ADisnot<AC.|!D.

(", § 111.'.)



i

'llMli.HM,., s firiuiMMv
19

diagonals of a quadrilateral inscribed in „ ,

equal to the sum nf ,u
'"scrioed in a circle is

'-J

I

21. Theorem . - if tu,. ;. i

a,,. .,.,M,,,,-,nt. (s,.,. II. . ,1, ,..^ ...

Fl), DK. •
' " '•"••^p'n.Jui;. .si.l.vs KK,

C

7

^^6

B F

Prove A I) Rk' nL^

sides
?/!?""' '"° '"""" P"'^^""^ "ave the



1")
' "" •!' W VSi HI, , 'I I I' M 1,1 I, >n ii.\

'-'•'
Mx«>r«;JN«>N.

Mlllll loll .,

' i' ^IM II ^*"'" "'" il-M' ,.,,. ,|,n..,

t-'lMII I, III,,
"'-I' ImMII- II. ,|.|.s I,, ;i

' '" ' l-''*'ll III- III,, , I

Si. 1 ,.

' '"^""-' " ^"1- I.. 111,... ^n,u



''II \ri I.I! Ill

D P p^.. *^ ,
^^ ^'"ins^le ABC in the pointsD, E, P respectively, AF BD CE FB DC EA

.'^'""- ''''••"•".—
.-.I ,M,.M ,.,.1 U I.-.,,,., ,,,.,,,, ,

.A

B

- 7

C D f,

A Z

C b

I''i"iii '-iii.il.ii ^\s

AT A.\

Kl: |!V

151) MV
!>(' cz

..,,1
<'•: <•/

i;\ w
l',\ 'lllll!i|,|i,-;iti..n.

Al" |:|. ,1;

I'l; "' he i; \
'.

'I I li I ^ I
^ III. ' • I •



'J''
I'll \«TJ» \i .^,. ,,.,'"• "•"•••".. VI. .....Muriiv.

-*' Converse of Menelaug" Th«nr««, t* .

"• '"•'«"»»'». B. P ar. collinoar.

Of A ABO concurrent .traight linei AO an A-f'vdrawn to cut BO OA 4u .
""" AO. BO, 00 be

AP.BD.OE PbVe; °' '• ' "'P««vely,

-'''-".i"...!i!v,r!.,L::'
'"•'; '''•''' * —

" """' .»"'• IM.>.|(„.,.,|.,

.A

I'UMMIlI'd.)

A

/

P E

B

II

/

F
**'<>(" is H tinrisv..tsal of ^ .\li|),

AF |!c iM) Kij ri) (,.\'

'""•; i' >i lt;ms\,.|s;,|
.,f ^ vik;.

•• AO l'l!CK Oh lu K.v'

'•;:"''''"'•'" •"•"'•'--Ml,. iM>. ox ,., ,,.
\ li^ I! I k / <l< .. " ' • * '"III li( .A^.l.l)

( K Mi.DC.KA.
('''»!• aii.»tli(.|- i.iiM.f ,,» il.i ti

(.^ -'»
)



KXriif-lM^X.
93

27 Converse of Oevai Theorem Jf in a ABOon the th.ee .ide. BO, OA. AB. or if on one ^f thfSsides and on the other two produced point. D EFrespectively be taken so that AF BDOE FBDOEAthe lines AD. BE, OF are concurrent
" "" '•A.

'-"* Ex<>rr>iHfH.

'• •^'"•"' ''^ """•'' "' ••
' "-.. Ti.,,.,.,„, ,1,,.,.

(") Tl.- m-.ljan, „, . .„.•...,„.„,.„,

''" '•'"• '"-""-<-' tiM. . ,.., ,» ,,..
, ,

<•* '''" '"-•'"'• '•' " . ;.. *..,i. N ..( , , ,

': '-"^".••^..•. '"••^.l:....:,:::
i4lf Clll. Ill,, „| " III.I'M

('/)Tli- 1- ,r..„. ,1... ,„,,„,., ,.f „
a... o „,,,„„.

