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PREFACE.

Tins boolc_cmb.,lyins tl,e snb.tance of Lecture, at Teachc™'Assoc. a.o„s-Ua» been vrepu.d u the alu^ost uaHuimou~st
./ the teacbors of Oatario, wbo bave b,ng felt tbe need of a lorlsupplement tbo elementary text-books in common use. Tbefollowmg are some of its special features :

It gives a large number of solutions i„' illustration of the bestmethods ot algebra, resolution anj reduction, some of which arenot found m any text-book.

It gives, classified under proper heads and preceded by tyne-
solutions, a areatnumber of exercises, n^any of tliem illusLtL
methods and principles which are unaccountably ignored inelementary Algebras. '

^t^^oiea in

It presents these solutions and exercises in such a way that
the student not only sees how Algebraic transformations are
effected, but also perceives how to form fur himself as many
additional examples as he may desire.

It sliows the stuuent how simple principles with which he is
quite familiar, may be applied to the solution of questions which
he has thought beyond their reach.

It gives complete explanations and illustrations of important
topics which are sti-angely omitted or barely touched upon in the
ordinary books, such as the Principle of Symmetry, Theory of
Divisors, Factoring, Applications of Horner's" Division! &c
A few of the exercises are chiefly supplementary to' those pro-

posed m the text-books, but the intelligent student will find that
even these examples have not been selected in the usual appar
ently aimless fashion

; he will recognise that they are really
expressions of certain laws

; they are in fact proposed with a view
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to leaJ liim to investirfato those lawa for himself ns soon as he

has sufficiently advariclid in his course. Nos. 8, 9, 10 aud 11

alToTcl instances of such exercises.

Others of the questions proposed are prertaratr^ry or interpreta-

tion exercises. These rDi,G:ht well have been omitted, were it not

that they are generally omitted from the text-hooks and too often

D'^glccted by teachers. Practice in the interpretation of a new

notation and in expression by means of it, should always precede

its use as a symboJism itself subject to operations. Nos. 23 to

80 of Ex. iii., and nearly the whole of Ex. xv. may serve for

instances.

By far the greater number of the exercises are intended for

practice in the methods exhibited in the solved examples. As
many as possible of these have been selected for their intrinsic

value. They have been gathered from the works of the great

masters of analysis, and the student who proceeds to the higher

brr^nches of mathematics will meet again with these e:iamples

and exercises, and he will find his progress aided by his familiar-

ity with them, and will not have to interrupt his advanced

studies to learn processes properly belonging to elementary

Algebra. In making this selection, it has been found that the

most widely useful transformations are, at the same time, those

that best exhibit tbe methods of reduction here explained, so that

they have thus a double advantage. A great part of the exercises

have, of necessity, been prepared specially for this work.

Articles and exercises havo been prepared on the theory of

substitutions, on Elimination, &c., but it has finallv been decided

to hold these over for P^ ii., which will probably appear if the

present work be favorably receiyeu.
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CHAPTEll I.

Section I.—SuiisxiTuxiON,

Exercise i.

valL^oflir/'n
* = 2' ' = «"' = 4. ^ = 9. .V = 8, Sni tl.evalue ot the followiug expressions :—

l-{l-(l-r-.)|.
a-(.r_y)-_(i_c)(r/-«)-(y_i)(^^^y

rf+ a t/-_c (r^'

s(s-a)(s-b)(s-c).

3. If a - 2, 6 = - 3, c = 1, u: = 4.V, find the value of H.pfollowing expressions :— ^* "^^'^

—^, ?!l^' («-6)^ (a-h)^
a3 + ^>3'

a^ + ab + b^ a^-h3 x
a^-ab + h^' ^i^b^' 2
{a+ b)\{a + by-c^\

ib-^c'-{a^-b^-c^Y'

^1^ -A±^''i^Z'^)±^'%a~b)
{a-b){b-c)lc-a)

—1?. - ^'^-1 )«-l\x~l
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4. If a = C, ft =«= 5, c = - 4, t/ = - 3, find tlio vako of th»

following expressions :

—

v/(6»+ac)+ v/(c''—2'/c). yi63 4.„c4- v/(c«—2.ir)}.

5. If a; = 8, 7/ = 4, « = (), find tlie value of :—

{'.in- l/{x^ + y^)]H^x-\y'(x'^-}-y^-\-z)].

x^^y'+xf, {x-^vY-'+{y-z}'-'-\-{^-xy-'.

(a;s_,ys)^^|:5a;3 4-3(8x3 -f8a;»/+?y2)//}.

C. Calculate the values of
(x±y±z)^^Hi^^ ^^^^^

(tt) «•=!,
;v
= 2, 2! = 3.

{h) a; = 2, 7/ = 3, s = 4.

(c) x=S, y = 4:, z = ^.

(d) x=10,y = n,z=l2.

7. Given a; = 3, !/ = 4, 2;= —5, calculate the values of

[x+ ?/
+ a;) ^ -- 3 (x+ :' -f z) {xy+ ys+ ?«)•

«2 (?/+«) +2/'' (-+«)+ ^'^(^"'-?^) + -*'/^-

x^iy-z)+y^{z-x)-^z^{x-y).

(3a; + 4//+ 02)2 + (4« + Bv+12.s)2-(5a;+5»/ + 13c)«.

g^ If J, = (,_!_/, 4. c, find the Value of

(2s-«)2 + (2s-t)3-(2s-f«)^ given

(1) .1 = 3, 6 = 4, c = 5, (2) a = 21, i = 20, c = 29,

(3) a = 119, 6 = 120, c = lGO, (4) rt = 3, 6= -4, c = 6,

(5) ,1^5, 6 = 12, c= -13.

9. Ifa = l, 6 = 3, c = 5, rf = 7, <' = 9,/=ll, prove that

la-^f\ 3

a+6+ c+ d+ ^4-/= (-^1 .

1+1+1+1+1 =1(1-1].

1+ 1 + 1+1=1
abc hcd cde dcf 4

..L + .i + 1. =±(
a6od 6cJ^ cdef 6 \

1

./"ft

1
_

abc

2

def,

r



BUi'STITl'-nOV. A

10. 11 a = \, /. = 2, .= 3, ,/=:4. .'=5,/= 6, ^, = 7. inove tliufc

ah[f(-{ h)
'

a3 4./;2 4-, ;.' _}.,/2 ^,,2 4. ;'2 ^ /?/(/+//)^

u^ + irA+c^j^d^^,-i = {a+ hJ,.c+ d+ c)^
a^+h^'^c^-^d^+c^j^p^^a+h+c^d-{..+f)9

a4_|_/,4 4-c4 4.,/.t ^ fl^<'/+ <^) M^-1)
hc[b^r) '"'

a^^b^ +c4 4-C/4 _{_^,4 = '/(^+/j ('"'/-^^l)

a* +^4 _j.c4 4.,/4 4.^4 4_ ^4 _ Mf+u) (cfn-
1_)

11. Assume ..n^ numeiicul values for :., y, and ., ana calculate
tuo values ot the followiiig cxpiessioiis :—

(aj«-10a;3_j.5^jy^^5^4_i0a;3 + i^2_(^2^j)a

^«3_3^,^2)2_,.(j3^2y_y3)3_(^2 4.y2,3.

Art. I. If X = any number, as, for exiimple, 3, then x^
(which = x^) = 3a:, «:3 (^,iaich = ;«.^..) = Sx^ x^ (which = ...a:3) =
8.^ &o. Or 3=0;, 3..- = ;,3, 3^3 =.^4, ^,,4 ^^.^ ^,. jjenee prob-



4 flU USTITUTION.

lems like tlio following may be solved like ordinary aritlimetical

problems in " Eeduction Descending." '

Examples.

1. Find the value of x^ — 2a;— 9 when ar- 5.

x"-2x-9
5

5x
-2a»

Sx

15 Explanation,
—

ff;S = 5a;,

.*. ic2— 2ic = 3a;=lC, and
6 ;. a:^ -2a;- y = 15-9 = 6.

2. Find the value of x^ — x^ - 4a;2 — 3.r— 5 when a; = 3.

x^'-x^-4x^-Sx-5
8

;)i
8ar»

r, 2a;3

3

Pn Ca;2

-4a;2

r, 2a;2

3 :. a;4~a;3-4j;3-3a;-5 = 4
— ifa; = 3,

Ps 6^*

-3a;

/g 8uj

8

P*... 9

U *•



SUBSTITUTION,

ExplaiKitwn,

:, x*-x^-4x^~3x = Bx^.d,
.'. x^-x^-ix^-nx-5 = 4:.'

8. Fina the value oi" 2x^^+ 12x ^- -i-Qx^ -12x-{-10,
Using coefficients only, V7e have

2+12+G-12+ 10

Pi ... -10
4-12

- 5

+ 6

U - 4
- 6

P3 20
-12

*

^s 8

P4 -40
4-10

»'4 ••••..... -aO
.-. the quantity = - 80 if k= - 5.

Art. II. If the coefficients, and also the values of x are smallnumbers much of the above may be done mentally, and the workwih then be very compact. Thus, performing mentally the mul-
tiplications and additions (or subtractions) of the^ coefficients

J •-,.,... tung VUG jjiiitiai reductions rj,r^, r
, and the

result r^, the last example would appear as tollows
.'—

'
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6 SUBSTITUTION,

-5 ) 2 +12 +t) -12 +10
2

-4
8

-30

Art. III. lii tlie above examples, flic coefficieuts are "brouglit

down" and writteTD below the products jo^, 7? g, 7? g, jj^ and are

added or subtracted, as the case may require, to ,f^et the partial

reductions r-^, r^, r.^, and the result r^. Instead of thus " bring-

ing down " the coefficients, we may " carry up " the products jt>^,

1*2' Ps* ?^4' "^vi'iti^g them beneath their corresponding coefficients,

and thus get r, , r^, r^, r^ in a third (horizontal) line. Arranged

in this way Ex, 2 will appear

1 _i _4 _8 _5
8 +3 +G +6 +0

I 1 +2 +2 +3; 4;

and Ex. 3 will appear

2 +12 +6 -12 +10
-10 -10 +20 -40-5

2 +2 -4 +8; -80

Comparing these arrangements with those first given (Ex. 2

and 3), it will be seen that they are figure for figure the same,

except that the multiplier is not repeated.

Art. IV. When there aro several figures in the value of «,

they may be arranged in a column, and each figure used sepa-

rately, as in common multiplication. Wliere only approximate

values are required, " contracted multiplicri,tion " may be used.

4. Find the valup of Sa;'^ -lG0a;4+ 344a;3+700a;2 -]910a;+

1200, given a; = 51.

3 ^iQQ +344 +700 -1910 +li^OO

1 3 -7 -13 37 -23
50 150 -350 -650 1850 -1150

8 7 -13 +37
result is 27,

-ii3; +27



SUBSTITUTTON.

15. Given x= 1-183. find the value of Ux^-lUx+ A^o correct to
tiiree decimal places.

64 -144 +45
6f

75-712 8i)-5678 -88-0419
6-4 7-5712 8-9567 -8-8042
6-12 6 0570 7-1654 -3.0434

• •1^2 -2271 -2687 --1141

1

1

8
8

64, 75-712, 89-5673, -38-0419, --0036;
.*. result is ~ -004.

Exercise if.

Find the value of

1. a;4-lla;3-lla:3_.i3a;+ll, fora-=12.'

.
2. a;4 4-50x3-16a;2-lGx-61, fora;=:-17.
8. 2aj4+ 249x-'«-125a;2+ i00, for«=-]25.
4. 20:3-473.^3 -284a: -711, for a; = 200.
6. a;«-3a;8-8, foraj = 4.

^. «:«-515:«^-3127a;44-525a:3_2090a.3 + 3156a.-15792, fora:

7. 2a;«+401a:4_199a;3+399a:2-602a;-f211 fora;--om
8. 1000x^-81:.. for a:=:-l.

il, loi a;_ .01.

9. 99a;44-117a:3_257a;3_325a:-50, fora;=lf
10. 5a:-^+497a;4 + 200a:3 + i9e^2_2i8a,-2000, forx=-99
IL 50:^^-6200:* -1030a;-3 4-10450.3 _4i2o^_,.9000, foro: = 205

Calculate, correct to three 23laces of decimals —
iol'tf-Vm^''"'

'"'''= ''''''' f--'-«-V7981, and

Exercise iii.

AVhat do the following expressions become (1) when x=a (2)
W.heu x=i -a? ^ ^

1. o:4-4Yw34.6r72a:3-4a3a:+r/4.

2. Vix^'-ax+a^). 3. ^/(x^ + 2ax+a9).
4. {x'^+gx+ a^y^ -{x^ -ax+n^)^.
If oj = i(/ = « = «, tind tiie vaiae of the following evprecp.iong

:



8 SUBSTITUIION.

5. (x-y) (y-z) {^-x).

6. (x+y)^ {y-\-z--a) (x+z-a).

7. x{y+ z) (^2 4..3_^2j +y{z+x) {z^ +x^ -y^)+zix ^y) (a:» +
/3 — Z'^).

8. -*- + -I- -f -A_.
?y+aj a;4-s ^+^
Find the value of

abc
-f — wiiena;= -

a
9. — + — wliena; =

b a-\-b

10. -JL_ + ^
,, . '

ji ^ + -7 ^, wheiix=: —.{a-b-Jhc).
a(b — x) b{c-x) u{x-c) a

11. i^+ -^-, whena:= "'(^^Tll
b~a b{l)-\-a)a

12. ('T+ic) [b-\-x) — a[b-{-c)-\-x^, when « = ^c

13. te+c2/+«2;, when x=h-{-c — a,y = c+a-h^z = a-\-b~G,

14
«(l+i)+i» _ « when X- -a
a{l + b)—bx a — 'zbx

15. -^ - — --, when a;=^(6-«).
\x+bj x-a-2b -^ ^

16. (^^-<^)(x+2r) + (r-a;)f;j+5), when a; = ^^^^ "
^).

17. a2(6-c)+&2(i;-a)+c3(a-6), when a- 6 = 0.

18. {a+b+ c) {bc+ca-{-ab) - {a+ b) {b+c) {c+ a), when a= —6.

19. (a+b+ c)^ - [a^ +b^ +c^), whena+6 = 0.

20. {x+y+z)^-{x+y)'^-{y+z)*-{^-\-x)^-{-x^+y^+z^,vfhen

x-hy-TZ = 0.

21. a^{c-b^)+ b^{a-c^)+c^{b-a^)+abc{abc-l), whenS-a*
= 0.

22. a* l^l±^'\ %6^ /5li!±A") \ when .^+6*=0.

23. Express in words the fact that

{a-by=a^-2ab+b^.
24. Express algebraically the fact " that the sum of two quan-

tities multiplied by their difference is equal to the difference of

the numbers."



SUBSTI'VUTIOW.
9

(1) length I, height h, breadth h.

26. Express in words the statement that

27. Express in symbols the statement that " th« ..no . .,sum of two quantities exceeds the sum of .hi ^ ? ""^ *^'

their product."
^^ *^'"^ '^"^^'^« ^^ twice

28. Express in words the algebraic statement.

29. Express algebraically the fact that "the cube of the diff.ence of two quantities is equal to the differencrof fL k ithe quantities diminished by three times the p odtt 1^^^^
quantities multiplied by their difference "

^ ^^ *^'

the. a..e.ee W.ea ., tUe^r^.^^^3Z:i~
81. Express in words the foUowing algebraic statement

a«3 _ys

iC-y («+2/)*-a»/. '

«i«rt\trre::t:rs2L °'
-

root of one-third the square of the diameter." ' ' """'''

<Si. Express in symhols that any "rectanele is li»If tl,. .^e con,,i d by the diagonals of Ihe s,ret;;„tt'„Xt;
Si on^sHeT" "" "

'^"^°^' "' * '"''^'^ "^ ^-"'^ ^^
85. The area of a p.iVrtle ia o-',oi x- ,,.,...e i„ ovidax tu a, multiplied into the square
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i
'

-it

m i

of the radius; express this in symbols. Also express in symbols

the area of the ring between two concentric circles.

86. The volume of a cylinder is equal to product of if;= "lieight

into the area of the base, that of a cone is one-third of th-.s, and

that of a sphere is two-thirds of the volume of the circumscribing

cylinder ; express these facts in symbols, using h for the height

of the cyUnder, and r for the radius of its base.

Exercise iv.

Porform the additions in the following cases :

1. {b-a)x-\-{c-b)y, and {a+b)x+{h-^c)ij.

2. ax-by, {a~b)x-{a-\-o)y, and {a+ b)x-{b~a)y.

3. (7/-2)a2-f(«•••a;H + («-.v)^^ and (aj-t/)a»-(s -i/)a6 -(«

4. ax+h}j+cz, bx-\-cy-\-az, B.ndcx+ay-\-bz.

5. («.+ 6ja;3^-(6+0?/2 4-(«+c)z^ {b+ c)x^+{a+ c)y^-¥(nA-b)z*,

{n+c)x^ + {a+b)y^+ {h+c)z^, and- (a-f 6-f c) {x^+y^+z^).

6. x(a-b)^ +y{b-c)^-¥^{c-a)*, y{a--b)^ +zib-c)»^x{c-

^)i, aiidz{a-b)^-{-x[b--e)Z-hy{c-(i)-\

7. {a-h)x^+{b-c)y^+{c-a)z^,{b-c)x^H<^-a)y^+{a-h)z^,

and [c-a)x^-^{a-b)y^+{b-c)z^.

8. {a+ b)x-\-{b+G)y-{c+a)z, {b + c)z+ (c-^a)x-{a-^b)y, and

(a+ c)y+{a-^b)z - {b-^c)x.

9. a2-3a6-^t-^^ 'Ib'^ -'^b^-\-c^, ab-^b^^+ b^, and 2n/;-J7;».

10. ax''-Ux\ -'dax''-\-lbx\ and -8&a;"-f 10«a;".

11. What will {ax-by ^cz)-\-{bx-\-cy-az)~{cx-\-ay^uz) be-

come when x — y-z = \'f

Section II.—Fundamental Formulas and THEm Appmcation.

4. By Multiplication we get

{x-itr) {x^-s)=x'-¥{r+ s)x-\-rs A.

{x-\-T){x^-s){x+ t) = x^ + {:r-\-s + t)x''^{rs^st + tr)x + rsi B.

From k we immediately get

ra-+ 7/)»=a;2±2.ry+^= W



.A.

.B.

PUNDAMKNTAL FOftMULAS. \l

(2a)2^2a2 +2EaZ)
• .g,

{x-\-y){x~y)==X^~y^
.....[4]

From B we derive

(a:±2/)3 =.t-^ + 8a;2?/-f-3^,y2+y3

= x^±y^±^xy {x±y)
j-gj

{^ + y^^Y=x^ -^y^^z-^ + '6x'^^y + z) ^ ^^^^ + ^) ^^^.^^^ ,j^

+ Q^yz
^7j

^x^+y^ + z^ + 'd{x + y){yj^z){z+ x)
[8]

= ''^^ ^y''+^' + '^{x + y + z) {xy ^ yz + zx)~Qxyz..,\^d]
(2(0'' = 2:a=^+ 3:Sa2i+ 62a6c qq-j

[The gymbol £ means the sum of all such terms as]

Formula [1] .—Examples.

1. Wo have at once {x^yy + (^ —^z)" = 2(a'2 + y^), and
{x^y)^—[x--y)^^4:xy.

2. {a + h^c + d)'^ + {a~h— c -^ d^ may be written

{{'I ^-d) +{h+ c)Y' ^ {{a + d)~ {h + c))\ which (Ex. 1) =
ma + d.)-±{h + cy-']; similarly

{a-h^ c— d)^^ {a + h--c-~dY = {{a~.d)~{b-c)}^u^.
{{a~d)^{h~c)]^=2{{a~dY + {b~cY}

;

.'.{a^-h-^c^ d)-^+ {a— h-^c + dy -f (a_6 4-c~c/)2 +
{a^h-c- ^)2 = 2{(a + f/)2 +{h+ cy^ {a - dy + {b - c)8} =
(again by Ex. 1) i{a^-[-h^ J^c'^-i^d^).

3. Simplify (a+.H.(;)3_2(a+i+c-}6-+ c2;

This is tlie square of a binomial of which the first term is

{a-^h'Jrc) ana the sGCond-c;the given quantity .'. =
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4. Simplify («+ />)* -2(a«H-6»)(«.-f/.)2+2(./*--|-i<).

By Ex. 1. 2(r/.4+/>*) = (r/2+62)2 + (a8-/>2)8 ; /. given quan-

tity =(a+6j4- 2(.<2 -f />3)(a + i)2 + (a3 +^8)2 4. (rt2_62)8 =

Exercise v.

1. (a;+8//8)'«+(a;- 37/3)3, (i„3.| 368)3 -(ia» -3/.a)2.

2. Siiewtbat (.war+??,//)3 + («a;-w///)2 = (w3 4-9t2) (a;2+y2).

8. " * {mx - ny) ^-{nx - my) 2 =^- {in^ - n^) {x^ - y/2 ).

4. Simplify [a + nb)^ + 2{a-^8h) {iv-b)-\-{a~lj}^} {a-b}».

6. " (a;+ 3)2 + (x-+4)2_(a;+5)2, and (^x-2 -2^/2)3

-

(i2/2-l-2a;2)2.

6. Simplify {a i- b+ c)^ -[{!>-{- c)* -^b+c) («+ fc+ c)

7. Shew thai {ax-^by)^-\-{cx-^dy)^-^{ay - te) 2 + (cy - r/a:) « =

(rt2 + i»+c2+t^2) (a;2+7/2).

8. Simplify (a;-8y/2)2 + (ax2-7/)»-2(8a;2-2/) {x-Sy^).

9.
" (x2-f^y-y2)2-(a;2_a;^--y3)2,and(l + 2a;+ 4a:2)3

+ (l-2a;f4.r2)».

10. If ^(4-6= --^c, shew that (2rt-6)2 + (26-c)2+(2c-a)2 +
2(2a-6)(2/>-c)+ 2(2ft-c)(2c-rt)+2(2c-fl.)(2a-?;) = ^V^.

11. Simplify 2(a- 6) 2 -(a -2/;) 2; {a^-\-iab-hb^y -{a^+b'^)^.

12. " {a+ h)^-[b-\-c)^ + {c+ d)^-{d+a)^.

13. " {lx-y)^+{iy-Ay+{¥-^)"-^^i^^-y) {Iz-^^

+ my'-z){lz-x) + mx-y){iy-z).

14. Prove that {x- y)^ + {y-^y +{«-xy = '2{x-y) {x:-y) +

2i;y-x) {z-x)+^z-y) {i-x).

15. Simplify (l+ a;)*-2(l+a;3)(l+.'c)2 + 2(l+a;4).

16. " {x-\-y-\-zy-{x+y-z)^-{y+z-xy-{z-\-x-yy''.

17.
" (a;-2y+32)3+(32-2?/)3+2(aj-22/+ 32) (2^-32).-

ig^ « (,j.2_{_7jS_c2)3_{.(c2-/j2)2^2(/)2-c2)(a2_|.6S_c3).

19.
C( ix+yy-\-{x-y)*-2{r-y)"{x+yy
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21. SIiewtliat(8a-/.)8+(8i_,)2^(8,_^)2_2(ft-0a)(SZ,-c)

22. 1^2^ ^2av/, prove that (2a;2-2/'')'' + (2»-2^a)a-f.(a;
-2(2;c3-2/a)(«8_2y3) + 2(a;2_222)(28_22/2)_

2(«:2-.2«3)(2:,2_2^2) = (^^y)4^
28. Simplify (H-a:+u;2+a;3)2 + (i_^_^2^^3^3_^

(.l-a;+a;2-a;3)2 + (i-{.a:-a;2-a:3)2.

24. Simplify (^a;4-iy)*--2(asar2 + i2 2) (ax+hy)^ jl.

Formulas [2] and [8] .-Examples.
1. (l-2a;+ 3a:3}3=:l-4a;+Ga;2

+ 4a;3-12a;3

2«2j»

= 1 - 4x+Wx-i ~ 12a;3-^9a;*.

2. (^i+ /^^+^^0— '^«/>« + 2«i2c+ 2a=^/>c + />«c2+2aic2 + c2aa =

8. |(. + ,)2+,2 + ,2|2.(,^^).^2^^^^.,.^,_^^^^^^^^^^^

^- ^'+^//+2/^)^=«^^ + 2^3^ + 2a.V+.rV+2..^3+^4_

5. In Ex. 8, substUute /.-o for .. c -. fory, and consequentlyb-a for a:+y, then since (b-a)^ ^(a-b)^, Ex. 8 gives

6. Makmg the same substitutions in Ex. 4, we have

(c-«)2(«_i)2, or, multiplying both sides by 4,

(c-a)2+4(c-a)2(a-i)2, and :, from Ex. l«-^)^ + (6-c)4 +
(c>a)4=.2(a>6)2(6-o)«+2(6-c).(.-«)2

+ 2(c-a).(«_,).
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Exercise vi.

1. (l.-2;i;+nx-2-4;^;»)2, {1 -x-, ui^ - x^]^.

2. (l-2a;+ 2^=»-3^3_^4)8, (l+ ^x'+r^j^s +^3)S.

5. Shew that ^ +/>- + '>'^) (^'^ i-
/y"^ +z3)-(r<a; + %+ -^V ^

6. Prove that (a + />)x+(/>+ c-)// + (c4-'02 multiplied ^i^^ {a-h)x

\-{h-c)ii+ {c-a)z, is equal to the clill'eieiice of the squares of

two trinomials.

7. Shew that {a-h) ya~c) -\- {h-c) {b-a) \- {c-,i) {c-h)

-

i{(a-6)3 + (&-c-)2 + (6-~a)3}=:0.

8. Simplify {a-{b-c)]^ + {h-{c-a)\^ I

{c-{a-b)\K

9. Shew that (aa+ia-x-^)^ -f (./?+ /,^ -x-^)2+2(aa, +i.S)»

10. Prove that {(a-fc) {b-<-) + {b-c) (c-a) + (c-fl) («-^)}-

=

11. Square %i - J
/>.«- ir.t; + 2(/a;.

12. If a; + // + 2 = 0, shew that a;* + //* + £* = (x^ -7/2)84-

13. Prove that «2(6+ 6-)3+/^3(,+ ,,)2-f-r2(a+ i)2+2a6c(a+ Z/+ (;)

= 2(f<6+ 6t'+m)3.

Art. V. To apply formula [4] to obtain the product of two

factors which differ only in the signs of some of their terms :—

group together all the terms whose signs are the same in one fac-

tor as they are '.n the other, and then form into a second group

all the other terms.

Examples.

1. Multiply a + &-c+ (^ \,y a-h-c-d\ here the first group is

a— c, the second h-\-d ; .*. yvo have

{{a -c)+ {b-\-d)) {(c6-c)-(6+<0} =(«-<')' -(H^)"-
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2. (1 J. Sx-^P.x^ +a;3) (1 -. R.r + S;c2 - x^.) = {(1 + Sa:?) .;

8. Find tho continued product of «.fA4-e, h+c~a,c+a~b and

The first pair of factors gives {{h+ c)+a} {(/>+rWaf =(64.r)-

The second pair ^.ives {a-{b - c)} {n+ {h~c)} =a» -hfiJ^2bc
-c3

;
the only term wliose sign is the same in both these results

18 2k
;
hence, grouping tlie other terms, we have

{2ic+ (/;84-.^3_,,2)| {2/;f - (/>« +r2 _ ,,2);. =

4. Prove (a'+ab-\.h)^ -~n^l,9 = (^aS^nhy^-\-(ab+ bii)2.

The expression =:(r,2+/>2) (a2 + 2r/Z;+62) = (^,2 ^^2) (r/J.M2 =
a3(a+6)2-|-/,2(,,^/,^3^(^,a4.,/i)24.(,,/,+^,o^3.

Exercise vii.

1. (rt^ + ^ab+ b^) (a2~2ab-^b2).

2. Q^--a://+7/2)r^a;2+^/2+a'?/).

8. (a2-«i+ 262) (./.2 + .,/,4.2/A'); (.•4-H-.i.7y) (a;-i-4a;,y).

4. {{x + y)x~y{x-y)l {(^'-y)^~!/iy~x)\
5, Simplify: (;,+3) (;»-3) + (x+ 4) (-f-4)-(a; + 5) (a;-5)
6. " (l+«)4+(l-aj)4_2(l-a;2)2.

8. (2r72-3i2+4,,2) (2a3_j_3/,2_4c3).

9. {2a+b- 3c) (i+ 3c-2«)
; {2a~h~-i-ic) (h-Sc~-2a).

10. (a;4.|.y4) (a;2+_,y2) (^._,_^^) ^^_^^j_

'2. (a+/>-rt/;-l)(a.fi+a/>-}-l).

s=4/;4c* when a4 = /;4_|.^.4.
/\

•
;

1 5. /:r4- 2x^ 4_ ;-j^;2— 2j5 + i) {a;4 ^ 2.r »+ 8a;«+ 2a-+ 1).
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16. Mnlfiply (2a;— //)«« — (xi-i/)ax +x* by (1x-y)a^'^

{x+y)ax-x^.

Prove the following

:

17. {a*-ifh^-^c^-\-ah+ hr-\.ca)*~{ah'ichcJr ca)3=.(a+ 1> +c)»

18. (aa + /;3 4-r»+aA+6c-fcrt)a-(aa+aA+ ra-6c)=»a

;(rt+i)(Hc)}8 + {(6+c) (c+ a)}3.

19. 4(a6+cci)»-(aa+/>3-c3-^/2)3 =
I i-\-h-\-c-d) {a-\-b-c+(i) {c-\-d-\-a^h) (c+ r/-flr+ ft).

20. Find the product oi .fi^
\ ij'-^-z^ — ^^xy+ 'lxz— lijz and x^^

i'' +z^ -•2,xi/ — ^xz-}-2yz.

21. (a;3+^3+.,.^j/2)(a;8-.a;.y,/2+y3)(a:*-y*).

22. (l-6a+ 9aa)(i+2a+3rta).

2*^.. {(m+n)H-(jr)+7)}(m-7+;>-n).

24. Obtain the product of l-{-x+x^, x^+x~l, x^ — x-^1, and

\+x-x^.

25. {a-h9)9 (a+b9)^ (a»+M)« (a* +i«)«.

26 Shew that (a;3 +a;y + ^3)3 (x'-xy -i- y2)'- (aj^'y*)" »

Formula A.

—

Examples.

1. Multiply a;' — cc+S^by x^ —a;— 7 : here the common term is

x^ —X, the other terms -f 5, and— 7, hence the product = (x'^ —x)^

4-(-7+5) (a;f-x)+(-7x5) = (a;2-a;)'-^-2(a;'^ - x)- 35=a;*-
2x3_a;2+2a;-35.

2. (x—a) (x—Ba) (x+ia) (a;4-6a): taking the first and third

factors together, and the second and fourth, we have the product

= (a;'» +Sax - 4a2) {x'' + 3aa;- ISa") := {x- +Ux)^ - (da^ ..;. is ,'^)

X(a;»+3aa;)-72a4 = &c.

Exercise viii.

1. (aj'»+2a;+8) (a;» + 2a;-4); {^x-y+ Bz) {x-y-^^z).

2. (aj+l) (X+.5) r3:+.2)(a5+4); {x^Jf.a-h){x^->c9.h-a\

3. (a>-3)(a» iHaa+ o) («"+7); (a;*+ a;-='+ l)(a;^+a;»-2).

4. U2i4-iA^
~'\:.^g'f): {{x-\-yY-^^3^!\-.IV s/ -J 1
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7. {x+a~y) (a;-fa+ 8y),

n. Multiply together«-2+ ,/2 a;_9x /<» n .«

Formulas [6] and [6] .-Examples.
1. We get at once

{x-¥y)^-\-{x-y)i = <ix{x^+^yi)

2 Simplify
(«+^+c)3_3(.4-*+.)»e4-8(a4-H.).«-.3

ims plainly comes under formnln fki +i ^ ^ .

8 Shew that (a;2+;.y+t/=^)3+(^y_^2a)3.

This comes under formula [C], the first term bein^{^^+xy+y'^), and the second- (a;^-.^;. . ,,3^ . T^ ,

Simplify
' ^^"'"^^^ «•

2. («+ 26)s>(,,^i)3, (8a~6)»_^s„_oM, ^

17
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3. ^r,+v-z)^+?.(x-\-u--zyz+-'+^^^y--?>'

a. {1+X+

3(3x— l?/+ 'i")^ (5-- "-.'/)•

)3_(l_a;+x-)-'*-Mi+a;-+:c*)

(l+x-+u;-)3 + 3(l--^=*)C-^+-«'/+(l — ;c

10.' Shew that a(<.-2i)^-H''--^'-)' = ("-'')':"+''>

11. ShewtUat„»(«—2i^)3 +
/,3(2»--.3)a = („.-P)(a3 + .-»)'

12 (x=+xv+»n3 + 8(v+r)(^''+-Ar+i/*)+ (-=^-''i'+-"°>'-
.

13. Shew that .3(a3 + tii-a). + ^(-.^.3 + ,.)3 + (aa^i^^ -

,«H-7a»k3+t«)2.

15 Whf-t will «3+t3+.3_3a6c become wh^n a+l,+c = 9

16. Bind the value of ^' -y'+z' + S^^y^^ when x»-2/= +«'

= a
FoBMni,»8 [7] , [8] ANU [9] .-Examples.

1. Simplify (^x- 8-/) 3 +(!;/- S.i>)3+(a-«-^)'-

^!(2x-8)/) (-ly-S^) (.3^— i/)-

By [8] this 13 setn .o be {('i..;- 3,/)+ (4i/ - 5.»)-5-(8--i/)}' =

(0)3=0.

2. Prove that(a-i)3 + (i-0' +(- «)^ -X-') C-") ('-'"•

la 181 suhstitntca-i for x, 4-c for y, and <--afor^; for

these values ^+y+z = 0, and che identity appears at onoo.

3. Prove (a+ 6 + c)3 .-(, + c-«)3-(«+.-^)»-(»+^-^)^
=

'In'lT] let. = 6+c-a, , = .4-.-M-+^-^.
»"'--f-«'

m L/j ici ^ ^ ..„<l+h^^ idnrititv at ouce appears.

4./y = 'Zc, 2/i-z = '2a, z-
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Exercise x.

1. Cube the followmo:: 1 -«,+^., a-h~c. 1 - 2x+^,^'^^Ax^
2. Simplify (:>,2 ^ 2a:-l);^ + r?.r-1)f«;0 4- 2a:~9)_

4. I^.ve that K - ^.)^ - .^,:>-.... + ,,,^ (,, 1 ^

(y~z~2x){z-x~<i,j) +{x+y^z)\
6. Simplify (2x^' _ %^+.i,--')3 + (2,/-.> _ o,3 , 4^.V3

,

(22-' -3a;-' 4-47/^)3.
^

'
^ *"

7. SimpliiV aW--/./)34-(2<V-..)3 + (2..-.a.)3+
^2ax-^hy - r.) (2/,y -f- cz - ax) {^cz+ax - by)

9. Prove 9(.»+,v=+.:.)_(^+,,^,),^(,

10. li x+y+,.^ 0, shew that ^-^^ + „'
r z^ = fte»z.

11. If ;. = 2i,+8z .shew tlntt ^.3 _ g^, _ 27^-' - 18:ry^ = 0.

12. Show that (.«^ + ..,-y + ,,=)3 + (...^„,+,,), + ,,,_.

13. Prove that 8(« + 6 + ..y _ („^ ,,,a _
(, ,,, _ _

Prove the following:

silsflssssssia^
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15. a^+b^i-c^-dcibc=H{a-b)»-^{b-c)^+{c-ay} X

(a+6+ c).

16. (a-^b + c) {(a + h-c) {b-^c-a) + {b+ c-a) {c+a-b)+

{c-\-a-b) {a+ b-c)\={a + h-c) {b+ c-a) ic^a-b)+8ahc.

17. a^j^h^+c^+2.hibc={a+ b + c)^-'dHb-cy-+b{c-a)^ +

e{a~b)^}.

18. (a+M-7c)(«-6)''+ (fc+ c+7a)(6-c)^+(c+«+76)(c-«)3

r=2(a+6+ c)^ -54:abc.

19. («+t+c) {(2a-i) (26-c) + (26-c) (2c-a) + (2c-a) x

(2a-6)}=(2a-^) (2!;-c) (2c-a)+ (2a+6-c) (26-H6-a)X

(2c+ a-^).

shew that a3+63+c3+2aftc = (a:+y) (2/+z) (z+x)

Expansion of Binomials.

We have from formula [5]

(a4.6)3=«3+3a2i+ 3ai2 + ?>3
;
multiplying by a+ b we get

(rt+6)4 = a* + 4^3^ + Qan-^+4:ab^+ b^ ;
multiplying this by

a+tweget

From these examples we derive the following law for the form- .

ation of the terms in the expansion of a+6 to a,ny requued

power :

—

(1) The index of a, in the Jirst term, is that of the given power,

md decreases hy unity in each succeeding term; the index of 6

begins with unity in the second term and increases by unity in

each succeeding term.

(2) The coefficient of the first term is unity, and the coefficient

of anv other term is found by multiplying the coefficient of the

immediately preceding term by the index of a in that term, and

dividing the product by the number of that precedmg term. It

will be observed that the coefficients equally distant from the

extremes of the expansion, are equal.
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Exercise xi.

1. Expand (x+y)., (.+y),, (^^^),_ (^_^^^„_
2. What will be the law of «,n. if -y be written for y in fl) '
8. Expand (a-6)», (r,_24)4, (26-„)<.

» w-
4. Expand (l+m)e, (,„+ i)5, (2,„+i)e
5. Wlmtis the coeilioient of the 4th term in (a_M.. ?
6. Expand (^3 -j,)4, (a-24=i)=, (a3-2A3)6

«J.ti\n:z:^. "'
''-''"• ''- "''<' '-" '« ««« "*^ fi-i

8. Shew that (-+2/)»-»»-j,»=0.;(.+,) (,= +
9. Prom (8) shew that 2{(„ - «)» + „ _ L ,

•;;^ '[.^

S^cnoN m.-H0B»n-s MBTHor-s o. M„...Puo.rxoN «.„
Division.

Examples.

w:Herj::^ip^::ti:rnt:^::rrftr^^^^^^^

—
. V

««3

+ hx

+ c

atcx^ +alx^ +amx^ +anx^
-{.b/cx^ ^Jj/^s

.^irxx^^j^hnx ^
+ ckx^ 4.,/^2 ^crnx+cnW. J

{hn+Gm)x-i[-cn
-r )^ -r

P.
Art. VI. The above example hat been Riven in fnll fl,. ^.

te™ . the mnitipherb^^,^^^I^rr:^^^!
-->! mem, ih\xt> aavmg ine rejjetition of a line.
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2. Multiply Sx* - 2.-^3 _ 2uj+ 3 by «» +8x- 2.

I

+ 3
-2

3 _2 4-0 -2 +3
+9 -6 +0 -6 +9

_6 +4 -0 +4 -R

I

3a;«+7«^-12.«4+2.c3-3.r2 + 13a;-6.

8. Find the prodnot of (a; -3) (a;+4) (a;-2) (x-5).

+4

-2

-5

1 -3
+4 -12

-^1 -12
-2 - 2 +24

1 _i _14 +24
-5+5 +70 -120

a;4 .--6a;3-9a;3 +94a; -120.

4. Multiply a;3 - 4a;3 + 2;i; - 3 by 2a;a - 3

I
1 _4 4-2 -3

2 2 -8 + 4 -6 [«.^

-3 -3 +12 -6 + 9

2x'-8a;-''+4a;4-9a;3+12a;2--6a; +9

I

lu this example the missing terms of the multiplier are Fuppliea

iby zeros ; but instead of writing the zeros as in the example, we

Imay, as in ordinary arithmetical mulfciplicatioa, " skip a hne
"

for every missing term.

5. Multiply x^ - 2a;3 + 1 "by x^ -x^ + 3.

1

-1
+ 3

1 +0 -2 +0 +1
-I -0 +2 -0 -1

+3 4-0 -6 +0 +3

[x^y.x^=x^'\

;b' -?>x' H-Ga-* -Ix^ +3
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1+5
-0

4-4

•¥3

+ 2

-4
+4 -16

+ 3

+ 0. -13
+3 -f -89

4-77

+3 -13 ;^8

-85

7. Find the coefficient of :^4 in H,. j
cx + d and .^+p:c+q.

*^' ^^"^'^"'^ «^" * -«^^+i^^-

jl -a +b -0 H.rf

Exercise xii.
Find the product of

^^+3a;-4by3a;5-2a;3-a;-
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Simplify the following

:

8. («+!) (x+2) (x+3) + 8(. + l) (-+2) -10(^+1) +9;

9 x(x+ l) (x-'-2) (x+8)-3a;(x+l) (x+2)-2x(x+ l)+ 2*

!o.t(x-l)(«-2Hx-8)+3x(.-l)(.-2)-'2x(-l)-2^-

11. (x-1) («+l) (=»+«) (x + 6)-14(^-l) (0=^ IWl.

12 Given that the Bum of the four foUowiug factors .8 - 1,
find

(n the pr^uct of the first pair; (2) the product of the second

£r ; LrS the product of the sum of tl>e first paxr by the «m

of the second pair.

13. Given that the sum of the three following factors is equal

to -1, find their product.

(1) X +a;» +«* +^'^

(1)

(2)

(3)

(4)

X

x^

x'

x'

+x'*

(2)

(3)

a;3 -^-a;3 +»

^.4 j^x^ +a;'

10

A.f VII Were it required to divide the product P in the

fir^ of the above examples by .x'^ + hx+c, it is evident that could

first ot tiie a
^^^.^^ ^^^^^^^^^ ^ ^ ^^^ ^j^^t

ILlfgWe wle ^esul. co^Id we ... them with the sign of

wouiufeiv
remain the partial product /),

,

T:r« ?y "^^ -^' ^""'^ ^'™ the quotient a.
which,

'1'"'"''' J^^ , ^,tij„a does, the change of sign being

redb;'lS t^eV 0. * ana c. which are factors in

each term of i^^.i^s.^e^P^^^-^'^^y*
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26 MUIiTIPLIOAXrON AND DIVISION.

2. DiviaeSa;°+7a;*-12a;* + 2a;»-3a;3 + 18a:-0by««4-8a?-2.

~3
+ 2

3 +7 -12 .+ 2 -3 +13 -6 i^,^^2=:,^Ai
-9 H- 6 -0 +6 - 9 ^* "^ "^ '

+ 6 -4 -fO

9
4 +6

8x4-2a;3+ -2a;+3

Compare this example with the second example of Horner's

Multiplication, performing a step in multiplication, then the cor-

responding step in division ; then another step in multiplication

and the second (corresponding) step in division, and so on.

3. Divide*' -3a;6 + 4a;4 + 18a;3- lx]-{-12hy x^-Sx^ +Bx-1»

+ 3
-3
+ 1

1 _3 +0 -4 -4-18 +0 -7 -1-12

^3 +0 -9 -36 -27
-3 -0 +9 +3iy +27 [x''^x^=x*].

+ 1 +0 -3 -12 -9

1 a.4 _|.o -3a;2-12x- 9; Gx^-\- 8x +3

The quotient is therefore a;* -Qx^ - 12a;- 9, and the remainder

6a;2+8a;+3.

4. Divide «« - Sx'' -6x'' +2x* + 5a;3 + 4a:3 + 1 by x^ + 2a;- 1.

The zero coefficient in the divisor may be inserted, or it may be

omitted and allowance made for it in the 2a;- line. See examples

4 and 6 in multiplication.

-2
+ 1

1 _3 +0 -5 +2 +5 +4 +0 +1
-2 +6 +4 -4 -6 +2

1 -3 -2 +2 +3 ^1

2a;3-4-2a;»

1 -3 - 2 +2+3-1; +5 +0

[x^ -r x^ =x^] . The quotient is therefore x^ — 3x*

+ 3a;— 1, and the remainder 5a;.

5. Divide 10a;« -Ux" -3a;* + 20a;»+ 10a;2+ 2 by 1x^-3x^4-

2x-2.
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Arranging as in the ordinary method, we }mve

+3
-2
+2

5

10 -11 _8 +20
C -8 - G
-4 + 2

+ 4

Q 1-2 + 4

+ 10 +0 +2
+ 12
4-4-8
-2-4+8

Quotient = 2a;3 - or^ _ 2x+ 4+ ~
24-12+10

^4a:3^-12ar+10

5x^-Sx^+2x-Y
We first draw a vertical line with a. many vertical columns to

divisor. This wi 1 mark the point at which th. reuminder begins

t: T\ T'
'^^'" '^''''^' ' "^*« ^0' ^-^ "^"« obtain the

faist coefficient of the dividend. We next multiply the remaining
terms of the divisor by the 2 thus obtained. Adding the second
vertical column and dividing by 5, we obtain -1

; we multiply

ont the ;:hei.s

'''"'' ^^^""^ '^' '''''' ''' ^"^ '^ '' ^^ -

tel^nf r"'"'^'.' ^'*;
^''^''"''' ''^''^^' convenient. If the firsterm.of the aividend be not divisible by the first term of the divi-

sor, the worK would be embarrassed with fractions. We maythen proceed as in the following examples :

6. Dividea:»-.S^4+^3+3^._^.^3
^^ 2^.3+^3 _8^.^i.

Let 2x= i/, or « = JL.
2

stitute I for X in the dividend and divisor, and we have

r
2^

Sy^ y' 2w3

^ 2^ + 23 ~ "2" + 1

- -^- 4. ^ a. f2/" y
24 ^ 23 "'"

23 2

^ t:lx32H-[-^^3 + 23 x3,y3_. 24^+2^x3

22 ~~

r, ylz:M±i^^242/3-167/+96 — ^yS?/3 +;^y2-e)//+ 4 ^.
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DividinR yft -Gy* + '4//» +2i//a - Ifiv+OO by yS +y^ - 6y+4: by

the ordinary methoil, auJ the quotient by 2^ we have

yg-7?/+17
23

JL_ 30//2 - 114y - 28
23' y3_,_^2_0i/-^.4 '

SubBtituting for // its value 2x, and simplifying we get

'» 7;« 17 1 Qdx^-57x-l«"

T 4
"^

8 B' 2a;3 4.a;8-3a;+l
5.

11!

I

By comparing tlie dividend of A witli the original question, we

find that we have multiplied the auccessive coefficients of the divi-

dend by 20, 2^ 22, &c., and, omitting the first term, we have

multiplied the successive coefficients of the divisor by the same

numbers. Dividing then by Horner's division we get the coeffi-

cients 1, — 7, 17, and for coefficients of remainder, -39, 114,

and 28. The first of these divided by 2, 22, 2^ are the coeffi-

cients of a;2 &c. ; and, -39, &c., are divided by 1, 2, 22. Hence

the work will stand as follows :

—

^

-1

-4

x'^-nx^+x^+ 3a;2- x-\- 3-^2a;3 4-a;2-3a;+l

^ ^ ^ Q 16 32 _ 1 2 4

T"Tg +4+24 ~ 16+ 96-6 +4
-1 +7

+ 6

1-7 +17

1 -6+4
-17
- 42 +102
- 4 + 28-68
'-^^ +114+28

.^ .. . «^ ^a;
.

17
^Quotient = Y ~

~i
~8

_ ^2 _ 7^ 17
"2 4 8

„„ „ 114.J: 28

^ 2»3 +a;3 - 3a; + 1

1 39a;2-57a!- 7
8" 2a;3+a;2-3.t;+l*

It will, la general, bo as convenient to multiply the dividend by such a num-
ber as will make its first term exactly divisible by the frrst term of the divisor, ai^d
oftarwarda divide the quotient by this multiplier.



5y+4 by

B.

stion, we
' the divi-

we have

ihe same

he coeffi-

39, 114,

le coeffi-

Heuce

-1

f4

1*

uoh a. num-
divisor, ai^d

? i

MULTTPr.TCATION AND DIVISION.

7. Divide 5a;»+2 by 8a;a-2a;+3.

29

+ 2

-9

5«<i

1 8

6

9 27 81
+2 + 8a;»-2a;-f3
243 1 i,

10 +20 -50
-45 -90

+ 486
-280
+ 225 -I-12G0

-2 +9

5 -}-10 -25-140 - 55 +1740.

Coeffs. of Quotient = A . 12 _ ?5 _ ii5. 1 65--U/i>

8 33 a3 8* -p- 31:24:3

Quotients ^L . IT^^ _ 25aj HO 1

8 9 27 "" Hr ~ 5T • Q

2+3

„ -P _ 55a; -582
8 ^J 27 81 -8l-8a:2-2^^.f3-

Exercise xiii.

1. Divide Ga;'^+ 5a)4-17a;3-n:«3 + 10.'»-2 by 2a:8+3a;-l.
2. (5^« + 0a:" + l).:-(x2+ i>a;+ l).

8. (a«-6a+ 5)-:-(«2_2-,-f.l).

Divide

6. 4a;4 + 3a;2 - 3a;+ 1 by a;2 - 2a:+ 3.

7. 10a:^+5aj4_90a;3 -44a;24-10^.+ i by a;3-9.

8. «^-a;42/+a;3,^3_a;3.v3 4.^^4_2/5 hyx^~yK
9. Multiply a;4 -4a;3.7, + Gx^a^-Axn'-

and divide the product by x^ -Ix^a+'I
+ ^* by a;2 + 2a;a + a^,

\xa^ —a*.
Divide

10. x^-ax^-^-hx^-hx^+nx-l bya;-l.
n. 6a;'^+7a:4+7a;3+Ga:3+Ga;+5 by 2a;3+a;+ l.

12. m^'-\-y^Wdlxn{x^-y^) by 12a;2-i8a;«/4-5yi
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13. Gu5«"48la;''-f79x'* + B1aj»-81.c'-'+R0:»-4Hl by a5-80.

It. CK,:«-x'^+'2x*-2x^+2x'^'\-V^)x+ ()hy^x^+'\x+l.

15. a{,t+'lh)»-h{%i-\-b)^ by {a- h^.

1(5. (;«+//)••' f:Kx4-i/)^2 + a(a;+\v)2^+2'«by(a;+//)*'-' -i-

17. I0^".^io^o4,io^.3._oo()by a;7 4-.r^-u;4-l.

I H. /„;,j.4 + (/,n+c/u)^''' +c»a;8 ^alrx-\'ac by /u:4"'.

10. Multiply l-^^^x-mc-' by l-V^^ + a^a au.l (liviclo the

proilucfc by 1+ V ^- '^•*^-

Find tho remaiutlera in the following canos

:

'20. (^^-f.H.c3+b;+ n)-u--2).

21. (x'^-8;«i5+.c-a)-(j;-l).

22. {x^-{-lx^'\-fix+S)--{x-\-'l)

2;}. (27;rl-//4)-^(:!.<;-2//).

24. (8;«-' 4- <"5.6-^ - ^x^+ 7u33 - u.t: + 8)-r-(a;2 - 2x).

25. (5x-4+n0a;^+80a;3-100x+500)-^(iC+l7).

Art. viii. The following are examples of au important use of

Horner's Division :

1. AiL-auge x^ -Ga;^+7a;-5 in powers of a; -2.

1 -6 7 5

2 2 -8 -2

1 -4 -1; -7
2 2 -4

1 -2

;

-6
2 -h2

tlKl

11; ^

Hence, x^ - (ix^ ^Ix-Ty = (a;- 2)3 - 5(a;- 2) -7, or as it is gen-

erally expressed, x^ - Ox^ -f- "x- 5 = >j^ - of/-7 if w =»- 2.

1 1

2.

3.

4.

5.

6.

7.

8

Q
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8]

divide the

tant U96 of

a. Kt,,™,8 x«+ 12x.^+47^»+ |1«^+5,8 iu powers of ^+a.
1 12 47

-27
(J6

-00
2S

-18

1

-8
20

-18
0;

-G
10

1

-s
2-

-9

1 3;
~8

-7

1 Expr

\
2.

I 3.

4.

5.

6.

7.

as it is gen* ? 8

-2. i 9.

-3

-8

-8

-8

i 1; 0.

Hence ;.4+ io^a+47^.+6G^^29^^,.,^.^_^^^.^^^^^_^^^

After a few solutions have been written out in full, as in theabove examples, the wnting may be lessened by omittiu. eImes opposite the mcrements (-2 in Ex. 1, aud 3 in Ex. 2) t emultiphcation and addition being performed mentally. The laexample written in this way would appear as follows

:

1 12 47 G6 28
-»

'
1 9 20 G (10)
1 « 2 (0) ^

1 8 (-7)
1 (U)

Exercise xiv.

ress a;3~6x2 + 3«-8 in powers of .?:-l.

x^~8x^ +24:f •-• - 32..+ 07 in powers of x - 2
x^+ 12x^-^-5x^-7

Sx^~x^+ 4x--i-5x-8

x^~2x-^-4x-f.9

x^-9x^jj+Gx!/^-~8y^

x'~ox^y + oxy*-y^
^.__^^

((
;6'+2.

t< x-2.
« x-M
tl

«-§.
«t

X - 2/y

<i
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10. (1 8a;8 -{-VZx^y +10x1)^ +8?/» *i 2x-^y.

11.
(I x^-^x^-\-^x-i'4

it ^«-tV-

12. (i a.4+8a;3_15a;-10 n a;+2.

;f;i

CHAPTEK II

Section I.

—

The Principle of Symmetry.

Art. ix. An expression is said to be symmetrical with respect

to two of its letters when these can be interchanged without

altering the expression

:

Thus if in a^-\-a^x+ax^+.r^, we write x for a, and a for x, we

get x^-^x^a+xa^+a^, which is identical with the given expres-

sion. So, in x^+h^^x-\-ba-{-a'^x, if we interchange a and b, there

resultsi x^ + a- x-\-ab + b'^X which is identical witli the given ex-

pression ; but it will be seen that the expression is not symmetrical

with respect to x and b, or x aud a.

An expression is symmetrical with respect to three of its letters

a, 6, c, when a can be changed into b, b into c, and c into a, without

altering the expression.

Thus a^ -\-b^-\-c^—Babc remains unaltered by changing a into b,

b into c, and c into a, and is therefore symmetrical with respect

to these letters. So, a^b-\~b^a-{-a^c+c^a-{-b^c-{-bc^, and (a -6)3

_j_/6_c)3 -\-{c — a)3, are each symmetrical with respect to a, b, c.

Again (x-a) {a-b)^ + {x-b) {h-c)^ + {x-c) («-«)=» is sym-

metrical with respect to a, 6, c, but not with respect to x and any

of the other letters.

Generally, an expression is symmetrical with respect to any

number of its letters a, b, c, . . . h, k, when a can be changed

into 6, h into c, c into ^Z h into A, and k into a, without

altering the expression.
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A symmetric function of sevpril lnff^>.c • f

V^ ,t • • • +^ '"^Q ^^^'ite 2a, and for ah+ac+ad-i-

Exercise xv.

Write the following in fnll •

> V ,
{('^+')--4^}, ami S«(A+.)», each for a i, c

Shew that the following are symmetrical

:

3. (x+a) (a+h) ih+a^)+ab:,, with respect to a and i
4. (.,+/.). +(,,_/,)2 ,,,th respect to a and b and 'ol -.u

respect to a aud -/;. ' '^"^ ^^^^ with

to . au<l /, a., also with res'^ct to .and 7^ ^^ "'^ ''^^"'

7 (ac'+/.7)^'+(/>.-../)^
with respect to a« and i^ «n^ «]with respect to c^ tvu\ d^.

« ana 6 , and also

pect to aj and y.
^•^^^+12^ «'' + '^^y(%4-a:)}3 with res-

10. .(a+26)3+/,(6+2a)3 with respect to a and 6 and «1with res23ecfc to a and ~b.
'^ « d-na

6, and also

respect to a, 6, c.
^ "^ «>'l («-c)2 (6_c)fj ^j^j^

12^../,.+,.,.^,.,.^2^^,^^^_^^_^^.^
with respect to«. be ca

il-:f|

m\
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III

If

16. (x+y) (x—z) (y— z) — xijz.

17. a2/,2 +^2^.3 4.,,2^2 _ ^iabc{a-^h-c).

18. «8 _ ,/
C .|. . .! _ 3(a;2 _ y '-'

)
(yy

2 . gg
) ^^

'^
4 ;«» ).

19. (a+ /.)3+(a+ r)3+(/;-r)4.

20. {a^h)'^-^{a~r)^-\-{!>-\-<-Y-^[a^-<-Y.

21. (a+/.)-i + (r/,-c)44-(/y4-(')4+(u-f>')H-(/- /')*.

Select the type-terms iu :

22. ,/3+2f//»+ /'-+2/>.'-f--+2ra

23. a{ir- -c'^)+ h[e^ -a^)-\-c{a'' -b-'^^^ia + h) {h^c) {c + a).

24. a{b-^c)'' +h{c -^-aY \-c{a+hy' - Vlahc.

Write down the type-term" in :

25. (.t+.v)^ {x~yY,{x-^yY-.v'^-y^.

26. (a:+;y)^4-0»-.'/)^ (•^+//)' ~ (^^-J/)'.

27. {x-\-y-^zY, {x—y-zY.

28. (a+i+ '-'+^O^ (a-H-ft^+^.-'-'+fi'^)''.

29. (a+ />)3_j_(ft+ c)3 4.(c'+a)3.

Art. X. In redncin,!^ an algebraic expression from one form

to another, advantage may he taken of the principle of symmetry

:

for, it will be necessary to calculate only the type-terms, and the

others may be written down from these.

Examples.

1. Find tlie expansion of {a-\-b~\-c-^d-\-e-\-k(^.Y

This expression is symmetrical with respect to a, b, c, &c.

;

hence the expansion also must be symmetrical, and as it is a pro-

duct of ^'0 factors, it can contain only the squares a^, h'^, c^, &c.,

and the products in pairs, ab, ac, ad . . » . be, bd, &c. ; so that

'/2 and (lb are type-terms.

Now {a-+-by- —a'-^-\-'-l(ib-^b^ ; and the addition of terms involv-

ing a, b, f, &c., will not alter the terms a^ -{•'lab, but will merely

give additional terms of the same type. Hence from symmetry

we get



c + a).

one form

ymmetry

:

is, and the

, b, c, &G.
;

it is a pro-

>^ ca, &c.,

B. ; 80 tbat

ms involV-

vill merely

symmetry

SYMaiKTKY

,

'.> .-;

+ /'' +2/^'+2W+2ic' +
+ r;-' +^W-|-2cV'-f

+ '/-' -]-2de+

^'his may be compactly Avritteu
~^'^' "^ '

'
*

*

"

2. Expaud (« + ^;3.

This has been found by actual muliiplication-Beo formula [5]—but we may also proceed as follows :

(1) The expression is of t/n-ee dimensions, and is symmetrical
with respect to a and b.

(2) The type-terms are a^, a^b.

Hence («4.i)3 =,3+,3 ^niuH+b^a), where . is ,».n™^
To find the value of n i)iif//~j>~i ,, i i

l + l+.a + l);
._^^j^;;^'l^"*"-'^-l'^^^>ve have(l + l)3«

«. Kxpand(a;+?/+2)3.

to?''
''
t/^r'

'^^^^^="^^""^' ^"^^ i^ ^.vmmetrical with respect
toa;, y, e. We have ^

= ^=^f3^22,+&,.^ ^.l^i^j.^ ^^^.^ type-terms, the only other possibletype-term being x//z.
possioie

^a; 2, that IS, it must eojitain BxHy+z). Hence

mavbpfm,^.^ 1 ..•
"^ "^'''^''^' '^^'^''^ *" ^^ niimericnl, andmaybe found by putting «; = 2/ = .= i i,, the last result, giving

.'. ?t = o.

^1

M.
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:lili'

ill

4. Similarly we may shew that

-\.c^+Sc^{d+a-\-h)+Gdab

+d»+3d^{a-\-bi-c)~\-Qabc.

5. Expand {a+ b+c+ &c.)^.

The type-terms are a^, a^b, abc.

Expanding (rt + /;4-c)3, we get a^ +ija^b-\-Qabc-^&Q»

Hence by symmetry we have

(Sa)3=2./3_^asa26+G2rt6c.

6. Simplify (a+ />- 2c)2+(A+ c-2./)2 +(,;+«- 2&)2.

This expression is symmetrical, involving terms of the types

a^ and ab. Now a"^ occurs with 1 as a coefficient in the first

square, with 4 as a coefficient in the second square, and with 1 as

a coefficient in the third square, and hence 6a ^ is one type-term

of the result : ab occurs with 2 as a coefficient in the first square,

with —4 as a coefficient in the second square, and with —4 as a

coefficient in the third square, and hence — Gab is the second

type-term in the result: hence the total result is 6 {a^+b'^+c^

'^ab— bc—ca).

7. Simplify {x-{-]j-^z)^-\-[x—y—z)^-\-{y— z — xY-\-{z— x-y)^.

This is symmetrical with respect to x, y^ z ; and the type-terms

are x^, Bx^y, Gcyz :

(1) x^ occurs in each of the first two cubes, and — a;' in each

of the second two cuber, .'. there are no terms of the type x^ in

the result.

(2) 3x^y occurs in the first and third cubes, and —Sx^y in the

second and fourth, .'. there are no terms of this type in the

result.

(3) Qxyz occurs in each of the four cubes, .*. 24a;//2! is the total

result.

8. Prove (a^ +h^-j-c^-\-d^) (w^ -^x^ +y^^}-^-)—
{all''^^bx^cy+dz)- =('ix -bw)^ +{ay — \cw)^ -f {az — div)^-\-

{by—cx)»+ (bz— dx)^+ {cz- du) «

.
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ihe types

the first

svith 1 as

ype-term

t square,

— 4 as a

e second

-x-y)^.

fpe-terms

in each

ype x^ in

'y in the

pe in the

the total

+

The eft hand member (considered as given) is symmetrical
Jith respect to the pairs of letters, a and .- b and z, c and .;,

^
and ,. hat is, any two pairs may be intercJmnged without

affecting the expression. As the expression is only of the second
degree in these pairs, no term can involve three pairs as factors •

hence the type-terms may be obtained by considering all the
tm-ms mvolvmg a, h, to, x- these are aHc\ a'^x\b^w\ Z.a^.^
a^w\ -62^2, - 2r/iu-aj, and are the terms of (««;-/><{;) 2 which i^

consequently a type-term. From (..--..). ,e derive the fiv;

lexers
'"' ''"^^ "'"^''^' ^' ^""^^ ^^^^^^^^ ^^^^

9. Prove that

a complete square.
^ ''^ ^

The expression will remain symmetrical if (x^-yz) (y^-^x)
.^-.^Unstead of being multiplied by -3, be subti^dWeach of the preceding terms, thus giving

^{y''-zx){{y2-zxy~.{z2-xy)(x2 yz)\
M^'-xu) {{z^~xijY-{x''-~,^z)\y^-.:,:c))

^{x^-yz)x>^x^-\-y^-^z^^2,xiiz)

H-&C.

+&C.

Exercise xvi.
Simplify the following :
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1 ill;

Mi!

Mil!

rCzY

7. (a;-2//-82)2+(7/-22-8a;)2-j-(z-2a:-%)^

8. (;ina-\-nh-\-rc) ^ - {ma-^-nb - rc)^ — {nh-\~rc - ma)^ —

{rc-\-ina — nh)^

.

9. ^<(6+ r)(/;2-|-,'J_a2)+ 6(c+ «)(c2-|-a2 _i3)_j.

10. (fl/>+ &,'4-m)3-2ak'(rt+/j+c).

Provo the following :

11. {((X-\-hij-\-('z)--\-{hx-{-cii-\-azy'-^{cx -

= 2{a 2+ //2 +c'-^
j
(a;3 +?/2 4-z3 )+ i{ah-\-hc+ca){xi/+ ?/2 + ^X),

14. (l«)4 = v,/4 4.4sa3/>+ 02a2/;3 + 12sa2ic+ 242aicr^.

15. (rt2 4./;3_|_c2)3+2('7/>+ 6c + 6'a)3-3(^<2+i2_|.(.3)x

^ah -^hc+ ca)^ = (rt3 4- /, 3 _j_ ,. 3 _. Qahc) 2

.

10. (a-/>)M6-c)2 + (/;-c)2(c-a)2 + (c-a)2(a-&)3 =

17. (2,,-/,_c)^'(2/>-c-rt)2 + (26-c-fl)2(2r-^-6)2 +
(2c-a-i)2(2a-fc-o)2=:9(<<2+i3 4.c2_rtfe_6c-oa)2

18. (fl?'2_|.2/;rs+«-2)^,,a;2 + 2/;a://+^v/2)-

{ara;+ ^(7-?/ + sx)+csy} 2 = (ffc- i2)(,.,/ _i.a;)2.

19. (a^ +ab+ h''){c^-\-cd+d^) = {ac+ ad+ bd)'^ -^

{ac-\-ad+ bd){bc-ad)+ {bc-ad)^,

20. Shew that there are two ways in which the given product

in the last example can be expressed in the form p^ +p(j+q^, and

two ways in which it can be expressed in the form p^ -pq-\-q^'

21. 6(r(;2+a;3+7/2+23)2 = (it; + a:)4 4-(M;-iB)4 + («,'-f7/)4-H

(i(,_,/)4_}.(„,+ 2)44.(u.-2)4 + (a;+ ?/)4+ (a;-7/)4+ (a;+2)4 +
(^-z)*+C^+2)^+(y/-2)*.

22. \{{(i-\-b-\-cY-\-{a-b-cY-\-[b-c-aY-\-{c-a-bY]^

i|(a+6+ c)34.(a-6-c)3 + (6-c-a)3-|.(c-a-i)3}x
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Any expression which can be reduced to the form nx''4-f>x^-''4.

'^
' ' ' ' -r

• • .
+hx + Ic, m which n is a positive

integer and a, 6, c,
. . . . ;,, /, are independent of x, is called

a PoLYNOME in x of degree n.

The expressions /(a;)-, F{x)'\ ^{x)^, are used as general svn.l .

.

for polynomes
; the index n. m. indicates the de^'rce of the i-oly-

nome.
'

Theorem I. If the polynome/(a;)« be divided hvx-a, the
remainder will be/ (rt)".

Cor. 1. f{xY-f{aY is always exactly divisible by x - a.

(Particular case: a:"-a»i8 always exactly divisible by a- -a).
Cor. 2. If/(«)" = 0,/(a;)" is exactly divisible by a;-a,i...,/(;cV'

is an algebraic multiijle of x~a.
'

Cor. 3. If the polynome f{xf on division by the polynome
(^{xY leave a remainder independent of a, such remainder will be
the value of/(a:)" when ^(a;)'" = 0.

Examples.—Theorem 1.

1. Find the remainder when x^ -7a;4-f-18a;3 _ iGa;9 -f- S)x- 12 is
divided by » — 5.

The remainder will be the value of the given polynome when 5
is substituted for x, (See Art. III.).

I

1 -7
5

j

5
+ 13 16 +9 -12
_:J0_ 15 -5 20 ,

3 -1- 4;" 8

Hence the remainder is 8.

2. Find the remainder when (a;-«)3 -f. (^__/,)3 _^ /^^ ^3
j^

divided by x-\-a.

Fora;substitute-a,then(-2a)3^-(_a_i)s^(^4./,)3=._8«3.

^
8. Find the remainder when aj^+aS^/.s+ ^^+^^x.^^^s.^ ,^.

IS divided by ;c+ t*+Z..
a -r y

m
pi,.

W
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v. Jii

']

For X substitute - (a-^h) and we get

^(a + l>)^+a^+ l'^-^'th{a + b) = ~2ah{a+ b]. See Formula [B],

4. Fincltlio remauuler when {x^+2ax-2a^-yHx'i -2ax-'ia')

+ 32(a; - a)* {x+n) ' is dividea by cc^ - 'la 3

.

a;3-2a3 may be struck out wherever it appears.

This reduces tlie dividend to

In this substitute 2^2 for x'^ and it becomes

-64a«+32«« = -32a%

which is the required remainder.

Exercise xvii.

1. Fhid the remainder when 8a;4+G(te3 + 54a;3-60ar4-58 is

divided by a?+ 19.

2. Find the remainder when iix^-^x'''\-?>rx-s is divided by

x — a.

3. What number added to Ax^ 4- Ux^ + 58^3 +21a^3 _ I23x- 41

wiU give a sum exactly divisible by 2.«+13 ?

4. What number taken from lOa;^^ - 2(^8 -10a;« --^SOa;*-

8-9^3 _|.20 will leave a remainder exactly divisible by lOa;^-!! ?

. Find the remainders from the following divisions :

5. (a;+l)^-a^' --^- + 1, and {x^a-\-'dY - {x-\-a-\-lY -^ x+'l.

6. x-+y^'-^ x-y; a;2"+.v^-» - «+r. x'-+'+y'''+' ^ x+y.

7. {X+l)^-{-X^^+{X-'^y^^^^-^^'

8. {x-a)Hx-^a)^-^{x^-'lh'^y'-^x'+^'''

9^ ^^'^j^ax+u^- ix'- -c<x-\-a^)-{x^ -'^<rx+ 2a^){x^+Sr,x+ ^a^)

-^a;^+2'^'3.

(8a -26)3.

il. a:'{x-a)^-\'b^2^-h)^^x-a-b.

12. {ax + hi/)^-{-ahj^-\-lr'X-^-Sahxy{ax+ by) -i- {a+h){x-^y).

13. a;3+ a3 + /,3_3a6a;-4-u;-a+6; alb0-^a; + a-6 also +

X-'Ck— O,



ila L^].

a^)*.

:+58 is

dded by

23a;- 41

Sdx*-
C2-11 ?

5-a;+2.

x+ij.

t-166*)-r

-h also +
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If. Any po]Ti,orae dividpd by a: -1 gives for reiiiaindov the
BOm of the coefficients of the terms.

Examples.—Cor. 1.

1. a;»+2/» is exactly divisible by x-\-y.

In «'«;« -^« is exactly divisible by x~ar siibstihite ~y for a.

2. rtu'^-px^+qx+mJ-p+q is exactly divisible by a,-+l.
This may be written

8. (^2+0'a:.v+4./3)5+^^o^o^^_^^^^,^^
is exactly divisible by

(-+2^)». For(a.^+Gx,/+4,~")^-(_,3_2.,-.1^3)«
i, exactly

divisible by (^^-fr%+%2)-(-^2_2;.y-
4^/2), ,vhich is

2(^24-4a;//+4^8) = 2(^'+27/)2.

Exercise xviii.

Prove that the following are cases of exact division :

8. {ax-\.hyY^{hx^ayY^{a->rh\x^-y).

6. (2?/-a;)"-(2a;-7/)"^3(7/-a;).

6. (22/-a;)2n+i_|_^2a;-2/)2"+i^y+a..

7. {my~nxY-(,nx-nyY - (w+n) (y-a:).

8. {x'^yY^{x~yY ^ 2(x^+y'^).

10, {,-i-bY-{a-bY ^2h{Sa2-^b2^,
11. (V^ + 5/..u+i2)7 + (a,2_^^.^^3)7 _:_2(a;+i)s.

13. {a;3 4-3a;z/(a;-^)- y^" + {^^^ - i)aJ^(a;-2/)-2/3 ls^2(a;-«)3
U. 8u;3-..5a;2 4.4a;-2-x-l.
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15. Any polynome in z is divisible by aj— 1 when the tun oi

the coefficients of the terms is zero.

16. Any polynome in x ia divisible by x+1, "when the enm
of the coefficients of the even powers of x is equal to the sum of

the (coefficients of the odd powers. (Tlie constant term is in

eluded among the coefficients of the even powers).

Examples.—Cok. 2.

1. Show that a{a-i-2h)^ — h{2a-^hy is exactly divisible by a-f-fc.

By Cor. 2, the substitution of -6 for a must cause the polynome

to vanish.

Substituting; a{a-2a)^+a{2u-ay = -a4+a* = 0.

2. Show that (ah — xy)^ — {a+h-x — y){ah{x->ry) — xy{a-\-h)) ift

exactly divisible by {x— a)(y — a), also by {x— b){y-b).

For « substitute a and the expression becomes

{ab -ayy- {h - y){ab{a-^y)

-

a?/(«-f 6)} a

aHb-y)^-{b-y){a^{h-y)]=0,

The expression is, therefore, exactly divisible by x—a. But it

is symmetrical with respect to x and y, hence it is divisible by

J/— a, and as x-a a,nd.y— u are independent factors, the expreS'

sion is exactly divisible by {x — a){y — a). Again, the given

expression is symmetrical with respect to a and 6, hence, making

the interchange of a and b, the expression is sean to be divisible

hy ix-b){y-b).

8. Show that 6(««-f&'^+c«) -5(a-^+i3+c3X«a + />« + ct) jg

exactly divisible by a-^-h-^'C.

For a substitute —[^-tc) and the result which would be the

remainder were the division actually performed, must vanish.

= 6{-(6+c)« + 6^+c5}+306c(6+c)(62+6c+ c3). See [1] and [6] .

The expansion being of the 5th degree, and symmetrical in b

and c, it will be sufficient to ahow that the coefficients of **, 6*c,

b^c* vanish, the coefficient'^ of 6*c3, 6c*, g* being the coefficient?-
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of the former terms in reverse order. Calculating the coefficients
02 tnese ty]>e-term8 we get

which evidently vanishes. Hence the truth of the proposition.

In the last example it has been proved that the difference of the
quantities here declared to be equal, is a multiple of a+ 6-fc i em this case, a multiple of zero. Hence under the given condition
tuey are equal.

Exercise xix.

Prove that the following are cases of exact division :

2. ax^-{a^+h)x^+h^^ax-h, (Substitute ax for b.)

4. ^<^^x^-'Attx^-lQaxy^^a^xn+2xh,^6y^ ^2ax-y,
5. l''^ciix~l&32a»x^^'L'8aSx^+ -Qax^^x^ -i- 'Gax^iL^
6. X^-i^X^T/^+xhj-^y^-hx'+y. '

.

8. x{x-^^7jYJf.y(^^^^x-yY -^x-y.
9. «(a+2i)3_i(i+2a)3 H-a-Z., also - a+J.
10. a*-"2a<6+ a?/;2 + a2;,3_2«ia;3+53a,3 ^ {a-hyxA-o^)
11. a{h-c)^^h{c-a)^+c[a-bY ^ (a-b), (b^c), \c-a).
12. <^^{b-c)^h^^c-a) + c^^a-b) ~ (a_i), (6_,), (,_ .

13. a<{b-^c)-^b^{o^aHc^[a-b) - {a-h), {b-c), {c-a)

i,--J^p-{ia-b)^.^^b-cYa+ic.-an)^ I (a--.), (6-..),

16. (x+y){yJ^z){z+x)+xyz-rx+y+z.
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17. i(b(a*~b^)+hn{h^-c^)+cn{c9-n'^)-r-a-\-b'^-o»

18. (nb -be- ca)l' a^b'^ - h^c^ - c^a» ^a-^-h-c.

19. (rt + 2/>):' + (2/> -8r)3 - (8c -a)a+rj3 +868 . _ 27c» +

<+26-3c.

20. a^b^+b^c^+c^d^ -Sa^b^r^-r-abi-bc-i'ca,

Examples.— Cors. 8 and 2.

1

.

Find the value of 4 • +9a:» - 5x^ + 2nx+G when 2a;» = 3x -r- 4,

Smce 2x^ — 3a;+4 = 0, we have simply to find the remainder on

division hy Sx^— 3a;+4, and if it is independent of as, it as the

value sought, Cor. 3.

j

4 9 -5 23 6
8 6 9 15 -3

-4
!

-8 -12 -20 4
~2~j "2 3 l~-^l\ 10

Hence the required value is 10.

2. What value of c will make x^ — 5x" +7ic-c exactly divisible

byaJ-2.

If 2 be substituted for a;, the remainder must vanish, Oor. 2.

1-5 7 -c
2-6 2

1 -3 l;2-c

Hence 2-c— 0, or c = 2.

3. What value of c will make 6a;»— Saj-^+caj^ — 20a;>+ 19«~5

vanish when 2x^==Sx—l ?

By Cor. 3, the remainder must vanish when the given poly-

nome is divide by 2a;2— 3a;+l. We may divide at once and find,

if possible, a value of c that will make both terms of the remainder

vanish, or we may first express cx^ in lower terms in a?, and

then divide and find the required value of c from the remainder.

Ist. Method, (see page 28),

6-10 4c -160 804 -160

8
-2

18 24 12C+36 36c -420
-12 -16 -8c-24 -24C+280

6 8 4o+12 12C-140; 28c-140 -24c+120
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^

Jence 28. . 140 and 24. = 120. Both of these are satisfied hj

2nd Method ^^ = UQVx-.l)^^,.^^^^.^^s^_^^^

Substituting? for ea^s i^ the p:ivoi. polynome it bocomeB

Divide and apply Cor. 3.

^
"Is o1 ~^^ ^^''+ ''^'^ -24c-i60

:-^2 ^-IG - 24 280
12

8

-2
6 8 12 -,140; 28c-l40~r-24.4.l20

We thus obtain the same remainder as by the former methodand consequently the same result. A comparison o t" twomethods shews that they are but slightly different in form, butthe second metliod shows rather more clearly that c need not hijn r.U.ed into the dividend at all, but the pLper mlSeToffound by the preliminary reduction can be added to or takenfrom the numerical remainder, and the 'Urua remainder' bethus found, and c determhicd from it.

Exercise xx.
Find the value of

1. ^*~Sx^+A;,2_Sx+4:, given x^=a:~l.
^•^'-^^'~^x^+ rSx'^-lU--10,giyen(x~l)2 = 2
^' ^^' ~7x^+12x^-lU2 + 2x-5 given (x-.l)2+2-o

l''f +
^^-' + li^-^+7.^+2x^Bgivenx^ + 3x2-2x-^5^0

5.e.^+9.e_i6,._5,3_i,,3_6.^60given3.4^._4-0

^t:SZ l;^lr^^
'''— -^~ vanish

6.
«'*+ 18a;3 + 20;.3+52ar+8.,givena:+ll = o.

7. x^ -2x^-9x2 +2rx~U, given 8a-+7 = o.

^- ^'~i:i^- x2 + Wa: + 6c, given x2=x+ 6.

9. 2;«4-10;c2+4.a;+C, given x2 + S=.3x.
10. 2ic4 -4- ,-3_ 7cx2+ ncc+lG,

i

'

I

fji-i

m
• 'ifimivf'''l'•"Si

given 2x = 5.
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11. 4a;4 + ,.a;2+i]0iB-105, givcu 2.r2- 5jc+15-0.

12. 8a:6 ._ 10^4 + ,,,;3_r,a;2-114a:+ 200, given a;3 = 3«-4.

13. What values of ?. and g mWm^U x^^^x.^" -lOx^ -px+^l

vanish, givcu x^ = 3(a;— 1) ?

14. What values of p and .; will make a^
^^

- 6.x^ " + 1()«
"
- 15a

+29a* -pa^+(] vanish, given (a^ -2)2 -a" -3 ?

Theorem II. If the polynome /(a^)" vanish on substituting

for X each of the n (different) values a^, ftg, «3 • ' * ' ^''

/•(:*;)" = .4^cc- fl
1 )(;»-<' a)

(«-"^' 3) • • • •
i^-^r)

in which .4 is independent of x and consequently -'b the coefficient

of a;" in /H".
Cor. If /(a;)" and 9(x)- both vanish for the same t» different

values of x, f{xY is algebraically divisible by <p[xy^

Examples.

1. x3+ax2+6^+o- will vanish if 2, or 3, or -4 be substituted

lor x, determine a, h, c.

The coefficient of the highest power of a; is 1 ;

• ^3+a^3+t^_^-c=(x-2)(ar-3)(a:+4)=a;^-^«-14x-+24. .

.-. c/.= -1; 6= -14: c = 24.

2. x^+hx'^-\-cx-^d will vanish if -3 or 2, or 5 be substituted

for a;,'determine its value if 3 be substituted for x.

The given polynome ^(a3+ 8)(a;-2)(»-5)

;

.-. the required value is (84-3)(3-2)(3- 5) = -12.

3 «,^3 +3^3 + 3ca;+^ will vanish if for x be substituted -3,

or i, or H, but it becomes 45 if for x there be substituted 8

;

determine the values of a, b, c, d.

The coefficient of the highest power of a; is a

;

ax^^dbA'^-\-'drx+ d = a{x+3){x-i){x-H)

:. a(3 + 3)(3-^o)(3-li) = 45; .-. a = 2.

.-. 2a^»+ 3/>a;2 + 3ca;+ri = 2(a;+3)(a;-i)(ic-li)

iiiii
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t
^^ ":' +^'^'+'7«'+r vanish for x^a or b, or 6-, determine p, o,

and nil terms of a, 6, ^.
^ ^

:. p= —{a-^b-\-c) or - s«.
^= a6+ 6c+cflr. or ^ah
'• = - abc or - v aftc.

n.L^^'^'\t^'f tf"^'
^^^^'^ ^"' ^ = «' «^ ^' «^ ^' determine the

polynome tiiat will vanish for x = b+ c, or c+a, or «+?,.
Since x^+px^+qx-hr vanishes for a; = a or h or c,

a;3 -;,a;«+v^;-r will vanish for x= -a or ~b or -c,
and -p = a+b+c]

tJut the required polynome will vanish for

.u.- .
^= ~P-"^ or ~p-b, 01 -p-c;

tliat is, tor x-j p= -a, cr -b, or -c.
Hence it is {x-^j>)s ~p{x-{-p)2-^g(^,^+j,)_.,^

The following is the calculation m the last reduction. (See
page 31). ^ "

i -P q ~r
9 f;
p; P^-{-q

p

V
p

1

1

1;
1

pq-r

2p

6 In any triangle, the square of the area expressed in terms ofhe lengths of the sides, is a polynome of four dimensions; and
the area of the triangle, the lengths of whose sides are 3 4 and

0^ the'Irel"'''
" '" """' ''' '"''"'"' ^^^^'^"^"^^ *^^' -1--

pofynome''
'"^ ' ^'' '"' '''''^' '' *'' "^^"^' ^"^ ^' *^^ ^^^^-ed

1st The area vanishes if any two of the sides become together
equal to the third side, hence ifa + b = c -/ - anrl n n.,...,,, ^Tw-t, .i—u. ana consenuentlvA IS divisible by a+ 6-c. Similarly it is divisible bv .*j_. 'I

andbyr+rt_6. -^ -T-^-t*

? '

Li

'i

^j'

i^i
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2n(l. The aroa vqr»i!^he« if the three sides vanish tno-pt],o]-,

hence if a-{-h-\.r = (), A = 0, aud cousequently A is divisible by

We have thus found four linear factors, but A is of only four
dimensions.

.-. A=m(a-\-b + c){h4-c-a){r+a-b){a+h-c),
in wnich m is a numerical constant.

ButG3 or36 = w(:3+4-f 5)(l+ 5- 8)(54-3-4)(3+4-5)
=|570m ni =

TTT-

(The above includes all the ways in which the area of a triangle
can vanish, for the vanishing of only one side involves the equal-
ity of the other two, or if a = 0, b = G, and .-. a-{-h= c, which is

included in 1st.
;

if two sides vanish simultaneously, the three
must vanish).

Examples on the Corollary.

7. Prove that (x+ 1)
'
3 -a;' 3 - 2.c - 1 is divisible by
2.x'3.f8a--'+a;.

Factoring the latter expression wc find it vanishes for x-0, or
— 1 or -^. Substituting these values in the former polynome,
it also vanishes. But these are difforent values of a;, hence the
truth of the proposition. .

8. («+// +2)5 -«' - ys _.^5 i^ divisible by

The latter expression vanishes iix= -y, so also does the former.

By symmetry they both vanish if ?/= -2 and iiz=-x. Hence
they are both divisible by {x-\-y){y-\-z){z-hx). But this expres-
sion is of three dimensions, as also is the latter of the given poly-
nomes, hence it is a divisor of the former.

9. Prove that
{ {,1 + 6) ^ + (c+ d) ^}(n~b){c~ d)+

{{b+c)'^{a + dy}{b-c)[a-d)+{{b + dy'+{ci.ay}(b-d)(c-a)
is algebraically divisible by {a-b){c~d}{b-c){a-d){b-d){c - a)
X(rt+6+r+ r/), and find the quotient.

Let a = b and the former polynome reduces to

{{a+c)''+{^,+ d)'}{a-c){a-d)+ \(a+d)^-{-{c+ay\{a-d){c^a)

ht "it
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= 0.
''"^''''"'^<^°'"«''{-(^-+rf)} = +(c+,/)» which

so divisible.
«+*+«+<'. and conseqaeutly the whole is

. . ., uy me latter of the given polynoines.

qu^Llfrr"''""?'"""'"^™ 'lim.nsions, hence theirquotient must be a number, the same for all values of a, i, c, d.

bofo'uudto'be -V"*^"*""^'
''""'"^«- The quotient will

''<'-°K<'-'^)(/'-</)(.-«)(<.+4+,+ ^).

'

or the divi.;. ^^^.::::;^:^z:^ " '^-^ ''- '-'--

10. Prove that x^-{-x+l is a factor of o^^+^-^ + i
•'^2+^+1 will be a factor oix^^+^-'+l provided

•'• x'^-\-.c-^x =0

••• «^ =1
. . -t* = l and «' 3 = 1

.'. «2H-;t+l ia a factor o'i x^^+x''g\-l.

m

^.p^

I in- H

Hi
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Art. XII- Two other methods of proving this proposition

are worthy of notice.

Ist. ic^+x+l will be a factor of x^^+x' + l provided it is a

fa,otor of {[x^'^+x'^+l) ± a multiple of (x^+x+ l)}.

x'i-^-^x' +1 differs by a multiple of x''^-\-x+l from

xiiJrx'^{x^-^x+l)+x\x''+x-rl)+x'-{-x^{x^-\-x-tl) +

x{x^+x+l)+l

:^sc^2^x^^j; + l)^^,^(x^-\.x-^i)+x%x'^-\-x-j-l)+x^{x'>-rx-i-l)-\r

= {x''^+x''+x''+x^+l){x^+x + i).

Hence x^ +./H- 1 is a factor of x^ * +2;' + 1.

„ , x'^A-x'-\-l _ x^^-± x-l_

~J^;^^lj(x^'-l) {x^-l){x'-l)

But we see at ouce that on reduction both of these fractions

give an integral quotient, heuce {x^^+x' +1) ^x^fx-^1 gives

an integral quotient.

11. a;2+a;+l is a factor of (x + l)'' -x'^ -1.

If a;-+i«+l = 0> [x+'iy -x'' —I will vanish also, for m such

case x-\-l= -x^.

.', {x+iy-x' .l = (-^2)7_a;'-l = -«^4 -«•-!,

which by the last example vanishes if x'^-\-x+ l = ;

^.. ^2^,i;_j_i is a iactor of {x-\-l)'' — «' 1.

For X substitute ^ and multiply by y^ and y'' respectively,

y

and this example becomes

rf.2j^xij-\-y^ is a factor of {x+yY -x'' ~y\

i.



THROIIY OF nrvisoRS. 61

((

((

(<

((

<<

(<

"
a; = If. or -3 or 4j.

"
i« = 2or -a.

"
^- = 3 or -5 or 2,

" i«=l^or -4, or 2^.
"

a;=i;|or -3.V or 1^.
K

<(

x=^ or I or 3.

Exercise xxi.

Ketermme the values of «, b, c, d, ^ in the lollowing cases :-

1. x^ + Ux^ + 'dcx-\-dvim.hheB for x = 'A, or 3, or 4.
2. x^ \-cx^ -\-dx+ e

3. «3^i^2_|.^^.^24

4. (tx^-{-bx^ \-cx+\)().

6. 8U-4 + 6,.^2^.^j^.^^

8. «x-t+cx3+f/a;+. « - .,^2 or 11 or -1 and be-
comes 14 for a; =1.

9. ax^+cxJf-d vanishes for x^l^ or 23.. and becomes 49 for
a? =3, determine its value for x= —)}.

Given tliat x^ - px^ +qx~r vanishes for x = a, or i, or c, deter-
termine the polynome that vanishes for

10. ic = c-f-l, ori+1, orc+l.
11. a; = a-l, ori— 1, or c — 1.

.1 1 I
12. a;=l-—

, or 1-— or 1
.

'^I' c

13. x = ab, or be, or m.
14. x = ii^, or 62, or c».

15. « = a(6-f-c), or /<6-+ ft), of c{a-\.b). !a{b+c) = q --Ll.
I « )

1« «+^ ^+6' C'-f-a
16. x= or --— or -^—

.

cab {T=f-j^
V "^ '^ /

Prove that the folfowing are cases of exact division

:

17. {x~-l)^^ -x<'> -h(x'^ -x-\-ir- ^x^ -2x^' -\-2x~l.
18. {x~iy<'^~x>'-\-{x'^.-x-}-i)^^x^-2x^^+ 2x~l.
19. (x-2)io(2a;_5)io_«jio + 2iO(^.2_4.^+5^5^

20. (a;3+4a;+3)i8-a;i«-«^-5ic-3 4-:K34.Ca;2^.8.^_|.3

21. {9x-iy^^{x-l)^^->x^^^~{9x^-Ux+i)^^-r^x- l)x
(9a;-4)(9a;2-14a;+4).

22. {6(a;-l)}i3_(2;c3+;-]a._4),3 + (2iB3_3;c+2)i3^
(2a;3+a»-4)(2;.3_3^^_2)(..;-l).

;:i

.;;'

^
' t

;^'

I'

4

J"

;kli

u
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'm

23. {2(x+l)(a^-2)}i'+(a^«-3a:+3ji'-(3a;3-5a;-l)^'-

(a;-flj(«-2)(a;2-8ar+3)(3.c3-5a;-l).

24. {6(a;-l)}i«-(2x?+8a;-4)i6-(23:^-3a;+2)i« +
2(2a;3+3a;-4)«(2a;3-8a;+ 2)4-j-(^c-l)(2x24-3a;-4)C2ic2-3x-+2)

. 25. {2(a;+l)(a;-2)[2<>-(a;3_3i»+3)3"-(3a;3-5.r-l)2^ +
2(a:^-3a; + 3)9(3a;3-5a;-l)i^-^(.T+l)(«J-2)(i«3-3x+3) X

(3a;3-5a;-i).

26. 1+x^+x^ H- l+.r+a;3.

27. a;i»4-x'''?/^+//^<' -^ x^+xij-^y^.

28. l+a;3+xe+a;^+a;^2 ^ l + a;+a;2+«^+^*-

29. H-a;4+a;8+.xi2+a;^6 h- l + a:+x3+a;3+a;*.

30. a;l'^+a;l^7^+^^'y^°+?/'* -^^^+^"?/+^^^+^'-

81. x^'' +x^-^x'^+x~\-l -^ x'^+x'+x^+x+ l.

32. l+a;+a;3+a;3+a^5_j_^c_|.^5 3 h-

. +a;+a;3 +a;''^ +^* +»;•' +aJ*'.

Find the quotient of the following divisions in wbicli D denotes

the product

{b-c){c-a){a-b){a-d){b-d){c-d) ;

33. {h^c^+a^d^){b-c){a^-d)+ {c^a-+b^d^){c-a){b-d)+
{a^b'^+c^d'-'){a-h){c-d) -4- D.

34. (bc-\-ad){b^-c^){a^-d^)+ {ca-\-hd){c'''-a^){b^-d^)-^

{ab+cd){a^-b^'){c^-d^) ^ D.

35. {b + c){a+d){b^-c-^){a^ _r/3)_i_tlie two similar terms -h D.

36. {h^-{-c^){a^+d^){h-c)(a-d)-{-

87. {M6+ c)3+aJ(a + c/)3}(fe-c')(«-^)+
38. {bc{b+ c)+ad{a,+ d)}{b^ -c^){a^ -d^)+
89. {6K/;3+c3)+arf(a3+t/3)}(fc-c)(a-a!)+

40. (/>+c-a-f/)4(6-c)(rt-c/)+
41. The sum of the fractions |,

i,
i, i, increased by the

Bum of their products two by two, increased by the sum of their

products three by threo, .increased by their product is

equal to w.

^ D.

-r- D.

-4-2).

-r-D.

-rrD.

' iX
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42. In any trapezium the sqnare of the area expiessej In termsof the lengths of the parallel sides and the dia,!nals.l a pXnoma of four dimensions, determine that polynoLe
43. In any quadrilateral inscribed in a eirele, the square of thearea expressed in terms of the lengths of the sides, is a polynomof four dimensions, find that pplyuome.

poiyuome

Theorem HI If the poIynome/(x)" vanish for more than
« different values of ^, it vanishes identically, the coefficient ofevery term being zero.

Cor^ If a rational integral expression of n dimensions be divi-sible by more than n linear fnnfnvc +i,^ •

"^ "« "ivi

zero.
expression is identically

Examples.

(c-«)(c-4;i -^
(<,-i)(«_,,) + ((,r7)(i—a) -1 = 0, if «,

h, and are unequal
;
for this is a polynome of t^o dimensions in

.r, but It vanishes for ^•= ., and, thoreforo, by symmetry for x=hand for :.= c, that is, for thvce diifereat values of .„, lience itvanishes identically. ' ^ "

Substitute 6 for a and the expression becomes

wnich vanishes, hence the given expression is divisible by «_?
andcousequenfyby symmetry it is divisible by (a~b) (b A(c-i) (a e), (6 ,), and (.-.), But the given expresin^si;
only/„«,. diuiensions, while it appears to liave eic linear factors"hence It vanishes identically.

lactois.

Exercise xxii.

Verify the following

:

Ml

~n^ia5*+2/'+28-J2-,
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'(»»-</>)"(/»=» -2^) ~ •

+

4. + r-.-T

1

(x-\'a){x+ h){x-\-ry

0.
a-\-x

+
«+ // + ITT

a+z

x(x~yj[x-^
"^

?/(?/-aj)(/A-2)
~^ z{z-x)[z~y)

a

xyz

j^, (^adl+brf+hrd~acey^ + {hce+ ued-\-acf-bdfy^ =

\a-b){b-c){c-a)

11.
(a4-i)(6+c)(f+a)' "

(a-6)3 + (6-c)3+(c-a)s.

Theorem IV. If the polynomes ./»". (p(.'c)'" (n not less than

tre) are equal for more than n different values of x, they are equal

for all values, and the coefficients of equal powers of x in each

are equal to one another.
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falUse if?,""'
"'r^^^'P'" of I"<1*rn>i„ate Coefficient,. The

EXAMPJ.ES,

1.
,

+ /, ... . .- = 0.

Assume
i'^~<'){x-0){x~c}{x-d)

^

x~d («)
in which ^, B, a, D are independent of x.

Multiply by (x-a)(a;-A)(;c-o)(^-,/).

.-. ^'-U+ B+C+D)x-^Jrt^rm, m lower powers of x
Now this equality hoklH for more than three values of a: holding m fact for a^/ finite values of x.

' ^'

Again multiply both sieves of (a) by x-a
r>3

Put a: = a

= A + D
a" -d

(x—a).

a'-

{a-b){a-c){a-d)

By symmetry '^^

= .4.

Adding
{b~a){b-c)(b-d) == ^' •^^•

«:
h^

2. '^+b)ia+c)__ 6^(/;+c)(H

ir.J

,:i

s).

!;
', r
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Assume x^— px^ -\-qx— r={x— a)(x — h)(x— c).

.*. x'^+j)x''^+<jx+r=[x+a){x-'rb]{x+c).

x'^-^'/ix'^ +(2.r^ + )X

x^ ^ ' ^ x-a x-h x — c;3 -px'-{-qx — r

Multiply bj x'-^ —jix^+i}x — r and equate the coeflicients of the

terms in x-. {In multiplying the fracl ions in the right-hand

member of (/), use the factor side of (a).}

Multiply both members oi (y) by ic— a

x{.c+ a){x+b){x-\- c)

{x-hj{x— c)

Put X = a,

[a— b){^a— c)

By symmetry

2h^{b4-r)ib+ a)

I.= A +|a;+2p+
^

B C
)
\(x — a).

= A.

2c2(.+ a)(r+«') _ _,

•'•

(rt_ 6) (a - c) (6- c) (6 - a) "*" (c- a)(c- 6)

'

3. Extract the square root of 14-aJ+a.*^+33^4-i»*+&c.

Assume the square root to be \-Yax-\-^ x^ -\-cx^ '\-dx^ -^-ka.

... l-{-;c+ a;3+a;'^ fx4+ &c. = (l + «^+te3+ca;3+t/a;4+&c.)2

.•. 2a = 1

2/>+ a3 = l

2(c+a/>) = l .-. c =l-ax|)=A

.-. 1/(1 +x'+a.-2 + &c.) = 1+ .^x -)- Ix' +A-c^ 4-iV\a'^ +&c.

(Note.—As it is frequently necessary to determine the coeffi-

cient of a particular power of x, a few preliminary exercises are

given on this subject.)

a- 1
IT

.-. ^=i(l-i) =i

4^
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Exercise xxiii.

67

Doterralne tlie coeflicient of

1. x-^ in {l-¥'tx)^-\-{l+ixy+{\~cx)*.

3. x^ in (l+..-|-2..a+8^3+4^4+,t.)(l-^-- x^-x^^x^^kc)
4. x-^ m A{x~h){x-cXx-d) + lJ(;„-a)(x~c){x-d)+

C{x~a)(x-b){x~d)+D{x~uXx-h)(x~-c).
5. X* in (l~ax)^{l-i.ax)'^.

6. x^ in {l-^'(x)^(l-bx)'^.

7. In the product

(^+"x+bx^+cx3+&o.){l-ax+bx^~cx^ + &(i)
prove that the coefficients of the odd powers of x must be all
zeros.

Determine the vakie of the following expressions :

1 18. -

9.

10.

{a-b){a-G){a~d) "^
(b-a)(b--~cXb:id)

i
,

1

{c-~a){c-b){c-d) -^
ld-a){in.b){d-l)'

a 5

11. -,__

12.

13.

<a-~b){a-c){a-d) +
(6^="^)(6::^X6^;g

a3

(a-/>)(ff— c)(a— tZ)

a3

~pr + (fed.

(a— Z')(rt-cj(a~c/)

«4

(a-6)(«-c)(a-ri)

(a- i) (ti- c) (a - (^

14. ^ifL~!~A)(i'l+^)

(rt— i)(a— c)"

15.
«^(^<+ ^^)(^/+6-)

(a— i(a— c)

16.
«^(fl+ /^)(a+c)

{«—/?)(«— c)

-f three similar terms.

4- three similar terms.

+ c« («

+ two

+ ((

+ it

«(

••

,f

IK

* M

mil
1 /

' "a-

S,|{|
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17. ^i'^+^)(^ +g)(«+ ^0

' a-i{a+ h)iaJrc){a+'l)
^^' '\a~bj{a-r){a~d) '^

[a-h)[a-c){a-d)
"^

4- three similar terms.

*(

<4

20.

21.

22.

23.

24

hc{b-\-c)

{a—b)[a— c)
+two similar terms.

[For numerator use x^,-^2px'^-h{p'^-¥q)x+ (pq - /•).]

[For numerator use x^ - 2/;a;= +(/>« -hj)*— (fg— r).]

a(b-\-c)

+ two similar terms.
(a — i)(a— c)

[For numerator use x{x+p).']

(a— b){a — c)(n —d)

a^{hc+ cd+ dh)

+ three similar terms.

+ u

OK tt t* «

{a—b){a — c){a —d)

bc'i^cd-\-db

'(a-b){a-cj(a-:d) +
Extract the square-root of (to 4 terms)

:

2G. 1+x.
I

27. l-x.
I

28. l + 2.r-}-3a;»+4a;3-t&c.

29. l-4a;+ 10a;2-20x3 + 35a;4-50.(;»+ 84a;«.

30. Extract the cube-root of 1 + x. (To 4 terms).

Art. XI. 1. Find the condition that px^+2qx-hr Rud p'x^

+ ^(j'x-\-r' shall have a common factor.

Multiply the polynomes by ;?' and p respectively, and take the

diaference of the products, also by r' and r respectively, and
divide the difference of the products by x.

p'px^+ 2p >qx -^p 'r I ;;r 'x^ +2qr'x-}-r>''

pp'x" -\-2pq'x+pr'
\

p'rx^+2q'rx-{-r'r

2( pq ' -p'qjx+{p/'^p'7)
!

(J.>r'-pr)x+ 2{qr'-r'q),

Multiply the former of tlicse remaniders by (pr'—p'r) and the

latter by 2{pq'—p'q), and the difference of the products is

ipr' —p'r)^ —Mpq' - p'q){qr'— r'q).

<!'

'r-wpiLi:i.i«i..iii'iiw
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or, JL _

But if the given polynomes have a linear factor this remainder
must vanish, or

(pr' -p'r)3 =i{p>l'-p'<l)(qr' ^ r'q).

U the given polynomes have a quadratic factor, the linear re-
mainders must vanish identically, or (Th. III.)

pq'-p'g^O, pr'-p'r = 0, and qr'-r'q = 0,

2. Find the condition that px^ + Bqx'^ -^Qrx+s shall have a
square factor.

Assume the square factor to be (x-a)». On division, the
romainder must bo zero for every finite value of x, and conse-
quently (Th. III.) the co-efficient of each term of the remainder
must be zero. Divide by {x~a)^, neglecting the first remamder.

a

a
P ya+'dq

pa
pa^ -{-'dqa+ 'dr ] R
2pa-^+'dqa

p 2pa+ 'dq; '6[pa» + '2qa+7)
"

.*. pa^+2qa+r = 0;

:. px^ + 2qx+r is divisible hy x~-a (Th. I. Cor, 2),

or,px^+3qx^+Srxi-sandpx'-^+2qx-{-r have a common divi-
sor. Multiply the latter polynome by x and subtract the product
from the former, and the proposition reduces to

Iipx^ + 3qx^+S)-x-\-s have a square factor, ;?a;2+2(70;+r and
?a;2+2?'a;+s will have the square-root of that factor for a com-
mon divisor.

8. lipx^ + Sqx^-\-3rx+s vanish fov x = a, or b, or c, find in
terms of x, p, q, r the value of1.11+ +X ~a ' ic— h x —c
Beduce to a common denominator and add the numerators

Sx^-2(a+ h+ c)x+ (nhi-hc+ca)

{x — a)(x— b){x~c)

''i

(rti

I i 1

'H

'H

I- -»*"
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j

M^

iv.ii'

m
1

<

Multiply both mimerator and denominator hyp and reduce by

Th. II., and Ex. 4 of Th. II.

px ' +Sqx - -j- 'if'x+ .<

ajm+i ^.m+1 a;"^+i B{px"'+^+ 2r/x'^'+^-{-rx'"'+'^)

'

' x — a X — h X — c px^ ^-'iiqx^-^-'drx-y-s

4, Ji j)x^ -{-"dqx^ -{•'iirx-\-!i vanish for x = a, or b, or c, express in

terms oi p, q, r, s, the following, a+ i+ c, a'^-^b"-i-c^, a^-{-h^-\-c^

, a'" + 6"'+(;'".

Divide x'^+^ bv x— a.

1

a a

a

r?9

"a 2

ai

a*

rt" a;TO+1

a" a'"+i

Similarly divide a;"*+i by a?— 6 and also by a;— c.

add together the quotients

X ,71+ 1 Xm+l Xm+1

Hence, by the last example, the required expressions are the

coefficients taken in order, beginning with the second, of the

terms in the quotient of 3(7;x"'+'^ +27«»^+2+ra'»+i) - {2'X^+iiqx^

-T'iirx-\-s). These may now be found by Horner's Division.

5. Writing s^ for a-\-b+c, s^ for a^ +1^ -{ c'^ , &c., express

(a— i)'*4-(6— c)4 + (c — r/)4 in terms of s^, Sg, .s'3, s^.

By actual expansion

{x-aY-\-{x-bY+ {x-c)^ =

aAj^b^ + c^ ~3a;4 -As^x^ + Q)S^x^ ~4:S^x-^s^.

Pit x = o, =b, = c in succession.

... 2{(a-6)44-(6-r)4 +(^_fl.)4l==8,4-4.s'T,'«'3+ <lv;:-4.93.s,+3.s^

.-. (a-i)4 + (/)-c)4+(c-a)4 =.s.,,,_^_4s,,S3 4-3.S^

in which s^ is written for 3 or 1 -f i +1, i.e., a^^ -\-b^ -\-c^\
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Exercise xxiii. fa).

1. Determine the condition necessary in order that x^ +px-{-g
and x^+p'x+q may have a common divisor.

2. The expression x<'-{-Ba^x^+3bx^ -\-cx^-j.ddx-+de9x-rP
will be a complete cube if

/ = - =
a

d_

T
c — a^

6u»
h-a*.

8. Prove that ax'+bx+ c and a-rbx^-^cx' will have a common
quadi-atic factor if

b^c^ = (ci-a^+ b^)(c^~a^+ab).

4. Prove that ax^^-bx^+c and a+bx^ + cx'^ wiU have a com-
mon quadiatic factor if

a»b''i = {a^-c2)(^a^^c^+bc).

6. Prove that ax^ +bx^+cx+d and a+ix+cx^+dx* yriUha^e
a common quadratic factor if

(a+(/) ^=^{b~cXbd~ac).

6. x^+px''+qx+7- will be divisible by x^-+ax+b if

a^-2pa^+{p2 + q)a+r-pq = 0, and b^ -qb^ ^rpb-r^ =:0.

7. x*+px-hq will be divisible by x^ 4-ax+b if

a^-4.qa^=pi and {b^ +q){b2 -q)2 =p2hK
8. Determine the condition necessary in order that «* +V^+Gqx^ -{-irx+t may have a square iactor.

^x^+4px^+Gqx^+irx+t vanish for x= a, or 6, or c, or rf,
fand in terms of x, p, q, r, t, the value of

«"
a:" a;" «"

9. + JL.
x~a X'~b^ x—c x— d

10- 2 a, 2a=, 2a^ 2«*, S^s, 2a«.

11. 2(a-?>)S 2 («-*)••

12. Determine the values of the expressions in Ex. 9. m n f^y
the poiynome a;* - 14a;3 +ar - 38, ' ^

'
-? -

^'

*.f *i

^^

1
>

' f

I M

.^

i,r
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CHArTETl in.

Section I.—DrnKOT Application of thk Funpamkntat. F(^RMui,Ab

Art. XU. From tliis it n,]>i)o:ii-s that, a tvinmnial of wliic. the

extremes aro s(]naroH, in itself a square if four times the product

of the extremes is equal to the S(|U;i.re of tho mean, and that to

factor such a trinomial, wo luive simply to connect the square

root of cjicli of the squares hy tho sign of the other term, and

write the result twice as a factor.

Examples.

1 . .U4_80.r3/,/3 + 100//4 = (2a!3-20y/*^)(2.r3 --20//")

8. (^a— hy^+ ih •(')^'h9.{a—h){b-c). This equals (a-b-hh-c)

X (a-b+ b-c) = {ti-c^ia-c).

4. x^ +ji^ -{-z" +±vi/ -'ixz-'li/z.

Here the three squares ind the three double products sugg-st

that the expression is the square of a linear Uiiiomml iu x. y, z.

An inspection of the sii^Mis of the double products enables us

to dctermitio the signs which aro to connect x, y, ^ : we see that

1st. Tho si^^ns of x and y must be <iJilM.

2nd. Tho signs of x and z must bo different.

8rd. The signs of // and z must be Uij/emiL Hence we have

j^^y-z, or -^.i:-ji+z= - [x+y-z], and the factors are

(aH- //- 2) V''" + //--)•

Exercise xxiv.

-\- LGj*//'

8. 9-7- VInb('-\--ic- ; 'diiX-y^-'Mxy^+'iy'
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4. i.r4-f-lfi//3^»-4.(;ay/2; J^a* --^a-iO'^v'^ -\-lh*r*.

5, (a 4- /;)a +,.2 .-,2r(rt-f />) ; Or" ~ .^Jx^/y-'+ ^.'^v/*.

9. (a-f />+,•)« -2c'(rt+/;-f.(;)+c*-'
;

j»,/>« --2;>»7'-J + V',/*.

10. (a«-4//)3 + (2a;-%)"~2(3a;-4//)(2;r:-;i7/).