"" "'''•"-"' ^'"«-

(') Tli« M. liM... i„i,„M« tl... v..,,j,.,„ „f ,, , ,

;:;

'•'"•
.n :::;",;„;

an- ion, iiiri-nt.
'

2 If AM. <,>. KKI... „„... I,,,,,.,,,,,,,.,.
,

^,,

c'Dilitic'iir. ' •'• '»', ^ «H'

•'• 'f " "'rilMMl ,ir. i.. ,,f \|;c 1 ., .

« '» i'^ )i |M.ii,i „i,|,i„ (|„. ^,.,,

^•"t lie. CA. A I! ... I) V V ,
' •

'

" I"" '"""I

l». K. F.iM.lU (' ',. '

•^''""''^' ''"• ""'•• ""'"^''

' »v Hit; c-oiii'ulT« III.
""' '''•'

""-' ::", :
::

"::::;:;::: ;,::.
';;;;,:,

,-- <-
'. ^

oorruM,,.,ii,|,„. .,i,,,., „ „,
.M..,M.....in„s ot paiiH of

- - - -I »t _

State nii<i iiiovtj ilm convctHe.



•• '•'*•' »lt«. Ml" .1 .IKi, .,( \|M |„, t|,p „.|,., Id' , ^ y|.

.<! I». i;. K .. |M.tn,i». KK. Kt», hi;. |.n..l.i.i>l tii..t lir, « V. Ml
"I"'*'"'* «• M. N. ^ « III. I I, M, N .»». ...||.M.Mr.

7. Tit.- |i..).il. wli.-rf til.. 1,1,., t,„, ..t ||„. ,vi.ii,„ ,n.wl' - tl A, I;,
«.'

"' ^•<' ''•« .
«'\. \ll i..|».iu.K ,,, ,..||„M .1,

•> r»i.-.iit. I.. f|„ ,,,,„,„, I,, I. ,1 \. (I • i„,.i IM', r,\, \H
>> H|M. ||\.|\ II, , .,|ll,„ ,1 j„,||,| .

11 MM. .Ml I! \s,,( . vM, I', M ||^_

'-'•' Defiiutiun: A -.\ ..» ...iium.u |«.ii,i. i^ .all.. I <t

ranxe.

'"• Definition; A -n .f ...mmi.m -.iiniulti |ii,.-< i-,

•""•"I 'I pencil.

'ri..- Inns „,,. ,,,11., I ,|,„ ,.j|yg of j|,g pencil; III. I iImii

'""""""
I

I' '' '"llf'l III" vertex of the pencil.

H Definition: v\ li.'n tin.-.' in.-.u i.li- .u. -ti. i. iIimi

III.' (il>l ll.l- III.' -,,1 |;|ti,, I., ill,. ||,,,,| ,j,.,, ill,. , III], .,,.,„.,.

ImIvMiIi iIm' til. I ;m.l -...,, 11,1 I,;,, I,, til.- <llll, I.I,,,. IhI«.,||

tllf M..-..II.I illKJ tllil.i. ill.. ,|i|l, 1,11, , , 1„ iln; lilkfll III till'

viim.. ..i.|..|, til,. iii.i;iiiiii.ii^ ail' -aiil i.> I,, in hamionic
proportion, dl I" t

''"''". i' " ' .iiiil . ii'|iii'M'iit ihn.' imiii'Imts siidi that

" •
' '' " '

f'. ft. /' itiiil ' ill.' Ill II. I'.

•>-. 'I'.lkr any |..ij||t «' III ,1 line >..<^|||, lit A U.

C fi
n

l''in<l ill.' |...iiit |) ill Aj! |.i,,.|ii,-,.,| sii, |i ihat \h |>|',

^'' ''• (M, < 1(17. Kx



'*
' ' '••' ' »ttl. Ill .(. ,,' 1 1 I'

("» \« \l. \l.

•^''
' " ^" I t;. tl..v r,.n.. ,

ill

haritionic rjitKc

!"""'l '" t|,. I, ,111

harmonic pencil

.1^ Th'yorem If in the hHrmonic pencil P (A C

lain T^''^'
''"' '*''""*^' * ''^^'•'^"«» ^« PA cut

ru. ru at E. P respectively. BE BP

i

{'>

•>1. Sl.ilr ,||h| |,|,,w
• I c 1 III \ •! .. I

, , 'II'
1 1 .Ill ..f ; ;!;!,

r.,,,.'\''
.1 hii'lli..

Imi I

•' liiiiiiii

"""" I"""! ul,,.,, ,1,,,, ,,,^ ,

'"• I'"M!li I, a ,,f

.11. :isiii.



ifl
"«*"'•• M. ,.„ r„.„„,,,,,,

,,^^^^^^^

'-. i.- ,-.....,1 ,v
!'•;";: *'•'' ''•• »•" '•»• -^

'*• •'«. .>, I, ll'^lNI-tlV

K

>

/

""'«•• * "' '^- '- "^ H I,,., „„.„,•

';•""' "''^ " '• i.-M M... .,., . ,

'" Definition: If .\. (' u \,

conjugates «i,l. ,..s,h.., ... .v II I:
*" '"' '^^'"^onic

I I.. „... ^,„.„ " Ex«rciseH.

, -'. "<• -I if ,u.Wu.....| „t
' '"'"""7 -"• -.-.. ^. .t

•'1 r-,
!• r«Mj.«ctiv«.|y.)



n
AR ^^r: 1'/;;,; '•;?

o?/'""'
•"•'

" •• "« -•*'"• !«« «/

»• The MiMtrilml . (r.lt. ,.f t lu . .

-."•.,..„. .,„, ,., „::;;',, ^l-^jj. •;. '«,;->. a» .. i,, «.

.

4- • h^tm>miv r»„g..
P'«'i«i.tNl .t I Mhuw that <

'. E. ,v, j.

*^ »'. .Show «... ,. K. ,, K .?; ;.i::/„»;.;.'
•"^•"^•^ •'

"'' *"'> "»• given oirc'lM

««-l.tule « h.r«,o«.« r»,.Kl
' ' •^''"* "'•* •''^' »'«. «f. I'D

•''9. Definition : -Tl». fl,..r.. ft,„„^, j,

N'x |H)intN is ,,iIi,h| ,t com-
plete quadrilateral.

Thu n^fui.. AHCIJKF JM a
•"«>'|'l«'»- M>ia.l.ilut..ml, of Hhi,-h ^
A''.

'»!> «n.l KF H.^ the
tJuiM- <liHg<)IlHl>».

rv^.^



•^•'^•t. m^^

28 PKAnirAI, \M> THKOKKTirAL «iKOMK.THY.

>

m

(0. Theorem:- In a complete quadrilateral each
diagonal is divided harmonically by the two other

diagonals, and the angular points through which it

passes.

AIU'DKF is II complete (lUiMliiliitniil Imviii;^ th«i diHj,'(mal

AC cut l)y DH at P hikI by KF at g.

Tt is nMjuin-*! to sliow that A, P, t', Q is a liHiiiKitiii

range.

Ill A AC K, .\n, CI), Vii an- coiaum'uL at K ami .-.,

by Cevas Tlicdicm,

FD.AQ.CJi = DA.gC.HF.

Tho tratisvfisal DPB cuts the sides of the A ACF and .'.,

by Alenelaus' Theorem,

FI>.AP.CI{ ^ DA.PC.BF.
Hence, by division,

A(^ ye
AP ~ PC'

or, AP _ AQ
PC " Q(J

'

and .'. A, P. C, Q is a harmonic range.

From tlie alx)ve result ii is seen that FA, FP, FC, FQ
is a liarnionic pencil, and consequently, by § 36, 1), P, B,

K is a harmonic range.