12. (G;c* + 2x//+ 7/y3)2 4-(4u:--' +G//-)^ -2(4.r'^ +0.7/2) x

;5a-2-!r23;//4-7;v3).

14. a'^ + ^.a+f.-s -2^/6-2/>c+ 2^r«.

1.5. a* H- i4 +,;4 _2^K •-'//' -2a3<r3 +2/;3r3.

+ 2(/;-6')((t-4

17. 4^-1 - 12ri3^,4-})/,a _}_ 1 f5,,2^+ i(;^.3 _ ^i>ihc.

FoRMUL.v [4], x''i-y''i = (:K+ !/){x~y).

Art. XIII. In tliis case we liavH mci;ejy to take the square-

root of each of the squares, and connect tlie results witli tlr sign

-f for one of the factors, and with tiie sign — for the other.

This={(a+i)-t-(^+^^)}{(rt+6)-(r;+fZ)|

= [a-[-b-\-c~\-d)[a'^l>— <;—d).

2. Factor (x/^ +f'>r^+2/-)3 - {x" -xy+y'^Y.

Here we have

{(u;3+ 5a;// + 7/3)+(a;2-x7/+7/3)}.[(a;'-J + 5u;//+.y3)-..(-.3 ^.^-i-^--^)^

= %x-+-lxy+y-){ijxy) = l%cy{x+yyK
3. a'-^-6" -c-+2k'.

Thi3 = a- " (/; -• c}* — (a4-'V — c;)(«— i+ c).

li

.1''

Jiit*

% '

f

I

^ i

? I.

i

•t

. • r

f.

^ 1'
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This = in-^d" ~ ((?-'+/)« ™r-M»

The former of thoso fiior.ors:= ((;+/*)•» <"J ^ (</ 4. /).}.,.)(„-{,/> „,.j,

ami tho latter = «•*- (rt -6) »») = ((•+ (J ~ /))((• -a+ //).

tl 10 given expression

= ((J+ /j+ c)((l+/>-(!)(c4.«-~ />)((?-«+/>).

ExCICISC XXV.

1. 45h,»_4/,3.

3. 8lrt^-.l()/.4.

4. 100.C H(»v^

6. r)^/a/>-20/).r-\v'».

.t.,/4 4 ,.•-''.9

1(1. <r« IC.A*.

11. ,,i«-/,ia.

13. {a-\-'M>y'-(V>x--Ay)

14. (,,.•-• 4- ,/'J)8..4^;j,^-i.'

15. (.r f //)-^--4a*.

17. 4u:-//' - (^•' +.'/'-' -~""')^

18. [x/' +X!/ - ?/•')''' - {x'' - xy-y^)^.

19. (.c3-y2 4-2-)*'-4.r-'2a.

20. (,/-f/)+r4-<0^-("-/>+'--'0'''-

21. (24-;U4-b-=^)-'-(2--af4-l^--)'.

22. {a'-^b'' -\-Uib)'i - {a'^ +/)-')J.

23. (aa-/;34.t;a_,/3)3„_(i)(eC-2W)3.

25. (</«-a3/^^4-/>'')^ («"-5a,-V>»4-/>«)3.

26. a» a -/*'-' 4- Ga '•'/>» - G/>»(/:< 4- S //••<;« --8^(*'/^*.

27. {x'^+:i'^+-S- -xy—iiz-zxY^ - {xy-\-yz+ zx)'

28. {X- 4-//^ +2- - '^.f//+ '2xz - 2// :)
- (y-^z)'^.

29. 2a3/y8 4-26*-\'^4-2iaa3 -«•* -/>i - c^.

80. J-* 4- V* +2* - 2u,-3 ,j^ - "Iv-z^ - tz-x^.
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Fo:.Mm.A A. (.r
;
r^( ;,-!-.s') .r«+(r+ .'.\r-i-ri.

K\AAI1';.I,H

1. .»•«- !'.,-•'
I l!0-(T^'™fl ]{.,.•' , .1).

2. (^- - .v)"^-^*-//-llO~(a:--//f I1)fjr..™,/_1()).

n.
('U-4-/7/-»-'')»~('"~-'0(".'-f/v/

I
<•)-""*

Art. XIV. Tfc will 1.0 soon t,l)iif, M.o ficst, (or fv.mmw) fo.-j,i of
fclio iTqniml rar(,,.r.. is ..l.iainul l.y rxlnivUuir Mio H,,„Hro .•(.„«, of
the iuHi tcnu „r Mm, ^,iv,M. .^xpniHHio.,, „n«l that tlio other tuniiB
aiv (l.'loiiniiuul hy ohscrviiii^ (,W(. .•<.iMlili.)iiH :

(1) Their proauot iimst equal IhiU/unl term of tlio giveu ex-
pression.

(20 Their Hurn (ali/rhmir) nmIfi|>]i(Ml into fhe mnnrnm f.nm
aheady j-oinul, luust equal the mi.l.lh, \rnn ..C (,ho ^^r.voi, .uxpreH-
Bion. IIoiKU), to inalcct a HyHtcmaMo H(.ar«h foi- iii(,.-<,MM,l lactorH of
au expression of the form x^±hx±e, we ...ay proeecid as foUowH :

Ist. Write down every j.air of Uu-Uwh wIk.so |..-o(Ii,(,|; is r..

2!.d. if the Hi^n heforo e is +, sel.T.t the pair of hu^tors whose
.w;n IS h, and write hoih factora x+, if the Hii^u bdore //ib + ; x-
if the Hi<,'n before /> is— .

'

8rd. ]int if tiio Hi^n before c \h -. sohict the j.air of factors
whose ilijhmce is b, and write bcforo the lun/tr factor x+ or x-
and before the other factor x- or x+, according aa the «igu be'
tore 6 is -j- or —

.

ExAMPfiKH.

1. x'^ + 0x+ 2i). The factors of 20 in pairP are 1 m.d 20, 2 and
10, 4 and 5. Tlio sif^Mi before 20 ,s -f , hence select the lactors
whose .wm is y. These are 4 and 5. The sign before U is +,
lieiiCG the required factors arc {x+iXx-^-t,).

I!)
'1

(;

i>

I'
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2. ic2 _ 8,r-f lU. Pairs of factors of 12 are 1 mid 12, 2 and 6,

3 and 4. Sigu before 12 is +, therefore take pair whose sum is

8. Thepc are 2 and G. Sigu before 8 is — , hence the factorb

are(a;-2X.'7'-G).

8. a;3._21a;-100. Pan-s of factors of 100 are 1 and 100,

2 and 60, 4 and 25, 5 and 20, 10 and 10. Sigu bofore 100 is -

,

therefore talie the pair whose difference is 21. These are 4 and

25. The sign before 21 is — , therefore x- goe^ before 26, the

larger factor, and the factors are (a;-f 4)(a;-25.)

4. a;'^H-12a;-108. Pairs of factors of 108 are 1 and 108,

2 and 54, 3 and 3G, 4 and 27, G and 18, 9 and 12. Sign before

108 is -
, therefore take the pair whose difference is 12. These

are 6 and 18. Sign before 12 is +, therefore x+ goes before 18,

the larger factor, anda;- before 6, the other factor; hence the

factors are {x-G){x-^lS).

JsoiF.. It will be found convenient to write the factors in two

columns, separated by a short space. Taking Ex. 2 above, pro

ceed thus : Since the sign of the third term is + ,
write the sign

of the second term (in this ease - ) above both columns.

1 12

{x-2) (x-6)

Ex. 8 above. Snice the sign of the third term is — , writo the

sio-n of the 2nd term (in this case - ) above the column of larger

factors, and the other sign of the pair ±, above the other columTi.

+ ~
1 100
2 50

fx+4) (a;~25)

Here we have the factors

1, 64

a-~2, a:-82
4, 16

and since the last tern* ]ias the sign +, and the middle term baa

the sign — , we write — over both coiumna.
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1,

2.

04

X-4:, X+lCh

Here, siuce the last teiDi lias the sign - , we write the sign

(+) of the middle term, over tlie cohimii ol larger i'actors, aud
the sign - over the other column.

7. x'^-lOx^-Ui.

Here we have the pairs of factors :

+ -
1, 144

*2, 72

4, at;

x+ 8, a;- 18.

And since the sign of the third term is -, we y/nte the sign of
the second term (in this case -) above the column (.f Lyer
tactors, and the other sign (of the pair ±) above the other
column.

E xercisc xxvi.

X2—

n

5x - 1 4 ;
.«-' - 9a! -f 14 ; o;'-^ +7.t'+ 12.

2. a;2-8a;+lo; u;2-19ie+84; x'' -7x~-G0.

3. 4x^~.2x-'20; i)x^ -UOx+GOO.
4. ia:3+4ix-36; 25.x-'^-f40^4-15; 9x^^-27x^^20.

5. .^^x^ + Vlx+VZ; l(Jx^~4x^-20.

6. x^--{cr^-\-b'^)x^+u^l/'i; Mx-{.!jy^-4{x+u)~dd.

7. {x^+y^}^ -{a^-l/'i}{x'^ -\-ir')-cr-i/^.

8*. (,;+ /.) 3 _2c(rt+ i)-3c3.

9. (a;4-i/)3 + 2(.c3+7/2)(.^-+ .y)+ (^-2-2/-^)3.

10. (a+ 6)2-4a/>(a+ /;)-(</3_/;3|2.

11. {x--^x!/+ u^)^-\-x^~y^~ox!/-2tj3~2x^.

12. t/3-2«(6-c)-3(6-f)3.

!''J\

;!5

HI

I

• I
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18. (a;3+//3)»-4-2rr''(x34-//-*)+a"-6«.

15. {x^-Ux + iOy'-'Z5{x''i-lix+iO)-UO.

16. {x^ .-.xi/+ii^)^-\-^x!/{x'' -xy+y^)-nx"'yK

17. 2*-JJ23 + 2; x"*-2.i;=^-8; 9«8+0a;4//3 -10^*.

18. c«'"+ 6'"»~ 2 ; a;« - a;^- 2 ;
;<;-"• - 2x"'y'' - 8y''\

10. a;""— (a - 6)a;"'i/''
- uhy'^''.

Art. XV. T)-inomiAla of the form ax^+hx+c {a not a sqna e)

may sometimes be easily factored from the Ibilowiiig coiiBiiitiia-

tions :

—

The product of two binomials consists of

Ist. The product of Vaejivst terms.

2ad. '* second "

3rd. The sum {algsbrak) of the products of the terms taken dia-

;^onally.

These three conditions guide us in tlie converse jproccss of

resolving a trinomial into its biuomial factors.

Examples.

1. Resolve G.c-'-l,Xv+ 6//^

Here the factors of the first term are x and Ga?, or 2a; and ?ix',

those of the third term ure y and G//, or 2>y and ^y. These

pairs of factors may be arranged

(1) (2) (3) (4)

X 2x y 2//

6x Bx 6y Sy

Now, we may take (1) with (3) or (4), or (2) with (3) or (4)

;

but none of these combj nations Avill satisfy the third cdilition.

If, however, in (4) we interchange the coefhcienta 2 and 3, tlien

(2) and (4) give

2x Sy. and

8aj 2//, where wo can combine the " diagonal"

products to make 13, and the factors are
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9z — 8//, aud
y^x - 2v/.

^

The coeffidonts of ("i^), instead of those of (4), might have h..n
mteichungcd, giving tlie same le.siilt.

Here, compani.g(2) nnd (;-]), Ex. 1, ^ve seo that their diagonal
products may bo combined to give 15, and tlio factor, are

2a--7/, nmlSx~&u.

Here again rcforiing to Ex. 1, we .ee at once that it is nseJe. •

to try hofh (2) and (4), since the diagonal prodncts cannot be
conibniod ni a.iy way to give aliig]icr resnU, than ISxu. Bnt ccm
ranng (1) and (4). we obtain by interd^anging the cocffidentsm (4) i« %, and

6x~'2!/, which satisfy the third condition
Or we might interd.ange the cocffidents of (3), and take the

resulting terms with (2), getting ^x-Gij, and

4. Ca;2-f.35a;y-(!y/3.
^

Here the large cocflident of the middle term shows at once
hat we must taL-e (1) and (3) together. Intcrdianging the co-

efficients of (1) we have

Cix— 7/, and
i^ + G;/. The same result will be obtained by inter,

changing the coeiiicicnta of (3).

Exercise xxvii.
1. 6a;2-37a;?/+ 6?/2.

2. 6xS^Qxi/'-6yK
3. 56a;2-76a;//+ 20?/2.

4. 56a;2-36.'»/y-2(///*».

5. 56a:2~1121a;//+20//2

6. 60a;2 — 68x1/+ 20j/3!

7. 56a;2-55ya;//- 202/3.

8. 50^3+30a;//-20y2.
9. 50aj^-67a']/-f2o)/2.

10. 56a?2-|.3;^^_20y^

11. 6a;2_lf?a?y_6ya.

12. C;«2+5a;//-63/2.

13. sex'-' +502a;/y4-20y8.

14. 50.^;-'~122a://+ 2o'y3.

15. 56«2_i02a;y-20?/2.

10. 56a.-2_22f% +207/3.
17. 56a;3__94_^^^20?/2.

IS. 56a:3-276.c//- 20^/3.

19. 36x'3_3j3^.y_i5^3.

20. 72x- -VJxi/-4:0t/'-i.

f-

T TJI
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Art. XVI. More generally, trinomials of tho form nx^-^-bz-^tt

{a not a sqiuare) may be resolved by Formula A, thua

Multiplying by a wo get a^x^ -\-bax-}-ac. Writiug z for nx this

becomes 22+/;3_j,rt,;, Faotoj- thits trinomial, .-estoro tho value of

z and divide the result by a.

Examples. •

1. i>x'^ -i-ox- 4. Multiplying by 6, we get (6.v)» 4-5(Gaj) - 24 or

z'-i-Bz-'Ii. Factoring, we got (c-3)(c4-''^^, hence the required

factors are |(6.tf-3)(G.c-i-8) = (2x—ly^3x-+4).

2. 6aj3 - 13x7/4-t5//3.
^
Factoring z^ - Vdzi/+ 36i/^ we g'-t («-4y)

[z — Oy), hence the required factors are ^{Qx— iy){Qx--di/) =
{fix-^Iy){2x~^3y).

3. 33-14a;-40a;3. Factoring 1320 -Uz-e^ wo get

(30 — c)(44+2), hence the required factors are 55(80 - 40*) x

(44+40X-) = (3- 4a;)(ll +10a;).

NoTB.~The factors may conveniently be arranged in two col-

umns, each with its appropriate sign above it.

Ex. 1, above 1 24.

2 ly

^{6x-S){t3x+b) = {2x - l){Sx+i),

Ex. 2, above 1 8(5

2 18

3 T2

^(6a;-4)(6a;-9) = (8a;-2)(2a;-3).

[Another method of factoring trinomials of the form ax +bx-^e

is as follows

:

Multiply by Aa, thus obtaining 4:a^x^ +4ahx+ iac. Add b^ - 6»,

jvhich will not change the value, 'ia^x^ + 4.abx+b"—b^ +Aac ; by

[1] this may be written (2ax+by^'^{b^ — ^ac). Factor this by

[41 and divide the result by 4a,
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Ex. Frtotf^r 66a;» 4- 187a;- 278R5. Multiply by 4 v 56 or
2x112. 112-'a;a4-2.137.112a;-62i0210. Add IHT^'-IST^, then
112^a;8 + 2.137.H2:c+ 1373_(ia72+ f3240210)=(112..;+137)a-
620.TO09={(rtl2a; + 137)+2503}{(ll2x-+137)-2508[ =
(112a;+2040}(112.c-23G6).

We multiplied by 4 x 56, we must, therefore, now divide by that
number. Doing so, wo obtain as factors (7a; + lGu)(8.<;- lGiJ).j

Exercise xxviii.

9. l^x'^-x-l
10. 9a;3?/3 - ^xy^ - 62/6.

11. 4a?3_f,8a.7/+ 3?/8.

12. U'^x^-lhx^-'dx*,
13. 6,K4-a;8v/a_35//4.

14. 2^'i+a;3_45.

16. 4a;* -37a;- ;/*-• + 97/4,

I
16. 4(a;+ 2)4-37a;3(a;+2)3-f-9ar*

1. 10a;3-fa;-21

2. 104-2 -29a; -21.
3. 10,r2 + 29a;-21.

%. 6a;2-37a;+55.

5. 12a8-6a_2.
6. 12x-3-37a;+21.

7. 12a;2+37a;+21.

b. 15a6 + 13^363 -205*.

17. 6(2a;+ 37/)2+5(6a;3+ 5a;^-6//2)_C(3a;-2y)3.

18. 6(2a;+3?/)* + 5(6a;a^.5a;7/-6//2)8 -G(3a;-2//)*,

19. 6(a;3+a;y+2/2)3+13(a;*+a;2yS+.;4)^385(.pa-a;y+7/3)5i.

20. 21(a;2 + 2a;//+2^3)3-6(a;2-2a;^+2//3)3-5(a;4+4//4).

Section II.—Extended Appi.tcation op the Formulas.

Art. XVII. The methods of factoring just explained may be
applied to find the rationai factors, where such exist, of quadratic
multinomials.

Examples,

1. Resolve 12. -awy-20?/2+8.c+4l2/-20.

In the first place we find the factors of the first three terms
which are

*

4a; +5?/, and

8a; — 4?/.

Now, to find the reinainiwf term of the reqiiii'ed factors, we
must observe the loiiowiug conditions

:

,«!

f
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Ist. Their profluct must s= —20.

2nd. The sum {ahjebraic) of the products ^^hlmfned by lUuUi-

plying tlicm fliii;^()nally into the t/'s, mubt =41//.

3rtl. The sum of the products obtained by multiplying them

dia^ijoually into tlie a;'s, must —^x.

We see at once that —4 with the fii-st pair ah-rady found, and

+ 5 with the second pair, satisfy the recjuired conditionn, and .'.

tho factors are

4a.-+G// -4, and

8a;— 4//+ 6.

2. ^)»+2/^r-27" + 77r-3r3 +t>q.

Here the factors of p--\- pq -278, aro

j)+9jqy and

Now find two factors which will give - P>r-, and wtnch multi-

plied diagonally into the pa and qs respectively, will give 2pr,

and 7qr ; these aro tound to be -r taken witli the first pair, and

+ 3r taken with the second pair. Hence the required factors are

jy + ll'y— /", and

p-q-t 3/'.

Art. XVIII. But the following examples illustrate a surer

method.

3. x'^+xij-^u^-h^xz+ lyz-dz^.

Reject 1st the terms involvings,

2nd. " "
?/,

3rd. " "
X.

and factor the expression that remains in each case.

1st. x^+x!/-2]j^ = (.r-7/)(a?+2?/).

2nd. a;3-f2a;2-'-^n2 = ^^•,^2'z){x-z).

8rd. ~2y2 +lyz - '^z^ = ( - V+2z){2y - z).

Arrange these three pair of factors in two sets of three factors

each, by so selecting one factor from each pair that two of each

set of three mav have the same coefticient of x, two may have the
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a surer

fHm« coefficient of y, nnd two the ..me cocfficiont of . (ro.rflclmi
uiciudmg *,y„)- In this exHmple there are

From the first set .select the cmmon terms (irohuling Bigns]and form therewith a triuomial, x~!/+ Vz.
" «

^»^

Repeat with the seconci S3C, and we ^et :c+2//-2.

Ist. 8^a--8^^_;jy. = (S^+;y)(x-8y).
2nd. Sx^+30x+ 27 = (S^4.y)(^+9).

8rd. -a^.^ -1-27 =(y+.'3)( bV+ 9).

/. the factors are (H^;+ .v-f;j)(^;-3.v+;j).

6. 6^2- 7a6 -t 2r<r-- 206; ^4-()>y>c- 48^8.
1st. 6a-V- 7a6-20/.» ={2a.ir.h)(?,a+ ib).
2ud. 6a^'+2«c-48c3 = (2,.-f <>)(iJ«-86-).
3rd. -2a/>s+64^c-48c3 =(~oi.-f U6-)(46-yc).

.-. the factors are (iia-o6+0c)(Ua + 46-b,.).

Exercise xxix.

1. 7a;»-a:^-6y»-6x-20^-16.

2. 20d;2-15a:y-5.v8-68^-42y-88.

3. 3a;* +a;2 yS __ 4^4 4. lo^jS _ 17^2 .. 23
^'^0x^~20y»+<3xi/+2Sx+3oy.

5. 72x^ -S7j^^5oxy-\~12!/-lQ9x+20.

^' x^-xy~12ir-i-5x-15y.

7. Sx^+ 19x!/i-9}/''i+2xz-z-^,

a Ca:2H-6y3_18.«//-823_2.y.^-fSa:;3.

10. nx^~lGy^-22x^y^4.1oz'i^U7j^z^+o0x^.,2^
11. 4«»-1563-4.<6_21c2-36/;n-8ar.

f

II:,

12. «'*+ />4^^4_2rt2fe2_2^2^2

<• C «!|

.It
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Art. XIX. Trinomials of the farm ax^ -^hx^ +<rcan always be

broken up into real factors.

If a and c have different signs, the expression may be factored

by Art. XVI.

If a and c are of the same sign, three cases have to be consid-

ered : i. 6 = 2^/(ac), ii. 6>2y(ac), iii. 6<2y(ac)

Case I. b=:2i/{ac). This case falls under Art XIL, formula

[1] . where examples will be found.

Case II. 6>2y(ac). This case falls under Art XVI., where

examples will be found. The following additional examples are

resolved by the second method of that article.

Examples.

Here we see that (^y^)* will make, with the first two terms,

a perfect square, and we therefore add to the given expression

(Jy^)' --(li/^)^- The expression then becomes

4a;*+ 5a;V+(-^2/')'+l/*-(*2/')»

= (2ar2+22/2)(2a;*+ H/') = (ic'+3/^)(4^^+y'').

2. 3a;4-r6a;3+2.

Here multiplying by 4x3, and completing the sqTiare as in

Ex. 1, we have

36x*+72a;2-{-6» +24-62 = (6a;8 + 6)2~12

= {Qx' . -6 --i/12)(6^2 + 64-v^ 12), which divided by 4x3 give

the required factors.

Proceeding as in Ex. 2 we have, by multiplying by Aa,

= {2ax^+b+ y'{b'* -4(/c)}{2a^» -|-^-|/(6» -4ac)} -4a.

t?IHM IIIKIIWWII
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Exercise, xxx.

75

t+7a'2 + l; A'.

5. 4a;4+9a;V + le!/'^; 4(r^+6)4+ 106-2(a+i)3 -j-Sc*.

6. 8a;*+8a;^v-+4T;Vy''; 36a;4+96x2+55.

7. 5a;* + 20a;2+2; 4a* + 12a2 + l.

8. i{x+y)* + 12{x+y)^z^-\-z^ ; 5x^-h20xhj^+2y^.

9. 9a;4 + 14a;2+4- 2a;*+ 12a;3(y-f «)2 + 15(y-L.z)4.

10. 2«*+ 12a;S+ 15.; 7a;4+40aj3+45.

11. 8a;* + 86a;3y2+29?/4; 7a;44-20a;-7/3 - 20^*.

"12. 7(a-6)4+16(a-6)3c3+5c*; ^a^-fSaSfts+M.

13. 3«4+6<v''+2y4; 3(«+/))*+6(rt8-63)3 4-2(a_Z.)4.

14. 49a''--84a3A2_}-22fe4; 25m^+ 60m''n2-{.27n^.

16. 49(m+?i)4-84(wi'^ -%2)3+22(?/i -7i)*.

Case III. h<2i/{ac). This case ma> be brought under
Art. XIII. The following examples illustrate the procesis of re
duction and resolution.

Examples.
1. a;*-7a;*+l.

"VVe have to throw this into the form a^-h^ -,

rA-lx^ + l = {x^ + l)»-9x^^ = ^a:^+ l + 'dx)[x'' + 1^8x)..

2. 9x^+ 3xhj^+iy^ = {nx^ + 2y^y^-Qx~y^
= (3a;2+27y2 -Sxy){3x»-\.2y^+ '3xy).

8. x^-hy* = {x^-j-y^y-2x^y*

= (a;3 +yi+xy s/2){x^ ^y^ -xy^^).
4. x^-\x^y-^-iry< = {x''-\-y^)^-lx^y%

-={x''+y^^^xy){x'^-^y^~lxy).

= { x/a. a;2 4- j/c - |/(2y ac - />'ia;} X
il/a. a:2+^c-f,/(2y^^~Z))a:f.

'.i'/l

i»

^. ll?1HI
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Art. XX. It is Been from these examples that we have merely

to add to tlie given expression what will make with the Jirst and

last terms (arrau^^ed as in Ex. 5) a perfect square, and to subtract

the same quantity. In Ex. 2, e. //., tlie square root of 9a;* = 3a;2,

the square root oi iy* = 2//^, :. Sx"^ -^-^//^ is the binomial whose

square is rcquirf^d ; avo need .". l'2x^i/'-^ ; but the expression con-

tains 3.e'j/* ;
.•. we have to add and mbtract 12x^y* - 2x^y^ =

Ox'^y-.

Hence we derive a practical rule for factoring such expressions.

(1). Take the square roots of the two extreme terms and con-

nect them by tlie proper sign ; this gives the first two terms of

tiie required factors.

(2) Subtract the middle term of the given expression from

tvvice the product of these two roots, and the square roots of the

diii'erence will be the third terms of the required factors.

6. a;*-hTca;"-//2-|-y4. Kece y^x^=x^, y'y* = iy8, and the first

two terms of the required factors are x^-\-y^ ; twice the product

of these is -{2x'^y^, from which subtracting the middle term,

Y^ga;'//3, we get ^''^x^y''^; the square roots of this are ±-^a;]/.

Hence the factors are x--\-y^±lxy.

Note that since y?/*= ->-//^' ^^ -'U^^ i^ i^3,y sometimes hap-

pen that while the former sign will give irrational factors, the

latter will give rational factors, and conversely.

7. aj**--lldj2//S-{-</4. Here, taking -|-2/^, we have

x'^-\-y^-\-xys/Vd, anda:« + v/2-xy/yi8.

But taking —y"^, we have

x^-y^-^'dxy, 2,xiCi x^ -y^ -Zxy,

Sometimes both signs will give rational factors.

8. lQx^-Vlx^y^-\-y^. Here we have

{'ix^-\-y^-{-'dxy){ix'^+y^ -'6xy, and also

{^'' -i/ + 5xy){Ax^-y^- ^xy).
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E'^ercivSe xxxi.

x'^+x^ij-^-i-iii.

4. ;<;4— 7 /-a

7/^

'^'+1, ^.-i + O, i.6-4+ .4_.y^o 8_

y/4_^4_^21a;2
iV' + 4^'

6. 4x-4+y4_yx^.,^^/2^^.4^.,.4
u;4 + l^2^]6.

;c' '4-04y,4//i ,.lni

^'-Tc-^l'/'-', 4^-* 41.

8. 4;c4._ 8^.2 4.1 7^2.3

+V", iu.-*+./^.y4._ /^3

9. ^''^•«*+ "'V^~(2/;/n+;,

^^;«^//-,

<-*- 30/y4, ;c4+«4^41 ,-4

;.^3//« ^'"'
i-

Oim-

10. 10^-4 _ 25^2-}. 9, 4;»4._i(j^2^^^ ^3^

^<J

Im

11. 4a;4-12'«U-2,/2

'!/ 9^-4 -
'i."-^''^Z/2-f-l)//4, ^4^(J,^.2_j_2/

iy<

,)
12. «'^+i4^_(«+ 6)4, l^,,4.|,(i_,.,

13. (a;4-?/)4_7-.2(^._^^p_|_^4^

14. (rt+^.)4-f.7,.3(,/^7p_^,.4_

15. lGa4+4(/,_,.)4_9,,2(/,_^.)2^

18. (^^^-«^+/>^H+7(,,3_^3)2^(^_^^4^

19. lCa4+ 4,,2^i^^4_4i^2^16^
20. ;C4 +81,, S_ (33^2^4^ i-|.,4+2e^«.

21. (a2+1^4+4(^2+l).^2+ 16^4, (^+1),
"(iC— 1)4.

'' -f2(«2--l)2^

77

"o ui wie lorm iix'^-j-bx^ + rbx— r-a. Tli

T expres*

« (a:

IS may be written
^) + ia;(;.;^'H-r)={a(a;2-,.)-|.^.,.|(;.2^,.^

Examples.

1. Qx^ + 4:X^-\-l2x-554. Th 18

-(^2+ 3)(6.«2+ 4^_i8).
'^ ^

''^^^^

'vflil

1 1

;

It, j

h; '

,,;

m *i
tt' "

'

-*,

ll< '
,' 4

.»•';
'

. .
'!«

1

,.'l,

I'l

}i t:
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l;'l

-iSl

V!

± Mx* } 10.r-' l»U-- 17() 'rin«

18. ].r»+,'o-'-'-<A'« -A-

{^oTR.—'ro aotormino r, tako the rnUe of tlie coclVujiont of x-""

to tho cociriciunt of ;r.

Exercise xxxii.

Kosolvo into fuclors

I. :ir' !-•'••'-•••'- -••^•

5. Tm' ( l.r» -1±<- -15.

10. oa.r* -jv.>.i-' + :.lr-n2

II. HlO.r-' f V''-"'+ .-^- -^•

12. 2.l±r* -8lU'^";?.'^-2.

11. 8(U-^ -n'2.^v'//+ ()luv/-'^''^'^^*-

1 5. 2 l.r ^ 1 ±v.-^!/+ )^^U!i^ - 1
-''%^-

Hi. 'i.r
I f ^ s: =' // - Hx-// » - r> 1 '2// *

.

17. ll..-^-fHb-'--12.r-l^^i

18. .l().ci-|-:U).<-»-|-«'>0.r-l(JO.

10. i:iP^ - 12.<;\v+72.rv:» - l()M/,'V

20. ru'*
I

;U-'//4-12.r//:'-4Sy/*.

2 1

.

T).)- 1 + I .(• •'
// - 1 2.r// ^ - 4 i>!/ *

.

22. Lf* - 1 U3//4-2Ha;//3 -1(1//*.

2 ] . 2.<r t x- 3 //+ (>.c// •' " 7 2//
4

.

Art. XXII. Formulas [1] and [A] may somotimos be ap-

plied to factor exprc:3sion!^ of tho foini

This may be pnt under tho form

U-'Ziii-y^, which can sometimes be factored.

ExAMPIiliS.

1. .p4_^0.i.s + 'i7.<-=+102.r+ 72J).

Wo have x-'+72i)+('uV''+'-^^)+''^"-^'^-

«;^.c^~f27)3+C..ri.B3+27) f-5).c- -3Gu;3

„ K.a_|_27-i-8x}''^-3(M--, which gives the factors

x-:i - dx+'ll. and .c- +iU-f 27.
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2. ^*-{-^x^+4x''-{-Wx-^'ir>. Tlii3

Exercise xxxiii.

Resolve into factoi-.* •

1. X* - (IrS -f 27^3 - 1 (;2a;+729.

2. u;*+2a:3-|-H;^8.^Ha;+lG.

r>. \x* ~V2x-'^i\x^--[2x+i.

«. u.-* -f 14^-« -- 2o.r8 - 7()x+2r>.

7. 10.«*-2Iu;3--l(U3 4-li^x+4.

8. .r*+fiu,-«-lG,»;-'-f2().c-f1G.

10. x* +ix'h/+x''!/^-}- 12^//3 +9y*.

12. a;*4-4:K»//- ll).«3//2-f-4.r?/8 +7/*.

18. 4a;4-|-4u;3y-05.f3^3_io,,._,^3_|.25-^,4,

14, X* -\-i\x^>/-<)x2,,2 -Gx!/-i+y*.

15 a;4 + 0.6-3//+ 1 0a;2//2 + l2x//3 + 4?/*.

16. 9x4+ ia6-3v -52^272 _i2xys^47/^

17. lU-<+ 10a;.3,//+89iVr'''y/« +20xy3+ 44y4.

Section III.—Factoring by Pakts.

79
ir

Art. XXIII. To f ctor an expression wliioh can be reduced
to the form a.F[xr' t i\x).

When the exprjssicu is tlmn arranged, any factor common to
a and 6. or to F(x) and /(;r), will be a factor of the whole ex-
pressiou. Tiie iiethod about to be illustrated will be found use-
fui in ctisea whcje only ons power of some letter is fou"^

V\ i

!;i
^

4 1

1

M^

""tW

''y "^Mk
^^:;^.^ .<!f^
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, Examples.

1- Factor acx^ -ahx--hr"j: + h"c.

Here we see that only one power of a occurs, and we therefore

group together the tt-rms invoiviug this letter, and. those not in

volving it, getting

a{('x^ — hx) — bc"x-\-l)^c

— ax{cx — b) — bc{cx— b) --- {ax— br){rx — b).

2. Factor m^x'^ —mna^j'—mnx + n^a^.

Here we observe that a occurs in only one power (a^).

Tlierefore we have

— a 2
(^
mnx— n^)-\m,^x^— mnx

— —na^[i)ix—n) + i)!x{mx— n)

— (mx— n){mx — na-),

8. 2x^+inx+ 'dkr+ i}ab.

Here we observe ilia* the expression contains only one power

of both a and 6. W*" may, therefore, collect the coefficicuts in

either of the folio vviiig ways :

a[4x+ iJb)+{± ^+3/;xO,

or, b{3x + Qa)-\-{'Zx^+'i.ax).

Now the expressions ii\ the brackets ought to have a common

factor, and we see that this is the case. H^uce,

a{ix+ 6b)-\-{2x^+3bx)

= 2a(2a;+a6)+a;(2x+36) ={1x+'db){x+ 2a).
«

abxij + b^y''^ -\-acx — c^

= a(bxi/-{-cx) + b'^i/'^ —c^

= ax{by -{-:;)+ {by+ c){by-c) ={by+c){ax-\-by— c).

y^ -{2a^b)y'^ +{'2.ab^a^)y ~ a^b

= _^y2_2(iy-\-a^)-\-y'^-'Iay^+a^y

:=~b{y^-2ay+a2)+ y(y2-^Iay+ a^)

={y~b){y-a)^.

(J. ^x^y^<2J)x^-bx^^y+ ^ahx^y -x^y^ +4:axy- ~ 'iabxy^ - 2ay^

.

=z b{2x'^ — x^y+ iax^y— 9,axy^) + 2x^y—x^y^ + 4:axy^ —2,ay^

= bx{2x» -x''y+ 4.axy -2ay^)+ y(2x^ -x^y+iaxy-^ay^)

- (y-^bx){2x^ -x^y+iaxy - 2ay^),

4.

5.

1.

5-
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8.
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And 2^« —x^]i-\-Aaxy-'la,/^

= c{Ax!i - 2//-' I + 2x-3 - x^!f

= ^i(^3-;c4-l)4-;a'(a;2-^-4-l)
=(7.a:+(/)^a,3-a.4.i).

Exercise xxxiv.

11. ^i^3 4 (ac-bd)x^ - r^r+r./^^ ^..//.

13. </-+a/v-f2<,c-2/y3+7/;c-yc'a

^^'X^+{n+ l)x^ + i^a + i)x+a.

IG. .,3 _ («+ i^_,)^. _^ ^,f,_^^^^^^^^^ _ ^^^^
17. «'^ + (a-i-.):.^-(«6-5c+,„)^+,y,,.

22. mx^ -
«.»V+«»J - ffla;ya+ „^3 _„^2^

l^;(-^r,.-^c,,,y-+ (am-bcn)x+„n+nax.

: 3X:/4rr,r)^:t(<'+^->-(*v.)I*+e;•

81

7>-m-'?^2-w,2^,^)^3_^J^3_|.npq— m^no\x~vJ

i'
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30. m^p^x''+m»j>^x^-{p^n^ - qhn^)xhj^ - {p^n^ -qhn^)x^y*.

~{n^q''-\-n-'q^x)y*.

Art. XXIV. yometimes an expression which does not come

directly under the preceding foim, may be resolved by first find-

ing the factors of its parts.

Examples.

1. abx^ +aby^ — a'-xfj— b^xy.

Here, takiug ax out of the first and third terms, and by out of

the second and fourth terms, we have

cx{bx-oy) - hy{bx- ay), and hence

{(ix-hy){hx-ay).

2. x^-{a-\-b)x^-ir{a^b+ ab"-)x-aV}^.

Here, taking the first and last terms together, and the two

middle terms together, we have

{x^-\-ab){x^-ab)-{a-{-b)x^-^ab{a+h)x

= (,^3 ^ ab){x^-ab) - {a+b)x{x^ ab]

= (x2 _ ah) [x"^ -{-ab- {a-\-b)x} = {x* -ab){x - a){x - 6).

3^ a;3ni_4a;w-f 3. This equals

a;3m __ ;c"^ _ S(a;»^ _ 1) = ^" (a:^»^ - 1) - 3(a;"^- 1)

= x'"{x"'+l){x"'--l)-Hx»^-^)

-(^x'»-l){x"'{x'^+ l)-'d\.

Exercise xxxv.

1.

'2.

3.

a 2 ^ah-\-ax— bx.

ahx^+b^xy-a-xy ~aby^.

x^-{-fix^ -a^-x a'

4. a''x+ 'ia^x"^2ax^+x^.

5. acx^ \-{ad-bc)x-bd.

6. 25x4 -5a:3+.a; -1.

7^ a^ -h^^ax -nc-bx-^bc.

8. a» + (l+a)a6+ 6-.

9. x*+^xy{x^--y-)-y*-

10. x^-y^+x-+xy-{-y^.

xl. %+{b-^-^)x-'2bx^.

12. a;3^.3a;2_4.

13. p^-pPq-'ipq^ + 'iq^'

15. 3a-'64_2rt62 1.

16. 2/8-3*/+ 2.

17. 2a^-aH -ab^ + ^b^.

18. i3'»+6"^'«-2.

19 y3n _ 2?/2"2H- 27/"^27J -f g3n,

20. a3_4rt6£+ 3ft3.

21. c'-^'"-3a"^c" + 2c2^

22. «a;3-(rt2+6)a;3+63.

23. 35.'»2n_6a3a;'^-9»4.

24. a2i2 4-2a6c3-a2c2-6'-»c3.

25. a7«2_a62 4.i2,^_wi».

26. \~Qa^+27a*.
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27. {x-y)»-i-{l~x+i/){x-y)z- x^,

28. 247«»-28w3n+6»m2-7M='.

20 . x^+'" 4- a;"?/w
-f.

a-w^/m _j_ ym+n^

80. «t+2a;''2/-a''a;2+a;V-2aa;?/S-y't.

Section IV.—Application of the Theory of Div.soks.

Art. XXV. By Theorem I. we prove that

a;" -a" is divisible by x—a ahvaya

x^—O' " " <' x^a when n is erm
ar^+ anu .. " a;+a when n is o^AZ.

By actual division we find, in the above cases ;—
st^ — a^

x'-Ti ^ x^~'+3f-'a+ . . . a;a-»4.a"-i
^^y

«" — a"

x'ifa
= «"~'-a3''-'a+ . . +a;a"-«-a'»-i

(2).

X" -Jt-a"

^j^~ = a;" i-a-n-a^^.
. , -a;a«-^4.an-:

^^^

Examples.

1. Eesolvc into factors x^~ys
; here x~y is one factor and by

(1) the other is a;2+a;?/+ 7/3.

2 Resolve o^+ [h-.c)^
; here a+ (h-c) is one factor; and by

(3) the other is a^ — a(b— c)+ (h ~ c) 3.

H Resolve :«-fl024yio. This = (a:^)^^ {(2,/)^u, one factor
of which is a;3 + (2_,y)3, and by (3) the other factor is

4. Resolve (x-2y)^.i-(2x~yy^ into factors.

Here by (3) we have

(a;- 2;/) 3 4. (2a;- 7/)
s

i»-27/ + 2'^i:^=(^-%)'-(-'«--27/)(2ic-//)+(2ar--y)3

.". the factors are

d(x-y)i7x^-^ldxy+7y3).

..;.vl
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5. Resolve x'^+x^t/+x^i/^ i-x^ij^ +X!/^+}i'

By (1) we see that this = ~"_^~." =
-?/" (.,;3+/y3)(j;» --y«)

'/ x-y
= {x-\-y){x^ -X!/-\-!r'){x^-[-xi/+ n^).

6. Kosolvo j''>-u;»"a4-^ 'J a -J
iC

5/#f•a3+x^t*-««<i*4-a5»a

a;4„7_j_,^8,,S.!* — .j'!iii '̂ + tv* '»-u»» This
iC

I'j ,19

x-\-a

(*" ±iL°)('*'"^
l") _ (•l'l+i'"K-^* ~ ^''ife'. +!!:!)

ar+a x+a

{x'^ +u^){x* -x^u^ -^ a^){x--<t){x- -hxa-{-u^){x'^ —xa-\-a^).

Exercise xxxvi.

"^Ix^ Q-\-a^x\

Factor the following :

—

1. x«-//«,x3--l, u;3 4-8, 8ci3-2

2. a;»-a'^ 'llu^-iii, a^ ^ - b\ x"^ -
'S'ly

a, k'iixd a factor wliicli, multi[>lied into

),,s

a*-\-ii'^b-\-a^b'' "i +/>•*, will give a*— 6*.

By what factor must x -ix^y+lGxij^ -Ghj^ be multipllea

G./*?iobi/to give x*

6. Factor x'-j-x^y-\-x''i/^+x^i/^-{-x^>j*+x^i/^+xy^ fi/'

Find the factors of the followin-' :

8. b{x^ -ci^)-\-nx[x- -It- j+ii^^x-a),

9. 6(»i3+aS)+rtw(/»3 -,i''')4-a3(>u+^j).

10. x^-i/'+'lxyix^+x-y^'+ir').

11. (aa-6r)3 4-8/'3t.», a;

12. ^3-8rtx-+3«2a:-a3^./,s.

18. x^ + Sy^+-ixr{x'^-''lxi/-\-hj^).

U. 8j;3_6xv(±r+3//) + 2Ti/3.

15. l-'lx+'ix^' -SxK

16. a*+u*6c+a362t<2_j.a263(.S4.,,i4c4.4.fc5^»,

Ijn din
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II.. mavbf7pf;H,JL^Sf'''"
'""'''''' » Section n.. cbap.

the foiJ.;«.i„g~
'" **''"' '"'™"« "'S^ruic expressions, a, in

1. imj tbe factors of

(<'+i+c-)(«4+6«+,,„)_(„+/,)fj+,)(,^ -

2na. If tbere be any «„„o„„-„< &„»„, ^
t»|« = 0, the expression vanishes. .-. „irafact„;and, h, symmetry., and c a. also factor. .-.„,;

«rd. There can be no oth.r l„n-al factor, because the riven

:rre:ii-^^^'"---»--"'''-;:f
'"• ^

wet::
"*' '^ " """'"^^"' -'-••

'» ™l'Po-. - that

nna »,, p„t a = /, = ,= i ,a y,;, equation, and m -

1

tlie expression = «/«.
"um-i.

2. Resolve a^{h-c)+i,.(c~a)+c\a-h).
1st. For « = o this does not vani^li • , .

and by syn^metry ne,th« "tuor 'o

" '^ ™' ^ "*"°^'

2nd. ^;^_a',.„«.Hactor; this «,„ b,,, ,, „, ,,^ ,_
and tL':.:;;i-'''"-''

= "-''^««»-en expression,

. , ''^'^-;'+''(<'-«)+c-=(«-c),which=o

Z: til Z'
'^-.^y^^o^^ "- a-i „-i „e fac-

lis^rtit e^L ;?x\:r/v^ t'^

xoj;b;:::tft::r;iT::'^^^-''^"-"^-
•".ieh wiU not rednce i^ 2^ tZ^r^^TTV"^

«(••[n

»'

^^' 'if
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and we have 2 = w(-2), or m= -1 ; so that the given expres-

siou= -{a-b){b-c){c-a), or {a-b){b-c){a-c),

3. Resolve a^h+c^)+b^{c+ a^) + c-^{a-\-b^)+abc{ahc+l).

Here we see at once that there is no monomial factor

:

put /;+6-2 =0, i.e., b=—c^, and the expres ion becomes

a,3(_,;2^(;2)-6'C(o+a2)+c3(a+c*)-c3fl(-c3a-|-l) which = 0;

.-. 6+ 6-3 i^ y, factor, and by symmetry c-^a^ and a+b^ ars also

factors ; and proceeding as in former|exaraples we find m=l; :.

the expression = (6 + c8)(c'4-rt2)(rt+ 62).

4. Eesolve into factors the expression

As before, we find that there are no monomial factors.

Let a-b = 0, or a = h, and substituting b for a tiae expression

becomes zero ; hence
«— 6 is a factor.

By symmetry b— c
"

and c—a "

Hence the factors are

m{a-b){b— c){o— a).

To find n. let a=0, 6 = 1, c = 2, and we hav»

6 = 2w, or m=3.

The factors are, therefore,

8(a-6)(6-c)(c-a).
i

5. Eesolve into factors

a3(6 - c)4.6S(c-~a)4-c3(a - 6).

A« before, we find that there are no monomial factors.

Let a~6 = 0, or ct = 6 ; substituting b for a, the expression be-

comes zero ;

therefore a— 6 is a factor.

By symmetry b— c
"

and c— a "

Now the product of these three factors is of three dimensions,

while the expression itself is of four dimensions. There must,

therefore, be another factor of one dimension. It cannot be a

-liii
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monomial factor, for the expression has no such factors. It can-
not be a bmomial factor, such as a+6, for then, by symmetry,6+c and c+a would also be factors, which would give an

nZTri r ''"'""'"" '*^^""«* ^^ ^ trinomial factor,
unless a b and « are similarly involved. For instance, if a~b+cwere a factor, then, by symmetry, h~c+a and c^a+b would akobe factors, and the dimensions would be .-. insteadlfZ T^
other factor must, therefore, he a+b+ c. Hence,
<^'i^-c)^h^{o-a)+ c-ia~b):=r»^,a-b){h--c){c-a){a+b+c).

To find m, put a = 0, ft = 1, and c = 2, and we have
— 6 = 6wi

;

.-. m =s ~l.

Hence the factors are

~{a-b){b-c){c-a){a+b+c},
or, {(^'-h){a-c){b~c){a-\.b + c).

6. Prove that

a^+h^ + c^ + ^a^h){b+ c){c+a)
is exactly divisible by a+b+c, and find all the factors.

LetM-6-fc = 0,ora=-(/;4.c); substituting this value for awe have -- ^ui «,

-(*+c)'f J3+c3+8Jf(i+c), or
-('' + «)'+ (6+,;)3 wUoh = 0, and

therefore a+J+c is a factor.

„^ll^^°2' ? f""^
','''" "'^''' "" "o "'°'><»"ial factors. Since«+*+. the factor already obtained, is of „™ dimension tl!other factor must be of t„o dimensions, and cannot, therefore be»b.nom,al; for if «+i were a factor, by symmetry +. Z^+lmust also be factors. The factors in that case would give Iquantity of /„„r dimensions, while the expression itself is onlyof three dimensions. Nor can a=+6. + ,. be a factor. Fo^

^0. the other factor must involv. a numerical multiple of thefis power of « and, therefore, on taking the lirst power of a oof terms mvolvmg first and third powers, we should have lesome numerical multiple of a»+6=+ c», instead of wluch we get

*ii A\

> .1

I. 'I

I
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«.+8(5+c)^ Nor can a«+(fc+0'-' ^e a factor, for symmetij

would require two other factors, viz. : />^ +(^-+^0'-^ » and c^ +(a+'-') »

thus giving a quantity of seven dimensions.

The only factor admissible is, therefore, (a-ffc+c)'*-

Hence

To find in, let a = l, 6 = 0, and . = 0, and we have l = m.

Hence the factors are

{a + b+c){a+ h-\-c){a-^b-\-c),

7. Simplity

a(&+ c)2+6(«+ c)'-' + c(a+ft)8-(a+fe)(a-c)(fc-c)

-(a-6)(a-c)(6+ c)+ (a-/>)(/^-c)(a+c).

Let a = 0, and the expression becomes ^

la-2Jrcb^^^bc{b-c)-bc{b^e)-hc{h-c), which equals zero; there-

fore a is a factor ; by symmetry b and c are also factors.

The expression is of three dimensions, and abc is of three

dimensions, there cannot therefore be any other literal ii,c.ot.

Hence the expression = inabc.

To find m, \eta^b = c = l, and we havi

4+4+4 = 7?i;

m=12.

.'. the expression =12abc.

In the preceding examples the factors have been linear, but the

principle applies equally well to those of higher dimensions. (See

Th. ii. Cor.) .

8 Examine whether x^+ 1 is a factor of ;K3n4.2a;- + 3a-+2.

Let a;"+l = 0, or aj"--=-l, and substituting, t- e expression

vanis^V^^.s, therefore, a;'^+ l is a factor.

9. Examine whether aS + h^ is a factor of

2rt4+a36+2a3/.3 4-aZ;3.

Let a2+63 =0, or a^ = -6^ substituting, we have

2^4_a6-^— 2/^*+a/;3 which = 0, and

therefore «»+ 6- is a factor.
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mmetry

he)'

m.

1 1.

1
o
4J<

1 3.

1
4.

o; there-
6.

1 6.

of three I 7.

s,ctot. 1 8.

1 9.

1 10.

I 11.

1 12.

r, but the B
01S. (See H

13.

14.

15.

3a;"+ 2. 1 16.

DxpressioD
17.

18.

1 19.

1 20.

I 21.

10. Prove that fl^+/>3 j., a factor of

het a^-^h^—0, or a^ = —h^; substituting, we have

-a2/;3 -ah^~b^-\-a''b^+abi+b'', which = 0, and

therefore a^-{-b^ is a factor.

Exercise xxxvii.

Resolve into factors

(aj+ 7/+2)3 — (a;3 4-7/3^23),

bc{b~c)—ca{a~o)—ah{b—n).

(a2_&3^3_}_(62_^3)3_|_(c2_^2)3.

(aH-/;)3_(6+r)H-(c-a)3.

a{b-c)s+b{c-ay-\-c{a-by.

(a-\-b-{-c) (ab+ be+ '"«) — al'C

a3(c~63)+ u3(rt-c2) + 6-3(6_a3) + a&c(a6c-l). -

a^{b+ c)+ b^{c+ a}-{-c'^{a-^b)+ '-2abc.

(a -b){c-h){c-k)+ {h-c){a-h){a-k)-\-(c- a){b- \){b-k).

(a - i) '"^

-f (fe - 6') ° + (''•- «)
°

ab{a+b)+ bc{b-{-c)+ ca{c-j-a) ^{a^ -\- b^ +(.'3).

a^{c-b^)+b*{a-c^)+c'^{b-a^)+abc{a^b^c2-l).

x^{y^ ~z^) + y^{z^ -x-^)+z'^{x^ -y^).

x^ i-y'^+z^ -2x^-y" -2y'^z^ -2z^x^.

{b-c){x-b){x-c)i-{c-a){x-c){x-ci,)-\-{a—b){x-a){x~b).

(a+6)3H-(6+ c)3 + (c+ a)3 4-

3(rt+264-c)(6+2c+a)(c+2rt+6).

Shew that a-"^ +<r^b^ -ab^ -b^ has a^ -b for a factor.

Shew that {x+yy -x^ -y'' = lxy{x-\-y){x^ +xy+ y^Y.
Examine whether x^ — 5x-\-Q) is a factor of

a,3_9^2_|.26a;-24.

%
1 !„n I

4',

I ^ ,"
1'

Is

II ;

,;m' -
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22. Shew that a — b-^c is a factor of

2o ^liew that a^ 4-8/; is a factor of

and find the other factor .

24. Find the factors of a^{b-c)+b*{c-a)-\-c'^{a—b).

Section V.^—Factoring a Polynome by Trial Divisors.

Art. XXVII.
the poiynome.

To find, if possible, a rational linear factor of

X'
,n •

&a;"-Hca;'-2+ ^hx+k.

Subs jitute successively for x every measure (both positive and
negative) of the term k, till one is found, say w, that makes the

polynome vanish, then x - 711 will be a factor of the polynome.

Examples.

1. Factor a;3+9a;2-{-16a:+4.

The measures of 4 are ±1, +2 and +4. Since every coeffi-

cient of the given polynome is positive, the positive measures of

4 need not be tried. Using the others, it will be found that —2
makos the polynome vanish ; thus

1 9 16 4
-2 -14 -4-2

2

Hence the factors are (a;+ 2) (x ^
-f-7x • f 2 )

.

Tlie labour of substitution may often be lessened by arrang-

ing the polynome in ascending powers of x, and using 1 -r-

(measure of k) instead of the measures of k. (This is really

substituting 1 4- measure of k, for l-r-a;). Should a fraction

occur during the course of the wort, further trial ot that measure

of k will be needless.

fOsyita
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Examples.

2. Factor x^ _ lOa;S - 63a;+60.

The measures of 60 are ±1, ±2, ±3, ±4, ±5, &c. Neither
4-1 nor - 1 will make the polynome vanish. Try 2 ; thus

60 -63 -10 1

1^

2

-63

30

30 - 161^ ^

A fraction occurring we need go no further. - 2 will also give
a fraction, as may easily be seen. Next try 3 ; thus

60 -03 -10 1

1^

3

-03
20

20 -lU
A fraction again occuring, we may stop. -3 will also give a

faootion. Next try 4 ; thus

1^

4

60 -63 -10
16 -12

Next try —4.

-1
1'

15 -12 - 5-i

60 -63 -10
-15

15 -19i

l^ext ti;yittg 5 we find it fails, then try - 5, thus

60 -63 -10 1

1^ -12 15 -1
12 -15 1;

The remainder vanishes as required ; the factors are therefore
(a:+5)(a;2-15a;+12).

Art. XXVIII. When k has a large number of factors, the
number that need actually be tried can often be considerably
lessened by the following means.

Add together all the coefficients of x (including the constant
term k) ; let the sum be called k^.

4,i •

f 'i2 I

r:
:i;

r.
it

' ;?

iitM

4

'i^l'

'

r ^ j.

I4
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I

From the sum of the coefficients of the even powers of x

(iududing k) take the sum of the coefficients of the odd powers of

z ; let the remainder be called /cg. (In the coefficients are in-

cluded the signs of the terms).

1st. If /ci vanish, x-1 will he a factor of the polynome.