Show, in the same manner that F, Q, E, H is a

harmonic range. .



i%#ru;

Por-KH \M, |>.»| v„,s.
29

I

J'or.KN AM. Por.An.s

d..'C
'^ '"' ': "^^"^

' '^ C the ........ ..fU...,iv.„

J-inCPnmi... AMat K. .JoiMCI:
'

-N l>KP, DPP H.-,. ...
,

Pan. n„„.vdic,
~ ' '" '""^'•M'""f ly D, K, K

«"«! .-. CK.ci) = cF.cp . en...
th(..i sine,. CJ) and rM>

'

^''^ "Mist also 1„. co.,sta.,t.

.". the I.H-iis of p „,,, .
I ,
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30 I'KACIUWI- AM» TIIKnKKTIC • .KOMKTUY.

4a. -Bxerciaes.

1. P IN a point at a iliKtaiice nf ( em. from the rontro nf a circla

of railiiia 6 cm. CuiiMtruct the |Milar ul V.

2. V ia a {Miiiit at a iliHtance of 7 < ni. from the reiitre of a rircla

of raiiiiiH 5 cm. Construct thn polar of I*.

.'i Draw a Ht. Iin«» at a tiiiitaiico of 7 cm. from the centra of a

circle of ra<liiiH 4 cm. (Joiixtnict the ]iole of Mio liiu'.

4. When the point 1* ii within th- j^iveii circle, th«« jHtlar of I'

falls without tl>e circle; an<l when 1 it without the circle, the |)olar

of P cutM the circle.

5. The jMtlar of a p<iiiit on the circumference is the tangent at

that point.

6. P ia a fxiint without a given circle and the ]>:)lar of I' cuta

the cin^le at A. Show that PA ia a tangent to the circle

(live a general statement of thia theorem.

7. If a point A Ilea on the polar of a point B with respect

to a given circle, then B lies on the polar of A.

8. If 4«:.y num)M3r of point* are collinear, their polars with respect

to any circle are con<'tnTent.

9. Any number of lines pass through a given point ; find the Iocum

of their polua.

10. If A and It are two |iuinta rucIi that A lies on the polar of }i

with 1 iKJct to a circle, and conH«iuently, H lies on the jHjIar of A,

and if C be the interaction of the {Kilara of A and B, then the line

joining A and B is the polar of C.

Definition :—A J^ such that each Ride ia the pilar of the opposite

vertex is uaid to Ihj self-COnjUgate.

11. If a at. line PAB cut a circle at A, B and cut the {mlar of

P at C, and if D be the middle p<jint of AB,

PA.PB = PC.PD.

12. Two circles ABC, ABT) cut orthogonally. Show that the polar

of I), any point on the circle ABl), with respect to the circle ABC
pasRCH through K, the point diametrically opposite to U.

13. A is a given i>oint and B any point on the polar of A with

respect to a given circle. Show that the circle des<ril)ed on AB aa

diameter cuts the given circle orthogonally.

14. ABC is a /^ inscril)ed in a cinrle, and a !l to AC through the

pole of AB meets BC at D. Show that AD = CD.
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Poi.KM A\n por.A M.

point'any ^l.Ti Zl^'T^'"'"'- "' ""
reipect to th. circle

' ' *" P"'"* '»"'•

P " tl„. Hx.Kl |,„i,„, „ ,|,e ,.,.„„„ „f „„. ,.,.,.,,„

ft

range,

•^ n'.,uin.,l t(. .sh.,w Mint H, c. a. }•
is a 'll'IIIOtllc

Join Bo. ()A HV w \ I

PO.OK . OA-". .-. P(, ; OA (,A ; iW
Hn,l POA ,s c.o„u,.on to tl... As POA. AOE
••• these A« Hie similar,
an.l (•onse<,ue,.tly _ oka ^ 0\p

•• - P^:A = _ OAI{ = _ ciA '

Hnnilarly, fi<,„i ^s POJ}, }U)y^

- <>J{A =- _ OKH = _ FKP
•• - FKP _ PKA

:

-Hi since PKC is a .t. _, _ JJKC . CF V

Hence ^^'
== ^ _ '^P

~
^'

"

CA EA ~ PA '

"n^l B, C, A, P is a hannonic- ran-^e.