2ud. If Ic^ vanish, x+1 will he a factor of the polynome.

8rd. If both /c^ and k,^ vanish, x^ -1 will be a factor of the

polynome.

4th. If neither k^ nor k^ vanish, (writing p for *' a positive

measure of k greater than 1
")

;

(a) We r.eed not try the substitutiori. of p for a; unless i*
- 1 be

a measure of k^^ and j9 4-1 a measure of k^.

(^) Nor need we try the substitution of -p for x unless p-\-l

be a measure of k^, and p-1 a measure of k^.

(In trying for measures, the signs of fe, k^, and k^ may be

neglected.

Examples.

1. Find the factors of x^ - lOa;^ - 63a;+60. (Bee Ex. 2 above).

lleiek = GO; k^= 1 -10-63+ 00= -12,

/,^ = _1_10+G3+G0 = 112.

Tabulating the trial-measures we get

1, 2, 8, 4,

2, 3, 4, -^, 6, 10, 12,

4, 7,

12
60
112

12
60
112

3, 4, 6,

2, 3, 4, 5, 6, 10,

1, 2, 4,

(It is evident that 12 is the highest, measure of 60 we need try

in the upper table, for the next measure, 15, would give 14 as a

trial-measure of 12, and higher measures of 60 would give higher

trial-measures. Similarly, 10 is the highest measure that need

be tried in the lower table.)



FACTORINO. 08

In the upper table, 8 is tU only measure of 60 th.it gives a
full column

;
hence of the positive measures of 60 wo need try

only the substitution of 8 for x.

In the lower tnblp, 2, 3, and 5 give full columns, hence we
must try the subbtitutions -2, -8, —5 for x.

On trying the four substitutions to which we are thus restricted
we find -5 is the only one for which the polynome vanislies.
(See Ex. 2 above).

2. Find the factors of a;4-|-l2x3-40a;2+67a;-120.

^=-120; /.:,=! +12-40+67 -120 =-80;
^3 = 1-12-40-67-120= -238.

11?

80
120

233

1, 2, 4, 5,

4, 6, 6, 8, 10, 12, 15, &c.

7,

o.

80
120

238

5, 16,
2, 3, 4, 5, 6, 8, 10, 1 15, 20, 24, *&o.
1» 2, 7, 14^ 21,

The upper table gives us 6 as a trial-measure, and the lower
gives us -3 and -15.

Trying these we got

1

-120 67
-20

-40 12 1

6 - 20 rra

-1
-120 67

40
-40 12 1

3 -40 m

-1
-120 67

8

-40
— 5

12
3

1:

1

-1
16 - 8 5 - 3

'J

tf

•-•
ir.

T

i
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/••3 = 1--27--14+ 120 = 80

1, 2, 3, 4, 9

2, 3,

4, t:

5. 6. 8, 10, 12, 15, &c.

16,

3, 4, 6, 9

2,
o

4, 5, 6. 8, 10, 12, 15, &o.

1, 2, 4, 5.

Honce a? 4- 15 and x^ — 8a;' + 5a! — 8 are the factora. The latter

cannot ho resolved, for onr tahlcs ahove tell us we need try only

aj— G, x+ii, and u;+15. The first two have been found not to be

factors, and 15 will not measure 8,

4. Factora;*-27ur2-f-l.tar4-r20.

A = 120;
/.'i
= 1-27+ 14+120 = 108

108
120
80

108
120
80

The upper table gives us 3 and 4, the lower table gives us - 2,

— 3, and -5. Using these in order we got

Hence a; — 3 is a factor.

Hence a;— 4 is a factor.

He-ce a;+2 is a factor,

and there remains a;+5, a factor.

Hence the factors are (a;-3)(x— 4)(a;+2)(.r + 5).

5. Factor x^ - px^ -{-{q ~ l).'c^ +P'-f^ 7-

k^.-q; /f,=l-/'+ ((/-l)+;?-? = 0;

Jc., = l+p-{-{q-l)-p-g = 0,

Since both k^ and k^ vanish, the polynome is divisible by both

aj— 1 and a;+l.

1

120 14
40

-27
18 -8 -

1

-1

8
1

40 18
10

-3-1;
7 1

0.

4
-1

10 7
-5

1;
-1

2 5 1;

1

-1

1

p+l
-1

-p

-?>+ !

q-p
±P_

91

P
' -P J
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Hence the other factor is x'^-pm+q.

/<:3=l-2a+(a3+,/)_2a«+c8=a3_«a_„_i^

The positive measures of Ic are 1, a, a\ a\ Of these 1 may
bo rejected at once, since neither k, nor Z-g vanish, and a^ and o«
may also be rejected since k, or (^ + 1)3 is „ot divisible by either
a^±l or a3±i. But k, is divisible by a+l, and /[:, is divisible
bya-1; thus we need only try the substitution of -aforar
(See 4 0, page 92)

— a

—a

1 2a
•—a

1 a
~a

1

~a8
2aa

-a3 -a*
a r/2

~a3
a;

Hence the factors are ('a;-|-a)2(a;3-f.rt).

7. Factor a;3-(a+6')x2+(/;+rtc)a;-/;c.

/t- = - ftc
;

^j= ^-(''+ <^) + {f^-\'ac) -bc=]~a+h~n-j-ac -he
k,= .l^(a+c)-{b+acy-hc= ~{l+a-i-h+c+ ac+br).

The factors of k,
, other than 1, arc b and c. k, is not divisible

by either 6+1 nor byc+1. However,/., is divisible byc-1,
and k, is at the same time divisible by c+1, .-. we need only try
the substitution of c for x. (See 4 <x^ page 80).

-(a+c)
c

— a

(b+ rtc) ~hc
_ — ac be

Hence the factors are {x- c){x^ — ax-\-b).

m

I

'^

», L-i.

t f

l>'l'.



96

f'"'^

FACTORINO.

Exercise xxxviii.

1. aa-9rr2-}-10a-4. 15. x^-Ux^-}-ndx-A5.

16. a;3+5./'2 4-7a;+2.

17. (*3_H,,3_i(j}j<,4.l95.

18. ;y3- 8/^8-0/^-8.

19. «4+3„,s_8<,2_7a4.C.

20. «<"'-Ga"'4-lla''"'-0.

21. a*-41fl»/^24. 1(564.

22. a4-r/3A3-2//634-264.

23. /,3-.l/,2^0/>..4.

24. a:'^''H-la;-"-5.

25. ?/* - 5//«-fBya -8.

20 f/-»-2</3 + JJ«--2r^-|-l.

27. a3+w«'>-+rt//^-8^».

28. 26/'"-a-"-a''+2.

2. a;^-0a;'2+20a;-24.

8. ^•3-7a:2+ U!a;-12.

4. «3-12a;4-lG.

5. a:» + JU-8 + 5a;+-3.

6. a;4+U-;«+10.f*^4-12a;4-9.

7. «»-3x+2.
8. a;4 + 2a;3+9.

9. ni^ - 8;» -n+ 4mn3 - 2?i»

10. a;3+2a;2 + 2.

11. »/3_/5,;,2,,_^8„,„8_4„3.

12. />3^/y2(+7^r2^ 89f3.

18. ///4_4)//n3 4-H«4.

14. a4-7''36-f-28r//;3-lG6*.

20, a;*-18.^3^_ii3^2_288a:+252.

80. a* --9x-3//+29a,'-'i/2-89ar//3 -18^*.

Art XXIX. To find, if possil)le, a rational linear factor of

tlie pul^uome

ax"+ ljx''-'-\-rx"-'-h + Aj; + A.

First Method. Multiply tlie polynome by 0""^

(axY-{-b{axY-^+ac{axY-^+ 4-a"-Vi(aa;)+ a"-Vtf;

or writing y for ax,

Factor this polynome by the method of the last article, replace

y by ex, and divide the result by a"
,n-l

Example.

Factor 8;e4+ 5a;3 -83a:2 + 48a;-20.

Multiply by 83 and express in terms of dx.

(3a;)4+5(8a;)3-99(ea;)8H-887(3a;)-540;

or, 2/^^+52/3 -99^3 +387?/ -540.
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240

640
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-C40;
^'i =l4-6-99 + .']87-540= -240;

/.•a
= l-C -09-3H7-CiO=-10;JO.

1, 2, 3, 0, 41, 82, 123, 240.
2. 8, 4,

97

240

640

1030

3, 6,

2, 6,

1,

5,

41, &o. (Tryinj? by factors of 240
instoail of by factors oi 640,
for coiiveuieiici).

The only factors of 640 in fall columna are 4 in tbe upper
table and 2 in the lower one ; hence we need try only the substi-
tutions 4 and — 2.

1^

4

-640

-135

887
-135

G3

-99
03

6
-9

9 -1;

1

o"

Hence y -4 is a factor. The substitution -2 need not now
be tried, snice we see that 130 is not a multiple of 2. The other
factor is therefore //^-fU^a -03// + 135.

Replacing y by Sx and dividing by 27
;

= {y>x-i)(x^ + 'dx^-7x-ho),

which are the factors.

Art. XXX. Second Meihod. Writing w for "a measure of
a," and p for a " measure of k, positive or negative ;"

Foraj substitute every value of /)-:-mtill one, say/j'-rm' be
found which makes tl^e polynome vanish

; then w'x-p' will be
a factor. Should a fraction be met with in the course of substi-
tution, further trial of that value oip~m will be useless.

Should k have more factors than a, it will generally be better
toarranj^e the polynome in ascending powers of j; and use values
of m^p instead of p^m, making ^j positive and m positive or
negative.

wl 1

-
1'

t''

ii

1

iff]] •

r- '

'

': '•!.

1

'$

'
1 1

..«. i

*f.
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'HI
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To reduce the number of trial-measures, calculatp. h^ and k^, as

directed on page 92, then 1, 2, 3 hold asou that page, but in 4

read p~miorp-l and ^ -\-m for p+ 1.

EXAMVLES.

1. Faetov36a;3 + 171073 -22^-4-480.

k--^iSO.k,-^ 36+171-22+480 = 605

/,.o^ _ 36+171+22+480 = 037.

m mpsy have any of the values ±1, ±2, ±3, ±4, ±6, ±9,

±12, ±18, ±86.

In forming the table write out the measures oUc^- take each

measure in s'ucoessioii and add to it each value of m separately,

should the bum measure 480, i.e., k, add to it the same value of

m, and should the new sum mrasure 637, i.e., k.^, keep the mea-

sure of 480, writing above it the value of m used. Should the

sum in either case not be a measure, another value of m must be

tried ; when all the values of m have been tried, another measure

of 635, i.e., h^ must be tried till all have been tested. (Measures

of h or 665 have been used in this instance because they are

much fewer than those of 480 ;
measures of h^ or 637 would have

done equally well).

w = +3,

665
480

637

+ 1,

1, 5,

4. 6,

7, 7,

+ 3

i

10
13

2

5

3
1

•3

7

4
1

-9
19

10
1

-3

19

16
13

Hence the only substitutions thai need be tried are

3

T
1 3 -2

To'

•3

1'
-^ I^, for 1

Q'-3' 4 10 16

Arrangement in ascending powers of x.

By actual trial, as below, we find :f| is the only one of these

friving a zero remainder.



ii K, as

)ut in 4

:6, ±0,

,ke each

)arately,

value of

lie raea-

Diild the

must be

measure

^feasures

they are

ul(i have

.9

.3

L3

of these

8
480

120

PACTOH

- 22
3G0

841
80

JNG.

171 8G

4

1

d

3

80

144

10
-2

48 12-2

-320 228

133;

-266
8

-3
IGO -114

3G0
- 230

4
-9

120 - 05^
-432

10
-3

48 -45-4
- 90 21 -36

16 30 - 7 12;

99

(The coefficients are written only once, and understood for the
other lines of substitution.)

Hence the factors are 3a;+16 and 12a;- - 7a;+30.

The latter factor cannot be resoked, for 16 will not measure
30, and all the other factors left for trial by the tables above,
have been tried and have failea.

2. Factor lOx^ - x^{Uy -\- 4:z) -x^{4tOy^ -Qyz) '.

x[my^ + \Qy^?)-UyH.

Here w,= ±\ +2, +5, or ±10. k= -24?/S2.

/^j = 10-(15y+4«)-(40^2_Cy2) + (G0?/3-f.i6,/22^_24?/32

= 10- I5f/-40?/2_f.6')7y3_2^(2-3y-8t/2+ 127/3)
= (o-22)(2-3y-8;y2-|-12_y3).

7<-3 = (5+ 2«)(2+3.v-8y2„x2^3), as may easily be found
by making the calculation.

We get at a glance 2z a factor of /.-, 2»-5 a factor of h^, and
23+5 a factor of ^3 5 ^ence taking w = 5, we are directed i^ tj:y

the substitution _^ for x.

10

5

2?

{UyJ^iz) -(407/2-67/2) [my^ + lCviH) -Uy^:,
42 —Qyz -Wy^z 2iy''^

1:
1 -'>

if l'

\.

t i- .

ri

5? .* :-

m

dy -By 5 1%*
!iJ



100 PACTORINQ.

Hence 5a;— 22 is a factor, tlie other being

2a;3-3a;2^-8.r?/2+ 12/y3.

The latter factor being homogeneous, the method of this article

may be applied to it.

w=±lor±2, A = 12, k^ = 'd, k^ = 15.

m=l, 2, 1, -1
8

12

15

Hence the trial- substitutions (arrangementm ascending powers

of x) are |, f , |:,
zl.

1, 1, 3. 3 The other columns

2, 3, 4, 2 are not full.

3, 5, 5, 1

12 -8 -3 2
1 6 - 1 -2
2 6 -1 -2;
2 4 2

8 2 1;

fr

Final factor is 2y+x,

Hence the factors are (x—2i/){2x-Bi/){x-}-2f/), and these, with

the factor 5a; — 22 already fouud, give the complete resolution of

the polyiiome proposed.

(The factor 5a; - 2z, might easily have been got by the method of

Art. XXIII., page 79, but the present solution shows we are inde-

pendent of that article. It may also be obtained by rearranging

the polynome in te.vms of */).

Exercise xxxix
Factor

l.aa;8-20a;3+88a;-20; x^ -7x^y + lGx7/^ -12y^.

2. 12x^+ 6x^y-\-X!j^+Sy^ ; 8x^-Ux+Q.

8. Sx^-15ax+a^x-5a^', 2x^+9x'^y+lxy^ -Sy^.

4. 2&* -763c- 463(.3 4.5^3 _4c4 ; l5a^-\.A7a^b-\-ldab^ - 12b^,

6. UQx^ -725a;3?/+981a;3//3 +920a;//3 - 1152?/*.

7^ Sfio;4_6(9 -7?/)a;3-7(9 + 14?/)a;2y/+8(49-40v/)2;?/24.180j/3.

8. lOx* -x^{15y+iz)+ .>-^{i0y^+Gyz)+x{e)0y^ -lQy2^)-My^z
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CHAPTEB IV. W

Section I.—Division. Measures and Multiples.

Art. XXXI. When one quantity is to be divided by another
tlie quotient can often be readily obtained by resolving the divisor
or dividend, or both, into factors.

Examples.

1. Divide a2_2«64.62-c3+2crf-d8 hja-\h+c-d. Here
we see at once that the dividend =(a-6)2 - (c-d)^, and .-. quo-
tient = a-b~{c-d) = a~h-c+d.

2. Divide the product of a^+ax + x^ and a^-{-x^ by a^+a^x^
+xK Here a^+x^ = {a + xXa2 ~ ax+x^), and the divisor =
ia^-^ax-\-x^)(a2~ax-^x2) .: the quotient is a+ a;.

3. Divide a^+a^b+a^c-ahG-b^c-bc^ by a^-bc. The divi-
dend is a(«2 _5c)-f-i(a2 _ic)+c(a3 -?;c) .-.the quotient =a+bJLc.

4. ia3+b^c,_^3_^2abc)~-{a+b~c).

Dividend =aS+bs+Sab{a+b)-c^-3ab{a-\-b)+ S, . = (tx^6)3
^c^-Bab{a-\-b-c) which is exactly divisible by a-fi-c; quotient

6. Di\idex^-x'^7j-\-x^y2-x^y^+xy'^-y^ byx^-y^.
The dividend is (Art. XXV.) evidently (a;«-y«) - {x+v), and

this divided by a;3 _y3 =, (,,3+^3) ^ (^+^) ^^2 _^^_^y,_
6. Divide b{x^+a3)+ax(x^~a^)+ aS{x-\-a) by {a-^b){x-^a).

StnkiDg the factor x + a out of dividend and divisor we have
Hx^ ~ox+a^)+ax(x-a)+ a^ =b{x^ - ax+ a^y-^a{x''^ - ax^o"^)
='{((+ h){x^-ax+n^) .-. quotient =x^ -ax+a^.

7. Divide a»3;* -4-j!3/'^,^4./,„^_u^2

aa;--j-6a;4-«

+x^{aq+ bp)-^: w-\-hq4.pc)-^x{qc-\-br) + cr by

i

t. :i

Mil

iJl

i>t



102 DIVISION.

Factoring the dividend (Art. XXIIT.) wo have

.*. the quotient = the latter factor.

8. Divide Gx* - ISax-^ + Vda^x^ - ISa^x- 5^4 by ^x'^ -?,nx~a».

This can be done by Art. XVII. The divisor is ^2x^ - a,» - Hox,

and we see at once that Sx-+5a'^ must be two terms of the quo-

tient.

Multiplying? diapfonally into the first two terms of the divisor,

and adding the products, we get -^la'^x'^ ; but +13n^2^2 jg re-

quired. .*. -}-C)(i-x^ is still required, and as this must come from

the third term multiplied into — iiax, that third term must be

— 2>ax; :. the quotient is 3a?2 -1-5^2 _2f?a;.

NoxK.—By multiplying the terms - 2ax, —Sax, diagonally into

the x"'8 and a^'s respectively, we get the remaining terms of the

dividend ; it is, of course, necessary to test v/hether the division

is exact.

9. Divide 2a*-aV)-V2a"b^ -^rmb^-i-'ib^ hy a^-b^-2ab.

Plere, as before, one factor is a-—h^—2ab; :. tivo teriaa of

the other factor are 'la^-'ih^. Multiplying, as in the last

example, we get —Ga"b^ ; but -12a"b^ is required. .*. —Qa^b^

is still needed, and +3«7> is the third term of the required quo-

tient, which is therefore 'la'^— 4:b^-\-'Sab.

Pro\e that

10. {1+x-^x-^ .... +.v''-^){l~x+x^-

= 1+.C2+X4+ .... +x"'-\

1-x'' 1 +^
1 -X ' T'+x

l-x'""

Y^~^
= l+x^+x*-i . . ,

+x-')

Product —

+x,Sn-l

11. Divide («,3 -M^ +S?^^^^ by a^+ftfr.

= (a2_ic)3+(26r)^ hy {a-^ -he) -\-2bo

.t^~.4.a^bc4-7b^c^.



mvrsoN.

12, Divide l+2357947f501a;=' by 1- lla:-f 1212-3

Dividead =1 -\.(i]xy

Divisor={l + (lla;)3}^(l_,_ll^)^

.-. quotient =a-(lla;)3+(ll^:),^}(l^.n^-j^

Exercise xl.

Find the quotients in the following cases

:

1. l~x+x^-x^^l~x.
2. l-2x^+x^^x^+^x^ + l,

4. x^+ixhjz -S2y* ^x~2i/.

6. l-4x^ +Ux» ~9xA ^ l + 2x~Sx'^.

7. x^-y3-j-z^-\-S'.c>/z^x-i/ + z.

8. 6a4-a3/> + 2./263+ 13n;634-4/>4 ^ 2a»-3a64.4fe*..

9. 4a;*-a;32/"+0a:,v3-9.y4 H- 2a;3+8.ya-a;y.

10. a^+h^-a*-2a^b^ --a^-h^—c^.
11. 21a4_16rt3/,^i6a363_ 5^^3 + 264 ^ .S^s -ai^-^ia^

12. 2n^~7a^~4:Qa-21 -=- 2a2 + 7«4.8.

13. K(6-c)+63(c_^^)^,.3(«_^^| ^ a-f-6+c.

14. a;3-3fl'a;'^+3a2a;_a3 4./;3 _^jj._^^^

15. x^~y^+z^+2xH^~2ij^ -1 -. x^-t,'2-i.::i -^l,

16. a;'^ -(a +•(•>?+ (6+ ac)a;3-/vr» -J- a;-c.

17. x»+xhj +a;?/S+y3 -;_ .^^^^

18. x'-x^y-^.x'^y^-x^yS+xhji-x^y'^+Xy^-y^ ^X^+yK
19. a*4-i4_c4_2a2i2_2o3_i ^a3-i2_^2_i
20. rt4-ai3_ac3_2a36+264 + 26c- -?.«3,._3j3c_3,.4

v«+3c-26.

21. aH~hx^+a^x-x^ ^ (x+ b)(a~x).

22. a(6-c)3+6(c-a)^+c(a-6)3 -^e*2_^6~a.-f5,.

103
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104 MEASURES AND MUT.TIPLES.

28. a^b^^2ahc"-a"c^~b^c^ ^ ab-{-ac-hv,

2A. x^+y^ + Sxy-l -'X-\-y-l.

25. x''-x"-2-T x^-x+i.

26. a4-29^'S_50a-21 -^ a'^-6a-7.

27. (2a;-?/)2«*-(a;+2/j2a3a;2+2(u;+2/)«a;*- »« -*-

(2x— y)a^ -t (x+i/)ax— x^.

28. (a;3 - l)a3 - (a;3 +^a _2)a3 -[-(^x^ +3a;+2)a-8(a;+l)

-7- (a;-l)a3-(a;-l)«4-3.

Art. XXXII. The Highest Common J^actoe of two algebraic

quantities may, in general, be readily found by factoring. The

H. 0. F. is often discovered by taking the sum or difference (or

sum and difference) of the given expressions, or of some multiples

of them.
Examples.

1. Find the H. 0. F. of {b-c)x^-^{2ab-2ac)x-^aH-a'^c, and

(ab— ac-{-b'''—bc)x^a^c-i-ab^ —a'-^b-abc.

Taking out the common factor b—c we get {b-c){x'^ -\-2ax-\rab)

and {b — c){{a—b)x—a^-\-ab'^
;

.*. b-cia the H. C. F. of the -^iven expressions.

2. Find the H. C. F. of

l—x+y + z-xij+yz— zx - xvz. and .

\,~^x—y—z\-xy-\-yz-\-zx—xy£.

Their difference iB2y+2z-2xy-'lzx = 2(l-x){y-\-z).

Their sum is 2 -2x-{-2yz ~2xyz = 2{l-x){l+yz).

.'. theH. C. F. is (l-x).

3. Find the H. G. F. of x" + Sx^ - 8x^ - 9a;-8, and

x^-2xA-Gx^+ ix^+rdx-i-(y.

The annexed method of finding the H. 0. F. depends on the

principle, that if a quantity measures two other quantities, it will

measure any multiple of their sum or difference.



MEASUKKS AND MULTIPLKS.

1-+-3 O-S-9-3
+ 6' - 1 2 -22 "^^ 9

2 + 6

1 - 2 -
-16 -18 - 6

6 + 4 +13 4- i\

15~+i;s"^"6~r66 -27
2.5 4-20_-3^ -60 -25

11---" ^~EjIE. ^

1 + 8 + 3~ir 1

(rO

(f)

25 +30 -60 -110 -45
27 +36 -64 -108 -45
-2' 6-6 -2

1 + 3 + 3 +~" i (g)

(u) X 2

(c/}x5

(r) X 5

(^0 X 9

H. C. F. = (a;+l)3,

The coefficients are written in two lines, («) and (b). They
are then subt-vacted so as to cancel the first terms, (a) is n^xtmuItipiied by 2, and added to cancel the last terms. If (c) and
(rf) had been the same their terms would have been the coefficients

1^ .
?' ^' ^'''^^ *^'^-^ ''^'^ ^^*' ^e Pi'oceed with them as

with (a) and (6) till they become the same. When (a) and (b)
do not contain the same number of terms it is more convenient
to find only (r), and then use this with the quantity containing the
same number of terms. The general rule is to operate on lines
contammg the same, or nearly the samy number oi terms.

4. Find the H. C, F. of Sa:^ + 2x^ _ Ha-+ 8, and
6«3_ 11^,3 + i3^_ 12.

8 + 2 -14 + 8
< ~̂11 +13-12
6_+ 4-28 +16

15-41 +2~8

(5-7)(3-4)
H. C. F. = 8a;-4.

(a)

(c)

(d)

(a)x2

(6)-(«),

If (a) and (b) have a common factor its first term must measure
ann ft anA 4+o lo^*- +^ j. ^ .8 and 6, and its last term must measuree o ana 12. (c-) is not

: . I

.;-.

. Id
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therefore, the H. C. F. Resolve (c) into factors. Sx — T is not a

factor of (a) and (b). If, therefore, {a) and (/;) have a common
factor it is 8.^ — 4. On trial 8a;— 4 is found to be a factor ol (a)

and .*. it is the H. C. F. of (a) and (6).

5. li x^ -\-j)x-{-(f, and x^ + rx+s have a common factor, prove

that this facte r is

q.-s
«'+

;?

If x~a be the commoxt factor then the remainders

on dividing the given expressions by x—a, must be zero, i. e.,

a^+pa+q = 0, and a^-\-'m-^fi = 0, or

s— q
(^p.-r)a = s~q, .'. « = -3-, af>d

x — a = x
p —

r

x+ •

(). What value of a will make a'^x" -\-{a-\-1)x-^l, and

a'^x'-'+rt* — 6, have a common measure.

They cannot have a monomial factor. Neither can they have

one of two dimensions unless (^/ + 2) vanishes, i.e., unless «= —2,

in which case the expressions become 4a;'^ + l, and ix^ —1, which

have no 0. F. Hence if the given quantities have a C. F., it

must be of the hxm. x-\-m\ dividing a3a;3+«^ — 5 by x-f-w, we

have for remainder,

a-m^ + a= - 5 = 0, or m^ = —^—
;

.•

a'
w = — 1/(5- a^), in which

-j/(5 — a^) must be possible and integral, .-. a^=-4:, (a'' = 1 gives

values to w which on trial fail) and a = ± 2, of which the positive

value must be taken, and .-. 2a;+1 is the C. F.

7. If the H. C. F. of a and b be c, the L. C. M. of

(a+b){a^-b^), and {a-b){a^+h^) is—^3 - •

^^^et a — mc, b = nc, and .*. a^ = ni^c^, h^ =zn^c^. Thus

(a 4-ft ) = c (»n +» ); («» —b )-—c (m —n ), and

,.. (a+6)(a3-63)=:c4(»i+n)(m3-M3), and

(a

-

bMa^ ^-b^) = .-"^fw » n)(w3 -fw? ).



MEASURES AN1> MULTIPLES.
JQ7

TheH. C. F. of the last expre««Ton8 is c^(m*~n^), ... the
L. C. M. « c4(m«-n0)= ^:!fc*!^) a«- i«

Lot «+,» be the other factor, then

.•..» = 2a,aad .-. a-"-4a» =j, 2«a=,.,»„<j

«"= -
-|-, or «« = _ |!. ^a ^,^ .^ ^^. ^„^ r"

. !l ?' .» ,3
^ i

Or thus :

—

I>i\idmg x^+qx+r bv (x~n\9 ^n « ^ .i!/ -r oy {^x-a)^ we find the remainder

and..thiswaibeth. ^"^'^f^-'""^'"^'^'

and r~2a3=0,
or ^3 = _27^,e
and ,-2^ 4^6.

therefoi'e — 4.^— __o« \. ^
4 1^ 27 = 0, as before.

Exercise xli.

Find the H. C. F. of the following •
^

^|rj J*1^

llf ^ <«-

P"m
m;, 1
.^'i.

^j!:

'
,' * I

*
'

,
.4'

;

'
1

1 i^

1

1

1

i

I

II

ff-
i

'III

ft-:-
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4- .!

7. aix^ ^ffi -2nhx^ -^-b'-'x^ +a^h'^ -^(i*b, and

2a '.u* - Sa't^i' +3a« _ 2b^x*' + 5ft'''/v3aj''» - 3a*63.

8. (ax+hi/)^ - {a- h){x+z){f'x + hi/)+{a - b)^xz, and

{ax- hj)^ - {a+ b){x+z){ax-by)-{-{a+ byxz.

9. a{b^-c^) + h{e9-a^)+c{a»-b^) and

rt(63_c-'»)+ t(c3-a3) + c!(a3-/;3).

10. rt»'"4-a2«+a"'+ l, and rt'^"*-a'-''"+«"'-l-

11. If aj^+rtic' + Z^oj+c, and x^+ a'x-{-b', have a common factor

01 one dimension in x, it must bo one tlio factors of

{a-a')x^ + {b-b')x-{-c.

12 Determine the H C. F. of (a-6)5+(6-c)»+(c-a)», and

13. Find the H. C. F. of

2r7.y3_2y»-2/+ 2)a;3+3(?/3-l)a;»-(27/3-7/>-2^+ l), and

8(y3_4y3_|.5y-2)a;^+7(y>^-27/+ l).'«-(3i/3-5.y3 4.y+ l),

14. If x^-{-px+q, and x" -i-mx-i-n have a common linear factor,

shew that

{n-q)'^-\-n{m-p)^=m{m-p)(n-q).

15. Find the L. C. M. of x^-Sx^+dx- 1, x^~x» -x+1,

a.4_2a;3 + 2a;-l, and a;* -2a;« + 2a;3-2a;+l.

16. Find the L. C. M. of

x^+Gx'^ + llx+Q, x^+7x^+Uz+ S,

x^'\-8x^ + 19x+12, and a;»+9a;3 + 26x4-24.

17. Find the value of y whieh will make

2(y3 -{.y)x^ + (lly - 2)a;+4 and

2(//^4-?y-^)«3 4-(li2/^ -%)«* + (!/* +%> + Sy-1, have a

common measure.

18. The product of the H. C. F. and L. 0. M. of two quantities

is equal to half the sum of their squares, one of them is

2a;3 - llu;* + 17a; - 6 ; find the other.

3.9, Ifa;+aand x-a are both measures of x^+px^+qx-^r,
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L-ailiT^- ''*•"''"'+'«+*'"«'-=+'"»'+'•. be.+a, their

^4. If a;-+^^4-l, and a:3+,.^.+,^^i, i,,^, ^._^ ^^, ^ ^^^^
mou factor, sliew that « = ^

1-7
25. Find the H. C. F. of («« -P)3 + a. _,= )3 . .,, -.3

20. If or be the H. C. F. of /, and c, /3 the H f F nf 1
V the H P T? ^r 1 ,

"^* '-'• J-
• 01 c and a,

y to H. C. S. oi a and «, and J the H. C. S. of ., A. and ., then
theL.C.il. of a, h, c, is

"'^''.

29. Find the H. C. F. of ^'+2:.b+S:,. _2... + i, ,„d

Section II.—Fkjchoks.

lo^tt'te^,^"'' ^^° '"""'''' '° ^^*'=« '^ f^^tion to its

nommator. ' "^ "'^ "<™erator and de-

"
m
«?

A:
it

i'-
s

. It I.

i

1

I^^^^^^^^^H

*t
'1

"

^H
'

: i^1
,...i
^H
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1.

2.

EXAMPLEH.

ac+lnfJf.atj-\-he c{a-\-b)+y{a-\-b) ^ i+2/_.

u{a+b){a--by

Here the numerator is evidently («« -y«) -^ {«- 2/).
and the

deuominator is :r—//_. The result is /. ---^.

x-j-y *~y

4.
(«+^)4X^40-^/4

- {x+i/)^-x^y^+lx^+y\)^-x^y^

5.

= {x^^y^^-{-xy){{x+yy+xy+x^-hy^-xy}

5xy{x+y){x^jcy+y^ ^•'^[/(^t?^
'

a;2-12a;+ 35

Here we see at once that the numerator = (a; - 5)(a;- 7) ;
and

it is plain that :«-7 is not a factor of the denominator; we .-. try

x-o (Horner's division), and find the quotient to be x^ -5x+b.

x~l
.'. the result = —

—

-'rh'

6 a;^+2ar+9__
^'

x^-^^i^ + ^x-'ll

The factors of the numerator are at once seen to be a;»+2a;+3,

and cc2-2a:+3, of which the latter is one factor of the denomin-

ator, the other beiM^r .Horner's division) ..=^-2a;-7: .-. the result

- .x^j+2x+3

a;8-2a;-7'
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Exercise xl 11

Reduce the following to their lowest terms :

1. .-

2.

8.

4.

5.

6.

7.

x*+ax^ ~n^x— (i*^

a;3 -8.T+2

lyi - 17y»4^ (!//"'

X* -4a;3 -- 4«a^9*

2*+(62-4)a;-"2/>a;«'

a3a;+ 2a2a^3 +'2rta;3 .^.^i

'

x''-^'^!H-x-^f/^--x^>/S-^x^i/^~x''^!f'^ +<?/" -?/*

20a:4 4-.r8 -

1

2i)a;^ -t-ua?'* -aj—
1'

8.

9.

3a2a;4 _ 2,,.r3 -

1

abcla-b){b-c){c^a)

(a+b +cy

I a h

a

X

10. From Ex. 4 (solved above) show that

{x-if-yy -x'' -y'''

12. Shew that

(a--j)7j^(6 - c) 7 + (g_ ^)

7

_ 7

r,'

» rt̂

,f

' .'
1

'!

j

>

• -'.1. H .

51

iiii
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Art. XXXIV. In rcducTTjg cormsiex fr^i^^ions it is oftcTi

corivenieni co multiT)ly both terras of tiie oomiJiex fraction by the

L. C. M. oi aii ihe dinommaiors iuvoi\'ed.

1. Simplify lv___l_^^___^

Here the L. 0. M. of all the derominators involved is 12

;

.-. multiplying both terms of the compiex fraciiou by 12, and

removing brackets, we have

ex-{-8-S+6x __ 12»_ _ nx_
.

l-x31--4:c-17 4—4^

2. a- a

l-lrdh

1 +"'i^ZL^. Here multiplvm!? both terms by 1 -^ah, t73 get

1 -ha/*
-

'

a(l^rab)-a-i-b 6(^2 4-1)

1-iad+ ala — o) a^+ i
&£ h.

3.

x-1
X

X Here multiplexing both terms of the frac-

tion ^bioh follows x-l by 4-a;, the given fraction becomes at

1

onoe

have

«-!+
4 — a;

-, and now multiplying both terms by 4, we

4_

8a;4a;—4+4— flj

It may be observed that when the fraction is reduced to the

form ^ -r- — , we may strike out any factor common to the two

h ' d

denominators, and also any factor common to the two mimerators;

it is sometiraes more convenient to do this than to muitiplj?

dkectly by the L. C. M. of all the denominators.



rPACTIONS.
113

a' l^\

Here the nnmerator of the first fraction is («4-^;. 4- f.-M«and tho denominator is a'^ - 1>2 • the nnmp.ntnv .r . •

t , ^
^

' '^ -'
' *^*^ wie aenominator is «* - b* • thp

o.merde.on.nKator cancels this to a'^+^., which, of coursl. becomes a multiplier of the lirst, nnmerator

:

(a2-f-ia^a_(,ia__iiv
iia^b-'^

Oc.«:.ional]y, we at once discover a common complex factorBtnke tins out, and simphfy the re«uit.
' '

5.

men factor we have

1

liere the den. = /-I + -11 ' ^

1

o
- ~j ,

an'^. cancelling 'the eom-

-+---' ''''^ "^'"'^Wins by abc, this =* 6 c

Exercise xliii.

Simplify the followincr •

O

— --L
1-'' 1+a

rt^ff

bc-^ca — ai)

2.

a? X
-I

x-\-y ^ x-y
o -

i

:i 4.

1 +
a

l+rt+
9/7 a

1+
(.r~

a

x~y
a){x -

»;

«

I

'Ml

H

I
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i: 'Jl

*k

a--^b^ 2h'

2//

2

a^-'-h»

a-i+h ^ 2</.2

2/^a a- -^ 0-

a+h a — h

+
a h^

^-i+T-

^-\-d c — d
a+ 6+-

/;3

a

a-\-b

c'~'d

a - - 5h >

+ „-- a-\-b -h-r

Sxijz X

yz— zx — xij

- + - + T
9 <?

a h^ +
«

a

Tc +
ac ah

8 • o
ao" — 0^ aZ— b'i

9.
a- a

a+ b a'

10. -T
T +

h+ (

{
1+

26^ r
a

2(1 -.r) (!-«>.2

11.
lA-X

- + fl+^) = + 1

+ (-^:f +1

X- + 1+
-J/

7/

iC

— -1+
X

1-^
V

X

e;

•ay

-ay
+ 2 +

'M
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13. -
'"'^^ ^^-^^^^ "^^-^__

14. ''^lz^^_^l-^^^yl:z^y'-'+xi/i^y'i

15. /l-Zf'
, .JlZ^V / 1-f.r l^^.\

16. JbUnd the value of

^ ft

2wrt--2w:<; "^
2w6-";r2^ when a;=i(a+&).

17. Find the ralue of ^|i _^/(i _g,u

when a: = 2(lr^Y /1-^A*

18. Find value of

Art XXXV. When tha sum of serera! fractions is to befound, rt 18 generally best, instead of reducing at once all themelons to a common denominator, to UKe .wo (or ml» ofthem together, and combine the results. ^ '

Examples.

1. Find the sum of

Here raking tlie firet two together we hare

!i(a;3"~72T— = ry-'ro ; »ow add this to _ .^^Z^^

n''1
J

1 :'",

1

.)•
'

\

ik

M

I';

*'*•

?;!'

«i It
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2. Find the snm of

REACTIONS,

+
Ax

¥ +
Son 1-x

Ilere, taking the first and the last together, we have

l-x^ " - l-a;3'

taking this result with the second fraction, we have

MiT^^" "^ r=^v -
1 -x^

'

now take this result with the remaining fraction and we get

I \ 1 \ 10^

jjjin ^» 1 1

8. 1 "^ u;"-l-i'
a;"
_ 1 X" -i- 1 jc"

those whose denomhiators are alike, we have

Ti.ling in pairr,

X.:ln X,'^n

iC" — 1 X" +1

The work is often nr.de easier by completing the divisions repre-

sented by the fractions.

4. Find the sum of 1+^-31) -
2;«T2'

Bydmdmgnum-

erators into denominators, this

3 13 1

= 1 + 1 +

5.

;jjC+B -a; + l

2u;3-2

^-9 _
a;-2 ' x-7 ~

2 2

.9.-
2a;+ 2

a;4-2

~ !?a;-2 2a;+2

X'

X * - _ ;: : we have, by division
1 x—bX

1+ ^32 +^" :^^
~^"

2_
»-2 '"

2

33— (i

f

_2_

1

2

—1+ rr, or
x — (y

2(2a;-8) 2(2a;-8)

= (4a;-lC) |,^2-_8.'c+r2
"

x'^ - 8x+ 7j

= (80 -2n:rW(,7:4 ~16a;»+ 8oaj3 - 152.t;+ 8-i).

[denominator = (a;^ - 8a;)3+19(a:3 - 8a;) +84J.
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Ling num-

1

+2

Lvision

;(2x-S)

FRACTIONS.

6. Find the value of

By division, 1 +

x-2a + a:- 26^^'^^^^^ =
^ + ^

in ih

x~2a '^^'^
x-ih

= 2 + 4:1'-- '^
\

\x~2a + ~^2bl''
b'^^tiie quantity in the brackets

{oo-2aj{xZ~2b = ^ ^^"<^^ {a+ b)x = 4:ab

•'• *^® ^^^'^e of the given expression is 2.

Exercise xliv.

Simplify the following :

5 a;+a ~ PlTfta'

«3-fi3

a2_a6_j_62
^ 03^^0^+306^*3 _ a^-.b)-J,(a-.f,)

•-^ / ^

[a -f
+

a3 « ^3

2a
a^+a6-f ^2

4.

6.

1 ]L_ _ ^«_ \

<^ b ab ah
a + h

3+2a;

+

2 - 8a; . 16a; -a;3
2-a; 2 + a; + X'

6. :^_

+

7 -1 r'^^±2i/) \ l_lSx-2y\
2 i3a;-2//)/ " 2 \Sx+2i/j

'

x+1 x-1 l-8a;8.
-y J. X — c»^ g. -

2^-1 - 2^qrr - ^(I32a.) + ^4^-1) +
^IGa^^HTP

9. ._j!:_.

2a;+2
x-1

(^'+2}(a;-|-8)'

• t»:*>i

, J ^

1

'^K

m^fiBf.iJB'mBm i

i t f -1
•5 J<
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iU. — .
— _„ , .9 T" ,^A _,4

x-y «+// x^-\->r «4-^4

(1 1_ [

\x+ a X + h
j

X a— x
I

2

a'-' +x^
+

4a3u;2 «'« - X^

a^-^x< a^+x'Â'

18.

14

15.

16.

5a;-4 12a;+ 2 lO.r+17

9

a

+ 11*-

8

18

•+b'
+

et

a2_/,2
+

ft' 2n3_J3_ai3

(«-6)(«3+^;3) a4 — 64

12a;+10a 117a+28»

3a;4-«
+ - Q-

9rt + 2a;
18.

4a;- 17 8a;-30 10a;-3 5a;-4

X -4 2a; -7 +
2a;-5 X-

rt+ 6+26- a4-fc+ 2e«

17. Find the value of ^j^^^z:^^ + oA^b^^d

iphen a+/> =
4ct<

18.

19.

20.

21.

22.

a;" -2/"

?/"a;^

a;" +2/"

ar*"

a;"-/ + 2/

,8n

'+/
3n (a -6) 2n

(«-&)
(^IT^yZT" {a-hf+ 1 {a-hf-l ^ {a-bY^V

+ //j2-.

1+a;

r-7/;3

^>i.J,/7-

)(a;3+i3)

l-.'C

"^ l+a;3

,+ a.6a_|_

2 2a;g

.^^3/,+ a.6a_|_ /,3 (a+ ?;)2 --^ah (a-b)^- n^-\-b^

%::aH,^^^h^ ^^ la-bY+'diib ^ .(«+ 6)-' -a^ -7>-



FRAOTIONS.

v,hth'. f^^V' ?' '""""'"S "'' «Mitional examples in

: ofaXX:^^'^
"' '-*-^-^^' -^ 0^ "'e p..ci,ie of .Ae.;

Examples.

Cancelling the common factor .-,+, ;„ fte two terms of the
first fraction, there results f±t? „ence b, «,mmetry, the

.umerators=.^;;/+:;::,:3t,t7' - ^^ "'' "^^ "'-

TheL. C M. of denominators is evidently (a~b)(l-c)(e-a\

metiy the other numerators are -fo(6-c), _„(<;-«).
'

. . we have - ^MSZ^I'^iti'^) -f-oa{c - a)

(a~b){t>-c}(iZraj

2. Reduce the following to a single fraction :

~"^o^th^; Setrir^^^-^^^-^^^^-'>(^-> ^
-«

^-i,::n!:::;t-:!;:a\i:;t!^tsr*^

" vanishes ^a = 6, hence a - 6 is a factor, and .-. by svm-
^— c H.Tiri /•— /» oi.,-> rtlr,- r__imetry

HOW the product of theise

*1» '^j

j^.i

Tl ': H

J, ' ''')

t

1

1

'

i;

.1 '

' r

•
f;

"

i

•

(**
:

> 1^

r

i

*

f
}

?'

In
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> ,

is Of the third decree, ^vbile the whole expression ^«eB only to

fhe fourth, hence x^, cannot be inrol^ed. The other factor must

therefore be of the form nix+n, in which mis a number.

To determiT^e n put x = 0, and the eM^'essioii becomes
^

, , Tl/. .4-6 a'--0- .-. ^^ = 0, orthe otlier factoris w«.

'

^ r\ ; 1 /. 1 and m Will be found to
• To determine w put « = 0. /> = 1, <• = - i. ana w/. win

• -- /A/A /.^r^ — fl^ and the result IS

be 1. The numerator is .-. x[a - b){b--c)[c-a), auu txx

X

'(^'a){x-b){x--c)

8. Simplifr ^^—^^Z^ + (c-a)(a-fc) + (a-/o(^"cy

L C M. of donommatorsis (a-i)(^-c)(c-a);

.. iirst numeiam- is a"- -6^ and by symmetry

second
" //^-r3,and

third
" c2 — a^ ",

the sum of these = 0, which is the required result.

4. P.Gduce

9 2 2 ^ (^-2/)M-(y_-::2)^^ + (^-^)V

Here the numerator becomes

(i;-V^;^ + i.'/-2)'^ + (2-^)'' ^"^^'^ '^ evidently

Observe that the denominators become the same by changing

the s "rbetween the fracti^^ the expression is sym-

met ctl with respect to . and 6. The numerator ot the «
n t 1^ «- + «-'^^'^-^2.e/,e+8a36^and by sy^^^^^

tf "eris _.--6/..3_i.26e.e-863.o. Their sum is ..

_.^._Ie^V.o_V/,c+c.3/>3_.8«363| = (.«-/>3)(a3._^3)2 _

: ;!3+/.3;(.3_p)3, and smce the denominator of the given

expression IS (a3 -6^')^ .-. the result is a=+«^
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cbanging

1 is sym-

the first

letry that

sum IS .'.

>3)8

the given

Exercise xlv.

Simplify the following

:

x+y
2a+A\ sla-i- 2b\ 3

«• (6_c)(c-a)
"^

(c-a)(a-6) "^ fa-h){h-c)''

1 1 ^I _
(a-i)(a-c) + {b-a){b-c) "^ (^3a)((^T)*

a-6 6— >; c-a {a— h){h—c){c-o)

4. 7

5

6

a-\-h ^ b+c c-j-a
"^ (^a+h){b -{-€){€ + a)

:+(a+/j)(fl+r)(a;+ a)"^(a+6)(6-c)(a;+A) {a+c){b - c){x-he)

7.
a;-*

+
?/'

+(x-y^x-z) "^ {y-x){y-z) "^
(^ - :c"j(« _ ?/)'

ff3 53 ^3

• {a-b){a-c) + (6-a)(/>-c) + (c - a){c - bj

10. -

" - ^r+.'gigr.

11.

1 .

{a+b-^c){b+c-2a)'

10 b^-c^ c^-a^ a^-h^
12. _ _ + _____

_f.

+

13.
a3 /,s

+
{a— h){a—c){x— a) ' {b~a){b-c)(x—h)

(c— o)(c — 6)(a;— c)

4-

n

;
^ J ,^

1;
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x{y-\-z)

+ 7

y(x+x)
+

«(a;+y)

(«-?/)(« -a;) ^ {y-z){x—y) ^ (z-x){y-z)

2
16. ll*-+'^i*zi:)lt(i±^ _

1 1

b—c a-^b

16. +x{x-a){x-b) a{b— a){x~a) b{b-a){x—h)

Section III.

—

Ratios.

Art. XXXVII. If — = 4- .-. ad = hc^ Now,
d

dividmg ad — he by ca we have
a

•«
a b

ad = /;c bv cd " — = -r
c d

«• m^ = be by ^6 "

rna+ ne
Also ZTT r^ = each of the given fractions • • •

(1).

(2).

(S).

(4).

For
'ma-\-nc

yiih
f)-

a
-Vnd\-j-] (mb+nd)Y a

^ °^Tmb-\-nd mb ~rnd ~ mb + nd

A very im'portant case of this is m=*l, n= ±1, hence

a c rt+c a — c

T "^ ~d "~ b+d
a—h c—d

Also — .-," = ~f"ia-\-b c-\-d

For by (2) and (6)

a b

6 ~ d

b-d (5).

(6).

Or thus
a-

a-\-

a—b a-\-b «— /) (? — <i

c — d ""
c-{-d

a c

rt+6 c-{-d

c—d
a

I 1 c+d
(^
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Generally, to prove thnt if ^ ^ Jl^, any fraction whose nu-
b d

merator and denominator are liomogeneous functions of a '•ad b,

and are of the same degree, will bo equal to a similar fraction

formed with c instead of n and d instead of b :—Express the first

fraction in terms of — , and for — substitute its equivalent ~
and reduce the result.

By (2) the fractions may be formed of a and c, and b and d.

re ^ ^' ^ ma+ nc-\-pe a

b " d ~ /' mb+nd+pf ~
b

ma-\-nc-{-pe

mb-\-nd^pf

mb-{-nd-\-pf

c e
or — or —

d f
(7)

inb-\~nd-

a
{mh-\-nd-\-pf)-j-

-IV

\i± =

For

c

b ^ ~d

ma-i:_pc

'nb±_qd

ma

nb

pa

and —
mb-\-iid-j-p/

n q

a

T

pa+ mc ma
nb

or
qb+ nd

pc_ ^ ma±pc ,

qd nb±qd '' ^ '

m.c pa + VIC

nd qb±_nd

pa
or &c (8)

But ^ — ^, hence the equalitv stated in (8).
nb qb ^

'
^ ^

If ^ = ^ = A and !!L .

''

b d f w ^

m.a+pc±re pa-r^rc+ me
= &c., = — = &c. . (9),

11/1 V 'nb±_qd+ sf qb+ sd+ nf

If au upper sign be taken in a numerator, the corresponding

upper sign must be taken in the denominator ; if a lower rfign,

the corresponding lower sign, otherwise all the signs are inde-

pendent of each others

Is ^

. fi

: I

It. I-

s ii

« , i« r r I- «

Hi

Ui



Ill

ii-. :ib

124

Examples,

a e 5a — ih

a

The given fraction =
«

. r
7-y + 5

~ 7c4-5tZ*

7A + S

5c - 4</

7c+S(i

2. I^T =
-rf-

shew that 3-,-^ --4^-3 = bc^cZ-Tt/a'

Dividing the given fraction by 0^ we have

+ 8
/>a

wV - *

, and this becomes, on substituting for --its equal
-^

+ ^72
r/8 2c3 4- 3c3(i

8. n3a = 26,findthevahieof ^y_;-^. This = (p- + Ij -h

6^

a
[by dividing both numerator and denominator by

a Vi

^3j. But from the given relation y = -7r "^^ ^^^^» ^^ substi-

tuting for -^y

a «

4. If-^ =
d

Prove that -.,-
, v, x -7 =

We have— = "T = ~— '
^^so

c-\-d

h^ la»

c's 4-^3 - t/s \63

r.3 is

^ 1 _!- _- _j. 1 = — , and this multiplied

by -J
gives

64 lil±b \4

~rr =1 > I r
ti» \c-t-ct/
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X' — ax-\-(i a
X^-.n.v''i + bx-\^c

Multiplyins^ both term, of second iractiou by a;, it becomef

x^'-iix^~-\^bx'' ^^"^ ^^^^ "i tiio given fractions a
differonce of numeratorg

(liJi'ereuce of aenomiuacor7;

c

or 2«;<; s 2A a; =
a

ux-^b
/

a

«-"f=T=7->'-«-::::S
«9 4.C»+<,f

For

Also

But

Td 'df~ jb'hif+df^fb' ^y (7) making m=;i=^ = :

6»
"^

Tiia
" ~p - lij^i^ij^^' By (7).

ac (!.'

hd
--^ hence the required ennality.

Olhe problem is a particular case of (t)), with all the signs +and a for m, b for n, o for p^ &c.

(If the fractious uiven equal to one another have not monomial
terms, instead of seeking? to express the proposed quantity in
terms of one fraction and then substituting an equivalent frac-
tion, It IS often better to assume a single letter to rem-esent the
common value of the fractions givon equal, and to work in terms
of this assumed letter.)

7. If
^"^^ _ '''+<' c-^a

S{a-b) 4(6-0)" 5{c~ay
prove that 32a-f S5/>+ 27c- = 0.

Assume each of the riven fr&.ctions = a;, so that a-j-b == 3(a - bjx,
b+c = ii'i — c)x, tj-^a = ijio — a'^x

% il

:r

M

»

»'

i

If

1
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M
jr'"

^m ';i

or
a -(-?> , b-\-c

+ +
-\-a

x{a— b-{-h—c-\-r--a) = 0.
8 ' 4 ' 5

/. adding these fractions we have S2>a+35h-{-2'ia = 0.

This example might also be worked as a particular case of (7),

thus

S{a~b) ^ Mb^c) ~ 5(7- a)

20(a4&) + 15^(6+c)+ 12(H-«) _ 32rt4-356-f_2Jc

82a 4- 356+ 27c = x
a-\-h

^a^b)
= 0.

8. If ^ + '4 = ^{-f - 4 + 41, prove that

a,2 4_^2 + ,2

Transposing terms, &c., we have

aS lac cs ^2

63 ~ "W "^ J^ "^ 7^

.82c« 6"

= 0.

or (T-Tr-(7-Tf = °=

that is, the sum of two essentially positive quantities = ;

/. each of them must = ; hence we have

- - - = 0, and y d
= 0;

4

•

• •

a c

b ~ d ~ / ' 6^ ~ 62-HC/3+/*

1

Also —
b

a-\-c-\-e
_

=
6+ <;+/•'

«3 /a+c+ <?\2^

" b^ - \b+d+fl
•

1 (a-\-c-\-,'\^ a2 4-c'2+g3

li+ ti-i-// /j2_j_ti2_j.ya
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Exercise xlvi.
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cd - 4t/3~

'

2. If ^ = ±, prove ^-IL^l _ (""-/'f (^+«\

». Given the same, shew that each of these fractions

4. If 2x = S7j, write down the value of

2x^^xhj+i/^ xi-3xhj+ 2vi

5. Ji — =
b

x^y+xy''Jr'2ir

^ / b vib — nd — yf

6. From the same relations prove that — = (a-mc~ne\^

b'^ \b —md—nrl

If
i+x o n -{.x-{-x'^\ .,

1-x = -^y-^^+J
'^'^'^ -' = ('—) ^i'+^')-

8 II'
]/(^'+a;)+i/(«-a;) 2a3

|/(«4-a--;-i/{«-a;) " "' P^ovethato; = ^_^^'

w;cH-a-i-c

10. If -~-^

mx~c~d
nx — o~a fi— -^yi

b-c
bz-\-cx

__
c — a

ay-\-hx " bz-\-cx ~
cy + uz

then each of these fractions =

a-\-b b-^c '

b-c

n-

a-\-b-{-c

ax+ bij-^cz

— ^a-\-b+c not being zero.
x+y+x

11. n c-\-a

a b 2(6-c) S{c-a}
, then Sa + db+ 5c = 0.