Prove this theorem when the lin,. ^\u
the centre of the circle.

P*''"'^ ''"••"»''

Prove this theorem when the point P is within the circle.



Aj l'll\CTI«\r. \M» TIII,<>'(KTlr\|, (.Kt'MnUV,

l"t. AIU'M is 14 I yiiii iiiHciilM'il ill a tiitli-. AH, |M' nri-

|ii'<M|iir<-i| to iiitM't lit !•; ;
!'»<', Al) In mi'fl ul K, i.iniiiiig

tin- tOIII|l|(t«' I ;,'.,|l AI»'|)KI',

X I

i\^j \
B

AC cits IM) III (;, KC .Ills AIJ lit I..

Kr.m tl... .•..:n|.l,.t^ I ^.,n '-MKa'AH, A, L, |{. V. un.l D,
K, C, K ail' liiiriiKiiiir laiiycs, /^ j() \

.'. K iiiid K lire points o.. tin* |iolar of K; (:< 4|.)

tliat is, <;F is I lie jiular of K.

Similarly, <1K is the pulai' of V.

Hcno*' VV. is tilt' polai of (J; and tin- ^ KF(i is .si-lf-

c(»nju;,'at»' with msp.M-t to tlit- ciicl.' Al!C'.

4<> Exercises.

1. Tangents AB, AC an- .liawn lo a cir.l,.. The tanj,'i'nt at any
point I' (Ills He, CA, AH at \, V, A ifspi-ctivrly. Show thai
X, Z, 1', \' is a liaiiiionif lungi'.

'2. If I'M, QN lie nspi'ctivcly ilrawii _L ti» the polars of (^, I*

with r(sj>f.t Id a (;iieh- wlmsr ccnlif is ( ), I'M : t^N - ()1>
; on.
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MiM'Ri.i.Asrni « KxrKMHiw.

4".- Theorems.

ulJlUfii S' ^^^^Z' *>»• -L ttom A to BO and a the

2. Show that the area of ;, ABC = »/-7Tr:^n7—6777 ^77where - =:
J (,i , /, + ,.,

'
' ' "M"

< J,

of^^AHC^."" Iw
"" "' "•; ••'^'•"'"'"•"l*-' ^ircl. an.I ., the .reaol A AHC, then 4K

, ^ ,»^,'.

Ex. - „ = or, mm.. /, - 70 „„„, , .. -5 „„, . j.,^^, ^^

Ex. - „ ^ : om., /. :. 8 cm., , - j) cm ; tiiul R.

4. If L. M N Ih, th. rentren of the t.«.ril»ed .ircIeH of a ABCth. c,rcu.„«,r...ed circle of
, ABC in the N.-P. eirole of .^ LMN.'

,J-
/".'''''• *: " ' '**' "'• •'•"t" "' the inHorilKHl circle, I' the

p...nl where the creuM.s.rilM,,! cinle .ut. 11. .„., »>„ be I ACAH e.,ualH half the au... ami CH half the differeoe. of /, .,„| ,,
'

the orthci.ei.tre of
, , A JC, Al hisectH - SAO.

7. If () be the orthooentre of ABC \ H r 11 .- ..

01 the circles wh..h touch the Hide, of the ptnlal

8. Th., SimpH,,,,-, line ..f a ,H,i,„ ,. bisects PO. whore () is theorlh.Mentr.' of ABC.
•"

'
i^ im.

». CA, CB are two tangentH to a cirri,.
; K is the f™,t of the IIrom K oil the diameter AD; prove that CD l.jse.ts BK.