^^- ^
l/a-lTl'^r--:^ = T' sh^^wthat--- = (p_^^

la. If
x^ — yz y^ -xz

^~I^.y,.\' ^'^^^ ^> .V> ^ be unequal, shew

that each of these fractions is equal to x+y+z.

fr-l

j

-^ :<
'

)

i

1

"'
I

t

I

n
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14. If

,.3_LO+^r^-l 7/2 4.2,/ 4.1

a;2_2a'+ 3 2/=*-%+^ shew that each of these

fractions = (xi/-!) - (xi/~S),

15. If
25ar2^_.16 ^ 3(a;3-4)

10.^+8 - ''li^^^'
shew that

X-

x+ ,

41>c
16. If y = ^-- shew that

7/+2/> v4-2f

'^ +
?/
-2/> + :.—n- =2.

.'/-2

17. If — + />2 1 /AS 4.^2

4 \a2_/,

25a2+27^'2 +22r=0.
6 v;2 _^! G \r

-a-

•a'
prove that

18. li
<^

a;"' — 1/z

/>2

?/- -3d?

= («2+^>2+e2)(a:+7/ + 2).

2'''-ar.?/'
shew that a2a..|_52^_j_c22;

19. If
X V

a"+h-c. = h+c^ITt, =
<H^~6'

t^enwill (r/. -i)a- +
(6-c)y + (c-fl')2 = 0.

^
20. If — = -- = _^ t

/
~ /•

icn
,2.l.^?j_^0\3

21. If
-hx^aj/ ci/i-fz ftz-+ ex

-h c —a shew that

{a+h-\-c){x-\-ii-{-z) = ax-\-hij \-i

22. If -.-
x^~rjx^a-a^-\-r)xa" x-n
x^'+x^a+xd^+a^ x+n shew that each of these

expressions ='^

23. If
1 ia-b

G (/-!-/> irl

/h- ir— a

different, shew tliat ] f>*^ + 1 lb -H '^ = 0.

1UV'+'
-;— /' and a. i. e be» ^%

24. If

2fe5. If

// + ZX

1-
piove that x--{-y^ -\-z^-^9.xyz = l.

a

X—1/

a

y- 2 z - X,

shew that n+h-\-c = 0.

2G. If __ _ __, prove that
a-u

a a
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a
27. 11' -1 -

d /
then each equivalent to

tb-\-iitd-\-nf''
lience shew that

a

2z+2x^y 2x+2fr^ = 2^2.:r: when

y
2a+ 2i-c 26+ 2^:11, = 20^4:2^7^/
a

28. li' ^ _ Ji
6 ~ (i'

29. II'
X

prove that

Z/

a— b

a

X

(i/+ ^) h{x^z) -
c{x-fi)'

prove that

H

b)x-^ 30. If
~ w:::~T~7-x' ^^'^^ win

Ix

^y)

0.

81. IIz _̂ ^{a,/^-a'^)
and V = V{ax^~a^)

shew that

a = \/{(lZ^—il^\

•2 — 1/2

32. If *: ~1! _ .?^z
*'^

a"
•*^Z/ _= 1, shew that

i«+y+^ =_ a'^x+ h^n-^i

88. If
??i w

y
= — , and V

= 1.

f

prove that
WJ'

ti*
+

V'

-h
'

__.
W'+«2+/

7^- =8
•^'i-y-+«^

S4, If
u I

~ y " ^c., then

•In /,!)»

tin

a^c"^" - (rt'» — c^ + e^)*

t 5

• If^l
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(I, (Z. ttn Cl„

85. If yi = T^ = 7^ - . . . = 7^, then
*1 *3 ^3 ^n __

A+B+C A
86. If

abc

,
B— + — + —,abc

2Mi)i {A+B+ C){a-\-h+c) = Aa-\-Bh+Cc,

then will p_p^, + j-^p + ^^:p^
-

, , A , B , C
and also + —— +

- xh
37. If -^

a-^

X

a
b+'

' c

c

Zl ^ X^ ?/3—
> and -^ = —

then will (-7- + -7- +
J
n k c

a 2

2\3

= 0.

= 0.

= 1'

_ a^ 63 ^2

H
Section IV. — Complete Squares, &c.

1. What quantity must be added to x^+px to make it a com-

plete square ?

Let r be the quantity.

Then x^+px+r = complete square = {x+ ^/7~)^

=^x-+2xs/r-\-r.

Equating coefficients we have

••• » = T = It)

Or thus: Since {a+x)^ = a^ -i- 2ax + x'^ ; we observe, (See

Art. XII), tha,tfour times the product of the extremes is equal to the

square of the mean,

.-. Ax^r=p^x^ ;

\ 2

-T^Tl » as before.
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Or we may extract the square root and equate the remainder
to zero . thus

P

X'

2aJ+"2" px-\-r

px-ri-
4

P 2

>Tov7, if the expression be a complete square, this remainder
must vanish

; hence we haA^e

r = P^ _ I p\^
4 12/

2 Find the relation connecting a, h, c, if ax^+hx-\-c is a com-
plete square.

Assume ^x- +bx+c^{y^n,x+y^cr^ =ax'^ +-,y^{ac),x+ c.

^Now, since this holds for all values of x, we have 2 ^ITc =h, or
h- = iac, the relation required.

3. Determine the relation amongst a, h, c, in order that

a^x^+bx+bo+!>^ may be a perfect square.

As in Ex. 1, we have 4:a''^x'^{bc+b^) = h^x^
;

• i _1 1"4^2
b -

Or thus

:

Assume a^x^+bx+bc+b^ = (ax+ y'oc + b'^y

= a3x^+2ai/lj'^b^-\.lc-\-b^.

Equating coefficients, we have b = 2a^bc-^b^
;

•*• ^, — -T- = 1, as before.

The same rfisnlt mnv olan ii« /^i-,<-r,,v-'i i-i ^ j^* - - i^—"J ' '-^ '-'"-rticiincu Oj- u^vuiiuuiig cne square
root and equating the remainder to zero.

rU •':>

'.I '1

A\

1-* {'

\(-t\
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4. SIiow tlmt if x^-}-rfx^-^hx"-^rx-{-d ho i^, ciomvihtp: square,

the coefficients satisfy the equation c^ —a^d = 0.

Is it necessary that the coeiTioients satisfy any other equation ?

Extracting the square root of x'^ +rfx^ -^hx^ +cx+d in the

usual manner, we liave for the final remainder

c - h - ^a- ^x-\-d- —
) 4

b - "_!i

'

a

I T\ 4

Now, if the expression bo a complete sqii: ^iiis remainder

must vanish ; and, that it may vanish for general values of x, we

must have

'-ii''
rt2\

T,'

3

A \ 4 I

=

Eliminating h - — , ^vg have e- -fl~^^ =
4

(2);

(3).

The coefficienis must satisfy the equations (1) and (2), and

therefore either of these equations, together with tive equation (3),

which results from them.

The same result may be obtained by assnraing

x^+ax^ 4-bx^+cx-^d^{.v^^}iax-{' s/<f)^

.=x'^+ax^-\-2x^^d

4- }fa-x^ 4- ftx s/d+ d.

Equating coefficients, we have 2vA/+]r/,3=6 . . .
**

(1)

and a^/d~c . . . (2).

From (2) we have c^ — a-d = 0, as beiore.

6. What must be the value of m and n if

4a;4 _ i2x^ + 2ox^ — 4:mx-\-Sn is a perfect square ?

Assume the expression= {{^x^ — 3x-h y{Sn)}^

= 4a;4 _ I'iajS -i-4,'«'^ y(8/0+9a;^ - Gxn/ (8n) -»-3n.

Equating coefficients, we have G\/(8^t) = 4m. .... (1),

and4>/(8n)+ 9 = 25 .... (2);

.% ??-=2,

m = 6.
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Or tIiu«:ExtrnctInrribe square root in tbe oraSnarv ^av theremainder is found to be (-4m + 2i)r^Sn~~16' ' Jl IL „\ ^ '

^^^J-o, .. we must

and 8w~16= 0, orw=2.

and sLll^^'''"^'''"^'^
^' ^ '"""^P^'*' '^^'' ^^^^ *^^^^ -^' = '^^'S

Assume «a;3_}./,^3_f.c^_{.^^^^_^^^j 5

Equating coefficients,

b = Sa^d^

c = Sa'd* . . .

dividing (l)by(2),l =. 4 J

c d.i

(1)

(2);

Also, h^ = 9atd'^

dividing (8) by (2), £_ = .^

(3);

3^.

b^ = 3ac.

7. Find the relations subsisting between a, h, ., d, e when
^a.4 + hx^^cx-^ ^dx-\.e is a complete founh power.

Assume ax* + 5a;3 ^ra;3 +f/;z;4.g = („f^.f.^')

4

Equating coefficients, we have

<i=4aTgf;

whence ftfZrriea*?.

* * * #

8. Shew that a,M.^a.3+^;,2 +,^_,., ,,„ ^^ ^^ ;^;,^;^ ^;^ ^
rationalquadraticfactorsif.be a perfect square, negative, «Id

(1).

(2).

(8).

Anno] ^r\

>» _ 4^

ff

I'

ui

^

if

«
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Since ~.t is a perfect aqnaro, let it b« n^.

Assume x'^ +jjx^ -]-'P'^
-{-'''•'' ~ '' '^

= {x^ + nix-{-n)(u'^ +ni 'x - w)

= X* + (m-\-m ')x^ -1- vim'x^ - »(m - m ')x -w'.

Equating coefficients, we have

vuu'~q

m—m /_
n

r^
:. {,n-m'y^=p^ -iq =-^

n*

= 71" = —3.

1^1

Exercise xlvii.

1. What is the condition that {a— x){b— x) — c^, may be a per-

fect square.

2. Find the value of n which will make 2x'^-{-Sx-\~n, a perfect

square.

8. Find a value of a; which will make x^-\-(Jx'^+ llx--[-Sx-^dl,

a perfect square.

4. Extract the square root of

. 6. Find the values of m and w which will make

lx*-~4^x^+ ^x^ -mx+n, a perfect square.

6. "Wliat must be added to xA-V{ix'' ~-lGx"+ 16)-ix^ in

order to make it a complete square ?

7. The expression x"^ + x^ — IGx'-^ — ix -h 4:8, is resolvable into

two factors of tho form x'^-{-mx-i-6, and x'-^+nx-^S; determine

the factors.

ex
8. Find the value, of c which will make 4x* — cx^ + 5x^ + -. +lf

a complete square.
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9. OKaiii tite ^ juare root of

10. If (a-6).= + (a4-i)^'a;+(a«-i^)(a+6). is a complete
flquare, thou a = 36, or h= a^.

"^

11. Find the simplest quantity wJiich, subtracted from
a^^^+inL:.+iacx+6bc + 62,,, ^m give for remamder aa eaact
square.

12. a^*-4a:3-a:3+ .lG;c-12 irresolvable into quadratic factors
of the form x"^+mx+p, and x'^ + T^x+rj: find thorn.

13. Find the values of m which will make x^^^max + a^
afactorofa;*-cf,a;3_|_f^3^s..^3^.^«i_ '

•

14. Shew thatif .,4 + .,a,3+i^., +,^^^ T^e a perfect sqr.are. tho
coeihcients satisfy tho relations

8c =a(46-a3), a^id

6id= (46_a«)2.

15. Investigate the relations between the coefficients in order
that ax^^+bj,^+cz'^+,i^,^^,y^^f^^ raay be a complete square.

16. If x^+ax^~^rf>x+c is exactly divisible by {x+ dy\ shew that

17. Determine the relations among a, b, c, d, when
nx^~bx^ 4- cx-d, is a complete cube.

18. The polynome ax'^^Sbx^ +3cx+d is exactly divisible
by («-a;)3

;
shew that (ad-bc)^ =4:{ac-b^)(bd~c2).

19. Find the relation between ?. and q, ^vhen x^+px^+ry ia
exactly divisible by (a;-a)2.

^^ ^^' '^

20. If x^-hnax+a» is a factor of x^i- ax^-Ua^x^ +a9,.i.a^
shew that w2 -71—1 = 0.

r >r
,

21. If a:4+«^3 4./,^3+,^4.rf^ b3 tl^^ ^^^^^^ ^^ ^^^ complete
squares, shew that

^

t,i

-1
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22. Prove that »* -r px^ +qx^ -^-rx+a is a perfect squaio, if

/>^a=r, and </ = —--{- 2y/s.

23. If ax^ +Qbx'' +8c c+ d contain ax^+2>bx-\-e as a factor, the

former will be a complete cube, and the latter a complete square,

2d. If m^x^ +i>x+pq+q^ be a perfect square, find jy in terms

of m, g, and x.

25. Find the relation between p and q in order that

x^+px^+qx-\-r may contain (u;+2)8 as a factor.

20. li x^ +px'^ -{-(ix-\-r be algebraically divisible by

'dx^ -{ 'll}x-\-qt shew that the quotient is aj -f -^»

Kelation in Involution.

Art XXXVIII. If aa' = ^;6' = cc', prove that

1. (a+ 6')(^+c')(c+ a')^(*'+6)(6'+c)(c'+a)

{a-{-o')xa' zzaa' -^h'a' = hb'+ h'a' = [b+ a') xh'

(6+c')x6' = 66'+c'i' = cc'+c'6' = (c4-6')xc'

{c-\-a')xc' = cc' \-(i'c' = aa'-\-a'c' = {a-\-c')xa'

:. {a+ b'){b-^c'){c^a')xa'b'c' =

(a'+6)(6'4-6')(6''+a)xi'c'a'

;. /a+^,')(64.c')(c+ a') = (a'+6)(i'+c)(c'+a).

2. {a+ b){a+bi){a'-c){a'-c') = {a'-\-b){a'+b')[a-c){a- 0%
{a+ b)xa' = aa' + a'b -bb'+ a'b = {b'+ a')xb

{a+b')Xa'==aa'+ ab' = bb'-\-a'b'={b+a')xb!

(a'—c) X a = aa' ac — /•/•'cc'— ac=(6''— a)x
{a'— c')xa = aa' -ac' = cc'— ac' = {c — a)xo'

:, {a+b){a+ b'){a' -c){a' -c') X (aa')^ =:

(b'-{-ai){b+a'){c'--a){c-a)xbb'.cc'

Butbb'.cc'={aa')^,

and (c'— a)(G-a)={a— c)(a—c')
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Exercise xlviii.

If aa'= M'= cc' prove tliat

1. («-<^')(^-«)(c'-a') = (i-a0(a~r)(c'-6').

2. ib-c'){o-u)(a>~b') = (c-b'Xl,...a){a'~c').

8. {c-ci'){a-b)(h'~c') = (a~c'){c-l,){b>~a').

4. {ci-b'){b~c'){c~a')^(a~c'Xb-a'}{c. b').

5 i^I±Hf^O ^ ia--c){a-c')
' {c^'-b)\a<-.b>) [a'-cj{a^^'y

g
(6--c)(6-V)

^ (6-«)(6_^')
• (6'_c)(6'-6-') (6"'-aHi^r^')'

7 (£l_iO(£:i^)_ __
(c-*)(c-^.')

• {si-a)(c'-a')
^

(c<~b)(^c''^b'y

8. Shew that the 3cvei. preceding relations may be derivedirom the sinde relation
uenvea

I, I

A I

I*

f ;(

"'

1

f(

« ii

" P

'!

s ,i' liv. J
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OHAT'TER V.

5 *

WW

SiuPLR Equations of one Unknown Quantity.

Art. XXXJX. Preliminary Equations. Althoni^h the
following exercise belongs in theory to this chapter, in practice
the numerical examples should immediately follow Exercise I.,

and the literal examples Exercise III. Like those exercises, this
one is merely a specimen of what the teacher should give till his
pupils have thoroughly mastered this preliminary work. But
few numerical examples are given, it being left to the teacher to
supply these.

Exercise xlix.

What values must x liave that the following equations may be
true?

1. x-5 = 0. aj-8i = 0. x-a = 0. 3:4.3 = 0.

2. a;+4i = 0. x + o=0. a;+3 = 5. «-4 = 6.

3. x-a=b. x+a = c. x-h=-c. 6-x = S.

4. 8 -a: =10. 5 +x=U. 9+x = i. l-x=~5.
5.8+x=.-6. a-x=Sh. 2a = x-h3b. 3a = 5b-x.
6. 2«;--6 = 8. 8a;+8 = 20, ax = a'^. mx=bm.
7. 3x = c. ax=5. ax = 0. {a-{-h)x~b-\-a.

8. {a-b)x = b-a. {a+ hx) = {a-i-b)^. {a-h)x = a^ -b^.
9. {a+b)x = b^~a^. {a2-ab+ b^)x^ii^-hb3.

10. (a2-h2)x = a-b. {a^~b^)x = a^b. {a'' j^b^)x=l,
11. {a-{-x-b) = {a-\-b). x-a+b = b~x+a.
12. 2a-x = x-2b. ax+hx = r. ax-b = ox.

'13. ax-b = bx— c. ax — ab = ac.

14. ax—a^=bx— b^. ax — a^-hx— b^.



16.

IG.

17.

18.

19.

20.

21.

22.

23.

ti.

25.

26.

27.

28.

SIMPLF! EQUATIONS.

ax-a^ = hi-hx\ ax+b-^-c^a+bx-^-cx,

a-bx~e^h-nr.J^cx\ a+hx+cx^ =zaX''h-\-cx^.

bx~cx^-j-e = ex-b-cx''i
; iix = ^; 4a; = 4.

10a:=;-l; ax=L; ax='^
e h

189

, a h

b a

ac-hcx^ "1^ ^
ah^

lx=6; lx = H\ •5x=2; 'Qx='QQ,

•02a; =20; 'hx=''l; -ix^-Q.

ax
•18a;=l-8;

X

a
= b; = c.

b c * a-\-b
~^'

a4^i~

aa+b— X = ~
a— b b

a a
r «= -—r;b—a a—b
a-\-b a— c

X =
;

ci-\-c a +6

a— b a-^b

a-hb h— a'

b -a a — b
. oj =
a+b b-fa

1^

X

I

2" X

£0

1^

ab
1_

X

a. a

X

b_

c

29.

30.

31.

82.

83.

84.

35.

A 4. 1 _ 33 1 a

20"^6a;~5^~T' 1^
^

x-1 "" ^ZJj'

b

c

S

o

7

a;

= 0.

9

= i + i

= 7 H
Sx-4. ^4:-3x

(a;-4)-(a;4-5)+a; = 3; 2x- (a; -5) -(4 -3a;) ==5.

2(3-a;)+ 3(a;-3)=0; 2(3a;-.4)-3(3-4a;)+ 9(2- .r) = 10.

a(l-2a;)-(2a;~a) = l; x- 5{a~x) = bx- 5a.

mx(Sa~4:}-\-3mx-Sa-\-l=0.

a{bx--c)+b{cx-a)+c{ax-b)=0.

a{ax -b)j- h{cx- c) -f c{cx~a) = 0.

\

•;

1 :

1

;i . i;

I «n i^

\m

1'

i •
: it'll |i

i

J

I

I Iff

1. in

m
I'

m.^
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im

m

86. a{hx~a)-j-h{f'x-h)+c'{ax-c)-0.

37. a(x -2h)-\-b(x-2r)+c{x-2a)=a^ + h^+e»,
38. 3(3{3(3a:-2)-2}-2)-2 = l.

39. 9(7{5(8a:-2)-4}-G)-8 = l.

40- MKTHKa^+2)-f-2}+2)+2} = l.

41- i{iaU(^ + 2) + 4}+6) + 8} = l.

44. ||{W(^{f(|a;+4)+ 8} + 12)-f20} + 32 = 68.

45. |{|(im^+7)-3}+6)-l}=4.
46. r{^(;,{w(wa;-a)-6}-c)-rf}-e = 0.

47. (l + 6:^)2+ (2 + 8a;)2 = (l4.l0fl;)2.

48. 9(2a;-7)^+(4a;-27)3 = 13(4aj+15)(a;4-G).

49. (3-4«)3+(4-4a;)2=2(5+4a;)2.

60. (9--4a;)(9-5fl;)-f.4(5-a;)(5-4ic) = 36(2-r)».

Art. XL,. In order that the product of two or more factors
may vanish, it is necessary, and it is sufficient, that one of the
factors should vanish. Thus, in order that {x-a)(x-b) may =0,
either a?_a must = 0, or x-b must =0, and it is sufficient that
one of them should do so.

Hence the single equation (x-o){x-h) = is really equivalent
to the two disjunctive equations, either ar-a = or a;- A = 0, for
either of these will fulfil the condition of the given equation, and
that is all that is required.

Similarly, were it required to find what -alues of a; would make
the product {x-a){x-h){x-c) vanish, they would be given by

a;-a = 0, ora;--/; = 0, ora'-r = .'. x = aorborc.
Hence the single equation

ix—fi)(x—b){x-c) =
is equivalent to the three disjunctive equations

a!-a = 0, or jr-6 = 0, ora;-c= 0.
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Examples.

1. Solve «;=-«- 20 = 0.

f^rir^'lfr''"'^^"+'''
"'^'"'' "" ^-^l^if either of.it.

'""*"" ^o^^. that is, if :. - 5 = 0, or «+4 = 0,

•'• a^ = 5, oro-rr— /t

This gives a'3(^_l)_^(^_l)^^,^_j^^^^_^^

= a;(.r-l)(a:+ i)(^_l)^ which vanishes for
x= 0, x=l,x=^l,

3. Solvea;3-{-a2a;2_^^_^3^Q^

This = ar(.-«2_^)^^,»(^,_^>^

= (x+a^)(x2^a), which vanishes foT
ic+as-o, anda;8-a = o, or

4. Solve a;2(a-i)+„,2^/,_^)j_^^s^^_^^^^^

The factors of the expression are (Ex. 2, page 79)
. -a, x-K a-h; hence the expression vanishes ifx-a = 0, ovx-h = 0.

5. Solve 221a;2 _ 5a; _ 6 = 0.

Here we have the factors 17a; -3 and 13ar+ 2
;

.-. the equation is satisfied bv 17^^-3=30, or
^="3'

and 13a;+2 = 0, ora;= - 3
.

6. 8olve2a;4+2a;'' + G«-18 = 0.

In this case we have 2(^4 - 9) + 2x(x^-\-d)

=:2{x2+S){x^._S_^_^.^ ^^-^.^ ^^^.^^^^ ^^^
«"+':> = 0, or .r^+.r— 3 = 0.

7. Solve (x- a) ^+ (a - h) •> -;- {h -xy^ = 0.

The expression is equal to S(x~n)(a-.b)(b~.x),
and therefore vanishes for x-.a = Q or -- -,

'

and for a;- 6 = 0, or a; = 6.

i-
It '

'.',
' ' •

1

' i

i
i

i

--''

i - f

1 '

i

to ,
•

I;

?

,

•
'?'

,1

;',
"

•«-,,!

. * ," ""

, »

.

i
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Exercise 1.

1. If an equation in x has the factors 2a; — 4 and 2a; — 6, find

the corresponding vaUies of x.

2. If an equation gives the factors 2a;- 1 and 3aj -1, what are

the corresponding values of x ?

8. If an equation give^ the factors 3a;^ ~ 12 and 4x — 5, find the

corresponding values of x.

Find the values of x for which the following expressions will

vanish

;

4. a;2_2a;+l; 4a;8-12a;+9.

6. 9x2-4; x^— {a+b)^-, x^-2ax+ a9.

Q. x^-dx+ 20; 4a;2_l8a;+ 20.

7. x^+x-6: x^-x-l2; 9a;3-9a;-28.

*8. 6a;3-J2a;+6; Gx^-Vdx+G; 6a;2-20x-f6.

9. 6a;3-5a;-8; Gx^-Slx+d; 6^3_^a;-12.

10. A certain equation of tlxC fourth degree gives the factors

a;2 —x— 2, and ix^ -- 2a;— 2, find all the values of x.

Find values of x in the following cases :

11. x^-2hx^-Sb'^x = 0.

12. x'^-ax^+a^'x-aS^^O.

13. a;3-2a;+ l = 0; a;3-3a;+2 = 0.

14. ic4-2«a;3+2a3^— «4 = o-

15. x^ i-[b+ c)x^ -bcx-b'^c-bc" =0.

x—a , x—b
16. 7 Hx—b x—a

{a-by

{x—(c){x — b)

17. x^~bx''-a'^x-a^b=zQ.

18. 3a;3+4rt/^a;3-6a3/j2^-4a363=o.

19. x\a-b) + a^{b-x)+b-{x-a)=:<).

on (
^-^) (^-^) 4.

(a?-c)(a;-c<)

^^' {a-b)\a-c)
"^ {b-c){b-a)

lx-2a\ 3 /2a;- a\ »

21. a; ~r-: + 'M _.";;
=a;3-cia.

\x-j- aj '
\ u;+«/

(x—a) (a;— 6)
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22. (fci-a+ h)i^x9 - a^ - b^ = {x+ a){a^ ~b^),

23. -. ~ J *^
, ox

143

+ 4-(O-aXx-a) -^ {x-a){a-h) ~^
(^;::ib)ib^ " ah'

24. Form the polynome which will vanish for x equal 5, or
'

— u, or 7.

25. Form the polynome which will vanish for x = a, or 4a oi
Sa, or -4a.

'

26. Form the equation whose roots are 0, 1, - 2, and 4.
27. Form the equation whose roots are 1 +v/2 1 - yo ] /o

and 1 + ys. ' V -, V <»,

,-ll,f^rV^^^i
^"^ '!'^'''"^ fractional equations, the principleB

Illustrated m the section on fractions may frequently be applied
with advantage, as in the following cases.

'

When an equation involves several fractions, we may take two
or more oj them together.

Examples.

1. Solve ?f^ _^
7a:-8 4a;+6

'~f~'

J.

= "2-. .-. 7«-3 = 3a;4-l, anda:=l.

14 "^ Gx+2

Here, instead of multiplying through by the L. M of the
denommators. we combine the first fraction with the last, getting

7^3 _ 7 1

6«+2 ~ 14

9 17:»-32 "^ 3 - 12 ~ 86~'
In this case, taking together all the fractions having only

numerical denominators, we get

8:»+34+12a^-21;«-}-;B+16 _ 13a;-

2

36 " '
-

25 _ 13a; - 2

18

17a,' ^ 32 '
°^

17a; - 32 '

.-. 425a;—bOU = 234a; -36, hence a; = 4.
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It is often advantageous to complete the divisiom represented

by the fractions.

3.
4a;- 17 3f - 22uj a;'

= X
(5

1-
9 83

Here, completing the divisions, we have

4x 17

9 "" y " 9

-.--2 = x+-- -

1 2a; «

O

6

, aa;+6
4. ^- H-

a; — vt

9

ca;-|-rf

a; —

w

X
-^ T

6

a;

_ o _ or a5 = 3.

= a -i-c

,
ani+b cn-j-d

a; — v>i
'

a; — w '

/. (aw?.+ h) (a;— n) + (en+ d) {x - m)—
{am-\-b + c/i+ tO-<^ = (a+c')/rt/t-t- i/i+t^wt.

6. Similarly may be solved

ax-{-h cx+d cx^-\-fx—g

x — m x-n [x—m){x— n)

am+b ^
cn+

d

{<'{iii+n)+f\x—em}i—g
= 0.x—m x— n {x — vi){x-n)

{am+b){x—ny\-{en-\-d){x— 7n)-^ {e{m-\-}i)-\~f\x — emn- [1 = 0.

{{a-\-c)iii-\-bi-{i'-\-e)n-\-d-\-f}x= {a t b-\re)mn -i- bn-\-drn-j-<i.

1 ^ a;-l3a;+:

43 13
••• ^' - 8:^1 + ^ + :^ 1

= 52, or

13

x'^1

43

3a;-M'
. 39a;+ 13=13a;-13, aDda;=14.

7.
^o — -^X 1G,^+4J > 23

^ 3a;+2 a; + l

Taking the last fraction with the first, and multiplying the x^'

Buitiag ctjufttiott ly X5, wo iiave
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3.^2 7-^ + «> - ^-^^, or

_97__ 35
8.T+2 "= ^+1 ' •• »^ = 27, and a- = 3|.

8 ^"'^
I

^""'^ « —

p

14.1

9.

which is satisfied by x~(a-{.b + e) = •

X — G

x = a+h-\-e.

+

VI 4- V.

x+a x-h '

:.
^(^'-^)

j_
n{x-r)

x— (t ' x — h~ "

which may be solved as in Ex. 1.

ou
'7

2.^+4 3.r+ l

1

3.^ + 4'

2

2.^+4 3..+1
'^-

,.^^.4'^'

^^•+1 2.^+4 - Wx + 1
- 3^+4'

3a: 4-7 _ 3ar+ 7

2a;2+Gu-+ 4 90:2 + 15:^+4*

This can be divided by 3ar+ 7, giving? Sa:+? = 0, or x^ r

The result of the division is

'

a-

1 1

2x2+Ga-+4 - 9^3+ 15:^-4
-.', or

b)-

9.r:2 + 1 5a;+ 4 = 2x^ + Ga- + 4,

X.

or7«2=-,9;r. h^«]

a! = ; the result of the division is 7a^= _9
iici' -.ve can divide

or ar= — 1.

i:!'

f I '1

i i[

p.^:l;

f!i

" '»». Jl
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1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

11.

12.

13.

14.

15.

16.

SIMPLE KtiUATIOHS,

Exercise li.

10a; 4- 17 12x--f- 2 iiX-

18 13x- 16

Gx+18 9a; 4- 15

~T5 ~ 5a;- 25

7a;+l

+ 3 =
2a;+ 15

X-

4a;-

35

9

a;+4

T2X
+ 3;

2x-9

2a;

+

-7T +
2 -14a; 31+;

+ 14

10 - 3^a;

2

19
21*

a
+

'dx — a

3(a;-a) ^ 2(.r+a)
= 21

a;—

4

+
3a;— 13

6a; +6 ^ lBa;-6

3a;H- 1 a;-ll

2a; - 15 2a;- 10
= 1

a;-9

X-12
X- 7

X-

+
X-

X

+

-12

a;-l

= 2 +

> X--5 ^
X-

7 3a;- 19

a; -7 a; — 13

5
.

a;+l

a;—

o

-8

+ -
3a;- 11

x+ 7

+
X-

- +

3a;

•>',
:a;-

= 5a;— 6
a; — 7 X 9

2H-1 3(a;-3) ~ 4(a;+2) ^ 5a;+ 13

5(2a;2+ 3) ^

5-7a;

7a;+55
2a;+ 5

1 - 25a;

15

6.

20

a; -8

:?a;3 + 8. 17
+

15 32

2x -4 a;- 16 ^ a;-18 ~ a;- 17

_1_
x-'2

30+ 6a;

3-2^a;

14(a;-l)

2+2ia;3

28- 5a; 10a; - 11

~~V 30 +
X

4a;3

2^~ x-6

+
48

6 — 5a;+a;2

a;+l a;+3 a;+l

5a;2+a;-3 7a;3-3a;~9

X

X-2

-4 7a;- 10

a;-9
^ a;-7

a;+ l

" a;-l

a;-8
+ ;«-6-



7
= 6.

20
• 4
^

a;-8

32
^ x-n

f
X

8
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17. ?ir_3«_-l^ ,

a:2-7a;-17
«-5 + ^^717)

4a;+5 + 4j?+7

2|Kj^3 2x~i

__ 2x+it
28

18.

19.

20. !^+6

4«-l-6
+

x^j-Qx-l^

a;-8

4a;H-10

4a;+4 ^ 4x'+ 8

2x-7 2a; -8
2a! -8 ~ 2^^~r9'

11a;X
23a;-6 "^ 4 ~ 21 ~ T2

21.
^_''

~.^
, ^ini^

«^-6 "^ a;'-^-12

x^~7
+

x-3
42

x^~9

22.

23.

o. _ 1 2 5

2 '

l-2a;

2-Ga;

13
= X ~

x^-H ~^ a;2_iQ'

5a^KlO-3a:)

1+x

3U

1
3(^.3-^+ 1) + 2(a^Tl) + 6M^T) = 9(a;^-

24. ?^;+f^ + •'^i--4
^ ^_-jL7

_^ 2.^+7.-13

9^:

26.

27.

28.

x-b x-.a (x~a){x~b) " «+^-

. Bx-i-a 2x+9a~ ~

m^ 13^n _ 18^,_7 _^ 13i.-9

.__ ,

1
a? l(3a.

29. |(|a;+4)- Zi -X X /l-1l

30. ^
8 "' .2 ^ a.

" -j

- - _Ji^i:9 1 3 2^3 _i
2 (3a;-l)(^.+3) = ^^^~Y- -^-^s"

81. 1+ ^+1_ _ 4ar4-5 ^ a;3 + 8a; + 2
2(a;-l) 2(aH-l) " x"-2x.^

'

57 -3a;
"""2""'

t

' I
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82.
Ix - 80

42a;- 171

C3

5a;-

7

\X — 6

2 - 21a;

21

2a;-0 1

18a; - 22

la" - '^x
C3. ,., „ +Cx-+

l-t-Oa; 101 -(M.— — =18' —
b

54-9a; _ 5- 12a; 2-la;S

•^^'
l-a^fl 7- 4^^-^" 7-25a;+ I2a;^'

35. ^

8*+ 25 10a; +93
2a;+ Dr.

'"
»),.
^a;+ 11

18a; +8G 6a;+^6

1 1 1 1
86. —

,

--. H ,-, 4- ,

,
+ , =0.

x-\-a-^u x—a + o x+a—o x—a—o

Art. XLII. The robults deduced in Section III., Cliapter

lY., may often be applied with advantage.

1.

2.

Examples.

ax 4- h ni.

ex + d n

{ax -\-b)d— (ex+ d ) h vid— nh

{cx-{-'J)a— [i(x+ u)c /uc—mc ^^ ° '

md— nb
x=

na — mc

a

ui

ax^ +hx-\-c

ntx''^-\-}ix+p

{ax- -{bx-^c) — ax'^

{iiix^ -rHX+jj) — nix'^

bx + c a

nx+j.) lit

a

Hi

8. —^x^l
a; 4-4

8a;- 13

(page 122).
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%(5) each Of these fractions =
149

or .'. x= G,

4.

diflferenceofnumerators

difference of dcuo~niI^t^y'

nx-c-d nx—b-d*
mx-\-a 4- (5,

20 Sr+y

^-r^ * x+i'

^^' % 4, page 122,

or (n - /n)«

5.
l/(^+a;)-fi/(a^.c)

Here by (6), page 122, wo have

2j/(«+_«) _ a 4-1

" '^
' '

""'' cancelling the 2 in left hand mom.
2/(a -. ic)

ber, and squaring,

a-1

a-M
__ (a-f-l)3

a—x" (a^i)3' whence, again by (G),

(«+l)^-(a--l). _ 4^
2x

2a

2a»
• ''- a^+ l

l/(x-a+ Z*) + ^/(;^+«_-^y = ^_^-^-

squaring and again applying (6),

2a

2x

l(a-b)

a^+b'^
a^'\-h'

a-i-b

. :(:

•
I

•

1

n

' I;

•i i r

If-

i'

(

j

!
tiffl

3 i

I
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Exercise Hi.

''H

2.

1 +x

a-\-x

F-^ix

a-\-x

1 . x-\-n

a

= 1

x — a
= m:

(IX

ax

-k-h m
11

a ib+ x)
= h :

-«
a -x a—x h-.

x-i-m

a— x

4. _

a~h x—m ~

a-\-hx c+ilx, a-{-bx

a-\-b ~. c-\-d

a+6. a-\-h a-

a-b \-\-i:x

c-\-(\x a — x

ex

a c — d X b-i-x

2a;3-5aj+6 x^-lx + >

2a;2-7a;-|-3 X^-0a;+2

6.
ax^b~

7. If

(/>-c)3

ax-h+ c ~ {h + c)^

l/{x-\-y)-{-y^{x-y) _ _£

l/{x+y)-]/{x~y) ~ y
— , shew tha*

x~y
^. 1.

2a;-7
2a; -3

X 10a;-32
X bx -8,'

10.

11.

i2.

13.

14.

15.

57a; -43
T9a;+13

"

21 0a; -73

3rd^-66

+7 , 4a;-5

+Tl' 2a;+10

3()a;-7 . 23x4- 5|
13a;+25' 116u.--29 - 180a;-f23*

30a; -7

21a;H-7"3 . mx — a — b v^x— a — r

31a;+8 ' nx—c— d ~ nx—S—d

8a;+v/(4a;-.^s)

3a;-y(4a;-a;2;
^ = 2

v/(12a;+ l)+v/(12a;)

l/(12a;+l)--p/(12a;)
= 18

x^-\-ax- —bx-\-c x^-\-ax—b

x^ —ax'^-\-bx-{-c x- — ax+b

j/{'ia''-x'')+ h^{2a-x) /a+ h

l7(2a2-a;3)-V(2a-a;) ~ ^a-b'

|/(a;3+a3)+^/(a;2^ ')

V(x^--^n^)- V{x^-a^)

8a;3 +12x3 -8^4-'") _ 4a;2-f6a;-4

8;j;TrT2«3+ 8x:+5 " 4a;3'-6a;+4'



16.

17.

18.

18.

20.

2a.

SIMPLK EQUATIONS.

lf(a;4.T)+^(;B-ri) = 2

5Fl2;c--l)+ 2/(3^_a)
4i/(2.«-i)._2p/(8i~r8y = m-

|72a;-|7(3~2:r) = o^

161

26.

22. 83|13-2^(._5)}=3{13+2,/(^-5)}.

24. 'vS^±fl±vl* _ l/^ + i/a

t/;«+28 ^ i/«+H8, t^2^+17 |f2:^.+27
!/«'+ 4 !/«;+ 6'

if2:.+ 9 = r2x+16*
26. ^i^^i* ^ t/5+4a . 8a; - 1 1 + ./Sa;

l/a;+ b ^x+W '^/SxTi
"

9

;/a-l/{a~x) __ j/x+^b
l/a+y{a-x)-''' Vx~Vb =

axj^l+^/ia^x^ ~ 1)

«^ 1 - v/(a2^3~Z~i)
'^^•

14-s/{l-V'(r_a.)}
=«•

--'^+^ HI. l+.r+a;^

^^±±}^^:±i _ «H-lo^+i

.•1k"4.^^^^T^"""^ «*^^^- ^^•tifices may be employed to-—x-^jf tue soiuiiiou ol equations.
~ '

27.

28.

29.

30.

31.

a

T

62

63

I4aj

T-x
X z—

':

^;il
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STMPr.R RQTTATIONfl.

EXAMPLKR.

1. Solve 24->/('4r« -0;r-f-B)-2rr=0 : here ther^ is bnt ono

surd, and it is convenient to raako tliat surd one side of the equa-

tion and transposo all tlio rational torms to the other ; this gives

>/{iT.^ — Oa;+8) = 2x—2', squavinf; both sides,

4x^—dx-\-S=ix^-Sx+^, :. a; = 4.

2. V{a + x)-\-y/{a-x) = '2\^x. We mi{?ht square this as it

stands, but the work will bo simplified if wo first transpose, thus

y/{a+x)= ^\/x— \/{fi-x); 'low squaring,

a-^x = ix+ (f, — x— 4i\/'{ax—x^), or

x = '2,V{nx— x^). Again squaring,

x^ =inx— 4:X-, whence aj=:0, or —'-.

5

8. Clea^' of radicals

f^x -I- f^i/+ 1?/2 = 0. Transposing,

^x+ -^y= -f^z: cube by formula [H],

x-}-y+i)-^/xf/(-^x-\-f'^y)= -z; and substituting /or

^x-\-\)^!/ ..a val'ij —f/z, t^'is becomes

x + y- 'df^xyy- = — 2, or

X'\-y-\-z = ?i^^xyz\ /. oablng again,

{x-\'y-\-:iY=11xyz.

^4-a«+\/(2'/;r+ .r5)
4. V = h.^

a-\-x

Dividing and tianaposing, we have

^ox-^x"*

a-\-x

division in left band member,

a^ -i-'Zax+x'
= (R-1)» ; agaiii by

a-

= 1 :V\l-\-{^>-iy},or

(a+a-)3

x+a
a

a

l=:{h-l)
a

= V{l-{h-iy},or
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ti. Solve i/(4r»+ 10)4-v/(4^9-l9)= v'47+8.
Wo have the idcutifcy

(4^8 4- 19) -(4^^8-10) = 88 = 47 -9.
Now dividinff the inemberj of this identity by those of the given

eqnatiou, we have

\^{^x^ + 19) - v/(4^2 - 19) = v/47 - 3. Adding this to the give?5
equation, then

2A/(4a;34-19) = 2;/47, /. 4a.'+19 = 47. and a= ± ^7.

Cubing by formula [C] . (See Ex. 8), we have

25+x4-25-.K+Cir(2n2-3:«),8, or

T^(fJ25-a-3)=_7,or (625-a;2)=_g43.
.-. a:3 -625+458 = 908, and a; =±22^/2.

Exercise liii.

3 v/(a;+l)4-i/(x-3) = 7.

2. y(3ar+l)+i/(4.r+ 4):«l.

S. i/(2x-+10) + i/(2a;-2)=:6.

4. i,/(wa;)-i/(»a;)=m-?i.

0. v^(ia;)4- V{ab + bx) = ^/x.

^. i/«+y(a:+3)=-^^--..
l/\a;+8)

7. \/(aa;-}-a;2) = (1+a?).

8. ir(17a;-2G)= —. .

0. i/^-i/(«+:.)= ^±,

10. 6-f-a:_-,/(/,2 4.:r2)=c2.

11. y(8+^)_y-a; = 2i/(H-a;).

12. ,//'Q7._07^\_O- /^ y/o A

r'.ti
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

81.

82.

33.

34.

85.

86.

SIMPLE EQUATIONS.

^{a+ x) + f'{a-x) = ^b.

,r(l + i/x)+ ir(l--/x) = 2.

l/x—i/{a-^/{ax-\-x^)}=^j-l/a.

Clear of radicals -^/a+^6— ^c.

Solve x+ ,/(a2 -ficS) =
;^^^2 _^ ^.,^-

Clear of radicals i/x+\/y+ \/x— -\/n.

Solve th(? following equations :

l/\i + x)^ry{l-^x+ y'{l-x)}=i/{l-s8).

l/(rt3-a;2)+a;]/'(^'^-l) = *''(^~^'')-

l/(/^a:)+c
~ "' n

V'(2a;2+5)+ \/(2a:3 - 5) = \/15+ V5.

^(3^3 4_io)+A/(3a:2-10)= A/17+A/3.

V(3x2+9)- ^/(3.^•3-9)= a/34 + 4.

-v/(3ft-3/->+a;2) ^_ v/(2n- 2&4-a;2) = \/a+ v*.

^(4«3_:-5/;2-2a;2)+ /(3«.2-362_a;3) = r/+a;.

Clear of radicals, -^(2a^) - 13/(27/) -#^(22).

^(rt+.T)+ |/(«-a;) = 2a;-:T/{'*+l/(^^+^')^*

y{(2a+u;)2-l-;>n+l/U2«-a')'+^'}=2«
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Art XLIV. Sometimes a factor can be discovered, and the

principle of Art. XL. applied.

Examples.

1. — = x^-\-(a — b)x^ + (a^—ab)x— a^b.
x-a '

Factoring we have

x — a

or x^ — ax+ a^ = (x — a){x - b)
;

.'. (a+/; — a)a; = a6— a^, and a5 = a — _.
6

2.
a+ b a

bx

bx a^b^
+

b^x 2a-\-b

Transpose — and factor, then
a

I

= X fsc +

a

_6_ a - )

= iC

(«+i)'

8.
x+a

ab

a+ b

x— b

= X.

X— G fc+c

[oL—b){G — a) {a—b){b—c) {b~c)(c — a)~' {a- b)[b''j){c -a)

Add term by term the identity (Th. iii., page 54).

x—a x—b
+

x—c
{a-b){c-a) "^ {a-b){b-c) "^

(b c){c-a)

1x b+G
'' {a-b){G-a) "^ (l_6)(6_c)(c-a)'

1 b-\-c

0,

« • U/ zz

2 b-o

r^;M*

iWil

i<*» 'il!!
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. ; tr

4. (a;-fa+^»)3+ (a-f?0^-(a;+^)^-(«+a)3+a;S -j.a3+63_afcc.

The left hand member vanishes for ic = 0, and .-. by symmetry
for a = and b-O; :. it is of the form mabx in which in is

numerical.

Put as = a = 6, and m is found to be 6,

.'. the equation reduces to

6abx = abcy :. and x = ^c.

Ix-a \ 3 a;-2aH-6

U-6/ ~ x-2b-^a' ^^^ x-b^m, x-a = n, and ;.

m— 7i = a-~b, then we have

m^ n— {m-n) In m
n3 m-^{m—n) 2m — n

:. 2/«* — wHi3 = 2w* - w^wi, and

2(?7i4 _ ,1^) _ wrn(m3 _ n-) = 0, which is divisible by m^ - «»,

.'. w2 — w^ = 0, or m-j-n = ;

But m+M = 2.e-a— 6 = 0, .-. x = l(a-{-h).

1_

8
6.

x^-ix-l'^~^ x^~-4.x - 3
"
"9" ^2"r4^ZG = ig*

Let
i(/
= .c2_4a.^ |;iigjj ^i-jj^ equation becomes

?/+3 2 ?/+3 51 rh-i 1
8' y~l^'Q' y~-6

3 "^ y~l "•
6 "^ y-d

y v/-6~lB

1 ^

or by division,

2 6
?^ = TS» or

2/-0 18

y-1
1

5

+ y-3 y~6
1 1

7 +y-6
3

: ; this may be written

:0, or^-3 y-Q

= 0, .-. 52/-15+3//-3 = 0, ory-l V/-3

2/ = 2| .-. u;2-4a;^-2^, or«3-4a; + 4 = 4+2i,

• and a; - 2 = ± f . We might assume (aj- 2) 2 = y, when the iriven

equation would take tho form
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1 ?/-2 1 y-1
2 y-5 + 6' y-7

2 y- 1 5^

Is'9 2/ -10
And reducing as before, we should find

^ = 6-| = (^-2)2, .-. ^-2 =±«, as before.

Exercise liv.

3. _-_

4.

i.

1__ _ ± _ ±
a+b-\-x a b

1

2c

a~b — 2cx.

= 2a6(u;-{-6)a;2.

+(a;-6)(^-c) "^
(a+c)(a-i-6)

1 __1
{a+c){x-c) "^

(a+//)(a;-6)'

6^ 3a6
+

aa/>3

/. -

a a-b {a-U)^

x'^-\-%ix x-a

b^ 2a -b
a {a-b)»

x* -Ila;3a3+a4 x^-'6ax~a^

x — a

= {x - a) (x— h) (x — c).

iO. 1 +. JL ^ 1 = i(a+ 6+c)2 - 1/ «

ax bx ex 9. /„>';

. ^ 1 — cf^ 1 — Jo; 1—cx
11. _____ _j. _____

1.

be

12.
(«-^)'

ac ai

2 \6fa; rtcu;'^rt/).;r

2 2 2\

a b ^ c

-1 + -r = —IT- + 1 +-U.aic "
' b rt6c

.f.fi

i'l

" m
^^

I

!!^t
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14. x~a-S^(ahx)=b.

15. nx^-^lQx-^-iGx = nd.

16.

17.

18.

19.

20.

21,

X
+

ac ax

'^-CX^ il— l) l — CX

a-\-b' 1+fu;"

a — It

a+~b
.c« +

1+ = X

4:^4 _^4f,4_ 33^3^2

2x-\-a
= i(4x-3-8a53rt—f}.'r;a2~2a--5).

+a;2-lla;+28 "^ x"3-i7.6-4-70

8i :«'

x^-Ux+i\)
8

«3_ 6a;+5 +
8 X'

x^-Ux+i.5

x-\-a x-b
{a-b){c-a) (a-b){b~c) "^ {b-cXc~a)+

x^-l(}x +^
X-\-G

a + c

{a~b){o — c){c—ay

22. {x-a)^-^{a-b}^^{b-xy^x^ ~a^.

2io. X
x-\- 2<t

X — a
+ a

^<+ 29.., 3

.<;

~ =2,

21. (x+u)^ -{a+ bp + {b -x)^ ^{x+a){x+h){a+ b).

2i 'K^-ix~b)^-{x-a+ by'i~a^+{x-'ap+(a-b)3+b^
:={u-by

20. {x-^ay-{x-{.b)^-{x-by-{-Iayi+{x-a)^ + {a+b)^ +
{a~-b)^ = {a^^~b»)c.

27.
x-{-a x — a

f2< 'IX+ d' x^ —((x-\-a' r(,.4 + cV^x^ ra^)

28. (^•+a4-6)*--(x+ ./)'l-(.«+^)4+^4 -(r,,^_i)4_^,,4^^,4

= 12'<6{.c2+ (a + /))-'},

29.

SO.

a— x

a^-bc ^ is--f

6- X

en +
C— JC Soj

c^ —ab ab-\-bc~\-c(i

'till
'')-\"^H-«-l^>^)-^b^a-x'-)-hub,{ab.c.- 1)

X'*{h-(l

= (a-x«)(63-a4).
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31. (l+a:+ x2)3 =^^-^.(l+^:8+a:4).

32. J(^-^ _ ^-^
:. 1

159

33. ?^±-^

aj 1-6 '2f;+ 6 + c/

34 i/(.«2 4-27.:+180)-v^(a:2+2Ga:+168)=
-y/^-^-^f )

= 14( i-a)K (See page 17. Ex, 1).

3G. {a;+a+ y(uj2-2w-2i2)l3^|^.+ ,^_^(^2_2rta._2/,2)|2
= .2-1)2 <-2a{a b).

2^ x^-dx-l
i) x' ~iix — lQ

I'd
'

a;--' -^a;'- 48

-bj ~ x-a-2h
38. (5x- - 7) ' - (2j;-4)3 := 27(.x3 - 1).

39. —. '^- ^-^--l _1 .^•2-^6a;-4

3 ',;2-0u;-4 + 5 *a^3^;c~9

14

45' -I- x-s~Gu;-9

40.
1 x^ - 2:)7 - 3

\c--2./-V8 "^ 9 * a;^-2x~24

2^
685"'

41. {,- + a-h (
3 ' ^2__^,e)i3_

as+a-b- v{x2 a^ - b^) » -^ 8(.f + a-6)3.

1 1
3 =42.

+ «)!

1
J.

+
1

«'

89
8a; 57 9,--68\

_JL 1 .

: + 2 x-f- » /

s

l1

^11

:|

_ Si*

d

ffi

PP.. m
'

1 I^HB

i

1

1

^^^l^^l
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i60

44.

SIMPLE KQUATI0K9.

61 _ . .T ^ 863
JC— 4 /

7a; + 30

45.

46.

\ a;-2 X-

+ 30
\

-3-)-

X -'da

1.

2.

8.

4.

5.

6

7

8.

9.

10.

11.

12.

18.

x-k-'Aa x+a

Exercise Iv.

a{h~x) -^ h{c-x) = h{a-x)-\-cx.

{a-\-hx){a~h)~{ax~b) = ah{x^ 1).

{a - h){x - c) r {a+ h' {x-\-c) = 2(//a; + ad).

(a-')(a;-c)-(a + i)(a;+f) + 2«(6+c) = 0.

(a-6)(a-c)(a4-.r}+(«-f^)(a + c)(a-a;) = 0.

( -i)(a-c+a:)4-(a+ 6)(a+c-a:) = 2aa.

(solve in {x—c}),

{^^^+a'(a+h-x)-\-{a-m){;b-x) = a{m-^b).

m{a-\-l~x) = n{x~-a—b).

{m-\-n){m-n-x) -^ m{x-n) -n{;x^'m) =:m^ -
m — x

, n-x p—x+ -—
- -V ^^- =3.« p

W

a

a — x

b^c — X . c^'i — a;
"^ A~~ + =0-

O

1 -WiC

/>c

,
b~x , c— a;

.
l~bx 1- ex „+

f.
-- =0.

<;f/ aft

(Deduce the solution from that of No. 12V,

a—hx h — ex c—nx
-6c" +14.

15. (a+&+c)a;-
a — b

2abx a-\-b

a+6 ^ a- 6°
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IG.

17.

18.

19.

20.

21.

iiahc

a-\-h

10

X

aVj9
+(a-j:6)3 + a{u^Oy^

(2aj.b)h2x ^ (f^^Sac)x

^ ¥ -

1 + 1 ^ 23-x 7

9 2 / 1

^ + y (Solve in
-jj

.

3.C 12
J

3 5u; S^ 20 "*" T'

+ 8

x+3 "^
2(a;^3)

8.^-15 15

1 _7__
^ ~ 2(.c+3)'

Lzf ;c-3

3 " r'

2;

a

23.
X X— —

a

«+
X

x+ -- a

24.
«'

6-
r-
— = 1.

d-
X

25.

26.

27.

28.

29.

161

(./;-l)(.c-2)-(.c-.3)(a;-4) = 3;

(.c-3)(aj-4) = (^-2)(a;-6).

2(2J-4)(3.^:+4)-f-i2.«-3)(3.t-+2)-f](^-2)(2^-3)=0.

(a-j:)(i-u;)=.c2
; {a-x){x-b)=x- -c^.

{a~x){h-irx) = b^-x^\ {x--a){x-b)=x^~a»,

{a+x){b+x) = {a-x){b-x)]

{ax -h b){bx+a) = (6 -«^)(a - bx).

30. (a-.rV6-(a-a;}(6-jj)-j-(a-c-^)(^ ^-|-c')=0.

I

m

1^1
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81. (a - x){b— x) - {c— x){d— x) = (c+d)x - cd.

82. {x'-a){x-h)-{x-c){x-d) = {d~a){d-b).

83. {{a^-h-2)x-ah){a—{a+h)x]-^'2.ah''x==

{{a'\-hYx+ah] {h - {a~b)x}.

84 {x-\-l){x+2)(x-\-d) = {x-3){x+4){x+5).

85 {x+l){x+2){x-{-3) = {x~l){x~2){x-S)+^x+l){^.x+l)

86. {x-{-l){x+4){x+7) = {x+2){x+5)^.