10 The J. from the vertex of the rt. Z or. the hypot..n.is.. .,f a"•• Z.
,
,8 a harm..nie mc-ai. U-lMeen th.- H..m„..n,,s of the hvpoteunscnuule by the point of c.i.ta.l of the i..«crilH..| circle.

11. The side of a s.iuare ii.soiil>ed ii. a is i,,.if ,1.,. 1

n.eaa between the ba.e'an.l the X from the V^t.l:It. w""""
12. The eircumscribc.,1 centre of a

. ig the orthoc-entie of theA formed by joining the mi.l.lle points of its side-; aiu\ the twoAS "ave a common centr.iid.
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13. ABC^ in » Ih'iwriU' a lin-lf t<t tomh Al' at V i\m\ |>«iui

lhrout(li B. |).'«i ril»« Aiiutlit-r cin-li' lo touch |M' at H ami |MUt«i

thriMi((h A. Lt-t I* \h> tlm wvund point of iiiii<.i«tHtic»ii of thnae

oinlM. Show thnt / ACI' = ^ CHI' ^ I BAI*; tiiMi tU.it the
lireumacri^Mil cirrU- of \ ATt' tou«h««» HA at A. Kiii.l another
l»oint t^ HUth thiit Z t^HA = I (M'' ^ I <^'H.

14. O ia th« orthoc.Mitr« of \ ABC. AX, BY, CZ arn tha 1«
fnmi A, B, V. on thw opinwite nidtv, BD in a diamttwr of th«
circuiniicri>ie<l oircle. Mhow th»t :—

(a) DC = A«>!

(«) AO' + BC» = BO» f CA» = CO» f AB» = the *M|u»r« on tha
diameter of the circuraacrilied cin^le.

16. If a A *»e forine«l with iti aidea equal to AI>, HK, CK, the
medians of .\ AB(-, the niediana of the new ,\ will l»« reKpfctively

three-fuurtha of the correHponding aidet of the original

10. The oppoaite aidea of a 4-goa inaoribeil in a circle are produced
to meet ; ahow that the biaectors of the two Z s »o furnicd are X
to each other.

17. A(; ia a median of the A ABC. BDKF cuU AfJ, AC and the

line through A ll BC at I), K, F resp«;tively. Show th*l B, 1), E, F
ia a harmonic range.

18. If A, C, B, D be a harmonic range, ahow that

* - JL _L
AB AC *

Al>'

19. A
J B are the centres of two circlea. A common tnngent,

direct or tranaverte, cuta the line of centroa at N. Show that the
correffi>uiiding enda of two || diameters of the circles are in the same
•t. line with N.

20. A, B are the centres of two circles of radii R, r. The
transverse and direct common tangents intersect the line of centres

at \\ y. Show that

AP _ AQ _ R
PB ~ QB ~ r'

NoT«:— If A, B be the centres of two circles, and points P, Q be

found in AB and AB produced such that _ = —9 = r.^ the points

P. Q are called the centres of similitude of the circles.



furrn a hHrnioiitc r«nK»«.
"•»»«!•

Al If two cir.|„ cut orth.,Ko,w,lly. ,„y .i,.„,H„ „, ,„„ ^.j .

.ut- th« other .. .ut h.rn.o,n...Ily l.y ,h.a »,h.r.
*"

•-'4. T»u. MX ......t... .,r .i,„il,tM.I« of ihm.ci,.|... l.« ifcr^ ,,v thr*.••n four at. lines.
'"rfrw o^ iar««

'.'.y Thi- aiilt** AU. Kc ('It itt # i

l:;„.".
"•'"°""" "'•• "•• *'••"• «^ ....1 K" .»

..;... ....... ..;r:„r;..,;;.;;:,„;;;i .;: :: ;•;
'Il't::-.;"

A G B" I

Draw LHK
I AK, KMCJ

|, FB and join (;h
I'rove L, M, X tolliuear.
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30. If A 4 KiHi In* rirnimM'rilNil hInmiI » ciirlii, tht< ••iiIM' i>f tha

(irclt* H ill tlif Hi. (iiH< Joiiiinii lit** iHi)l<U« |KMh(» i>f llic •Iiiik<hmU.

Sn. ii in any |Hihit in tha I««m«- |W' <>( ih«
.
AiU' iiii«l O i» i% |Hiinl

within tli«> , RiKh th'U .
AOIt » ('(Ni

.
A(M.' > lUHi ;

iliow thilt thtt t<iou« •>( () i" iho "t. liiH* joining th« niiihllo |Htinl«

••f ItC himI AU.

.11. li iM thi< piiiiit ttt cNtiitiMt of th« iiiMcrih* I circl« of .\ ARC
with lU'. It in n-<|uircil to ahow tliat thf cfiitie of tha cin'la i» in

iho Ml. Iiit«> joiMtng tho initUllx p<iinU of lU' anil Mi.

MlsCBI.I.ANEUIrt KxRHrmU.

48. Problemn.

I. hraw li litii' wtjMK'iit tMriniiiiiUxl lu iIm^ L'ir(Uiiif»reiii-«<ii of two

given ciiilfx, e<iuitl in li*n((tli to n given line afgnient, ami to .i

given Ht. line,

'i. Tlirough li given point on the cirruinfenMiie of a i-ircic ilraw ii

clioi-ti which Mliall lie l*iHecti-<| hy a given iliiirii,

X In the hy|MiieiiiiM> of a rt.-Zii . timi a {Miiiit muiIi that tin*

mini of till- X"'"* the itriiK of the it. / e<|iiaiN a, given liiie-Negnieiit.

Whikt are the limits to the ti-ngth of the gi- cii liiietiegnient.

4. In the hyiMiteniiw of a rt./il . tiiul u point hiii h that the

ilitlereiiie of tin- ^s iiii the uriiw of the it / enuuN u givun line-

segnienl.

When will there Im< two, one or n<> NolutioiH?

*!. In the hyixiteiiUHO of i\ rt.-/^il , tinii it |M>int nueh thai the

J.N on the urina of the rt. Z uru in a given ratio.

(i. Through II given {Miiiit draw u linc-segnieiit terininuteil in the

ciivunifercnoeH of two )>iven circU's anil iliviileil at the given jMiiiil

in u given ratio.

7. In a given einJe iiixi-rilH; a reutanglu having iti* {lerimvter eiiual

to n given line-Kogmcnt.

8. In A given circle inwrilie a rertangle having the difference

tietween liiijiii'ent xiiles ei)ii<il to a given line-segineiit.

9. In a given circle inscrihe a rei-tangle having it!< aideii in a

given ratio.



JSm 'L*
"'"'' "' "*'"" '^ "" "*"""" ' ""»""«•" having ii, .r^

II A .MMl 11 „.. fix«| ,^„«. th. rir. «.„(.«..,« of » »,»,„
nnl.. Mn.| « ,.„nt C ..„ ,h., ...n...,„f..r..,K.. ,M..h ,|..l Ta" CIl
»iiUn..|». « «,v..,. I..,.«tl. on » »i,...| dM.r.l.

«. ll.« .,r.„„,f..r,.,... ,u..h timt CA. lit ...l 4 ,i,.,.| .,..M.ir,.r .»|KimU Miiially ill.tftin fr,,,,, tin. ,.,ntr.'.