87. (a;+2)(a;+5)2 = (a;-}-3)2(i»H-6).

88 (a;-l)(a;-4)(a;-G)-a;(a;-2)(^-9) = 136

89. {a+x){b+x){c-\-x) - {a-x){b-x){c - x) = 2{x^ + ahc).

40-
(^-^)(^-^)(^-^)- (^~^0(^^ -^K^-p) ^ {x~d)'\

x-d
41 a'(a;-a)2-(aj-ai-6)(a;-rt4-c)(a5-'>-c) = (rt2+/y(')(J4..-).

42. {x—a+b){x- b-{-c){x~c+ d) - X- {x -a'\-d):=bc{d -a).

43. (ic-«+&)(d7— 6+ r)(.'c— c+rf) — a;(a! -a+ c)(a;— c+cZ)

= 6c(d — a).

44. {x—2a){x— 2b){x-2c)-{x~a — b){x-~b — c){x~c—a)

^.{a+b+G){a^+b^A-j^)-9abn.

45. a;^ — (aj— a+&)(a;— i4-c)(a;— c4-«)

= {a-{-b+c){a''+b2+c^^)-2{aH+ b2c+c^a)-3abc.

46..L_l)(.-±)(.-±) + ± = 'H:i^.
\ a; / \ a? / \ x I x^ x

47. (.^•+a)(a;4-&)+(a;+c)(aJ^-«) = («+6)(a;+ri)+(.r+i)(ar+c).

48. {ax-\-b){ax— c) — a{b — x){ax+b)=a^(^x— c){x--b)~

a{ax~c){c — x).

49.

50.

2k-3 8a;-2
x-4: "^ ^-8

6a;2.-29r«-

{5.r-l 8^+2
8<.c4-l) 2(a;-l)

a;3-12.c+32

x^-BOx+2
iix^—a
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o2,

153.

54.

oo.

ix-n Qx~l \Ox+l
''6x-'l

"^ iJX"l "^
'.b;^ - 0^:4-2

"^'

^*'+I .
'^^"^^ ^^•^-i)_''^^-2 Ca;- 8 2^-f-2

y^ -
7
^2^- -

u
"^ i)x - 2(5

"
2x'- .-5 "''

y,o - 26
"*" Dx-

-7'

4^2 8a;

1+. \^'x

26
"^

'-'

4^3 4- 2.f . a;— « a; - 6

— X

T+-

a;^-l

T

x— in x—n
= 0,

L -
:

c ax —b r — -•

a 6'a; - 6

66.

57.

68.

2 a; 3 .<^ 2 8

3
r- "(wacTj:: *

2 2

2+¥ Y^"^ Y'T"^^

^
6a; - 28

'

a;-7

ax

nix—p

+

+

a;—

4

ex

vx— g

cx-\-d

a

m

59.

ax+b
mx—p nx — q

b—x c—x—_ ^ _
a-\-x a—x
a+b b+c
x—a ' x— b ~

a

+

c

n

n

GO.

61.

nn
U.U.

ax+b
ax—b

ax— b

bx

ax+ b

cx— d
H +mx—p nx~q

= » +
a{c - 2x)

a- —X'

rt+c+ 26

x— c

ax
~ ax—b

{bii + (hn)x— (hq-\-dp)

(,ix^ - 25)6

"«3^2 ~b^'

m
x—a +

n

X-
+

{iiix-p){nx— q)

p m n

X- c
= —- + ~-

- +

a

m

P

c

+ —n
x — c x — a X-

<i\

ii: ;|

* n

'1

f -

•.

ir'i:



leA SIMPLE EQUATIONS.

i4» t'

1;

i

i

I

63.
ax- 2a ax — lh

ax— 2b fla:+2tf

a

a a;

X

a + —
X

64.

65.

2

a _nx^ — hx^ +ax— d

m ' mx^ —nx" rvix— q

nx— b

mx—n
— X X
+x -{•X

ix-
X 8

+
^x+

\

X-f

66.
AX

x-98

67.
7

x-6
9

a;-51

60.
5

iB-6

1

ic-e

69.
m—n
x— a

70.
a+b
x-b '

71. (x— a-\

71 21 71

a; -94 a;-{-44 a;— 52

a;- 11

9

a;-7 a; -12

2

a;-15 a:-81 a;+81

8
= .—^ +

a:-9 a;-7

8

a;- 10

x-3 a;-2
-I-

X-

a-b m — n

X —m X

a-\-c

x—c

-h

Ij -f-
r(

a — b
•

x—n

c-hd

X- (a+6+2c + rf) a;-(a4-26-f-"^

-\-h)^-{x~a)^-\-{x-b)^-x^+a^-{a-b)^-b^

={a-b)c^.

72. {x-\-a-^by-{a+by-(x+by-(x+ay+x''+a'' + b»

73.

= 10rt&a;(2a;+a+6)(a;+a+i).

(m-n)(a;-rt)
. (n-p)(x—b) (n-m^fx-cS

6-f-c
+

c-f-a
+ «+

6

= 0,
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ar— 2a

x~ 2^.

75.

76.

77.

78.

79.

80.

h-\-r - a

d — x

+

+

l>x~l cx— l n.r

x—2b x— 2c

c+a-b "^ a^'b~c~^'

X -^b x — 2e

b~x
a^- be

"^ b^ -re
c — x

c^ — ab a 4- b^c
x+2nb 2nf)-~x

a+/>-|-c
"^

+
6

jui-j^oh x^9.nh

a— b^c a + b -^*

a — c

x+b
b-^c

x-^a

81.

«+/' — 3
~^ x-\-a — c

m^{a-b) n^(b - c) p'^c-rl)

x—m x— n x-^p
~^

q [pd+ (w - p)c-\- (m - n) h - ma

\

x-q "•

(a;-2)(x-5)(a;-G)(^-9)H-(a+2)(a-4)(^.-5)(ff-ll)
X ~

'

(6+l)(6+ 5)(fi+ 8)(?. + 1o.^^\jrj\ n^ n_:!L_. , («r-4)(a:-7)(a:-ll) +

(
aa_i)(^_8)(«~-10)+jj+2K6-fm(/>+ 10){hj^ 1

)

a;

I

Art XLV. Employing the language of algebra, the princi-
pie illustraced in Art. XL. may be stated as follows :

Definition.—Any c^aantity which substituted for x makes the
expression fix) vanish, is said to be a root of the eqnatio7i f{x) = 0.
Thus, if a is a root of the equation./'(«) = 0, then f(a) = 0.

By Th. I., if a? -rt is a factor of the polynome f{xY, then
f[(,Y = 0, and a must be a root of the equationf{xf = o ; hence in
solving the equation we are merely finding a value, or' values, of
X Wllinll will TT1fl,kfi tllA nnrrPonrkvi/liri/T «r'1"*"\--s- i U C!.-. i-.-.^.-.^iig pOijiiOixIi; vitillsn. ^\x^-
pose/(aj)" = (a;-a)(p,a-)'-i = 0, we are required to find a value or

II

i.kj

« ^ V.

'il

' II

:'

iiil 1
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IN

11

•i "I

valuGS, of X wliich will make (a;— rtj^fa?)"""^ vanish. The poly

nome will certainly vanish if one of its factors vanisliGs, whethor

the other docs or not, and will not vanish unless at least one of

its factors vanishes. Hence {x—a)^{x)"~^ will vanish if a;-o = 0,

quite irrespective of the value of ^(a;)"~^ Also, if ^(a;)"~* = 0, the

polynorno will vanish, irrespective of the value of x-a. It fol-

lows, therefore, that if /(«)" can be resolved into two or more

factors, each of these factors equated to zero will give one or more

roots of the equation /(«)" = 0.

When there can he found two or more values of x which satisfy

the conditions of given equations, they are sometimes distin-

guished thus : Xi, ajg, ajg, &c., to be read "one aluo of a?," "a
second value of «," "a third value of a;," &c. Thus, if

(a; — rt)(a; — 6)(a;— c) = 0,

.'. a?! =a, ajg = b, x^=c.

Examples.

1. Solve 2a;3-13a;2+27a;-18 = 0.

Factoring,

(a!-2)(a;-3)(2a;-8)=0,

.'. ajj = 2, ajg = 3, ajg = 1^.

2. x^-{a+ h)x-{-{n-\-c)h = (a'\-c)c,

... r^2^.(^a-\-b)x+{a-\-r){b-c) = 0,

:. x^-{{n+c)-{-{b-c)}x+(a+c){b-c)=0,

... {a;-(a+c)}{a;-(6-c)}=0,

.'. Xi=a+c, X2=h—c.

3. x'^{a-h)-\-a^b-x)+ h^{x-a)=0.

.'. x^{ii-h)~x{a^-h^)-\-ah{a~b)=0,
\

.'. {x — a){x—h){a — b)=0.

If a—b-0, the given equation holds irrespective of the values

of a; — a and x— b, and therefore of the values of x ; but ii a—b is

not zero, ajj =ayX^=h.
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X =
(aM-6')«-(rt»-63)

x+1 _ a^{x --l)

x-1 ~ b^x'+lj '

x^+l a

iCo +

1

a

a;, — 1 b

(a-xy + {h-x)^

(::^3

a'

Xx = _

a — b

a — b
^2 = —Ti'

84
49'{a-xy'\'{a-x){h-x)+{b-x)^

{a-xy^1{a-x){b-x ) + {h-:r)^ ?(49)-84
la-xy'-'-2{a-x){b-x)~+{b~x}^ ~ 8(347^2(49)

f(a-a;)+ (/^-a'))3

= 16,

{{a~x)—{h-x)
_ J. 3 = 0,

{a-x^)+ (b-xA~6 ~ -4 = 0, .'.X, = .i(5&-8a);

{>t~X..)-\-{h-x.^)

_^ +4 = 0, .-. ajg = i(5«-86).«

6 (^-^)(^-^)
,

{x-h){x-c:
)

{e-a){c-b) "*"
(a~i)(a-c) ~ ^•

Subtract term by term from the identity (See page 53),

{x-a){x-b)
, («z^i(?:i'') {x—c){x-a)

(c-a){c~b) "^ '(a-b){a-c) "^ (6Z7J(i^)
^^

.. (ic— c)(a;—a)=0, .-. a;i=c, x.^=a.

7. Find the rational roots of a;* - 12.^3+ 51:^2 - 90a;4-56 = 0.

Factoring the left-hand member by the method of Art. xiviii.,

{x-2){x~4:){x''-Gx-\-7) =
:. Xi=9., x^ = i,0Y x^-Gxi-l = 0.

Since x^ — 6x-\-7 cannot be resolved into rational factors we
know that it will not give rational roots, .-. «! = 2, a;, = 4 are the
only vftiueb that meet the condition of the problem.

f4Wm



168 bJMPLE EQUATIONS,

il

hi

II

^.ny literal equation of the second, third, or fourth degree, and
many equations of the higher degree can be resolved tnto a series

of disjunctive equations. A full analysis for the first four degraea
will be giveu in Part II;, meanwhile tlie following special forms
of the Theorem in Art. XLY., will enable the student to solve

nearly all the equations commonly proposed.

(A). In order that two expressions having a common factor

may be equal, it is necessary either that the common factor

should vanish, or else that the ppoduct of the remaining factors of

one of the expressions should be equal to the product of the

remaining factors f)f the other expression, and it is sufficient if

one of these conditions be fulfilled. In symbols this is

If {x- a)f{x) =lx- a)<p{x) , ;. Xi=a or f{x) =<{> (x).

(B). If an equation reduces to the form (mx+ n)'^ = c*

:, (mx+w)3-c2=0,

{mx^-\-n)—c = and x^ = c—n

Xq —
m
~G — n

m

— qa— nh
^'> - ~~

ijj~~~'
(See Exs. 4 and 5 above).

or {mx.^-\-7i)-\-C'=0 and

(0'). If an equation reduces to the form

(mx-\-n] 3

\px H- q

qa — nh
then a;, = —,

> :

' mb—jja *
7}t

(D). If an equation appears under the form

(a— x){x— (j) = c,

then Xi = ^j{a+h-i-r), x.^ = l{(c+b-r),

in which /-^ = {ci—byi _ 4c.

From tho identity (a — x)-\-{x~h)=a— b

we get {a~x)"+'l{a-x){x-b)+ {x~by' = {a-h)^

(2) -4(1) .-. {a-x)''-'l{a-x)[x-b)-{-{x-by'^

= (a — b)'^ — 4:c = r'^ say

:. {[a-x)-{x~b)}'-i-,''i=0,

.-. {(a-Xi)-{xi-b)}-{-r = 0, mid .: x^=^l(a-\-b+ r);

or {(a— x„) — (Xn—b)}—r = 0, smd .-. x^=^{a+b-r).

(1)

(2)
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o. X -i-
— = a -1- — .

x a

x—a x—a
1 "" ax

.'. x— a=:0, or ax=l^

1

x~a = — —
a

Api)lying,(.-i),

X

• • iC
J
— (I, Xi, =

a

0. {x-\-a+b){x+ h+ c) = {x~dai-b)[2x-da+ 2b-c);

^ x+a-^Jj _ 2x-Sa+2h-~c
x-'Sa-^b ~ x'+b'+c

x — ia-j-b— c

2(x^a+b) x-u+b

.*, (//) Xi—ci — b

y^x.2—3a-\-b)=:3u-}-c

Page 122. (5).

.*. ajg = 9a - i -j- 2c.

(^+ 2)3 a
(i;

]^Q
_ __ . __- J '

' x'^-2x b* '•m(x-+ 2)3 + n(^'3_2^) " vm+iib
But (C) can be applied if in, and w are so determined that

m{x+2)^+n{x^ - 2x) is a square.

Tliis requires t.Uat 4m(m+?i) = (2ni — ny,

Assume m = l, then «=8, and (1) becomes, cu substitution and
redaction,

(«+2)a a

{3x-2)^ ~ a+ 8b

2il-\-r)

"= r^, say

X. =

11. r-v.

(a;+ l)4

{x^ + \){x^\)^

For .<;-^+l write wz

(^2H-2a.-)2

xzijx — 'Ax)
\ -J

y>-i

a

T

T

JC,
2(>-lj

'

"l-hJ37'

a

T

9.\2(2 + 2)

2^2! -2)
a

,! '4

'•1

i 4'

1^
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This equation was golved in Ex. 10, hence z may be treated as

known.

But =z.

lx+l\ 2

.a;3-f2^-fl

2a;+1X'

2+ 2
«-2'

2+2
2-2 , a formed solved in [C).

12. {a-x)^-^{h-xY-=c. ^

In the identity

(M+v)4=M4+i>4+4(7^+ v)2MV-2w2|,-»,

Let u = a—x, v-x- b, .-. u+v = a-b and ^t4 +?;* = c,

... {a-b)^=c + 4{a~b)^a-x){x-b)-2{a-a;)^{x-b)^

Write 2 for {a—x){x - b)

.-. 22-2(a-6)2z+(a-i)4 = |{c+ (a-i)4}=i^ say,

,.. {z-(a-6)2}2=£2

.-. by (jB) 2i
= («-6)2-£;23=(«-6)2 + f,

But (a— a;) {x — b)-z

.•. by (D) a;i=^(a+ 6+r); a;3 = |(^+ 6--r)

in which r^ = {a — b)^ — iz,

z is known

;

(I)-

:={a-by-4:{{a-b)^-t}=4:t-S{a-h)^]

-by-4:{(a-b)^+t} = -^t-S{a-b)^}^ '

or {a

s>ndLt^ = ^{c-\-{a-by}.

Hence x is expressed in terms of a, b, and r,

r is expressed in terms of a, b, and «,

t is expressed in terms of a, b, and c,

and the expressions for r and t are cases of (B).

13. (a-a;)(6+ a;)4+ (a-a;)4(6+a;)=a6(a3+/v3)

Let a— a; = w-2 and &+a; = w + z z. w = | («+/»)

The equation reduces to

(W2 -22){(W4 2)3+(n-;j)3} =:«&(rt8+6»)

.-. (M3-22)(2w3+ 6«22) = aZ^(</,3 4.i3)

(8)

(1).
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(3)
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171

2;^ may now be found Ijy (7J), and from the result z may be
found by (/>'), and from (1) x---- \{a- - h)-\-z

;

.'. ^ = 0, or rt-Z>, or](r/-//) + |\/(30ai-8a2-3A2).

14.
{ yO,+x)+ ^'{a-x)}^{V{a+x)+ ^{a-x}=2cx.

Divide the terms of the identity

by the corresponding terms of the equation,

•• \\a-xl ~ c-r ' a--x - i^Zlj '

(r+l)4-(c-l)4

15. f/{a-x)^+ ^{{a-x){b-x)}+f/{h-xy = ^{a2+ah + b^)

Divide the terms of the identity

f/(a-x)s-f^{b-xy-=a-b
by the corresponding terms of the equation.

:. f/{a-x)-f{b-x) ^ "-^
f[a2-\-ab-^h^)

Cube, using the form (ti—v)^ = u3—v^ — 3uv{u-v).

{a-x)-{b-x)~3f{ia-x){b-x)} . JLZ^^

- a^+ ab+ b^ - "" ^*
~ a^+aV+b"''

:. f/{{a-x){b-x)}
ab

^{a^+ab-Jfb^)*

a^b^
:. (a-x)(b—x)= — _

(a«H-a6-i-63)2

16.

a form solved m (D).

U/(a'-x)+i/(x-b}^
= VcV{a—x)— y{x-b)

Assume i/(« -x)=z v (x -- b)

.-. {a-x) + (x-b) = {z^-\-l){x-h).

a -h
- h =

23 + 1'

I

i!

h.
Ml]
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=v^

The proposed equation now becomes

,/(^-/;)( 2+ l)'»

Z - 1

(a;- 6) (2 -1)4

(2+1)4 c

=sC.

a— h
a form solved in Ex. 11.

17. (.K-2)(.r-5)(a;-G)(a;-9)+ (//+ 2)(y-4)(y-5)(7/-ll) +
(24-l)(s + 5)(2+8)(^+12)=a:(^-4)(a;-7)(a;-ll) +
(,/+l)(y_l)(7/-8)(y-10)-i-(2+2)(.-f3)(2+10)(2; + ll).

Leta:' = «3_iijc, 7/' = ?/3-9?/and2' = z3 + i32,

... (.T'.fl8)(a^'+30)+(?/'-22)(//'+20)+(2'4-12)(2'+40) =

a;'(x'+28) + (2/'-10)0/' + 8)+(2'+22)(5'4-30)

« /2 4-48a;'4-540+?/'2-2y'— 4404-;?'2 + 52s'-f480=!

« '3 4- 28a;' +i/'3-2;/'- 80+z'3+522'+6fi0,

,'. 20x' = 0, .-. a;3-lla; = 0, .-. «! =0, a^g = 11.

Exercise Ivi.

What can you deduce from the following statements ?

1. ^'5 = 0. 2. vl-J5'C'=0. 3. (a-i)x = 0. 4. 12a;j/ = 0.

6. What is the difference between the equation

(a;-oy)(a;-4?/-l-3) =

and the simultaneous equations

ar - 5?/ = and x - 4?/-f-3 = 0.

What values of x will satisfy the following equations ?

6. a;(a;-^) = 0. 7. ax{x-\-h):=0. 8. (a;-a)(?;x-c) = 0.

9, cv^^^^ax. 10. «2 = (a-|-/>).f. 11. a;Oc2-a2) = 0.

12. a^-x^=h^x. 13. a;''+(a-a;)3=«2.

14. a;3+(a-a;)3 = (a-2.f)^ 15. (^-.^)2+ (.«-6)2 =a'^4/>3,

16. (rt-x)(.'«-&)+a& = 0.

17. {a-xY -{a-x){x-h) +{x-hY =a'' +ao-]rh^,

18. a;3-(rt-^)»-— ^'=0.

19. x^-{a~\'h-\-c)x^ ah-\-hc-\'Ca)x—ahc = 0.
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If a? must l)e positive, what value or values of a: ,vill satisfy the
following equations ?

20. (x-5)(x+i) = 0. 21. ar2-f- 20a;-30 = 0.

22. a;2_i7.p_84^Q^ 23. 3a;2 + 103;+3 = 0.

^^4. xA~lSx2+SG = 0. 26. x^ -2x^ - 5x-\-G=^0.

Solve the following equations :

26. (a-xy+(x-by = (a-b)^.

27. (a-x)^~(a-x){x~b)+ {x-hy = (a~h)9

28. fl2(a-a;)2 = i3(i_^)2. 29. a^L-^x)^ = b^a-x)K
30. (a:-a)3+(a__i)3_|./i_^)3^0. 31. (x-l^ =aix^ ^1).

32.
a— a: x — a^ ^ 33 a-\-b- x a — c-^-x
x-b c-\-x ' a-c-~x ~ o^jI^ITi.*

34. (a;-a+J)(a;-a-f-c) = ^a-/))a-a;2.

85. {x-a)^-b^+ (a-^b-x){b+c-x)=0.

36. (a+'>+c)a;3_(2a+6+c)a;-fa = 0.

87. "+ ^~'^ cr+ J—

c

38. (rt-a;)2 + (a-6)3:^(^^5_Oa,)9.

39. a;(a+6-a;)+(a4.ft4.r)c=0.

40. {n-p)x'^-\.(p—ni)x-{-7n~n = 0.

ax^ — bx-^c
vix^ --nx-^-p

a- h-3rc

tnx^-nx-tp m—n+p
43. ix^+a^-b2-2(a4 f>)x = {a-x){b+x)~ia+x){b-x).
44. (2a--fc-a;)24.9(,,_-;,^^^^^_2^^3^

45. {'^a-^2c-xy^^(>M'U.-i{-3a~b-j^Sc-2x).

46. (3a-55+a:)(6rt -J)6-a;) = (7a-6-£^-)3.

47. (3a-6^-a;)(9»^7>-a;) = (5a+8A-3a;)s,

48. a(a-6)-6(a-c)«-}-c(6-c)a;2=0.

:*.

1.)
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49. (rT7>.f&c+rr7)(a;Ma:-fl)+ ('^-^)' = (2'^H-'^'^'^^'+^-^^^

{a— c)^x.

50.

51. (.r-l)(.;+B)(.c-0)(.t-hU;+ ^.;+ijO^-iJ)(a^+5).'*^-''^)^- ^^

= 0.

52. — = 3i.

rt

54. a: r = -r "
a;

56.
a — x

X- /;

+
X-

a

IB
= ^-. 57.

-:^ ()

53. X +

n+ x

b+ x

a-x
b^x

-b
a

a

-h

+ />

+
h-\-x

a+ x

h+x

— 91

a - X

W7.

n

n

VI

a
)8. —

X

60.
tK-+«'

X— ax+ (i'

m

(a-x)^+(x~l>)_^ _^^
62. -,—

64.

65.

66.

67.

{a-x){x-b) 2

{a~x){x— b)

59.

61.

63.

+ ?>'

a:2 — </a; +<i'

x'^+n^

(x^a)^

3

= C.

X

X -b +
«-h
a— a;

m
n

'lab

(a-x)^J-{n-^x)(x-]>)-^(x-h)^ ^ 49

^i7Z:^2 _ (rt ^x)(x - 6) 4- (a; -by 19

2(72+a(a -r«) + (a- a:)

^

^-
1* (Also for c = 5).

68. (5-flj)*+(2-a;)4 = 17.

69. a;4+(a-x)4=c; a;4_|_(a;_4)4 = 82.

70. {a-x)^ + {x-by = {a-h)i. 71, (^ _a:)M-(a:-&)'' =''•

72. 3;M-(«-«)*=«'* 5
^-'-{-yij--xy' = 106Q.

73. (a-a;) = (a;-6)24-(a-a')n'«^~^)' a-o (a-t;;
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+ 7) = 0G.

-y) i-lH

a

a+ /'

1

n

71

74. {a-x){h-^xY -\-{(i-x)^{h-\-xy^ + {a~xy\b+xyi-^

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

{a-x)^{b+x)=^{a-\-h)c.

{a-x)^+{x-h)^ _ 41

{a-xj^~+{^x-by^ ~ 20

{a-xY+jx-hY
\a-xY^{x — bY

{a-xY+ {x-bY
la-xY'-f{x-by^

{a-xY+{x-bY

{a— x)^-\-{x— bY
{a-xY-{-{x^bY

[a - x^^

b-x +

a— x
+

[b-xY
a — x

x—h

(a-bY.

211
-97^ (a-6).

«* + />*

r3a-

= T +

a
^ Is ~

a^-bi*

(a+b)2'

= (a-bY.

63

a

(x-bY ^ (a-xY

{a-xY+(x-bY
{a+ b'-2xY~ ^

(a-x)^-+{x-b)^

(a-x)^+(x-bY
'{a-xY'-f(x-~b)~2

(a ~x)'^-{x- bY _ {a— b)o

{a-x)-{x-b) ~ Ja.--'xy{x~by

{ci—x)^-{~{x— bY

(a—x)^-{-(x— b)^ c

{ii-x)^-i-{x-0Y ^ {^i-x)(x-l>)'

[l-\-x'^Y={x^-3Y.

'•:-^t

•
I
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1 ;
1*1 89.

x* + l a

91.

2x(>-+l) ~~
b

(x-l)^x

{x^-x+iy

93 i^!±ll^_ _ JL
x{x+l)^ ~ b

'

(x-i)^~ ~ T'

x^x^-^l

{x+l){x^ + l)

90. _ {x + lYix'^-^l)

a
92.

{x-iy^{x--x-\-i)

a

T

95.

97.

99.

101.

94 i^+l)L __ ^
x{x^'+l) ~ b

'

qr. X' + x-l-l x^-\-x—l a

_ _«_ Qg x(x^ + l) a

T
a
Jl. 100.
b

{x^--iy^

{x+Dix^-l) a

T(a;-l)(a;3_l) ' b' " (x-l){x^ + l)

{x-\-l)^ ^ a_
^^^2 (f+1)' _ ±

a;4+ l "^ // *

a;-^'-fl
~ b'

103. 2(rt-.r)4-9(«-a;)s(a;-6)+14(a-a;)3(^-i)s_

9{a-a:)(.i;-i)3+2(a;-6)4=0.

104. 4:(a-x)* -n{a-x)-{x-by^+^x-lJ)* =0.

Find the rational roots in the following equations :

105. a;*-12^3j,40^'»-78x+40 = 0. [Lci z = x'-^ ~ Gx]

.

106. iB*-6^3_j.7a;2+6a;-8.

107. X*- 10^3 4.35^3 _ 50^-1-24 = 0.

108. 32^4 - 48.^3 -10a;2+21u;+ 5 = 0.

109. x'^-Qx^ + ox-hl'2 = 0.

5 4 9 4 6— — _ --^— _ 4. 5-
x x—a x—za x—3a x~4:a

4_ _ 14 5 4

5 X— 4 j; — 55 x—'iO
"~

a; — 2t'i

110.

111.

112.

14 ^
a:+20

"*"
x-T

2a; 4- 5a

a;

a5— rt

JB+Ba X
_. .1 _j_

x—a u;— 2a

a;+5</
+

Ix— 5«
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118.
a- -J-

4

x+2

114. JL _

+
jr+!

X +

a;

ar-6

x~l

= 0.

«-f4

iC-l

20

ATTONS.

3-4-3

X— 2

8

177

x~3 ^5
^-2 +• x-3 + ^-:Z4 x—5

116. V:(^!±^)_±lA^lz_2:.)
^

—' . -^(!?!.:-£±21±]/('"^.r-0)

117. ^(:f2-0 + l/'(^«-i2j + ^^^3_,3)^^
118. iV(a-.)+V(/.-[«:)}|V(a-^)_V(6-;«j|.^

119. T^(a-^Hf7^r-^6) a+ S-Qa;

120. V(a+a:) + V(a-«:)=y(2a).

121 M^?li+C(«-^)2} 2

[Write'u lor ir(a-.c>, aud v lor ir(a;-6)].

f f

^

' <
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CHAPTER VI.

f^
*• ^

ll

Simultaneous Equations.

Art. XLVI. There are three general methods of reflolving

fiimultaneous linear equations, 1° by substitutioi;, 2° by compar-

ison, 3" by elimination. Tlic last is often subdivided into the

method by cross-multipliers, and the method by arbitrary multi-

pliers.

In applying the elimination-method the work should be done

with detached coefficients, each equation should be numbered,

and a register of the operations performed should be kept.

Ex. Resolve

Register

(2)-(l).

(3) -(2).

(4) -(3).
(5) -(4).

(7)-(0).

(8) -(7).
(9) -(8).
(11) -(10).

(12) .(11).

(14)- (13).

(15)-f-24.
v{(13)-G0(10)|.
^[(10)-{r2(17)4-fIO(10)}].

/6)_{3(18)+7(17)-fi5(:(3)}.

(l)_|(19)+ (lHN+ (l7)-f^l«)^. 1

w+2r+ 4a;+8//+ lCz-57.

u+dv+dx-\-'ily+Slz = nd.

M+4v+ ir>x-f64//+25Gz = 45B,

u+5v'\ ,+-125^+6252 = 075

i; X
1 1

2 4
3 9

4 16
5 25

1 3

1 5

1 7

1 9

2
2

2

u
1

1

1

1

//

1

8

27
64

125

7

19

37
61

12

18

24
6

6

X

1 =
16
81

256
625
15

65

175
369
50
110
194
60
84
24
I

15

57
179
45o
975
42
122
274
522
80
152
248
72
9G
24

1

2

3

4
5

(1)

(2)

(3)

(4)

(r))

(7)

(^)

(Si)

(10)

(11)

(12)

(1-^)

(14)

(15)

(10)

(17)

(18)

(19)



SIMULTANEOUS EQUATTONa. 179

An examination of the Register will show how easy it would
Imvo bt'oii to shorten the process, thus (10) is (7) -(G) which is

^i^^^^'^m
7^^^^'^^(^^)i«(^) + (^)-A^^ .-.(13) is (4)+

A gene ,d systematic arrangement of fl.o elimination-method
will bo given in Part II. For two or thiou simuitanoous euua.
tious it may be stated as follows.

Arrange the coeffieieuta thus—
a a.

'>2'

4 t^l Cj

«3 Ij,j C^

Form their products diagonally from left to right downwards.
'^'"^-

«i^3 he, o,a,.

Form their products diagonally from right to left downwards.
thus

—

b rt f /, r, ,.Wjrtg C^0^ rtjCg.

Subtract the latter products in order from the former, thus—
^i^a-'^i^'a' ^^iS-^-1^2, ''i«2-'^i^3.

Divide the 2- and 3- remainders by the 1° remainder, the first
(luotient will be the value of u;, the second quuiient will be the
value of y.

[Writing H^, M^, h^ for the three ' remainders '

respectively,
the general result is {mx+nf/)n^ =mB^ +nU^] .

Ex. 1. Solve ll;c-|-5//-68 =
6a;-7y/+31=0

n 5 -08 11

o -7 31 (j

-77 155 -408
30 47G 341

-107) -321 - 74U

8 7

1

^ U'

1 •, r



^n
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im SIMULTANEOUS EQUATlOXa.

Ex. 2, f^2,
12 25 ^ j_

22 30
h — = 17.

12 -25 - 1 12

22 80 - 17 22

360

— 550

425

-30

- 22

-204

010) 455 182

1

¥
1

6

1

1

X

1

.'. 35 = 2 and y =:5.

2° Let the equations be

a, a5+&i2/ + ^i«+^i=^

Arrange the coefficients thus

— d^

— da

-a.

— a.

\

iti

-a,

— «,

"b,

'2'

Selecting the first three cohimns form the ^agonal producto

from left to right dovmwardy, tiiua :



fl, b^ Cj

SIMULTANEOUS EQUATIONS,

giviiig a^h^c.^

SI

a.j 63 C3

\ \
«3 *3 -^3

a.^b.^ei

a^b^c^

a, ij oi

\
«3 '^3 '^a

Form the diagonal products from right to left downwards, thus:

"1 ^i '-'i giving c'^/>.^
a jj

«a ^3 Cy

/ /
Cg^artj

«s A3 Cj

/ /
Cg^^a,

«1 ^1 Cj

il products

«.. A., ff.

From the sum of the former products take the sum of the latter
pioducts obtammg a remainder, which call E^
Similarly form a 2° remainder, E, from the 2°,'3° and 4° columns

^^"^ "
^-^3 " 3°, 4° and 5° -

a 4° « i? «« /lO fro4°, 5° and G"^

and generally .

(mx+ni/+pz)E, =niE^+nE^+pR^,

Ex. 3. Sx+2y~iz+20 = ()

5x-7i/~Gz~ 1 =

7«+5j^+ 6«~24 = 0.

iv«l(:



182 SIMULTANEOUS EQUATIONS.

1^'

Ti 8 2 - 4 -20 -B -2

5 --7 - 6 1 -5 7 13.

7 6 5 24 -7 - •">

8 2 - 4 -2U -3 - 2 15.

5 --7 - 6 1-5 7

-105 -288 28 -500 (3x -7x5= -105 17.

- 100 700 432 14 5 X 5x -4= - 100

- 84 - 20 500 -504 7 X 2 X - 6 = - 84, &c')

(_4x-7x7 = 196

19.

-289 392 960 -990

19G 600 -15 240 20.

-90 10 480 980 _6x5x3 = -90

50 672 -840 15 5x2x6 = 50, &c.)

156 1282 -375 1235

-445) -890 1335-2225 22.

2 -3 5

X y

• Exercise Jvii.

Solve the following systems of equations :

1. 2u;4-3// = 41

8a; +2// = 39

3. 11a;+ 12// = 100

9a;+8// = 80.

5. 8a;+7.v--7

5u; + 3?/= - 36.

7. 5a;+B/y+2 =

8«+2//+ l =

9. 10a; +7// -1-4 =

6a;+ o//+ 2 = 0,

11. >+!// = G.

3;c-4// = 4.

2. 6a;+7?/=17

7x-5y- 9.

4. 18a;-357/+13 =

15;c+287/- 275 = 0.

6. 3a;4-16,y-5 =

28// = 5a;+19.

8. 21a; + 8//+ 66 --rO

2B-/-28a;-hlB = 0.

10. 23a;+ 15//-4;t =

32a;4-21//-6 = 0.

12. lx-li/=l.

24.

80.



-105
- 100

- b-1, &c')

= 196

- 00

50, &c.)

0.

SIMULTANEOUS EQUATIONS.

18. y=i,'^i,
h=f,x-i.

15. l-5a;-2y=l.

17. 5x-iy-^l=o.
l-7a;-2-27/+7-9 = 0.

19. S'r>x + 2iy=is+ux~s-rji/.

188

14. fr+^^y=17.

|a:+^y = 10.

16. 7x=Wy + -l,

llx=16y+ -l.

18. •10a;-04y=l.

•19.t---ll7/..l.

20.
1 1 6

2/ 6'

1

X

1 1

y 6

22.
1-6

X ~
y

•8 n-Q

U.
X

3 +
5

41

X 10— = 22.
y ^

2G. ^x~\{y+ i)^l.

28. -J.
1

1 2

4.r-3 - 7y_6'

80.
^''^*'+^

45-y

12y4-19

.r-lu""

= 8.

= 25.

21.
S 8
--- + — = 3.

15 4

"^ - 7 " ^*

23. l-a; - 1. = 3.

y
•4

IGa; - — = 2.

5« -3

7
2/

10a: 9
- H = 31.

27 -^- - ^
x-\-2y 2x-{-y

25.

8a;-2 H-y

29. ?±^^^ _
x-y
7«-13

= 8.

.- - 4.
3.y-D

31. ^±1 _ 1
4-2/y - 3

x-\-y=l.

i

f yMi
hllll

''1

i:.-;JM
f1. t- n
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5-3y

7-2 ?/

5-8i

8o.
;+2?/4-l

2

2a;-?/+ l
r^ 2.

= n.

X

34.

•8a;+'l?/+ -6 1_

'6x+3z/-23 ~ 2'

3-4- 1 2/+? _ ?i^ZL^^

JB- 2/- »^

= 27/

3G.
7/-f3 iC 2.V+ 3

3
- ^ 4.

!a;-47/+ 3 4a;-2//-9
+

8
= 4.

37. 20(x+l) = 15(/y + l) = 12(.r+//).

38. (a:-2) : (y+1) : (..•4-//-r>) :: 3 : 4 : 5,

39. (x-5) : (y+9) : (.«+7/+ 4) :: 1 : 2 : 3.

40.
ij;-|-3

"+1
a; 2/+ 5'

2x-3 oa;-

2(/y-(-l) 5//+7

41. (a'-4)(-/+7) = (a?-3)(2/+4).

(a-4-5)(;//-2)=:(a?+2)(7/-l).

42, (a;-l)(5.y-3) = 3(3x4-l). 43. (x+l)(2,v+ l) = 5a'+9?/+l.

(ar-l)(47/+ 3) = 3(7x-l).

44. (3a;-2)(5i/+ l) = (5a;-l)(.v+ 2).

(3a;-l)(y+ 5) = (a:+5)(7//-l).

(a;+2)(3//+l) = 9x+13?/+2.

45. a:f7/ = 37.

?/-f2 = 25.

«+ a; = 22.

47. l-3;;'-l-9?/=:l.

17//-l-lz = 2.

2-92"2-lat = 3.

49. .V^
:0.

4G. 2r + 27/ = 7.

7a-+;9z = 29.

77+82=17.

48- 5.i!+3?/4-22 = 217.

5a;— 3// = 39.

3//-2z= 20.

CO. lU-\-lly^\^.

•n iJ/
""

V) 2 — J. 2^a; + DO, :20.

^y = 2, 81^+ 3^2 = 30.
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61.

53.

55.

67.

69.

61.

63.

65.

67,

y-\-z-x=13.

z+x—y= 7.

x+y+z= 8.

2.r+4y-}- 8a = 13.

3x+9y+27z = U.

3x+^y+ Sz = nO,

6x-\- y—4z = 0.

2x-3y+ z = 0.

a;+2f/+3« = 32.

2a;4-3(/+K = 42.

Sx+ y^2z-iO.

3j;+3?/+ «=17.

Sx+ y-\-3z=15.

x+iSy + dz = 13.

a;+2»/--7z = 21.

Sx+'2y- 2=24.

•9^+7y-22;=27.

^a;+^y+^2 = 36f
^a;+i7/-f]z = 27.

iC + l
2.

-T-^ = 4.

1
7*

y+l

2H-_2

2+1
2+3
a;+l

«+|/

y-z

x-hz

x-y

x+5

= 10.

--- = 9.

= 1.

62. a;+7/+2 = 9,

ic+2y+ 4« = 15.

«+8.'/+y2 = 23.

64. 7a;+6//+72 = 100.

«-2//+ 2 = 0.

Sx+ 2/~2« = 0,

66. ;(;+2/+« = 9.

a;+2//+ 3;=14.

a;+3/y+6z = 20.

68. a;+2/+22 = 34.

a;+2?/+2=33.

2a;+ ?/-f 2=32.

GO. x+2y-z^ 4-6.-

y + 22T^p=10-l,

z-i-2a;-?/= 5-7.

62. x+y = lU+S.
//+ 2 = 22y-14.

z+« = 3f.»-32.

64. 2^a;+3^?/ + 4|,^ = 14a»

3i^x+iy + ^z=17b;
2§.^+3^2/+4|2 = loV.

3a; +y
66.

68.

= 2.

-i^.-V = 2.

=. a

« 2.

LT- = 1.

2+ 1

%+Z
iC+1

82 + a;

2/+1

«+3

y±3
x+ z

2+ '3

^

4'.

N4

, 'i

i
'ft

f I

I'

I 1

•li'

1
(i 1 5il'

1
'1 i. 1'

t, 1 1 li



ii.

186

69.

SIMULTANEOUS EQUATIONS.

71,

4

X

y

8

y

3

Z

— = 1.

= 4.

70. +

-- +

= 0. ~ + —

4

y

y

y

6

+
5

10

z

72.
a?V

iia:

a.'2

iJa

«V 1
= —

-

iJi.

x+y 5 iy

jz_ ^ \

7^z ~ 6"
2.7

zx _ \ ^iiz

z+x ~ 7 4^y — Gz

73. {x-\-2)f2y-i-l) = {2x-^Dij.

(.^--2)(H2^\) = (a;+H)(8z-l).

(7y+ l)i0+^, =(y+3)( 2 + 1).

74. (2a;-l)Q/+l>2(aj+l)(y-l).

(.c+4)(2+l) =(.«+2)(2-f-2).

(//-2)(2+3) -.(7/-l)(2+ l).

75. (:i-fl)(57/-3)=:(7.r+l)(2y-3).

{4x-l){z+l) = {x+l){2z~l).

(2/+3)(2+2) =(G^-G)(32-1).

76. 21a;4-3l2/4-42z=115.

6[2x+y)= S{dx+i)=^^y+z) •

77. 15(a;-22/) = 5(2a;-3;3) = 3(^+s).

21a:+31y+ 4l2=l&ri.

78. 6xiy+z) =. Mj{z+x) = 8z{x -i
v>.

1 1~ + -
y z

79. 3a; + 2/4- 2 = 20. 80.

8u+x+'ky = B0.,

8ui'6x-\-z^i0.

6i*+8i/-fo'2--50

= 20.

-r 15.

« 1».

1— +
X

= 9,

.r+2-f 8y^

3?^^ i-x-^y =

33-.

11.

11.

11,

= 4.

= 4.

= 4,

r^.i



= 4.

= 4.

= 4

81. M-f-ar+?/+«= 144.

u-h2x+ 3i/+dz = 35'J.

u-\-2x+3ui.iz = loo,

M + 4.<;+10^ + 202^210.

SIMULTANEOUS EQUATIONS.

82.

187

u+2x+ni/-dz^0.
Su-x~5>/-^z = 0.

2i(-\-'Sx-hj-6z = 0.

84. /,-j-.u;+y/H-« = l.

2it-\--U + 8>/'i-lC>z = 5.

Sii-h0x+21u-\-ii]z---15.

iu-^l(jx-\-(}iy + 2!iCz= 35.

86. iM-^a;^-]2/- 4.^47.

iu+-lx+ly-lz = Q7.

iic-^x+lij-lr. = n,
7"-i^-i//+ l?=17.

Art XLVII. The principle of symmetry is often of use in
the solution of symmetrical equations. For from one relation
which may be .bund to exist between two or more of the letters
mvolved, other relations may be derived by symmetry • also
wlien the value of one of the unknown quantities has been deter'
toined, the values of the others can be at once written down, &c.

1. (x+y){x+z) = a.

(x-\-z){y+z)=c.

Multiply the equations together and extract the square root.
•• {^+y){!J-hz){z+x) = i/{abc).

Divide this equation by the third.

.-. x-^y = )lSUL, and therefore, by symmetry,

... y+, = Vi^^

.-. Z+X :. <^.
b

Hence we get

25 _. nb — bc+ca

~2V(abcy'

whence y and z may be derived by symmetry.

^1^,'

t •

(f ' * '

u

4

it..:

k^m

* rm
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2. x-i-y-\-z = (1).

ax-^bij+cz-O (2).

hcx->rcay-\-abz-\-{a~h){b-c){c-a) = Q (3).

<-x(l)-(2) j?ivos {c-a)x+{c-b)y = Q.

.'. y = LZ_if?, and similarly,
b—c

_ {a -b)x

b — c

Substitute in (3) these. values of y and z, and reduce,

,'. x{a— b){c—a) = {a — b)(b— c){c — a),

.'. or x={b — c), .'. y = c--a, z = a— b.

8. a{yz—zx—xy) = h{zx— xy— yz) = c{xy— yz — zx)=xyz.

Divide tbo first and the last equations by axyz
;

. •. — s — — — — — , and hence, by symmetry,axyz
i >. JL « i _ -L
b '~ y z X

1 - 1- -. -1 „ 1,
e z X y

.'. j- — = — — , and by symmetry,be X

L i- - _ A
c a ~ y' V

Jl i _ _ A.
a b z

i, f(x-\-hy+cz = l (1)

a^x+b^y+c^z = l (2).

a»x+ bhj+cSz = l (8).

cx(l) — (2) gives a(c— a)x+b{c — /t)y = c-l (4).

cX(2)-(3) " a2{c-a)x+b^(c-b)y = c-l (5).

*X(4)-(5) " ah{c—a)x-a^{c-a)x = b{c-l)-{c-l),

or a{a—h){a— c)x=(c~l){b—l),

. ^ _ {l-h){l-c),

a{a—b)[a—c)

wnenjje y and z may be derived by symmetry.
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(2).

(3).

etry,

5try,

(1)

(2).

(3).

(4).

(5).

-(c-l),

189

6. Eliminate x, y, z, u (wliich are supposed all different) from
ibe following equations :

y = cz-\-du-\-ax.

t = dii-\-ax+by.

u = ax-{-hi/-^cz.

Subtracting the second equation from the first,

.*. x — y = hy—ax, or

(1 \-n)x={\ + b)y = (by symmetry) {\+c)z = (1 +,/)m.

Tliese relations may be also obtained by adding ax to both
members of the first equation, hy, to both members of the second
squation, &c.

Now divide the first equation by these equals.

• _JL _ '' ^ '^

"
1+ a

1

l+ h + \+c "f"

1-i-/

And since - -"_ = 1
1+a

a

1+a
, we have

1 = _a
1 + ,^

+ 14./; + i:f-c

Exercise Iviii.

a

l-h-i'

1. Given ax -\- by=c and that « =
, r— -,»
L

a'x+h'y = c'

2. Given hx = ay

dx+md = cy-}-ni.

3. Given f<x-\-hi/+rz=:d.

b'c-hc'

bW^ba'*

derive the value of y

J ii i
a{dm— en)

and that a? = -7 —,
be — ad

derive the value of y.

and that x -

a(d~b)(d-c)
, write downd(a— b){a — cj

it^x-\rh^y + c^z=d^ the values of y and z

V. i
I

S-
ttil

;' ii IV

•

if
f

H

Li

II

HI
,

e ) -A

Uii

! !(,i
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4. Tlicro is a set of equations in x, y, z, n, anci w, with corres

poudiug couflicicuta {a to a;, &c.), a, i, c, t/, aude; ouo of tli(

equations is

x = bi/+cz-\-(ht-{-i>w, write ilowu the otlicn.

Solve tbo Ibllowiug equations :

fi- — + - Z , X z
= a, — + — = />, — 4- ~ = c,

W 7J. /^ III p

7. x-{-<'j/ = l, 1/
j~ />:: - III , z\-r}i — ii, ii + dir = j), ir + rx = r.

8. Eliminate u;, //, i, (supposeil to bo all dilTerout) Lorn tlic

following equations

:

X " III)+ '2, IJ = <'2+ (IX, z — ax-\-hij.

0. Eliminate x, i/, z, from

//4-3 2+.'; w'^-^
s 0«

10. Having given

rf- = hi/-\-'Z+ ''" 4- ''"',

!/ -cz+ (in-{-cir-{-(ix,

Z — lid + fiv-^-dx+ lii/.

u = cir -\-(ix-\-l>!i+ cz,

W = I.U -j- 01/+ ' 2 -| t/'^

a b a d e
Shew that -,-j-^ + iT7 + iZ" + il/ + r." = 1-

. Art. XLVIII.
Equations.

Ex. 1.

Resolution of Pai-ticular Systems of Linea?

(l)4-(2) + (a)+ (4)

8(1)

H(5')-(6')}

x+ij-\-z = a

y-\-z-\-u = h

z-\-u+x = c

u+x-\-y = d

'^[x + ij-\-z) = ^a

(1)

(2)

(3)

(^)

(5')

(6')

•J .^
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Tlio values of X, y aud z may uow bo written down by sym-

metry.

The followinfir is a variation of the above method, ax'plicablc to

a much more general system.

Assume the auxiliary equation

u-\-x-\-!i+z = s, (n)

.'. (1) becomes s— M = a, (0)

(2) " «-a: = 6, (7)

(8) " «-y = c, (8)

(4) ' H-z = 'l, (9)

(5) + (G)+ (7) + (8)+ (0) ^s^s+ n^h^rc^d.

s is now a known quantity, and may be treated as such,

Ex. 2.

(1) -r ayz,

(3) -r cxy,

in (G) giving u = s — a

" (7) " x = s — b

" (8) " y-s~c
•• (9) • z = s—d.

yz = a{y-\-z),

ZX=:h{z+x),

xy = c{x-jry).

1 1 1

y z ~ a

1 1 1

z "^ X ~ b

(1)

(2)

(3)

i- -1 _ J-
X y ~ c

This may now be solved like Ex. 1, using the reciprocals of a

6, c, z, y and z instead of these quantities themselves.

Ex. 8. ayU+hi{x-\-y-\-z)= Ci (1)

«2«-J-^^2(.'/+^+ ") = ^3 (2)

a^y-\-b^(z+ u+x) = c^ (3)

a^z + h^{u.-j-x-\-y)=c^' (4)

Assume the auxiliary equation

u-\-x-\-y+z-s. (5)

!«

"r:i

•

:<1

i'

'

V

^^^^1

.
,1 !' .:

!
'
-

1 i^^^^H
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^1) hecoraes h ^^s-{h^ -a y)u-c^

a,
-s — u =

/>, -«!
(C)

Similarly from (2) 6„-
'-S — X = (7)

B

u

«

ii
(3)

(^)

to- rt

-s-y = r-_ a,
(8)

a.
-S _ ;j; =

b^ — a.
(0)

/ *i *2 'N , ^4 \

(5)+ (6} + (7)-f (8) + (9) (,7_^:^-,~r^+ .-l^-'T,--.-^)

s=s4- +
«2 ^3

^3 .. ^4

— Un b. a.
(10)

^1 " "l ^^2 ~ "2 ^"3 ~ "-"3 "4 ~^*4

From (10) we can at once get the value of s, which may there-

fore be treated as a, known quantity.

/•,.s-c^

in(G) givmg «' = /,---;7;

and the value of x, ?/, and z may be obtained from (7), (8j and

(9), or they rtva^y bo writcen down by symmetry.

Ex. 4. ax-\'b{y-]-z) = c

a!/-{-l>{z + it) = d
(iz-\-b{u-{-x)=:e

itu-\-b{x-\->/)~f

Assume u-\-x+ ij -^z^s

(l)+ (2)4-(3)+ (4) («+ 26)6- =c + d+e-^r/

Hence s is a known quantity and may be treated as such.

From (1) ?-nd (5) bs—bic-{-{a-h)x = c,

:. hii— {a — b)x=^bs—Cy

Similarly from (2) and (5) hx-{a-h)ij = bs—d,

(8) " •• hy-{a - b)z--hs-e,

(1) " " bz-{a-b)u = bs-f,

£(7) + (a - /;)(8) l>-ii - (rt - b^y = abs - 63 - {a - i)</,(ll)

(1)

(2)

(^)

(5)

(6)

(7)

(B)

(Id)

D(0)-f(e(-6)(10) if \
a-oy

A- ' \ /

"."^
!
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b- (11)+ {a -hy^ (12) ,

{h^.~{a-h)-^}>( = ahH{h'i + {a-h)'^}

-a{b'-d+{a-b)y}~b{ir^ic~J)-{-[a-br-{e-f)} (13)

The values of x, y, and z may now be written down by sym-

metry.

Ex. 5, a^-\-a^u'-^ai/-\-z = Of

The polynome t^ -j-xt- -'ryi+z vanishes for t = a, t = b, t^o,

.'. by Th. II., p. 4G, for u^l values of «.

ti^xt^-\'yt+z={t-a){t-h){t-f^

= t^-{a-irh-\-c)t--^-{nh+ hc+ ca)t-al)C.

,:. Th. III., p. 53, x= -{a-\-h-^c),

y = aJi-\-})C-^€a^

2= —abc.

Ex. 0. a;+7/+z+ ?* = l, 0)
cx+ hy+ cz-^du^^O, (2)

a^x^b^y^c^z+ d^u = 0, (3)

a^x^.h^y-\-c^z-]-d^u = Q. (4)

Employing the method of arbitrary multiplier?!,

(l) + Z(3)+ :'«(2)+w(l) a^'x-\- h^y^- c^

-\-ma -\- r.ih +rnc
-\-n \

\- n + n

To determine x assume

n

z4.d^
+ ld-^

+ md
+ 71

II—

n

(5)

« =

(6)

(7)

(8)

(9)

But the system (G), il), (8) has been solved in Ex. 5, from

which it is seen that

1= —{l)-\-c+ d), m = hc,+ cd-hdh, 7i— —bed,

aad a^-+a^l+am-\-n={a-b)ia~-c){a-d\:

.t'P

,r-^S-i^^1
n.

*';- J ii
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.*. using these values in (9)

— hcd
X =

[a— b)[a—c)[a —d)

The values of ?/, z and u may now be written down by sym-

metry.

Ex.7.
X

Assume 1 —

rrt— a

X

n— a

X

p— a

X

+

+

//

m- b

y
71— b

y

p— b

4-

771 — c

Z

n~

z

= 1.

= 1.

= 1.

y

p— c

z t^^Bt^+Ct+D
lt-a){t-b){t-cy

(1)

(2)

(3)

(4)
t—a t—b t—c

But in virtue of equations (1), (2) and (3), the first member of

(4) vanishes for t = )n, t = 7i, and t=p, and .*. t'^-\-Bt^-\-Ct+D

vanishes for the same values of t, and .*. Th. II. p. 46,

t»-^Bt^+ Ct+D:={t-m){t-7i){t-p),

y 2
,*. (1) becomes 1

X

t— a t-^b t—c

(t.-m){t~)i){t—p)
~ {t-a){t-b){t— c)

To obtain the value of x multiply both sides of this equation

by («-«),

t-a-x- '^Z^ « z{t- a) _ (t-m)(t-n)(t-p)

t-b t-c
"

{t-b){t-c)

Now t may have any value in this equation ; let t = a,

{a— m){a— n){a— p)~
{ci—b){a — c)

The substitution {xijz\abc) will give the values of y and «.

x-^a y-\-b z+ c

p " q ~ r
Ex. 8.

lx+ 7nu+nz=^ii^

(i)
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By Art. XXXVII.,

V

(2)

Ex, 9.

= i'-L.^ _ ^•>'+ />^v+ ^^g+ ^<i+ rnb+ nc

Ip+ mq-j-nr
= R

lp-\-i:iq-j~7ir

say

a; =2jR-a, y = qR-b, z-rR^c,

yz+zx-\-x!f={a+b+ c)xyz

yz-Vzx
_ zx->rxy

__ a;//+?/«

a '^ h " 7~

(1)

(2)

w#
'

i

ember of (2) -f iBi/a.