I.T I.. H «iv„ ,i,.., , ,,,„„ .....,, ,„., ,h« J., fr.,,,. it ,„ „,.
«i<l.'a un. i.ro|i..,ii»,ml to il... |..„^,|„ „, t|,„ ,,.,„,

N. Tw.. town. «r. ,.„ ,|,.r.r.,.» m.!.. ,f a .tr,.iKl.t .H.ml. .t
.
u..,„«| a..u..... fn.„. it. .,..1 not «p,«.„. to ...1. .Ml...,. W .«*
"UM « l.r.,I«.. U. ....... X t,. tl... .I.r......... ,., th„ .....«, .. „.«» LI..W.., may Ik- ...luully ,|„t,u,t fro,,, i|,« l.n.lK,.r

I.V l>ivi.|« , «iv,.,. li„....,.K,„..„t i,„« two ,..rt. «. ,|.,a th. ......r...
"" H... two ,m,t« «r.. i., t»u. rati., „f two gi...,. |, «.«,„,.„„.

M( ro„.tru.t tho |.K... of a poi,„ tlu, .li,r.,«, f „... ,,..,r.,

ill,'!.!''"*"

*""'' '""" '*" '"'"*" •' *'"'"" "J^''^ *» -^ -•'"•r"

IT. Two ,..i..tM A H...I M «r.. f„.., i,...,,„, ,p„,,. ,,„..,^„.,, „,^

':::.;• '.'M,7';"
' "•'"' '"'• «••— of wh.«.. .n.un..., f......A ukI li m •.•<».r» H<,i,are inih.-a.

IS I.ivi.l.. « «,v.„ li„..H..Km..nl i.uo two ,.«,„ ...,,. „,., ^ „,
f .l.e «,,UH,eH o,. il.„ whok. li,.«.«,g,„.,.t .,.,1 ..„ ..,„ ,, ,, ,^,^.^thu H.,iiarf OH tl„. oth.T |i«rt.

la Tho „o„ i„t...s,...ti„g circi.-, I.av.. .lu-ir centre. «t A an.l Knn.l C ... ,» ,KHnt ,n Alt. |„,w a cmcIc through tl... ,..in. ( an 1.•••xml H-.th the two Kiven cinle.. ,Xote: U.e Kx. ±». ;< 47.,

th'fl ''""'"r' " ''"'"'« ""*' **''*'' ""•' ^«" "'-«'•""• -iual tothree given line-iR.gniciitH. (Two am-n.)
'

22 (iiven the vertical Z
,
the ratio of the .iden containing it an.lthe .han.eter of the c.irc«n,H..ri.,ing circle: eon.struct the

'.

thf;.?''? "'! '"' "^ ''''' -^'' '''""" ''••"" »'- vertiees^of a ,, t«the oppo.site sides; construct the ^^.
^^
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'14. I>r*w * ()ir<l« to to i% m giv»ii ciroU. ami tlm in totich 4
given at, lin« «l • gtvcii intuit

*iA. Ih-aw • < irvl« to |mm through two gtvvii {M>inta aiMi tfmch •

givnn I'JrrU.

*irt. Ih-MW « linkt til pftM thntugh » given |ii>lnt amI totKh two

given int«r*«cttiig it, Uimm,

J7. A Mill H »r« two ti>««l point* wttlioui « giv«>n Hrt>l«. niHl •

point I* on tha i'in'umf«nin<'«, •ui<h th»l I'A' » I'H' i* • minimum.

'JN. AH i« th« rhoril of • givi>n afitmi'nt i>f • t^trrlr Kiml » pitint

I* on th« Arc tuch thAt Al' * HI' i« 4 mitiimuni.

•iV. Fimi A point O. within » AH(' •»<)% tliftt;-

(I) ii AOH ! . .
IMK* : COA - I . J : 3)

(«) ilv AC»B :
. .

IMH' ; f«M I : m . H.

•10. FiihI w |M>int xu* h thnt it* iliNtAncr* from th« thr«« kiiUh of •

^ may Iw pro|Hirtionftl to tlin>e givi>n line nfgnianti.

ill. Ttirough A given ptiint within a ciri-ln <ltAW a choni w^liii-h

h»U h« iliviiUU iu A given rAtio At th« givru point.

•*»i^.'mui'ii' "miim



L\ .X iii li«. • #



«& ti'V A