— +
X y

+ —
- = a+6-f-(

— +X
JL ^ y

+

a
^2 _ 2

— +

(8)

(4)

i«.

(i)

(2)

Page 122 and (3)

(4) and (5)

(3) -(6)

Ex. 10.

(1)

— X +
y

+

+ —
y

a-\.b-\-c

2a, - +
y

= 2

^ 2ft.

— +
z

= 2c.
X

X
= a •i-f.,

(6)

(6)

y
= r/,-f ft— c, = —a-irb-\-(.

X+ c yJ^b

a-f-ft
"*"

x— b

f.(/•he

a —b

= 2.

= 2.

x-\-c

a

x

-1 = 1-
rt + c

— a-ft+< a+r— ft- y
a+b a+c

(1)

(2)

(8)

P

fi

(if If '»»
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Similarly from (2)

(3) and (4)

SIMULTANEOUS EQUATIONS.

x—a—h+c a—h+c—y
a— '} a — b

(4)

x — a— b+ c = - (a— l+c-y)

a — c

a — b^

But unless ^^- — ^ -, this cannot bo the case except for
a+c a—b k

If

in which case

giving

a-hb

a-f-c ""

a — b-\-c—y = 0,

x— a—b-\-c = also,

x = a-tb— c and y=:a— b-{-c.

a — c

a— b
a2_Z,2=«3_c;2

(5)

(6)

^,3_c2=o, ov{b-^c){b-c):.Q,

b = c, or b=—c.

But if i= 4-c or— c, (1) and (2) are one and the same equation

;

hence if (1) and (2) are independent, (G) cannot bo true, thua

leaving only the alternative (5).

Ex.11. 2ax={b + c-a)(r/-\-e), (1)

2h!j = {c+ a-b){z4-x), (2)

{x + y+z)-+x^+y^-hz^ = 4:{a^+h^-t-c^) (3)

(1) and page 122 (5)—?
b+ c— a

((
(2)

^4), (5) and

« _?/
c+ U' b

x+y+z
' a-\-l)-^c

J/j+z

"la

'

x-^z

~2b
'

X

x-\-]i-\-z

b-\-c-\-a

x_+ji-\-z

c-{-a-\-b

y

(4)

«2

b-\-c— a c-\-a~b a-\-b-c'

{x+y+zY±x^+y^z'[
'"•

(6+c-a)3 " (a+6+(;)-' +(6 -K -a)^ + {c-^a, - bY-\-{a+b-cY

Eeduciion and (3) = tt^'TV/'o-t- o; = 1.
^ ' 4(rt* 4-i>- 4"''"')

;. x'^ =(i-j-c-a)3.



SIMULTANEOUS EQUATIONS.

Ex. 12.

{l)-^xyz

ax

a

yz

a

hy = cz = — -\ 1

X y

zx xy xy-\-y^-\-zx

197

(1)

(2)

ilso from (1) -^xyz — =

(2) X (3)

yz

a''

xyz \x y z

xy-\-yz-{-zx ?

iy'ix-yz (3)

a-\-b+c
3-32/-2 X'^yz-

a x'^ = a-j-6 +

Ex. 13.

(1)

tlicn

y-j-z-x z-^x—y x + y-z
a b

*"

xyz — m^

Z X y m
a+b "

b-f-c
"

r

xyz m»

suppose

{(i-hb){b + c){c+ a)

Hence the value of r is known and from (3)

Ex. 14.

XT/Z=

rx=.vx{b-{-c),

y+z = 2ax2jz

z+x=1bxyz

x + y = 2cxyz

y+z
2a

_ ?jt£ _ ^+2/
2b 2c

x

6+ 6'-

rSii3v3

y
a c-\-a-^b a

x+ y+ z

a+b+G

-f-6 —

c

X'^y'^z^ =
xyz

{b+ c-a){c + a-b){a-^h~c)

x-'y^a3-3 _ 1

{,0-^c-a){c+a-b){a-[-b-c)'

(1)

(2)

(8)

(1)

(2)

(3)

(4)

.'
!

,

i;J

mm'
ft*

1,

.

1
;

I;.:.;,.
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I

if

Hence the value of x^ij^z- is known, call it -^ and subsHtuto

in (4)

X

6 + c—a

rx = h + c — a.

Ex. 15.

in which r^ = {b-^c-a){c-^a-b){a-{-h—c).

y^+z^ -x{y+ z) = a

z^+x^-y{z+x) = b

x^+y^ -z{x-]-T/)=d

(1)4.(2) +(3)

(1) may be written

(2)

(8)

(1)

(2)

(B)

^x^ ^y"^ +z^ -xy -yz-zx) = a-\-b+t (4)

(<

<t

.'. x+y+z -

x^ -\-y^ +z^ —x{x-{-y-\-z)=a

x^-{-y--\-z^--y{-f-\-y-\-z) = b

x^+7j^+z"-z{x+y+z) = c

a— b h — c c~a

(5)

(6)

(7)

y-x •y x — z

(4)

.. (x^y + z)

i^y-xY +iz-yY + (x-zy

a^j^l)"-\-c^—ah — hc—ca

x^+y^-\-z^ -xy-yz-zx

2(rt3_j_52 4c2-fl&-6c-Ca)
e: —

i

a-{-b-{-c

2{a^ + b^+c^j-3ahc)

(^~6+c)'^

Write r2 for 2(a3 + b^ +c' - 3abc),

r

(9)
.'. x+y+z =

Eeturning to (8) (x+y+z)^ =

(4) 2(ic2 +1/2 +2^ = «•?/ -yz- zx) ^

a-\-b+ c

2(a2 |.^2_|,cg -ah-hc-ca)
a-\-b-\-c

ja+ b+ c)^

a+b+e

(8)

(9)

(10)

(8)

1.

5.

11.
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i{f8)+ (ll)}

(5) and (10)

a-\-b-\-G
(12)

.'.rx={a-\-h+c){x^-\-y^+z''i)-a{a+ b+c)

(12) =a2+i2_|.^3_rt(,j+i^c^

= i2 4.c3_«(6+c).

(^)y (6), (7) are symmetrical with respect to {xyz\ahc)
; (10) showa

this substitution does not affect r, and consequently the valuei

of y and z may be written down at once from that of x.

Exercise lix.

1. ax+hy = c,

mx+ny=zd,

3. ax-\-by = Cf

tiix+ ny = c.

a?

5. — +
a

X

y

V

= 1.

T- + - = 1
a

7. ax-^hc = by-\-ac.

xi-y =0.

9. (fl 4- c)a;— (a — c)?/ = 2ab,

(a 4- &)]/ — (a — i}a; = 2ac.

11.
X

y

a

x-\-m

2. ax+by = c.

4

6.

8.

10.

12.

mx — nil = d

X— + y

x+yszc.

X

a

X

a

X

+

+

+

V

y_

a

y

a

= 1,

- 1.

= m.

n.

x—c
y-c
x-y

a

= a — b.

'+y a+h-]-G

x+1

a -b-

a-b — G

a-hb— c

•X

k ^ *

'

'
' *

,i
-'

J a !»'



200

18.

aiAlULTANliOUS E iUATIONS.

x— n-^ff I

y-a+b ~
(

y-^b __ c + a

14.
x-{-c

+
y+h

a+b ~^ a+
x— b

a — c
+

y--c

a — b
= 2.

16.
X V

m~a + --^ = 1,

10. a;-f-?/-|-2 = 0,

111 (6 + (;)u;+ (a+c)?/+(a4-i)2

x

n -a + y
11 —

b

~ = 1.

= 0.

17. x-{-y-\-z = l,

ax-\-hj + cz = m.
18.

X yr- + T-i~ a L-b l~ = 1.

bcx-\-my -^ abz = l.

x-a _ y— b _ z- c

p ~ q ~ r

l{x-a)-{'m{y— b)+n(z - c)

= 1.

19.

21.

— — ^"J^ - ^~_f ^^- «(»-«)=%-'') =<2-f)
;>

x+y+z = a-\-b-^c,

bx+cy+ (iz = a^-{-b^+c^,

cx-j^ay-{-hz

ax-\-by-\-cz = ni'

22.

w 4-i3 4-(

23. x+yi-z = in.

X : y : z = (i : b : c.

x+y+z = 0,

ax+by-]-cz = ab-^he+ ea,

(b - c)x+{c- a)y -{-{a- b)»

= 0.

21. ax-{-hy-{-cz = ry

mx= my, qy—pz

25. xy-\- yz | zx = 0, ayz+ Z/^ar -\- cxy — 0,

6c?/2-|-ac'a:2+a/w?/ \-{a-h){b— c){c— a)x!/z = 0.

26. {a+b)x+{b +c)y+ {c+a)z = ab+bc +ca,

(a+ c)x+{a+b)y-{-(b-{-c)z=:ab-^ac+bc,

(b-\-c)x+ {a+c)y-\-{a + b)z = a-'i+b^-{-c^

27. mx-\-ny-{-iiz+ qu = r.

if. -15

1

a;

a
y u
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28.
•^>-L.

a

V{xi-z) :(x+ ,/)

z =
a^b'-o

1 1 1

20. («-i)(--+cO-a//+5.^(c-a)(^ + /,)^,,,f.„^^0,

80. ax+b>/=^^l,

b//-\-cz=l,

JJ^- x+7j=a,

x4-zxc,

\

y + yV- 2a.

I 1— + — = 2b,
z X *

1 1

a;
2/

86. {a-\.h)x-^{a~h)z = 9,hc,

{c+(i)z-i-{c--a)ij = 2ab.

y

31. ly^yyfy.--f^^

nx+ lz = m.,

wz+ ny = i.

83. y^z-x = !!!!^,

f+.c -2/ = _,
VI

X-\-y-z = -_,

85. i
-I-

i. _ ± :^ 1,

+
a;

a;

1

V

a

i- + 1 _ i ^ 1
a;

'^

,

c
= rt. 38.

z
y + —

c a
= ^

a
y
b

— c.

>

a;

c-j-a

+

+

-^x = «-«?.

a-YJ = ^'-^•

201

! (
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'''f
M

Wi n
V)

(^

l-.LL

»
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v-{-x-y — d

40. u,-{-v— x-ft^

v+x— yssh,

y+x-u = (l,

x+u — v^e.

Exercise
Resolve

1. (rj+/;)«+(rt-% = 2(a2-f62) 2.

{a—}))x+ {a-k-b}y = 'l{a^ - b'^)

8. 2a;— 3?/ = w, 4.

2x^-'dy^=n^+xy.

6. (a-6)a:4-2/=-^:j::y.

7.

*+(«+%=--HI-6

•c+y a

«-2/ h-c'

af6 ~

9. x-y-
«:+ ?/+

11. —

= a.

= h.

- a.

= 6.x-y-

13. (^+ ^>3r4.(^_c)?/r=2a6,

8.

10.

12.

Ix.

x-^-i/=:a,

x--y^=b.

{a - h)x+(a+ b)y = a-^K.

_« 2L _ _i_
fl' + /> a— b ~ a-\-(>

{a+h — c)x— (a - b-^c)y

= 4.a{b — c).

X a-\'b~c

y " a— 6+c'

X—a a-^h

y— a "^ aVb'

X _ (l^-b^

y ~ a^-Yh^

x-\-y-\-l «-f-l

x —y+1 a—1'

x+y-j-l t-\-b

x-y-1 ^ T-^b

X y
^b + ^^7, = ^+*^

?/

a '^ b
~ 9.a.

14. a^-\ax-{-y = 0,

b^-J^hx+y^O,
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15. 7/-f2_a; = a,

a h

17- -r + -7 =2ab.X
!/

208

10. 7.r+ll// + ^ = a,

7z-^ilx-hy=:c.

18- i(^-b){x+c)-ay-^bz = 0,

+ — - a

X
= 'Ihc.

{c-a){y^h)~cz-{.ax = 0.

a
T" + ~ =2crt.

a;+ //4-z = 2(a+ A+ r).

19.
6 +

- + y

-\-a
+

a+i +

X
21. JL

a

X

+

+

c — a

2

a— b

a;

6-c

y
a — 1

y

=a+ 6,

= 6+(

= c + a.

X
20. -Jf + y

C —)l. II — h
0.

X

b-

X

c— a
+

(t'^b
= 0.

+
c — a

+

rt—

2

6-1 + 6-2

= 1,

= 1,

n+bZ = 2a,

22. ^^ = a.X+ 'f/

i * 5

n.

23.

24. Jl

a;

a;

X

+ TiT +

y

c-2 = 1. = c.

+ T- + + //

+ —
(I

+ 1.
a
+ + -T- H

74

a d

mx+ w?/ -\-f)z-\-qu = /

20. ?/+2' au^

X + 5 = 6?<,

X a

y

5. ax = bi/ = cz3=du.

y2_«2^

27. a?+?/ =

z+u =

z^ =x— u.

m.

?».

«.

tt— a; = 6.

M: If JH
ID

^1:. !. M
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28. 11aj4 0y-f-2-« =-a. 29. ^.4.rn/4-«-«+ a''w+rt<=0,

ll!/+ Vz+u-x =:h,
•

x->rb,j-\-b'iz-\-b'^ii+b^ ::^0,

l\z+du+x—y == 6', aj+c// 4- 6'-2H-c'3 «t + c* = 0,

nu-i-*Jx+y-z =-.d. x+dy-ird-z->rd^u-\'d'^={i.

80. «+// = '*.

y-\-z = i>,

z+ii = c,

u-\-v=:d,

v-\-x — e.

81. x+ly = a,

y+Jiiz = b,

z+nu = c.

u+pi' = d,

v+ qx = e.

82.

y+z-\-u = b,

u-\-v-\-x = df

v-\-x-\-ii = e.

88. .c -//+« = «,

y-z+ii = b,

M—U-\-V = C,

u— v-}-x = d,

v—x+y = e.

84. x-^]l+z — u =.a, 85. x+y+ z — ii—v = a,

y-\-z+ u — v = 6, y-hz+ u---v — x = b,

z-^u+ v— x =:C,
4

z-\-ii'+v—x — y = Cf

U-\-V+X—IJ--.d, u-\-v-\-x-y—z = d

r+x'4- V — 2 = e. v-\-x j-y—z~'ii = e.

86. ^x-y-z+'lu -v = 3a,

2y — z —u+ ^Av — X = 'ib,

2z -u— V +''2x— y = 3c,

2zt — V- x-T^ly — 2 = 3(/.

^v — x— y+'2z — n.^3e.

Exercise Ixi.

87. v-2x-}-3u-2y+ z

x—'Iy+ Sv-'lz+ ii

y— 2z -\- 'dx — iu-^- V

z-2u, + 3y— 2v+x
u—2o+iiz~2x+i/

= b,

= c,

= d.

Resolve the following systems of equations :

1. t2
i+_x-\-x^

l+_y-i-x--

I + x-h"^

a.

^ b.

2..
a;+l

a
ix-1]

8.
(l+fj)(l+y) ^ 1+^
{l-xj{l--y) !-«' 4. l+xy

a" -a."
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(M^)fl-.V) _ 1-f./.

v a

•^JCi) 'bJ^\

7. '^^±'1 ^ ^

a

1~

x- y

a
8.

x-y
l~.i-y

l~xy

x~-y

1-fxy

1+

6^ + P. 3

xy
+

2a

1 - a«

26

i - 63'

-e+y

+y ^ 1+^//

0.

ia"

1- ^7/

»•
'J

m
26

a;— y 1- }i

a;

a a.

= 6.

10. y+« = 2''-<J//«i

a;+// = 2(

11.
y+-~^ _ z+x- y x+ y 12.

'xyz.

(IX = hf/ =
a

13.

xyz = m^.

y''+z'' -x(>/+z)

y=fz,

1

+ —

.

•a.

X '+z2-y(j,^Z)=L
X''+y^-z[x+y) = c.

26// = (c-4-«-6)(x-+2),

(•«+ y+2)'-'+X--'+^a4..o^4(,^a+^,3_^,.2).

15.
(I

6-r
«•

17.

x-1
y-i

x^~l

x^+x-y^+y'^^a

x^-^xy+y^ = b.

10. f*^Ji^j/^+/y2_a;2 + 7/2 .tj^

A'" — xîyi-yi-ii'i a

1Q
*3 + 2/« =

a

a;-?/

x-y-xy^ = ---.

19. xy A = a(x^j.y2^ 20. x^ = a{x--^y'^)-b.nj,

i'^.fil

•4

.y !'

lihfflfi

lU Ah ill i



20H

V. 4 1

X

21. 4r(a;3+l)=:(^ + 6)(x-//)2,

SniULTANKOUS EQUATIONS.

^3 = i(a;2 4.^2>_,,jcy.

22. x^-u"^

23.

b-\-c
-g— {x--\'xy + y^\x-^y),

-{- {x-[-x>j+ y^-){x-{-y).

x^ \-y^
^ = u.
3 '

= 6.
x+y^

25. ;«(?/ + z) = a.,

?/(z+a;) - 6,

27. a;^a;+y+ 2^ ^^ --//«,

y(x+ y-rz) = h-zx,

z{x-\-y-\-z) = c-'Xy.

20. a;»+2/2=:rt2,

«:+?/ = /'z,

x — y= <'Z-

81. .r3-y^=r/«,

af— t/ = t'z.

24. — = a.

^ -^ = ft.

1+;k2?/2

26. (./•+y)(a:+z) = a,

- (//+z)(.'y+a;) = 6,

(z-fa;)(2+ //) =c.

28. x^-{y-z)^=a,

2^ -(a;~?/)^=c.

1 1
30, — + -^

X-

X'' y
26

a;

32. xy =

1 1

-T + — ^

?/

3-1
2+1'

(:.;-y)(2+ l)-2<r.
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Examination Papers

CHAPTEE VII.

Education Department and Un'iv^^.rsitt

OF Toronto.

1. State the rules for the addition and subtraction of Algebraio

^juantities. Express in the simplest form

(b+c— a)x+{c-\-a-b)/j-{-{a+ h~e)z

{c-\-a— h)x+ (a+ Z> — c) // + (i 4- .'• -a)z

{a-\-h-c)x-\-ih-\-c-a)ij-Jr{i'+ a~b)z

2. State and prove the Index I-avvs. Assuming these to be

general, interpret x'"'.

Find the products in the following cases

:

(1) (a;3+ 6a;3y+12x?/^+8v3)(a;S_Ga;2y4.i2^^2 -3^?),

(2) {a+ b-\-c){b+c-a){c^a-b){a^h-c),

3. Prove the rule of signs ^n Division.

Divide : [Apply Horner's Method to (1)]

(1) a;« - 22x4 4.60a;3- 55x3 -fl2a;+4 byx^ + Gx+l.

(2) a;4+9+81x-4bya:2_a + 9^-2. (3^ »"' - 1 by aj^ - 1.

4. Find the square roots of

(1) 4a.4"». Xbm

a

o

63

1
em

9

^ ' 62 ^ 0^ ^ a'

a
o V + 2-

6. Distinguish between an algebraic equation and an identity.

Solve

(1) r(i-2'^')+r(i+2^')=3.

"!

i.V

(I' I f !i|
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H
) ' '

t ,' ir "

- S

jr — -J

(2) -:-; + ':-^"- rr+B
A X — o

fi. A person boni^'hi a cerfcaiii iinmber of oxen for !$;>'iO. If he

had been ablo to pnrcliaHe foii)- mofo for tlio saiiio sum, eacli

Tvonld liave cost, liim $ I less. Ymii tho numljer ^of oxen. Ex-

plain the negative result.

7. (1) it — = — shew tliat —^- - ' = -'^ 1.
h d r3 + '2tv/+;5'/'-» r/(c-;w)

(2) Find tlio valno of .r« - 2i)(U-''+ i'J8u;-t+ 20t)a;3 - Vdlx'^

-897a; when a^= 11)9.

8. Three towns, A, /?, C, are at tlie anpjlcs of a ti"ianj]jle. From

A to 6\ throuf^h />, the distance is 82 miles ; from li to A, thioni^h

C, is 97 miles ; and from C to B, through Ay is 89 miles. Find

the direct distances through the towns.

II.

1. Prove x^ -=-a'" = .t"

Simplify {a+h-\- c)-^ -^a-{-h-{.cYc+ ?}{a-\-J>-\-c)c^ -r».

2. Prove the rule for finding tho L. C. M. of two quantities.

Find the L. C. M. of

a:{+ /;3_j.(.3_3,,^;.^ and {a-\-hY -^-2{a-\-h)c-^c^.

ac

Td

_l-a;_ \ ^ /'J-^« _ l-x"-

x^ l-x+j--"' li+;r-}-.r» 1-f^
rt3m_^„2'n_2

^ a c
8. Prove -7- X —

a

l-.r3
Simplify +

4. Reduce to their lowest terms
rtS'^-f-a'-'-'i

^-, and

5. (1.) If 'r»—;w3-J-(/a-r = 0, then a;-''—pa^^+T'.'K-r is exactly

divisible by x — a.

(2.) Prove that {n-\-h+ c){hc-{-ca+ah)-{b-\-c){c+a)(a-^h)k

divisible by ahc. Is there any other divisor ?
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.

^•*''=
Li

;"-"*, then J,
., r"/,J "/.A

7. Solve tlio equations—

209

U*

'^JC+ l

12^-f 17

^- ^ P^^-^^^'^ ^'-^'^^' at the rate of ;> miles an hour, and clesi.in.

o tl rTn ' ' '"'""• ''"^' '^^^^^' "^^^^ ^- ^^- «^^iil ^ -^^-

V .n i

''''" ^^^^"^"•^''^^' to travel at the same rate, h.

bpted to reach home m time ?

oul'l tl-Uu.a; the .„,.„,• tLelh-staaatbucl . U, .nd tho
^irni of tliG tljioo d,g,u i. 17. Fmd tho numbor.

m,!!l/'l
'"""

"'t*','
:'"" '" "'""""' '"^™''' »'«' also $6 due n

:'!,'""' """"' "™'J "^^ l"*i'l ^^ "-0, rockoai.. interest at 6pel cent, per annum.

in.

1. !£:«=: 10, 2/ = 11, 2=12, fiud the value of

{-^-(.-M)^
I
x;J+^=^ and subtract

9-2U--f-5S.t;3-llG.^3 + 129^.4 _ 140^.5 _^iO(^^e.

2.^+ a;3-103. Solve (1)
4x Ku

X-+1 +
a;t-l5 u;+ 3T-+ «.

U^

1:1; I

,
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i^^~iy+lz='^'

4. A boy bonglit a number of oranges at the rate of 45 cents a

dozen ; if be bad received 20 oranges more for tbe same money

the whole would have cost him only 40 cents a dozen. How

many did he buy ?

6. A farmer took to mnrket two loads of wheat, Amounting to-

gether to 75 bushels ; he sold them at different prices per bushel,

but received on the whole the same amount for each load
;
had he

Bold the whole quantity at the lower price he would 1 ave received

$78.75 ; but had he sold it at the higher price he would have re-

ceived $90. Find the number of bushels in each load.

6. Show how to find the square root of a + v'^-

Find the square root of l+\/0-—<^^)

Ax-1 7aj4-lQx-\-5
7. Solve 2^-^ +

wben

a;-2 xS
ax^ — 'd(Jx-\-8l=0, has equal roots

; and find the value of i

that
rt+ />

a h "^ V{(ic)- V{bd)

9. Shov^thfit r,^b-c)-{-h^{c-a)+c^{a-h) is exactly divisible

Ijy a+i + c ; and resolve the expression into its factors.

IV.

1. Multiply a=-f^)*^ -e2 4- 2a7) by u^ -b^ i-c^ + 'Mc, and divide

the product by a^ -^2 _c2+2ic.

2. Simplify

i(c-d)

aiX' y'V f
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EXAMINATION i>APRRS. OU
8. PindthoL.C.M.of4."-9,», 4..-10.,+ 6„». and Bx'-

l%+6y^ aoad the G.C.M. of 1+.*+^+^^ ^^ ^^^.^l^

-i. Obtain the sauaro root Ml e /i t ,- -, ,

5. Distinguisb bstivoen au «y„„<,i,„ and an «..-;™ r;
example of each. W,,„t value of » makes (Z sj: L ^^ t°
= -u au .dentity ? Cau auy value of ,„ znako it an c^tiio .?"

6. Keduce to its simplest form

1/(1 +<-•) -l/u; ^ - "--
'^

7. Solve the equations
1 + K {1-FT'^H^

(1) —JL? ,
2.^;.—

5

aj—

2

(2) 7yi/-.lr:=^^^-5^)(^+ o^j^

-^_ ^5 7

4:c —

5

^-1 = 0-

^+^.'y B3

8. A person performed a journey of 22} miles, partly by ca>nage, at 10 mile, an hour, and partly i,v train, at 36 mto auUo«r and the remamder by walking, at 4 mile, an he" h"Ud the whole .n 1 hour 50 minute. Had h. walked &;, fi"portion, and performed the last by carria<.e it wo„?H !., 7
M,u 2 hours SOi minutes, l^.nd the ro.p:o;. d Ln rbvt"na-e, tram and walking.

"i.^i-auc.« by car-

9. Solvo

a; + 3

x+i
x-i-1 4^+9

^•+7

12a; -f- 17

6x+W
^^lO^What value of y will make 2.»+ 3.,+6,« «zacily divisible

ji

;...»
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Y.

1. Multlplv

Prove til at

(^^x--y)^-{x- ly)^ is exactly divisible bv r+t/.

2. Express in words tlie meanincr of the formnla

{x+ o){x+ h)=x'^ + {a-\-h)x + ab.

Efitainin^ the order of the terras, how will the right-hand

member of this expression he affected by chai]ging, in the left-

hand member (1) the sign of b only, (2) the sign of a only, (8)

tlie signs of botli a and b ?

G. Bim\My {a 4-b)^+ {a- h)*-2{a^-h^y ',
and show that

(^a+b+c){b-^c-a){a+c-b){a-{-b-c)=4:aH^

when a^+b^ = c^-

c ad
'

d " be4. Prove that
a

Simplify

+ 1
a

5. I went from Toronto to Niagara, 35 miles, in the steamer

'* City of Toronto " and returned in the " Eothsay," making tbe

round trip in 5 hours and 15 minutes ; on another occasion I

went in the " Kothsay " (whose speed on this occasion was Imile

an hour less than usual), from Toronto to Lewistou, 42 miles, and

returned in the " City of Toronto," making the round trip iu 6

hours and 30 minutes ; find the usual rates per hour which these

steamers make.

6. Solve

(1) V-
Ol

a

1 A 1- Jl
X y ~ ^' ^ V

(2) a;2+5a;=5^/(x2 + 5a:+28)-4.

7. Find three consecutiTe numbers whoso product is 48 times

the middle number.

*l!!
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8. If m and n are the roots of ax^+bx-\-c = 0, then

f(x^+hx+c = a{x~m){x~n).

Show that if ax"- + lx+c = has equal roots, one of them is
given by the equation

{2'i- ~2ah)x+ab ~b^ z=0,

^- -^^ ^ = V^"^;^ + -^ =1, prove ixiat

^3 ^" T

^'11-^

is 48 times

VI.
1. Simplify

iax^~ aif- + <llxji_ \ 2 //^7/3 _ /,.,;3 j_ 2^:ry \ «

2. Divide a^~h^-c^~^ahc by a-6-c, and show, without
expansion, tliat

(1 +j;+*-3)3 _ (1 ._a;4.;c*)3 _ G.r^.r* +a;3 + l)_8a;3 ==0.

3. Eesolve into factors x^ ~^x'^'.j^-{.ij^^ aod
7^2 _ Qy 3 ^,^+ 1 0:j;+ 33// - 3G ; and prove that

h^c-^a)+c^a+ h)-a^b+c)+ahG is exactly dis-:sihle by
h-\-c~~a.

4. Apply Horner's mothod of division to find the value of
5a;«+ 497;c44-200a;3 + 19Ga:^-218:e-2000 when ir=-99, nnd
the va ue of 6^' +^ox^ - llx^-{]x"^-\.lOx-'l when "Ix^ = -L+l.

6. Find what

V {a 4- a-)+ >/ {a - x) , . 2,t6-7,—,--^ ?-; '.haconies when x = _'_._.

6. If a and 6 bo any positive numbers, prove that

1 a
J,

T + rra > i-
a b

, + -- > 2.

< - i'

3 u

!

r. i
, ,,
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:
' 'i

• <
"^

M^

7. Solve the equations—

0) cr* + //* = 6,,

6

(2) a;+2//+;-^z-=l'-i,

2a; 4- 3// + 2 = 11,

3u;+ j/+^2=ll.

(3)
(a;+l)(a;+3)(:c+4)(x+0)=rJ.8.

8 There are throe consecutive numbers such that the sum of

their cubes is equal to IQ} times the product of the two Ingher

numbers : find the numbers.

9. (1) Form an equation three of whose roots are 0, y (
-8),

andl-|/2.

(2) If one of the roots of the equation a; -4-/'^+7 = 0' ^^

»

mean proportional between p and q, prove that

10 Two trains start at the same instant, the one from B toi,

the other from A to B ; they meet in U liours ;
and the tram tor

A reaches its destination 52i minutes before the other Urn

teaches B : compare the rates of the trains.

VII.

W™

'

1. Give some application of the - rule of signs" in Algebraic

Multiplication and Division.

2. Find the numerical value of the quantity

bc{c-a){a-b)-ra{a-b){b-c)-^ah{b-c){c-a),

when a=«10, ^ = -01, ^• = 0; and pr6ve that if

X ss
*!

, then will {a-\-b) '-^- --— •

_^2 4.,.24_(,^4./,)(rt-f c),.

K
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in Algebraic

S, Inv0st\rrate a method of frnditig by iuspoction the remainder
alter dividing any rational and intogral function of a? by x+a.
Show that the qnnntity

ia divisible by each of the quantities aj+.y, x+h, a-2a?, h-x.

4. Investigate the rule for finding the II.C.F. of two algebraio
quantities, showing under what limitations factors may be intro-
duced or suppressed at any step.

Find the H.C.F. of

(1) G.r4 lx^-lSx^+ ii)j;^G tim\x^ + 2x^-l.

(2) {x-^y){cix^-b!r)-x?/{a-h){x+y), and
{x-y){ax^-hi/2)+xi/{a-h){x-y).

5. Prove, by general reasoning, tliat the value of a fraction is

not altered by multiplying or dividing both the numerator and
denominator by the same quantity.

13 7 X 4:Simplify (1)

(2)

12(2x~'d) 12(2u;-f3) ~ ix^+9

S 1
.

i_
)

i{x-\-a){x-h) "^
(x-aXx+h)} ^

1 1

6.

{x+ a}(x+ b)
"^

lx-a){x'-b),

nth respect to x, the equations

1.~ 44'

X -S

85x3-78u;-P40*

18 2^-24 lla;-34

4 "^ 11 "^ 22

n.c2+a;-3 7ar2-..3a;-9
(2) _

5x~4 7a;-10

(3) x^ = ax-^by, and 7/2 = hx-^- ay.

VIII.

1. Definfi the terms "power," "root," "index," and " coeffi-

L'icnt
; explain also the reasoning by wnich it is shown thu,t

a — {b~c) = a — bA-c, I) -,
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2. Multiply {x^+x!j-\-y'''y by U-y)^.

Fiud the values of a and b wliicii will make

ajs +ax-\-b divisible by u!+Py and also by « + «.

a. Divide ;<;« +y''-^2x^!/^ by (.6•^//)^ and

4. Investigate a rule for the extraction of the square root of any

algebraic quantity, and deduce the rule for the extraction of the

square root of a number.

If to any square number be added the square of half the num-

ber immediately preceding it, the sum will be a eomplete square:

viz., the square of half the number immediately followmg it.

6. Find the square root of

(1) a^x''+2ahx^+ (l>^-^^ac)x^-^c--^x-'+2bc.

29

H /' -'.'.

(2) i.«'-i^'^^-i•«^^-lx*-K*+A^^

G. If x^+ax+h and a;2+a'.c-6 have a common measure, it

will be x+ -^^, and the condition that they may have a com-

mon measure is ib-a^ —a'^.

Find the H. C. F. of x* -fp^^s-j-ij* and x^ 4- ^^px^ +P^^- -P'-

Find the L. C. M. ot 2^(^:3+^-20). SU^'-x-QO), and

7. Find values of a and h which will render the fraction

Qx^ia-{-b)x-^a+ ^b^

Bx- - {tia-\-b)x-a-i-U^

the same, for all values of x.
^

d. Solve the equation 2+ |/0H^iy{^+6) - V>-l)(a;+5)_=0,

and account for the circumstance, tliat the values of a;, determmed

from it, apparently do not satisfy the equation.
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IX.

1. Prove that a{2n-\-l){a'^ +ww4ri)_n(2^/-f !)(«« +''/aT'l)

2. If a, b, and e are positive Quaiititie3, and if a>/> and c>a — b,

prove that

e-{a— h) —c—(t -f h.

Assuming this equation to hold good when a, h and c are unre-

stricted, prove that tho exprosHion — ( -o), occurring in an algeb-

raic operation, is equivalent to +^r.

?>. If a:'-i-^a;-+'^ a^d x^+pr+q have a common measure of

tho form of x^-\-mx-\-n, then a^bq - {h— qY
4. Find tho H. 0. F. of

(,'2 _ 62 _ ahxij + ahx-^ir'^, and a-x^ - h^y-^ -\-fi"hx^y- l>"x]r %
5. A and B are two numbers, each of two digits. The left-

iiand digit of A exceeds that of B by x ; tlie excess of A above B
is y ; but the sum of the digits of B exceeds the sum of the digits

of ,4 by z. Prove that y-\-z = dx; and give an example of two

such numbers as A and B.

a h c

6. If -r- = — = -T> prove that each of these ratios
c a ^

(/,n
and also =

b + c+ d

7. Solve the equations

,-v x + a x~a
x — a x-\-(t

6+a;

h — x

h— x

(2) a(a;^+?/2)-6(.r2-2/8) = 2a

8. A farmer buys a sheep for $P and sells h of them at a gain

of 6 per cent. ; at what price ought he to sell the remainder to

gain 10 per cent, on the whole ?

9. The sum of three numbers is -70 ; and if the second is divided

by the first, the quotient is 2, and the remainder 1 ; but if the

third is divided by the second, the quotient is 3, and the remain-

der is 3 ; what are the numbers*

W^

!».'

vm
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y ,^
:

1. Divide ox^ + 'lcx!it^-hif^-\.<ix''{ii-{-z)-\-hii'*{t-\rj-) |-2^f7/(x+ /y,

by x-\-y-\-z,

2. Prove that i^ x^-^rP^^+qx+a^ bo divisible by x^ ~\, it

i« also divisible by x'^ ~a^.

8. Explain the i-eason for introdncing or suppresyiug factors in

the process of findin.i,' the II.C.F. of two algebraical quantities.

Why is the iiame " Greatest Common Measure " objocti nab'i- ?

Find the H.C.F. of x^-x^ -x^ x - 2 and 3aj» - 7a;- +9.^ -2.

4. A travc.Uor loaves A for B at the same time that anotJicv

loaves B for A ; the former walks at the rate of 3 miles an lunir

till he has performed half the distance ; he then rests for an hour;

after which ho resumes his jonvnoy, walking now at the rate of 4

miles an hour ; the second traveller goes at the rate of 4 miles >m

liour till ho has got over one-third of the distance between B and

A ; he then rests for 40 minutes ; after which \\e resumes his

journey, walking now at the rate of 3 miles an hour. T]>e tra-

vellers reach A and B respectively at the same time. I'ind the

distance between A and B.

5. Show by examining the square of a+i how the square root

of an algebraical quantity may be found.

Find the square roots of

(1) 25.»4-30aa;3+49r<3a;2-21«»,r+10a4, and

(2) ^ + K - (- + ^^ 1/2 + -I.
y^ x^ \y X 2

n
6. Show that a = V«"*, when m and n are integers, and m is

divisible by n; and state the principle on which you would main-

tain the truth of the equation for all values of m and n.

7. Solve the equations

6^3j-^-3 _ Ix^-dx-c)
(1)

(2) (3a;-l)2 + (4a;-2)'-^ = (oa;-3)a.
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8. Two legiilftr polygnns are so related that tlio uumbor of

their sides is as 2 to 3, aud the magnitude of their angley an 8 to

4 ; fiud the figuros.

XI.

1. State iu words the sevoral operations to be performed m
order to obtain tho result expressed l)y the following algubraical

expression

;

Also fiud its value when a = b = i.

2. Two men, A aud 7i, dig a trench in 8^ days. If A were to

do more work by ono-third tlian ho does, and H more work by

oue-half than ho does, they would di'j the treucli in 2=!} days, la

what time would each dig it alone, at lils present rate of work ?

3. Perform the multiplications in

(1)

I

2./+ 8//*
)
(
2;c* - 2.V*

j I

b> -f cJi/'-^ 9yM
I

4a;* - Qx^/^ + 9^/* \

4. Divide

(1) x^ + O+ Slx-* by a;3-3+ 93;-^

(2) x*-'{n-{-b-\-p)x^-{-[ap-{'hp — c+q)x''-{aq-i-bq-cp)x~qc by

x'^ —px+q.

6. Show that a;-'" +^ — a;^"~^ is always divisible by a;:^-!, m andw
being any positive integers.

6. Define a fraction ; and from your definition prove a rule for

adding together two fractions with different denominators.

Add together the fractions,

j^-hc o^-ca e^-ah_

(a^~b)(a-fcy {b^'v)(J)~+a)' (c+^Kc + if

k '.
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7. Solve the following equations

. ;«2_f.2a;+ 2 .-c'3 4.8;,+20._ a^s +4x4-6 a;34-6a;+12

(2) (^2+y3)
X

y

100 , ... ,„. ?/
21——

•

4

tC-fiJ

XII.

1. When m and ?i are whole numbers, and m greater than n,

«'" 1 _
show that — = a"'-" and that — is correctly symbolized by a"".

2. Multiply (a -&)(a+6)(<f-+'>^)(^^'^+^*) • • • to (w + 1) factors.

3. Divide 1 — x by 1— 2a;, to 5 terms, and write down the

(r+l)th term, and the remainder after (r+l) terms.

4. If the number three be divided into any two parts, show

that tlie difference of the squares is three times the difference of

the numbers.

5. Find the L. C. M. of 1 -Sx-f17x3+2x3-24x*, and

1 -2a;- 13x3+38x-3 -24x4.

6. What relation must there bo between the coefficients m, n,

p and qy in order ihat

may be an exact square for all values of x ?

7. Solve the following equations

:

l+x3 ]^_x^
(1) (1+^)2 + (i_^)'^

ax— h^ _ i
/(ax) — b

^^^ Vjaxy-^b ~ " n

XU XZ r. a V^ o
(Q) JZ--^ - = 1, —,— = 2, and -"— = 3.

8. Given x+.v+2 = ^i^^ = %. find (x+y+a) --z.

9. Find a number expressed in the decimal notation by two

dibits, whose sum is 10 ; and such, that if 1 be taken form its

double, the remainder will be cx|)rebi3ed by the same digits m a

v^vexsed order.

(I.

-c.
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XIII.

1. Find fche value, when a = 2}y, 6 = 3|, c = 4i of

2. Show that the vahie of the expression, in the preceding

question, is not altered hy changing a into a-{-x, h into h-^x, and

ciute c+ic.

3. Multiply (l+rtia;)(l + 'i'2.r)(lH-rt3a;) .. . (l+fr„3;) to 3 termH.

4. A speculator borrows a sum of money at the yearly interest

of 7 per cent.
;
part of the amount he Invests at S\ per cent., and

the remainder at 9 ; and, at the end of the year, he finds that he

has made a profit of $75 ; bat, had the former part been invested

at 9 per cent., and the latter at 8.^, his profit at the end of the

year would have been only $G5. Find the whole sum borrowed.

6. Given ax-\-hii = c, a'x-\-h'y = c\ determine the value of

mx-^ny, and find tiie conditions under which the value becomes

indeterminate

rt,

6. n—
a„

Cfc

a-

an—\

Cl„

then will fl-i+rt 3 4-^3+ . . . + «« =

7, Eliminate x and y from the equations

rt^ —tig

X V a

a i "

= x+3x y

ft = y-\-iix^y .

^. li ax'^ -\-hx^c = 2c Hi ^x- +h^x-\-c^=0, then will

(a^i —a^h){bc^—b^c) = {<.tc^ — aiC)^.

9. Find that number of two fiG;uves to which if the number

formed by changing the places of t;ie digits be added, the sum is

121 ; and U tan bame two numbers h(i buutracLud, Uid remainder

lb U,

- t(

ti r, 3j

i^'f

'

\ -

.

|,
K'. ^^H

:! ^

'

( ^1
1 ^^H

:Ilt.1
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1. Rimplifv

«(/'+^')'+/'(''+")-+''("+/0' -•!("-- ^')(^-<')(''+c)+

2. State ilio law of iiuliccs, and i)ii>vo it for poRitive ijitegial

indices ; and assuming it to bo general, interpret the expressions

x""\ X , wliere ni and n are positive integers.

3. Having given the equations,

prove that a'^^ijz ~ ij'z') + l>'\z.c - z'x.')+c-^{xii-~x'ii')^0.

4. A traveller P seta out to walk iVtnu .1 U) />, proceeding at

the rate ot 3 miles an hour ; and, 'd'l minutes afterwards, another

traveller Q sets out to walk fro'u B to A, proceeding at a unifovm

rate. T-.?y meet half way betwixt A and A'. /' then quickens

his pace by 1 jiiilo an hour; and Q slackens iiis 1 mile an hour.

Q reaches A at the same time that P reaches B. Y'miX the dis-

tajice between A and B.

6. How are equations classified ?

Solve the equations

—

(1) )inix+ 'ii>)yi = }i'X-\-aiit''^

.

(2) x"^- x-'+i/*-i/'^=8i:,

(i. What two numbers are those wliose dilTerence, sum and

product are to each other as the tJn/ee numbers 2, o, 5 ?

XV.

1. ^Ylult is the meaning of the symbols <(, cf^, a'^ , . ?

Show a priori that ((°=1
; liow do you know that ah -ha ?

How is it proved that the multiplication of like signs gives a

positive, and that of unlike signs, a negative result.
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2. FiiiJ tho valno of

(b - c) « 4- 'i(^" - a) ' + (a - //) 3 - 'P.{h - r.){c - a){u ~ h)

wllCll (/ = 1, />=.- — 1, (; =r [«.

J{. Simplify tlio f(»i lowing oxpression :

4. /-"tiu'l C? arc tmvolliiu,' aloug the same road in tiie same

tlireetioa. At noon P, who goes at the rate of ///. miles an hour,

is at a point A ; while Q who goes at the rate of n miles iu the

hour, is at a point />', two miles in advance of A. WJicn are they

togetluir ?

Has the answer a moaning, when m — n is negative ? Has it a

meaning when ?Ai = // ? If so, state what interpretation it must

receive in tliese cases.

5. Show how to find tlie Least Common Multiply of two or

more algehraic quantities.

X-'(1) x^ -ax—'2a^, x^+nx^ and ax'

(2) x^ -x^ij '-a^x^a-ii and x'-^-\-ax^ -a://- -ay^.

In what algebraic operations is the Lowest Common Multiple

of two or more quantities required ?

6. State and prove the principle upon which the rules of Addi-

tion and Subtraction of fractions are founded.

Simplify the following expressions :

{a'\-h-cy^-J^ {h+c-a)^-<l^ {c+n-h)^~da

V ' x^—U"

%ih

0^

7. Hax-hij+ c{x-y) = {((-b){a-{-b -r),

bij~-cz-\-a{y-z) = {b-c){b-\-r-a),

cz—ax+ b{z-x)^^{c'-a){c+ (i—b)

then will a^{j>-c)-\.b-^{c-a)-\-c^{a-h) = 0,

8. P is a number, of two digits, x being the left hand digit, and

II the riglit. Bv inverting the digits, tlie number Q is obtained.

Prove that 11 {x-¥y)(P-Q) = ^ {x-y) {F+Q).

? '(.

,
I li
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XVI.

1. Sliow iliat

{K+%)2+ ('rZ/-*a:)2}{(rr.r+7>v)2-(r7//4-M"'} =

(a4_i4){;t;.t_,/4); aud that

2(rt.-A)(a-r)+2(/>-f)(/^-a)-+2(c-i)(r-<0

is tlu' sum of three squares.

2. If s = a+ /'+(.'+&c. to ?i terms, then

_ ^. 1 4- &C, = 77

3. Show that a-/), b— c, and c-a cannot be all three positivo

or all three negative.

4. Extract the squaro root of

.j.pfi
-f 0^0 _ io.>.4 ^ 1 0^;- +0 - 2.r(C,x^ - ?x^ 4- r;a;2 -. 12).

6. Given ah -\{a+ h){p-\-<!)-\-rq-0,

find the valnc of ;>— 7, aud sliow th;it ii" either a or 6 is equal to r

or «/, then p is cqir.ii to 7, unless a4-^ = (; + <^.

6. Find the value of —-, having given

y

7. Prove that [a— b){b—c){c--a) is a common measure of the

quantities

8. Find the conditions that o^x+h^y = c^, a.,oc-^b„yr=r^, and

a x-\-h 7/ = ''3 may be satisfied by the same values oi x and y.

9. Two persons, A and 7i, start at the same instant f';om two

stations {c) miles apart, and proceed in the same direction along

the linu joining t)ie stations with velocities (a) and {b) miles per

hour. Fmd ihe distance {x) from tli

bakes L\ and interpret the result when

>tatiuns
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XV IT.

1. ExprpHq in Rvmhols tlm rosnlt of snLtractin?: from nnity tlio

(]Uoti(Ujt ohtaiiiod by divltliug tho sum of a iiml h by ilicir product.

2. Multiply to;j;ct1icr x-\-y/(i + h, x—V(i+l>, u-'h\/o-l> find

X- \/a-h ; and divide 2-1^3 'l'l,r^h + 'la^c-iab- -{-'riubc-Mac'*

-f-(i/>-''-22//-'c-flG/,ra-f 8r3 by 15a - 2// 4-! c.

8. If x-\-a bo ilic TL C. V. ol" x'+fu'+ 'l
i^ii'l x- ^ !>'x-\-q',

their L. C. J\I. wdl bo {x-\-:i){x+p ~ a)[.f ^ p' - a).

tSliow that tho dilLronco botweeu

X X X .. a h c

-f y + -and + , 4- —
X— a x — o X — c X - a x ~ b x — c

IS tliG same whatever values be givou to x.

4. Prove, if the four fractions

bx-\-c>J \- ilz ex' +"'//+"•" (lx+"7/ + l>z (IX-\-b//-^rz

d-\-C-{-(l— (I r-^ii-^il — b d-^(( -{- b -c (l-{-iJ-\-t: tl

lire equal to ono auothci", their common value will bo ofjual to

X-\->/-i-Z
-\,— as long as a + h+ e.-\-(l does not vanish.

6. What do you mean by suLcuiij an equation. Show that 3 is

a root of the equation

3+f'>-2)

6. Eliminate x between the equations

a;3 j^—~ 4. 3 L -f. — )
- m, and

X'

X- '--fi[x-
,'i

X

n.1111
7. If — + -7- — — = "T~j , a, 6, care jiot all different.

a b c rt+ — c

8. A cask, A, contains w gallons of wine and n gallons of water

.

an another cask, />', contains p gallons of wine and 7 gallons of

water, bow many gallons must be drawn from each cask so as to

produce by tiicu- mixture b gallons of wine and c gallons of water ?

taJ;

'"^
': Mil
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XVIII.

1. MnlllpTy to^.ether iho fcixjtors

and show that if « is any uneven nuraber, the S'lm of the nih

pov/ers of any two numbers is always divisible by the bum of the

numbers.

2. Find the numerical value of the ex] . 'i

c \^o+ \/c

b s/a— \^c

where a, h, c are connected by the equation a'h - r)3 - c{h-^c) ^ = 0.

3. A has a younger brother, B. The diiTerence between their

a^es is ^ of the sum of their aj.^es. P ; adding twice B's, age to

5 times A'q, we obtain the age of the father ; and by subtracting

twice B's ag3 from 5 times ^'s, we obtain the age of the mother.

Show that the age of the mother is ^-^ tliat of the father.

•i. Find tliG H.C.F. of

a;3_(2a+&)a;3-i-a(2a+%-rt^(rt-f6), and

5. If
-f- +
b

1 4_ _ , shew that
c a

6. Show fully how the rule for finding the square root of a

given number is obtained. If w+l figures of the square root of

a number have been obtained, prove that the remaining n may be

obtained by division.

Extract the square root of

3.2(^2 J^.y2 +2,2
)
+y222 j^O^^^y j^^)^y^ _ ^3),

7. Find the value of the expression

3.-71 , rt+ft h
'r I- when x = ,-, y = —
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8. Solve the eqiiEitions :

(1) ^{.v.-2a)-Ux+ ^r,) + l{x-Ga) = 0.

(2) v'(2a;3+l)+-v/{2.r2+3) = 2(l-a;).

0. Divide 21 into two parts, so tiiat ten times one of them may
exceed nine times the other by 1.

1. Multii:)ly together

XIX.

x2 -^ax+ ^a''-\-^x-^^a-\-l'.

Divide this product by

ix- + lax- 2«2 - lx-h2a~ |

;

and extract the square root of the quotient.Ill
2. li x+y+z= 1 1-

—
. := shew that

X y z

(x^ -f
y/fi

-f-2« )-r [x^ -{y^-\-z'^) = xyz.

8. Find the H. C. D. of 20x4+;c3 -1 and 75a;* + loa;3 -3a;-3 ;

also of (x+y)'' -x' -y"^ and («;' - v/3)3.

4. Given that nh - {a+ h){x-\-y)+ixy = 0,

cd-{c+d){x-y) ^ixy = 0,

find the value of {-(^ — y)^.

a. Having given

x^ = y^ •+
z"^ — 2ayz

y"^ =z- +x'^ — 'llzx

z^ =x~-\-y'-^—2cxyj

Show that
X' y
w r-2

6
l-\-x+i/'(2x-^x'')

= 1—ax.
l-x+Vi^x+x-)

7. Determine ic in terms of a and b in order that x^-^2nx^-{-

U-x^ — 4:a^x+4:h^ niiiy be a perfect square.

8. A company of 90 persons consists of men, women, and

children ; the men are 4 in number more than the women, and

the- children exceed the number of men and women by 10. IIow

many men, women, and children are there in the company.

I'^::l:'

f

',

r

a

riM

i

J
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XX.

1. Divide {l-\-rn)x^-'{m-\-n)xi/{x-y)-{n-l)y^ by

x^-xy+ ij^.

2. If x^+px^+qx+r is exactly divisible hy x^+mx-\-n,ihQyi

nq — n^ = rm.

3. Prove that if m be a common measure of p and 3, it will also

measure the difference of any multiples of /> and q.

Find the G.C.M. oi x*'-px^^{q-l)x- +px-q and

x^-qx^-\-[p-l)x"--^qx--p.

4. Prove the rule for multiplication of fractions.

«8
Simplify ^^ ^•^— -^- X ;:x:a, V

and
rt a

+
a'

Z3 —(a; — y)2
_

5. "What is tlio distinction between an identity and an equation ?

li x— a = y-^b, prove a;— &= s/+a.

Solve the equation

32a;-30 ,
20a; -24

5
IGx-lS 40.B~-43

4.C-3 Hx-'J '&X-7 "^
4a;.

6. What are simultaneous equations ? Explain why there must

be given as many independent equations as there are uukuoxvn

quantities involved. If there is a greater number of equatiuDa

than unknown quantities, what is the inference ?

Eliminate a; and 2/ from the equations ax-rby=Ct a'x-^h'y = c'.

a"x + h"y - c'\

7. Solve the equations

—

(1) f/(w+ a:)+ if(n-a;)=w..

(2) 3.c+?/+z=13, 3?/+2+a3=15, 32 + a;4-y=17.

8. A person has two kinds of foreign money ; it takes a pieces

of the first kind to make one £, and b pieces of the second kind :

he is offered one & for c pieces, how many pieces of each kind

must he take ?
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9. A pLTso 1 star^ to walk to a railway station four and a-lialf

miles off, intending to arrive ai} a certain time ; but after wallcing

a mile and a balf he is detained twenty minutes, in consequence

of which he is obliged to walk a mile and a half an hour faster in

order to reach the station at the appointed time. Find at what

pace he started.

aA + c* _ ri^c^

;,/4 = t/.cl^'

(b) Find by Horner's method of division the value of

a;5+290a;4+279a?2-2802a;2- 580a;- 312 when x= -289.

(c) Show without actual multiplication that

(fl4./;_f.^)3 _ (rt_|_/;4.(.)(a2 ~ab-\-b''i-bc-{-C'-ac)-3al)c-

10. (a) If -1 = -1 then will ,^

IsoTE.—In. Ex. 6, p. 87, after proving that r/+ '+ ,. is a factor,

we may proceed as follows to discover the remaining quadratic

factor

:

The quadi-atic factor must be of the form

w{a^ + h'^ -\-c^)-\-n{ah-{-hc+ca),

in which m and n are independent, being either zero, or a positive

or ncf^ative number. To determine them put c = 0, then the

given expression gives

but also = m{a^-^h-)-^nab. :. ?;? = 1 and?7.= 2.

,-. a^ + h^+c^+?j(a+h){h+c){c+a)}-^{ai-h-^c)m

a^ +63 +c2+ 2(a6+ 6c+ c'aj = (a+6+ c)».

= .1

., I

i'4ii^'4t'i
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XXT.

1 . Find tlio valno of x^ —
a

H- ' +
when (f= 1, />-_-;\, j'=^'l. Simplify

1 J \

a
x+

- [u-v- {(3./,*J^-8^<a;-' )-V'i^\ 4- '2'/.''] +.

2. Find, i)y K.vnimotry, tho sum of (^/-fA-f-o)-' -(y,4.7,_r)^ _

(a-.hJfcY~{h-i(-\-ry\ ami of (^z* 4./:<.r+ ;]</-'aj3 -2^u-''-f JU"*)'

and ((/-^ + l<f''^-+;{rr-'.r-' + i2,u"'-f ;]u;i)-.

ii. Explain and iUustrato tho sis:oUH >, <
Trove :

./;- +.y-' >'!«//, (.,;+// j z)--' >;•{(.,•_,/ f-vz +2./-) - and

4. Dot,evniinot]iovaluoof.f;-f//-^+ jV//V, whcuu; -f-// z =-

5. Show that (a'") 7 ^-wf7 .

I .' I

Simplify
II

j^.

1 \i
X

(

y -j
' X r (250), and divide

:« — 0(<u;'-f 5a^u;+ 2a'a; -2c/ by x^ -'Icrx+a .

G. If »=:^ L

«7'

4- -j and i;= q // f j prove that

7. Gold is Idi times as heavy as water, and silver 10^ times.

A mixed mass weighs 4,1G0 ouu3es, and dis])laces 250 ounces of

water. What proportiou of gold and silver does the ma.ss con-

tain ?

8. Shew that l+i .-\-qx"-\-rx^ is a perfect cube if j^^ = Sq,

and (J- =Spr.

9. Solve the equations :

IX- ix+ 9.

('^ ^x^ -^ V~2 = 4-

(2) (^•*+//'*)2+x-2^2(^2_y2)2^3.2_^2^328, x^--y'^=d.

X'
(3) ;;f +

2x-+?
= 20 - y^'+x

V
x+ S= 4:y»
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10. A n.,i-snn buys two h.ilo^ of cloth, oricli cf>ntaini!i,rr 80 yards,
foi .r^iiO. By selling tlio first nt a gain of aa mauli pev cmt as
tho scooiid coat hhu, and the Mocond at a loss of as ranch por
cent., ]io iiiaken a profit of JjJlf; ou tho vvliulo. Tiiid the cost
nrico per yard of oacli bale.

iSLiClOND CLASS Tl<]/VUH1':US, IBmo.

XXII.

1 Find tho valiio of .«"
-h..-;^ -10(5^^ - I0f;...2-f.q|,. j. q, ^^^^^^^

j:--. --7; and the vahio of it;3-3/u--' + (;j/;^4-,;i.6-— ,;y whe;i
'="+/>. (Arraiigo tho lattur reHui;, .iccording to powei-H of aj,

± What is tho ooi'.difcio^i thai x-'rl^ shah bo a lautor of

Find tho faotoiT-i of

(o). {iU-+b){hx+ c) (cx-i-a) -{ixi- r) {bx+ ,i)(c-^+ h).

3. What mast be the rolation auiong a, h, c, tliat ^/.r- 4.'m--^.c

may be a perfect .square ?

('<). Extract the square root of

f^). If 5 bo subtracfced from tho sum of the squares of any four
oousecutive numbers, tho remainder will be a perfect square.
I Prove this.)

L If
c <• , U

T and
Ia

prove that ., , , , ^.,,/ , x
--= ,-,—

,

[b + d-{-f){k+ m.-r/>) bk-\-d)n ^fp

D. ^.). Reduce ^^^^----— ^_^^^_^, to It. lowest terms.

{h). li .ij-\-j)z^z.i-=zl prove thai

V 2 Av.i.fZ
X

x^ +
y
7 + z' {l-x-'){i~y^){i.~z'^)''

.'t f.

,,"
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0. Piovo tluit

III
s t i

7. Solve tlie equ.aions

—

{a). {b-c){x-u)^-{-{c-a)(x-h)^-h{<'-'b){x-c)^'-=0.

{!>). x+ ir-='i-''>'!i', !j-^z=:±uz; z+x = iizx.

{,). x+ti+z = 0.

bcx+civi+iihz-hia - h){h - <•){<• - a) - 0.

'' ' X"{-o .<;+ x

FIP.ST-CLA.SS TEACHERS, 1870.

XXIII.

1. Investigata Horner's method of division.

Divide x''>
- :U- - Cl..-^ +25^« + 3..» - S.v^ + 10..-^ -{-Hx^lO by

Sx^-'llx'' -r Ou; -6, sliov/ing the " final remainder."

Fiud the value oi" 2.r'-'-l-8J'U-* ^'d0^x'> + l(iO5x' - i.'20U+m,

when x= —-102.

2. lif{x), a rational and integral function of x h divided by

.
{fia)-f{&)\x+n,m) -M<^)

x"+i'x+ q, the n-mamder is ^^_^.
'

where a, /3 are the roots of aj'-f/^.c+V^^-

Examiue the case where p- --Ir/.

3. Show svithont actual expansion that

~a^h - (!) + b-~( ' -- a) + e'-' (rt - i)
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4. Find tlio vnluG of x and y that will render the fraction

L .. ^— _--. the Biimc ior all values of ».

6. Show how to fiiid tho biun of n terms of a scries in Geo-

metric prof^ressioLi.

(1) Show that tho sura of n terms of tho Hories

l+/-+(l + 2r)(l + /0f(l+»/-)(i +;•)'-'+
• • •. i«'' (l + '-r..111

(2) Sum to infinity tlio Kcries I7~r(] "•"

.i
•

ij
• y+ cl^ •' fO

''" • ' * '

6. Explain the notation of functions: prove that if

f (m) = 1+//U-+
'"^"i.2

'"*'''' +''^'
'
*^'^" ^' ^"'^ ''^' ^"^

^'^'^'"•^"^•

Show that in the expansion of (1+^/* the sum of the squares

of the co-efficients =
1-2-3 2/i

(1-2-3- • • 'iif

7. Solve the equations

—

,^. X a x—b x— c
3.

(2) x^~Uhy'-\-'dox- ''oi)x+±^i~^.

(3) 21:^-^13:^ ^
26.^-15:^=l^^^"^^+^-

8. Give a brief account of mathematioal induction, and show

that a square of a multinomial is equal to tho square of each term

together Avith twice the product of each term into tho sum of all

that follow it.

Find the sum of tho products of the first n natural numbers

taken two and two together ?

X
9_ xf _^ . =y 4- ^, -'^^z -f X, --- = ^ 4- //, prove

(1)

(2)

(3)

a

1

1)

1

c

1+rt l+t_ lj-c_

\-'ah ' 1—1)0 '

1— ca

X- y
a(l - he)

~ h\ 1 - ca) f(l - ah)

yl — ho \/l — ca

a
+ +

VI- aZ/ VI- 6e |/1~ ca Vl - ah

' 1-
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14
10. AB is divided in C, so that AB, BC= AC^ ;

from CA is

cut off a i>art CD oqnal to CB ; from DC is cut off a part DE
equal to DA ; from ED is cut off a part equal to EC, and so on

ad inf. Show that tho points of section coiitiuually approach a

point C such that AC'=:BG.

I'i. Eliminate x, y, z and u from the equations

a4X-{-h4^y-\-c^z+ d^u = 0.

12. A railway train travels from Toronto to Collingwood. At

Newmarket it stops 7 minutes for water, and two minutes after

leaving the latter place it meets a special express that left Colling-

wood when the former was 28 miles on the other side of New-

market ; the express travels at double the rate of the other, and

runs the distance from Collingwood to Newmarket in li hour

;

and if on reaching Toronto it returned at once to Colhngwood,

ib would arrive there three minutes after the first train ;
find tho

distance between Toronto, Newmarket and Collingwood.

FIRST CLASS TEACHERS, 1877.

XXIV.

(fx-i-y\^
•t 1 1 X

)(\*; — zi '

j 1 '//

x^{y~z)+f[z-x)-\-z^{:x-y)

x^y-' -^'^'y^x^z^ -^^z^-^-y'^z- -[-y-z^+ ^x^y^z'''

iix-\-m-\-\ c/^'+M ax 4-m
ax + m - '1 ax-\-n-- V2. Solve (1.) -^,n-l-^ax^n..-^l

(2.) iri+i/^-+#'r^'y;^=2.

3. A, B, and C start from the same place ; B, after a quarter

of an liour, doubles Jiis rate, and G, after walking 10 u)inutes,

diminishes liis rate one-sixth ; at tho end of half an hour, A in a

quarter of a mile before J5, and half a mile before (7, and it is



HXAJVtlNATION PAPERS. 235

observed that the total distance walked by the three, had they
continued to walk uniformly from the first, is 6^ miles. Find
the original rate of each.

4. ;i; Investigate the relations that must exist between the
constants in order that Ax'^+By'- +Cz^-\.auz+ hxz+cxy shall be
a perfect square.

(2) Find the conditions that the values of x andy derived from

the equations ax-{-by= — -^— = c^ maybe rational.

5. lix'^+px+q Q.\ii\x^-]-mx-\-n have a common factor, then
will [71- (/)

^ 4- n{m- p) 2 = in{>ii —p) [n - q).

(). Prove (a'")" = ^t"'", whether 7n and n be positive or negative,
iuregral or fractional.

Show that (a;^'"+»"")'""= a; »«
"^

» X (a;'""" + a;'*""*)'^

7. (l.)Ifx = 4- then ^t?±^ = (--%

of these fractions = — (a" +/>'»-f-6'" +(/»).

8. If X be very small, show that

—

i~" = 2 - ix, very nearly.

2+ 0X~{l+'i:X)

9. Prove that 1-n^ + -. „ ,,,,'
!^ —^i - -- _ ^

i _ n1- . 2^ 13
.
22

.
33 +..=0

10. If a debt $a a,t compound interest be discharged in n years by

antiual payment of $^, show tliat (1+rf(l-mr)=: 1, where r

is the interest on $1 for a year.

i

1

'.. s - .

V ' ((

UlilS,

W".
if':'-''

'
I

1
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11. Solve— (1.) dx-'--2xy=^B5.

(2)

x"-B'Xij+ Su^ = l.

5 5

«
.+ -i'^-'jx+io'^x--inx-\-'io

ja-o-ig

(8) «-'fe-a;" --la'/Zar-^w ={a-hyx''

FJT^ST CLASS TEACHEBS, 1878.

XXV.

1. Simplify (V
<7 + •''

X
->\

,' X

autl
a? 2 -(.'/- Z)^

(a;+2)~-2/'

a + a;

(z — x) ^

- \----\
rt

X

X'

a(a-x)

{x+y)-
+

-{x-yV

it^+^y X-

X
2. Divide — - 1 -

a

h J,

a a' +~+-::i ^y ^•- a
X

i
shewtliat(-9rt2)* = i{v(Gr7)-t-v(-Cr/)}.

???. n X
8. If — =— =— and—+ 7-^+-^=l, prove that

X y

w
a'

4. Fii-id the relation

i

eqn t) lion ax^+bx-\-c =
! between the roots and co.efficients of the

0.

If m and /; are the roots of the equation ax^ -^-hx+'-'-O, show

that the roots of t]ie equation a.cx-'^{2ao-h^)x-\-ac = are

/)?/— and
n

n m

5. Solve the equations :

(1) x^+2V'x- -2x= 2x+S.

(2) 7
x'' y^ X y

(3) xz = y\ a;+2/+2=12, x^+ij^+z^ = 91,

W'



EXAMINATION PAPE«8. 237

6. Two men start at the same time to moet each other from

towns which are 28 miles apart ; one takes five minutes longer

tiian the other to ^alk a mile, and they meet in four hours. Find

ench man's rate per hour.

7. If P, Qi R be respectively the ;?fch, qih, rth terms of a G.P.,

shew that

.12 3
Sum to infinity the series — 4--^4-'~:74- &c.

8. Find the amount of $f* at compound interest for n years, r

being the interest on 5;?1 for one year.

Supposing $;) to be withdrawn at the end of each year, what

will be the amount at the end of n years ?

9. Determine the number of combinations of n things taken r

together.

The number of combinations of n things taken two together

exceeds by 6 the number of combinations of w- 1 things taken

two together : find w.

10. (1) Find the limit of (l-f^)*when x increases without

'imic.
1

(2) Find the (?'-f-l)th term in the expansion of (3 — 5a;)

a-2 _. o^^. _ 3
11. Determine the limits between which lies o o , n i i for all

possible values of x.

'> I,

t
I

FIRST CLASS TEACHEES, 1879.

XXVI.

7. Prove that 2{{a -by -^{h-cy -h {c- a)'} =:7{a-h){b-c)

{c.^a){(a-by'h{b-cy + {c-ay}.

2. Extract the square root oi ab—2ay^{ab— a^), and find tho

simplest real forms of tlie expression

,/(3+4v^-l)+|/(3-V 1).
"1." ';
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8. Solve the equations

:

(1). 2x^+x^-nx^+x-T2 = 0,

(2). x^-i-y^+z'=a'i

yz-'rzx -\-xy = b''^

z-{- y— z=c.

(3). y(a;3+5a;4-4) + i/K-+3a;-4)=,'c+4.

4. Prove that the number of positive integral solutions of the

equation CW+ 6^ = c cannot exceed
ah

+ 1.

In how many ways may £11 15s. be paid in half-guineas and

half-crowns ?

5. If xy = <(h{a+ b), and x^ -a-y+ y^ =a^-{-b^, shew that

' X y \ I X

a
.^ =0.
a /

6. Given the sum of an arithmetical series, the first term; and

the common difference, shew how to find the number of terms.

Explain the negative result. Ex. How many terms of the series

C, 10, 14, &c., amount to 96 ?

7. Find the relation between 2^ and q, when x^ +px-hx = ('^ bas

two equal roots, and determine the values of 7n which will maKe

a^-\-m(ix+a^ a factor of x* - ax^ +a^x~ — a^x-\-a^.

8. In the scale of relation in which the radix is r, «hew tliat

the sum of the digits divided by r - 1 gives the same remamder

as the number itself divided by r— 1.

9. Assuming the Binomial Theorem for a positive integral

index, prove it in the case of the index being a positive fj-actiou.

Shew that the suki of the squares of the co-efficients in the ex-

pansion of (l-fa;)" is |^'.h-(|_«_)2, n being a positive integer.

10. Sum the following series :

—

(1.) l-\-dx+5x^ +7x^ +&G, to n terms.

1 1

(2.) 3x8"^8xi3 -f- &c. to n terms, anil to infinity

',*"...
'•

.•'•.n" .
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11. Shew that

nhc(a-{-h-\-c).

/>2

be, nc. ah

c3, c2. {a+by

239

is divisible by

FIRST CLASS TEACHERS. 1880--Geade C.

XXVII.

1. lVmax^^.2hxy+cy\ ku+ h, be substituted for a; ami r?.u+-.z;
for

//, tlie result takes the form A n^ + 2Buv + CoK Find the value
Jlir^~AC)~{h^-ar) in terms of/-, /, m, n.

2. Resolve a{b~c)^+h(c-a)^+c{a - h)^ mto factors.

Prove that
^'±1^^-' ^^±^i±^^^

UVW xiJZ

iiu = xiBy^--Cz^), v--'.y{Ct^-Ax^), w= z{Ax^ ~ By^).

u. Extract the square root of

[a~hy^{b~cy2-\.{b-c)^c~ay=ii-{c-a)^a-bp,

nM thji cube root of

^^^^-b)^+{b-c)^+{c~a)^-3{a-b)^b-c)^c-ap\.

•i. Eliminate x, y, z from

17. -.
^ b (^

X y z

%3 +2/2 -f22)-f-2(7a;+ m2/+ W2) -I- ^ = 0.

,. o- ,.p ai/h+hVa

and (

—

1+,7V3\2 -l-j-y^/3

2 7 + "~2
"" + !'

in which 7= v/(_l).

6. Given the first term, the common difference and the number
of fceiina of an arithmetical progressioft, find (h) the huto of the
terms, (ii.) the sum of the squares of the terms.

'; mu

1 ' ' ,'

: ;^^H

mitM
.,,,„. ;j.
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7. S'^lvG tl-ie eqiinfi'^Tis

(i.) (a-.r)3-(a;-/.)^'

(ii.) ax-\-hi/
a h

2/X*

-1 —1

"(iii.) x{y + z )--a,y(z + x ) = h,z{.r + i, ) = «•

8. What valuG (otliei- tlian 1) mnst be Kivoii to q tlmt one of

the roots of x^ -2x-{-q=^0, may be the square of the othe-'.

If a, b, c are the roots of x^-v^'^' +9^-'^' express

2a 2 /A'+ 'lb 3 f
• 3+ 2^;3^3 _ « 4 _ /, 4_^

'

ial+ 2/>(;+ 2(^a"~ </,3 - /;3 _ e;

^

in terms of p, q and r.

9. A vessel maizes two runs on a measnrecl mile, one with the

tide in m minutes and one against the tide in ?i minutes. Find

the spc'^d of the vessel throivi^di the water, and the rate the title

was running at, assuming both to be uniform.

10. Five points. A, B, C, and P lie on a straight line. The

distances of A, B, and C, measured from the point 0, are a, K

and c ; their distances measured from the point P are x, y, z.

Prove that whatever be the positions of the points and i',

x^\b - c)+u%c~a} -i-a-\u - o)-^{b~i'){c - a){a -b)--=Kj,

f-i*..-
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Section T.—Elementahy Theorems on Polyncmes.

(See page 39, et .seq.)

Theorem I. If the polynome/ (xY be divided by x— a, the

remainder will be/(c/)".

D'Alemhert's Proof, /{jr^ is the dividend, « — a is the divisor:

lot /\(^)"~^ be the quotieut, which is necessarily a polynome o*

dogiee 7^—1, and let II be the remainder. Tlien, since the pro-

duct of tlie quotient and the divisoi* added to the remainder re-

produces the dividend,

/{,)- =(x-a)f,{.rY-'+n.

Eat R docs not contain x, honoe it will remain the same, not

merely in form but in actual value, whatever value he ffiven to x.

Take the case x = a, then {x—a)f\ («)"~^ vanishes for its factor x—a
does so. henco [l = f(a)'\ Thus the remainder is the value of the

dividend when x has the value which makes the divisor vanish.

It has been objected to the above proof " Division can be per-

foimnd only when there is an actual divisor, therefore in assum-

iug/t to be the remainder oif{xY -r-{x— a) it is assumed that ccis

vot equal to a, and although R .will remain unchanged for all

values of x that fulfil this assumption, it cannot thence be inferred

that it will do so if the contradictory assumption be made. In

such case the only legitimate conclusion is that there being no

divisor there is neither quotient nor remainder. Therefore,

although, /'(a)" may be the remainder in the case in wdiicli x is

not equal to a, yet the above argument does not prove it." This

objection confuses arithmetical or numerical division with alge-

braic or formal division, division by a definite quantity with divi-

sion by an undetermined or variable quantit}'. The following

proof does not involve the assumption x^a, and consequently is

not open to the foregoing objection.

'A-m

"^'M

,m

,i li
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Liu/raiuje's Proof. Lemma. Jif" a" is divisible by ^ ^t, ii* n

be a poyitive integer.

By actual dlvibion
X" </'

j; — a
= a;"~^ — «'

n--l

X-" -a" is divisible by x-a if a;"-^-^*"-' is so divisible,

.a-l " x-a " .<;""'
lience .0"

'

Thus we cau reduce the exponent unit by unit until at last wo

arrive at, x^-a^ is divisible by x-a iix-a is so divisible. But

x--n IS certainly divisible by -.tself, .-. ^^ _a2 i^ divisible by aj - «.

. x^-a^ is also divisible by x-a, :. so also is x^-cc^ and tbiin

we may go on to any positive integral exponent whatsoever.

Theorem. Writing /{xT m polynomial form arranged in

ascending powers of x,

/(./;)" = vJ
,,
4-A , .c + .4 3«2 + A 3.X-3 + + \ x""

.

... f{xf -f{ur =A,{x-a){-A^(x:^ -a^)+ A.^{x^ -a^)^ ....

But every term of this polynomial is divisible by x~a, and the

highest power of x in the quotient is a;""' got from the tt3im

An{x" — ii"), so the quotient may be represented by./,(x)"~S

f (xY /(«)

Theorem II. If the polynome /(.«)" vanish on substituting

for X each of the n different values a^, a^, a,^, . . . . ct„,

tlien /{xY =A{x-ai){x~a2) ^^
""

''" )

»

in which A is independent of x and consequently is the coefficient

of.K" in./'(^)".

Since/(ai)=0' -•• /(^)" = (« " « 1 )/ N""'- ^^^ ^'^^^^ substitnto

r/, for.^-, .-. since/(a3)"=0, it becomes = (a2-«i)/i(f*2)" ^ Of

this product tlie factor a^-a^ does not vanish since by hypothe-

sis a-2 is not equil to «,. therefore the other factor f^{a^Y-'^ mmt

vanish that the product may vanish, and consequently /i(j;)""^
is
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f^ll i

arranged m

divisible by x—a^, Let the quotient be denoted by f^{xY~*, .

.

/(a*)" =(^-rt,)(a>-a„)/"2(a;)"-^ Snbstitnte «r.( ibr .r and proceed

as bel'uro, and it will be proved that .>- — (t^ is a factor of J\x)"

.

Continuint? to n factors we get a quotient i)idepen'lGnt of x, since

each divi^^ion reduces tljo exponent of .« by unity, .• liaally

Cov. liJXx)" and ^{xY' botli vanish for the same v different

vahies oi x,l\xY is algebraically divisible by ^(jj)"*.

Lot a^, a.^, a^, ^m be the m dill'ei 3nt values of x for

which the polynomes vanish,

,'. f{xY ={x-a^){x-a^) {x~a,^) F{xY-'"

&m{ (p[xY'' = A{x~a,^{x—a,^) (a; — a„,)

.-. /(u.')"-^(5(.'c)'" = 7''(aj)"-"'-r-^l,

which is an integral function of x since A does not contain x.

Theorem III. If the polynome./'(x)" vanish for more than

n different values of a; it will vauisli identically, tlie coefficient of

every terra being zero.

Let^i, fU' ^3 f'ny <^„+i he w + l difterent values of a;

for which f{xY vanishes,

.'. f(xY =A(x — a^)(x-a2){x— a^) (''--^'„)

Substitute On+i for x, and amce f{an+iY = 0,

.-. 0= /I(rt„+i - a^){on+i - «o)(«u+i - ^'3) .... {an+i — n^^

But none of the factors rt^+i — «i, «m+i — «2' ^^- vanishes,

.'. A must be zero, or

/{xY =^{x-a^){x— a^){x-~a^) (^-^'„)

and the factor, zero, will be a factor in the coefficien*^^s of every

term.

Theorem IV. If the polynomes f{xY , <p(x)"' {n not less than
m) are equal for more than n different values of x, they are equal

for all values, and the cocf^lcieuts of equal powers of x in each

( , t » (

> \r

if

.1 i

equal t one another

it #;

i:.

;;• 1
S ^H
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,:f{x)" -'<p[xy' = A^~ B^ + {A
I

- B,)x+{A^- B.)x^- \-

{A^-Bz)x'-h .... +0^,H-^vy

anil this is a i>olyDome of degree n at moht. But/(.(;)" =<p{x)'^ for

more than n dilforcnt values of «, tliat is f{xY -(p{xY vanishes

for those vahics, .-. by Theorem lll.J\xY - 9>'r vanishes idimti

cally, and the coefficients Af^--J)(^, ^l^ — A',, /K. -^^^'o.

^n.-A«. ^'Im.'i, ^^m+'2, ^» arc all eriiial to zero,

.-. ^lo^--So. ^li=^'i. A.^=-B.^,.,.A^ = B,„, A,n^i=0, .l„i4.2 = 0...

/Voffi ^0>1r^. XVII. To find, where snch exist, tho factors of

Multiply by 4a

Select the terms coutaiaing x and complete the square, thus

Aa^X"^- 4.ahxij + <iacxz+ i? ^ ,y
3 + ^^bcxz+ C -2'--

_ (/;3 _ 4rtx')i/3 - 2(66'- 'Mii)>jz - {(' - 4«/03- =

If the part within the doubh bracket is a sciuarc ^iiy {mi/-\-nzY

the givea expression can be written

{'lax-\-by^-Czy^-{my+ vz)^

which can be factored by [4] . Factor and divide the result by

4a. If the part withia'the double bracket is not a square, the

(riven expression cannot be factored. If h and c are both even,

multiply by a instead of by 4a and the square can be completed

wiblio it iiitroducing fractions. If e is less than a it will bo easier

to multiply by 4^' instead of by 4a and select the terms contaiuiiig

y. A similar remark apphes to h.

This method can evidently bo extended to quadratic multino-

mials of any number of terms.
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.tic multino-

ExA?irLES.

1

.

Eesolvo x^ f :nj +2xz - 2// = + lijz - 82 ' into factors.

Multiijly by 4

4^8^1^//+8//2-8//2-f2%2- 122^

Complete the square aolectiu^' l.rms iu Xs

4u;=^ +'l4:.v+ «xi+ .va+-l/yc+ .li'- -- 9//- +21//^' - ir-3 =,

(2../+ // + 22)--(3//--l2)'' =

{(2a;+.*/+ i^2) + (3-y-l2)}{(2^-4-//+22)-(3^-42)} =

(2x- + 4^-22)(2x--2,7+C2)=.4(.;-f.2y--(x--^4-2.v)

.-. the factors are {-c-r'lj — z)[x—u-\^'C^z).

2. Gr»2~7a/>+2a6--2{)62 4-01k-48c-^

MultiplyQby 4 x = 24

144aS--lG8a6+ 48^<c-480/>3+.15305c-1152r;2^

(12a- 7/^+ 2'')^ -i52D/.^ + 15G4/;6--lioUj-=:

(12rt--7^ + 2c)2-(236-aic)-

=

(12rt+lG&-32c)(12a-30// + 3Gr) =

24(3rt+4^>-8c)(2rt.-5^+ Gc),

.•. the factors are 3a+4^> -8c and 2a— HA-f-Gc.

3. a;2+12a;,y+2.^2-f-2G»/3_8.vs-928 =

(;«^+ 12x^-f-2xT+ 3G//-" + 12//2+2-)-10y/3-20//2~1022 =
(x+ 6.'/+2)=-{(.'/+2)^/10}2 =

{.r+(G+ A/10)//+ (yi0+l)4 <

{^ + (6-a/10);/-(i/10-1)4

i. 3a2+10,^5-14<7e+ 12«fZ-8/;3-8M+8c2-8c/:Z.

Multiply by 3, not 4x3, since the coefficicntb of the other terms

I

in a, are all even,

o,,s

'-I-I

+ oQah - A.2ac-{-d(jad- 2l6^" — 246^ -j- 24^ 2^cd.

i.---.i i, J,



246 APPr.NDIX.

Select tlio tcYVtiti containing a and complete tlio square

3(rt 4-1/, _ .ic f -If/)( J.( - 2/> - 2c'),

,•• the factors are a4--l/>— 4c-4-4i/ and 3a — 2^ — 2c.

Work Exorcise XXIX by tins method.

Section II.

—

Indices and Sckds.

The general Index-laws are

an . tt'l an +
m p 111 p

a » -r IVI = •< " «

»?i • m »»

^(^6)" = (In . bit

ni mm
(a-r b)Ti = «"« -r-^'i*

m p "^
(a " )7 = a 'w

(1)

{^)

(3)

Tho law connecting the Index and the Surd symbols is

m
oZ = ;'/(««) (6)

[The indices i, \, i, &c., are generally used to denote * cither

square-root,' ' any of the cubo-roots,' ' any one of the fourili-

rootiji,' &c.

The surd symbols y/, f, 4/, &c., are by some writers re-

stricted to indicate the arithmetical or absolute roots, sometimes

called the positive roots. Thus

^/4 = 3, but 4* = ±2, .-. 4" = :b v^4

A.1S0, V{(-2)2}= v-i = 2.

#''27 = 3, but 27^ = 3 or Sp^^^) • 8^ = (1*)^^^

X
4/16 ^ 2, but 10^ = ±2 or dn2j, .-. 10 = (1'

)
t/lG
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Witli this restriction the goneval connecting formula TTOuld be
I" 1/1

111 the following oxorcisos tiiis restriction need not bo obsorver.]

Exercise.

1. VVJiat is the arithmetical valrio of each of the following :

80*, 27*. Jg\ li-J, i\ s\ 27*, M*, 32\ <n\ 81*. (»;)*,

(•''.V) (1t"o)*, (-asi-, (-027)', i'.>\ 32"', 8l'''
i''»

2. Interpret a~\ a\ o^
,
(a^)

'
a^ \ «-*, (^"1)-*, J^ „-k^

3. Wliat is the arithmetical value of

4. Prove (</"•)" = (,,")'". (^..yf^ (,^.l)m.
a'"' ^ (^rr-x^m

,

ai'.J ox2)ress these theorems in words.

~h

A J i I 1 1 a I ill
6. Simplify «'•'.,,;, c .c\ m".m ^ 7i^Ji "', (7^) •(2:5)"-(3;)

i

-' -» — , ____.,

ace? F" '=j. (2!)* .(Ci)^-(i)
'^

e a;

C. Remove the brackets from

(««)*. (")-*, (ojr-, (-/V-, (.-^)^ (/-"r

'

1 a " XI

(a'i=)', («'i')
, (a'c-')~\ (a-'/)-^ (xf')~^.

7. Remove the brackets and simplify

{'

—2
-r .*;

-2 2

n .c -.6"
}•

i< -i'

,ps:".,.,; ,>,!
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8. Simrlifv-«.{..'^(-^)-M*.«^{(-^)'^^-'^*)"'} *

9. Dcternime the commensurable and the surd factors of

12*, 24*, 18"^ (-81)*, 12l 04", (A)', (GJ)"^.

(The surd factor must bu the incommensurablo root of au

integer.)
^

iO. SimpUfy 8Vl8*-50";72*-f(,V./-(T^^) J

|(G4-2V-2^r; (^+ -^')'+^^*"'^*^''

,h J.i,J
. o*.^

(2* + 3*)(4Vo*-6^);(7"31^(7" + 31.

Express as surds,

f
?.ii -\ ,-n

: 1 a , a:% p , ^ -
'^

n + 4 -n+ § .25 -^^+ ^

12. a; y V ,
«^

.
^

13. (aa;-Z^f,(^^-4-r+l)^ ,
(^-^^)

Express with indices,

14. /«^ Vc^ v^'-"' 1^//"""' ""'^^^^^^ v^^""-

15. f^a^^h-\ ria^^+h^v, {r(-^+^^)}^ •'^i(^'-^)^^

10. (/)l (^-*)l r'r^ (-^"'' (^^-)~*' (^'^^''^~*'

1 _J 14

Slmplily the toUowing, expressing the results by both uot^

tions.
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17. a,a~Ka0.a~^,aKa~^,a.a \a ^'^aj^a\}%fa

a V^s, a %^a-^y a ^oT^, a b c .ab c d,

a b c . a b c

7^ Jo! >c' ^r ""^-r ^a '

^^^_^^^^^
18.

19.

* -4
a +a 2 2

tt —a

rt -rt </ -rt a ^ -\-a^

1 i ^.

20. Divide x-y by a;" -?/"; x +« « +« by ta x i-a ,

i ' 'f i 4 4,

4 4 i
2«?>4-2k+2ca-aa_62_c2 by rt +/> +c

Exercise.

1. Express the foUowiTig quantities l as quadratic surds, ii

as cubic surds, iii. as quavtic surds.

a, 3a, 2a3, a^'X, aj% y, a-\ -, mx^P, '1, '01, I'l^''.

2. Ecduce to entire surds,

x^x,a^a, b^-^b^ 3f/3, 4f2, V^, 4|^4, if9, 3#^f

"^r^i-rv-^ua.i^B.
2 X^ 2 -1

n+ 1

m

{x-y) "'^{x^+'^xy+y'') \ {x-x )f'{x-^-{-l)

4
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I*/
If .

:1|^

3. Reduce to their simplest form

l/V2, yS, y/50, f/lG, 4^^ -250, ^/l,
^i, ^.^h^,

5f{-.S20),

\/{{x-l){x^~l)], ^{{a^ + %ix-^x-'){a^+x^)]^

i/2.i--2+2x-i| |;3.>-3 -6a:3+3^- \ I /(a2_,,/,)2 4.4,,3i

2+a;-^ / >J yllx^ + 18^-+ bN (
«Z^'^( ;f+'2+;

4. Compare the toUowing quantities by reducing them to the
same surd index

:

2: i/3; 2 : |f9 ; i/2 : ^3; y'lO : ,^30 ; 2v/2:if22;
a3

: Va^
: ^.« : Vz/ ;

'^/^ : ^V ;
'^/^^ . V-t^; > : V'' • ^^

;

yail/b: rye
; ^y^" : »^h^ -, iyc'\

5. Reduce to simple surds with lowest integral surd mdex

v^(r«), r(t/^), nv^), f{Vx% i/{rx% ^<^x^%
f'it/^'-'), r(i/27), vcrsi), e/^rsi), i/(n/«),

v(3v3/3), e>i7^-), y{«y(/>yc)}, a.M/ (.«-! y^-i),

6. In the following quantities, combine the terms involving the
same radical

;

3/2+5i/2-7V2; v'8-^2; flQ+W^\
^16 + v/2 ; a^/x - ^/x ; al/x-h^/x

;

8i/fl +5 ^a;- 7v/«-f- V''(4«) - 3 v/(4a,-) -f- 4 v'COx)

;

|/:c^-3^/(2^:)_2|/(3a;)+ |/(4a;)^ v^{8.r}+ v''(12.c);
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7a;-

3

^/x+r^^x- 2 Vx^ + ^.c^ .

4:V{a"x)+ 2y'{h'^x)-3^{{a + b)^x}',

V{{a~h)^x}-]-y^J^{aJrh)2x}- ^/{a-x) + i/{{l -a)^x}-Vx;

1,''{a~b)-ti/{lGa-lC)b) + y'(<,x^-bx^)- v'{9(a-/>)} ;

y'{aS + a^b)-^{b^+ab'^)l

^/{a^+2((^b+ ab'i)- V {c(^ -2a^b+ ab^) - ^(Ub^).

7. In the following quantities, perform, as far as possible, the
indicated multiplications and divisions, expressing the results in

their simplest forms

:

V'2.i/G; a/3, a/12; i/14. a/So.i/IOj y^ay{Sa)',

|/c.>/(12c); V{6x)y{8x); Vv^.\/y^ ) ^U'-fll' \

l/«"+^i/a"+^ ; f'b^^-^K^b'-^^; yi2-f-,/3; y^ (Gx) -i- ^ [2x)

;

{a+x)~-V{a+x); {a^ -x^)-T'V{a-x); (x^ _l)-^^(.x-f 1)8 j

W. 1

(3N/8-6v/2-f v/184-\/32+v/72-2v'50).|/2;

(7v'2-5^/6-3^/8+4 a/20) a/18); (v/54-i/3)(v'.?-

(i/2+ 1)(v/G-a/3); (3-N/2)(2-f3N/2);

(5n/3+n/6)(5i/2-2) ; (v/a- ^/b){y'a+^b)
;

(ay'6-f-6N/a)(6 -v/rt— ^*\//>)

;

{v/(.«-|-l)+v/(a:-l)}{v/(a;+l)-v'(a;-l)};

{v/(3a-6)+ v/(36-a)}{y(3a-6)- V(36-rt)};

V(a+Vb).V{a- x/b); Vi^/x+ ^/y). V^x- V'l/) X

V {a+ V{a'^ -x^)}y{a~V {a^ -X'')}
i

f/{x- V(x^^ - 1)}.^{X+ ,/(;e2 _ 1)1
.

y3)'

*f

'
1

'

}

i: .,

. ^-t' '

t

" 'i

i'
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'•%

y(B+ 8;/7).y(8-3x/7); Wa+y/h)^; (Va + s/h)^;

[{V(a+^)(.«-/>)}+V{(a-:.)(.r+/>)}]^;;4;.;/. - 4:2^)}

[V{(r/+.r)(a^+6)} + x/{(«-a:)(.«-/0}]'^;

{f^a+fh)^ ; ii/(i/«+V '0 + Vi Va- V/^)}^ ;

{ViV10+l)-V,V.10-l)}3;

[V{rt4-V(a2-»;2)}4.v{a-V(</2_a7S)|]2.

8. Fiud rationalizing multipliers for the following expressions,

and also the products of mnltiplicatiou by these :

V(a— ie) - V(a+a-), V(a2 + Vf-) +v(rt2 _ V^-),

V{8+V(24+V5)|-V{8+ V(2-i-V5)}, Vrt+ V/^+ Vc,

3+V2+V7, V6+ V.'>-V3-V:^., ya+yZ'+ v'^' + y^^.

^(l+,,)_y^l_a) + y(l-f/,)_y(l-6'), Tfa+lf^',

fA^-f/^-, *>+i/f, Ja~f/b, ^Ja^^a, y^+Vy^
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9. Rationalize the divisors and the denominators in the follow-

ing, and reduce the results to their simplest form:

1^^2-a/3), 3-4-(3+,/6), 5--(v2+ V7),

(,/3+ N/2)-r-(v/3-v/2), (7i/5+ 5i/7)^(i/S+\/7).

n~-{y/a-\-a), {;.c--a)~{yx-^/(i),

{a^J^tth'\-h^)-^{a-\-y'{ah)-\-h], (a;+«)-f-(ifi«+lf«),

aVx-V hV!/ 2V6 1 + 3/2-2 VS
cVx-^v'ir 1/2+1/3- V' 5' i/2 +1/3+ 1/6'

a/6--|/5^-_i/3+ V'2 2

V0+i/5~a/3-n/2' i/(^7+1)-a/(«-1)'

2c ^/+x+\^(r/g+.-«'^)

^/(,, _j_ c) + 1/ (a - f)' «+^ -V(n^+x^y

V(<r+a;) + V(^— a;) 1_

,,^(i_t2)_/v(i^2) ^/i/(i^^)+£a/(1j::c5)

l/{(l_-K^ja +M}-y {(1 -«)(!-/>)}

l7{(l+a)(l+/^)}+V{(l -«)(!-'')}'

(a -a:)|/(/>-^ +//2M6-|/)i/V±:^')
(.f+ x)i/(//2+.v'-^)4-(6+7/V(a2+^^/

^(14^) ^^'(1 -^,)4-y (!+ />)- V(l- i)

^7(l.+.a)+A/(l-a)+ v'(l+/>j+Va-/>)'

v/(a;+ a)-N/(3;-t/.)-- v/(a;+/04-y(a;-6)

{7(^rr^V(«-«)4-i/(^+ ^>)+ A/(aJ-/0'

v/ft i/ft \i^±^\ __ \i^:Z^\ |'!±J^'^
|V^-Vy

"Ti+ y'Ti' -vJU-a;/ -N\;"a+^/' N.a-V-«' NV.7+V//

_^ 1 aAt.

Ir/+-j/(a2 - 1) VV~ a/?/ \/x'

\a-y{ii^-iy 1 -y/a

1 1'^r-

.

ii

I'

.

'

%'&'

+ — —I-

•<JX sf n \fx va

ill
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Ii+.-

10. Find the values of tlie following expressions for ?; = 1 , 2,

8, 4, 5, respectively.

1 [(2+/6)"+^-(2+V0) (2-^/0)"+^

2v/6i l + i/G

11. Show that

1

1- Vii

(2-VG)|

[]u;+ l/(^2_.l)}4H+l+f^._^(^C
4u+ l

2(;t;-l)

is a yquare for n=l, 2, or 3 respectively.

12. Extract the bc^iiare roots of

a+ 2c+ e-^'J.x'{{a+c){c-[-e)}, 2a4-2N/(a2 -c^),

x''-X!j + i!f^ + Vi4.x^y-8x''y^-{-xu^), 2xi- s/ {3x^ -y^),

5-2i/6, 10+2 v'21, 9-flv/5, 4-715, 7+4^/3,

12-5v/6, 70 + 3|/451, 4-^^15,

94-2|/6+4(i/2+a/3), 15.25-5x/,6.

13. Find the value of

(a + h)xy
.

a \/a 5]/6 ^

v'(a;-'+//3), given x=}V{a^c) ?/= ,3/(,,3^).

x+V{x-+ l)
. I h lo

(

^.rvl^-Ti)' ^^^'^ ^ = " H^ - ^a I

V(l+x)-V(l-a;) .
2a/^

2«V(l4-»2) .
f I'/

I^)
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14. liV{x-^u-{-b)-r\/{x+c + d) = \{x+a-c)+Vix-b-\-d),

:.b+c = 0,

i(1-fV5)a;-2 }^{l-Vr^)x--2,
15. Simplify ^. _ ^^1 + ^5)^_^ 1 + ^V_ >

^ i _ ^5).. + 1'

<s

't. '

• Complex Quantities.

Quantities of the form a-\-hV — l in v/hich neither a boy b

involves V —1, aro called complex quantities. The letterJ (or i)

is frequently used as the syL.ihol of the diteusive unit a/ — 1, so

that a -{-by/ — ! would be written a + bj- So also s/ —x=js/ x,

^-x.V -y -p\f{xy) = ~ Vxy, and j^ = -j

Exercise.

Simplify the following, writing j for \/— 1 in any result in

which the latter occurs

:

1. y-4, |/-36, v'-Sl, a/-8, i/-12, v/-72, #^-8,

v/-5.|/-6, iZ-e.^-S, a/-S.v/12, v'-B-if-S,

1/-5./-20.

2. ,/-a:, l/-^^ l/-r<^ l/-«^^ N/(-a)^ i/(-«)'\

\/5.a/— rt.

Q „-2 ,'3 i"4 ,•« ,'9 I'l'' I'lO ,-T7 ,'18 ,'4i ,Mn+l ,;4n4-2 -411+ 3

5. ^/-i^ '/-i^ i/-/s l/-i^ v-f", iZ-j-^".

^- "V3
*

a

^_3' ^_3' /-/> -,/_6' 7-1'

l/( — '^'i*^) — V ~ 1 a^a3

\/ — a 7 ~" ^
:.->

7 y(-«)'2n—

1

i!
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1 -1
> -T^>

X

J
4/1+1' ,;4n-rl ,;i»-i

V- a' f'l/-^ jV-u'
8. ^/(^_/,)V(/^-a), V'(af-.ly).y(%-8u.'), (3+ -V)(7+ 4j),

(8-9y'j(8-7/), (7-;v/5)(7+jv/10), (v/8-jVu)(V2-jv^G).

(^'+^y)--f("'-/iy")'. (''4-^/j^-{«-Vj^ (''4-/y)2+('y-/')'-',

{i/(i+i) + /(i-i)}-, (1+./)^ (1+;)*,

(^)^ {=¥^) (-¥^^)^ CM V2/

i+-i/3
2

i- a/3

J

[^{y(80-Gv/5)-l-/5}4-i;{v^5 4- v/3+ v/(10-2|,/5)}]'

for all positive integral values of n.

64 21_ 5 l-20jv/5

1+JVS' I^JVT 4!4."¥jV0' V2+JV3' "7^2yVr'

i4-7v3' 1-/ i+i' i-i' (i+j)^' i-i' u;-i/7

a-{-jVx jVit+V-h a— bj aJ^js/[l~x^ )

a—jVx V - a -j V'h aJ-\-b' a -jV{l - x'^f
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^{x — y) - V(// — x) 1

:+-
1 14-.; 1 -.7

'T

1 1 1 1 a; 4- .'// a^ - //j

x + j'/y «— 7/j Vx+jV;/ Vn+Jj/x
a+hj^a —hf Vx—jVi/ ^i/ —jVx^

y(H-a)-jv/a-«) y(l-«)-yV\l +«)'

10. ,^(3 +4;) 4- 1/(3 -4/), v^(8-f4j)- V(3-4i),

v/{44-3j)±N/(4-8i). i/(H-2Jv''«)±v/(l-2;V0)

v/(5-l-2;VG)±V'(5-27VG),

v/(2i/15 + 3l);').±:v/(2v/15-80j),

\/(v/3+.yV105)± V(i/3~iv^l05),

^/{a^JrJxy'(x^+2(r')]±l/{a^-jxy{x'^-\-^<i^)}.

11. Prove that both i{~l+.JV'^) aud i(-l -jV3) satisfy the

x^-1
equation

x-
= 0,

that(«;4-it'//+ ''^^'j)^=«^ + //' + ^" + 'X-*^+ '7)(y+ ''^^)(2'+'*'^)

and that {x+y+z){xi-iL-i/-\->v^z){x+w'^ !j-\-ivz) =

x^+y^+z^—dxyz, in wliich it; represents euher of the pre-

ceding complex quantities.

Hence, prove that

(i) {2a-b-c-\-{b-c)jV?>}^ = {^b-c-a-{-{c-a)jW2)]^ =

{2c-a-b + {a-b)jVo}'^;

(ii) u^-\-v^-\-w^—Suvw = {a^-{-b''*-{-c^-iiabc)x

(3,34.^34.2.1 -.3x>jz), if u = ax-\-by+ cz, v - ay -{-hz+ ex,

w = az-^bx+ cy, or iiu = ax-{- cy+ hz,

v-cx-\-by-[-az, w = bx+ ((y-\-<-z.

1' !'•*
I

ill
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12. Prove that i {v/5 + l+^ V(10-2\/5)} satisfies the er^uation

«* + !

xA-'i
=0.

Writing w for the proceding (5omplex quantity, prove that

and {x +y+z)(x-{-n'''^i/ - n'^z){x - iv^^jj - icz){x ~ ivz-\- w*z)

{x-\-w*y+ w''z)=x'' +/yfi +?'^ - 5x'\>/z-\' ^xij"z^.

Prove that {4rM-(/>-c')(/5 - l)+ (^+<;l/i/(10 + 2 a/5)}* =

{[(a + /0{-l+Jv/(i/5 + ii)} + (a-/.){v/5+;^.(v/5-2)}]

I<

P'i
w^''

Section III.

—

Pure Quadratics.

Examples.

Apply, if— = ~
m-^n p-\-q

,

n

X

m. — n p — q

•• 3(a-6)

Dividing the denominators by Q{a — b)

:, a;{+3(«H-i)} =3.cH-/>}4-9^'2 -14«i+96^

2.
/a;-2rt.+4/>\ 2 5a;-9a4-36

b+4a-26/

m p
Apply, if— =-

5aj+3rt— 9^

n— m q-p
n q

' n p

(x+ 4a— 2^) - — (x- - 2<* 4- 4^) 2,

, and factor the numerator
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12(x \-n -\-h)(a-b) _ }2{n^ b)

•• a;+4a-26"5x4-8a -9/>~4a'-«

ence of numerators and difference of denominators

and third of these fractions, apply if

m jj m p

x-\-((-\-h ^a— h)

.-. 4{a;a-(a+ /0'-}-9(r«-i)3,

;. a;« = ^{4(a+ 6)-}+9(c*-/>)2}.

=7, by taking differ-

To the first

a

8x3-1
X''

4. in^{l+x)-nV{l-x)=V{m^+n^)

Square both members and reduce

Transfer the radiral term and square both members,

/. (m3—M3)2a;-! =4^2^3(1 _a;3)

;. (w2-f-/l2)2a;3=4m2w3

+ 2mn

(1)

(2)

(8)

(4)

(4)

The above follows the usual mode ol solvin.Gf equations involv-

ing radicals, viz., make a radical term the right-hand member
gathering all the other terms into the left-hand member, square each
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member, repeat, if II ocessary, until all radicals are rationalized.

This method is convenient but it do^s not explain the ditliculty

that only one of the values of £ in (1) t^atisfio!- (1) viz. "jry^a

— 2»/?i
The other value, -, satisfies the equation

m v'(l +.6') + /'V(1 -x') = v/(
/*- + /' = ).

The explanation is simple. Squaiing both members of (1) id

really equivalent to substituting for (1) the conjoint equation

{mV(l+^') -/iV(l-.(')-V(//'- + nii)[

{w?V(l +xO +^/V(l - X) - v/(m=^ + n-
j

J-

=- (5)

which reduces to (2) above.

Treating (5) or (2) by transferring and squaring is equivalem

to substituting for it, the- equation

\m v/(l + ;c) - n v/(l --*•) - \/(W'2 +w3)| X

{mv/(lfJc)-«|/(l-;i.')+V(»'^+"^)}x

{mv'(l+ x)+ ^ri/(l-.*0+l/'0"' + '^')l=O (6)

which reduces to

{(m2 - w2)a;- 2m;iV(l -.c^)} {»/,^ - /i^)^.- + 2mn n/(1 ~^3 j - (7)

which further reduces to (3)

Thus the whole process of solving (1) is equivalent to reducing

it to an equation of the type A-Q and then multiplying the

member A by rationalizing facfeors. Thus instead of solving (1)

we 'rreally solve (G), e.g., a conjoint equation equivalent to jour

disjunctive equations. (See page 140, Art xl ) Now the values

given in (4) will satisfy (G), the positive value making the first

factor vanish, the negative value making the third f ictor vanish,

while no values can be found that will make either the second or

the fourth factor vanish.
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Ileuce, if one of such a act of disjunctive equations in proposed

for Holiition, tho conjoint equation must bo solved, and if there bo

a vahio of x wliich satisfies tlio jiarticubir equation proposed,

that vahiG must bo retained and tlie others rejected.

(This process is tho opposite to that given in Arts. XL. and

XLV. : there a conjoint equation is solved by resolving it into its

equivalent disjunctive (;quation8. Tho two processes are related

somewliat as involution and evolution jne).

Furtlier, it should bo noticed that just as there are four factors

in (C) while there are only two valucn in (4), it will in general be

possible to form more disjunctive equations than there are values

of a; that satisfy the conjoint equation, and consequently it will

be possible to select disjunctive equations that are not satisded by

any value of x, or, in other words, whose solution is impossible.

This will perhaps be better understood by considering the fol-

lowing problem.

Find a number such that if it be increased by 4 and also dimin-

ished by 4 the difference of the square-roots of the results shall

be 4.

Reduced to an equation this is

^(.,+4) _-,/(;«- 4) = 4 (8)

Eationalizing this becomes

{4-v/(^ + 4)-fv/(u;-4)}{4-/(a;-f4)-v/(:e-4)}x

{4+V(.B+4)+|/(*-4)}{4-t-i/(aj+4)-v'(u;-4)}=0 (0)

which reduces to

{2t-8i/(x+ 4)[{24+8|/(^+4)}=0
ie. 0— (:c4-4) = 0, or a; =5.

Now x = 5 satisfies (9; because it makes the factor

4-|/(»+4)-\/(a;-4)

vanish and it is the only finite value of x that does satisfy (9), ov,

in other words, there are no values of x which will make any of

the factors

v:

I -r

... :k
•'1

:''i



'
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1 4 , ,
•

"IB
r

^^>/'

^Bi

4-i/(a;4-4)+ i/(ar-4), 4+ a/(«+4)+ v/(a;-4),

or 4+ A/(a;+ 4)- y/{x-4)

vanish. There is, therefore, no number that will satisfy the con-

ditions of the problem.

[It will be found that as x increases, ^/(;c4.4) - j/(a;— 4)
decreases, hence as 4 is the least vakie that can be given to x

without involving the square-root of a negative, the greatest real

value of ]/(a:+4) — \/{x -4) is ^/8 wliich is less than 4. We see

by this that our method of solution fails for (8) simjily because (8)

is i)npossiblf] .

6. V{{a+ x){b-hx)}~i/{{a-<c){h-x)\ =

y^{{a-x){h+x)} - V{{a-}-x){h-x)} (1)

Collecting the terms involving |/(a+ r) and ]/(«-«) respec-

tively the equation becomes

{^/{a + x)~y/{a-x]\{i/{hi-x)-j-s/{b-x)\=0 (2)

This is satisfied if either

y[a+x)-i/{a-x) = (3)

or V{b+x)+V{b-x)=0 (4)

The rational form of (3) is {a-\-x) — {a -a;) -0 which is satisfied

by a; = and this also satisfies (3).

The rational form of (4) is {b-}-x) — {h—x)=0 which requires

x=0, but this does not satisfy (4). Hence the second factor of

the left-hand member of (2) cannot vanish.

Therefore the only solution of (2) and /. of (1) is a: = 0, derived

from (3).

6. f{a'rx)+fia-x) = ^{2a)

Cube by the formula (tc+v)^ = u^ -{-v^ -\-Suv{ii-{-v)

:. (a+a;)+ («-i«)+ 3if{2a(a2-a;2)}=.2ci.

.-. 2a(a8-a;3) = 0,

.'. X = ±«.

Both these values belong to the proposed equation.
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The rationaliziDg factors of

^{a+ x)+ ^{a-x)-f/{2r,) =

are ^{a + x)-\-(^-^{(i-x)—(*i^i^{2a),

and i/{a-\-x)-\-ui-i^{a—x) — o)^{2a). See page 257.

The remaiks on Ex. 4, will apply rnutatis mutaiidia to equations

of this type.

Assume ^{a-^x)~u and ^{a— x) = v

.'. u^-\-v^ = 2a &nd u^ — v^ = 2x,

(1)

and
w
W3 _|_|;3

,

Also (1) becomes

7/3 ~.uv-\-r^
=

(2)

(8)

Multiply both members by —

—

u^ — t"8 u— v
= c

X u — v
by (2) - = e (4)

m3_^.,3 ^ ^^^^' • • "J v/ a ' u-\-v

Again adding and subtracting denominators and numerators

in (3)

uv "~
c - 1

Adding and subtracting 2 (denominators) and numerators in this

w3 +2wv 4- 1'2 ^3c-i
iu— v\ 2

, or
u-\-v

S-c
3c-l

X' 3-c
substitutmg by (4), ^=<''^3(. Z"f

.*. a;= ac
i3-r
3c -l"
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8. W{x+a)+ \/{x-a)}^^'{x-{-a)-Vix-a)}^2c

Assume u=V{x-[-(i) aud v = \/{x-n), and (1) becomes

(ii^v)S(^i(,-v) = 2c or (u-{-vy{u''-r")=--2c

Also M*-v4 = 2a

and u^+r^ = 2x.

ov{u^+v^){u^-v^) = 2a

From (2) and (3), (M-r)2(u2 -t>3) = 4a-2c

;i)

(3)

(4)

(5)

.-. (2)X(5), («2_t,2)2(jt2_.i;3)3or(;*3-t;2)4=4<2a-c) (6)

Also (3)2 -f-(6),

or {,i^+v^){u^ -'tj3)3 = 2(a2 +2ac-c3)

Substituting by (4) and (6)

2a:|/(2rtc-c3) = fr«+2rtc-c2.

Exercise,

1. {x+a+b){x-a+ b)+ {x+a-h){x-a-b) = 0,

2. (a+ 6a;)(/>-</,i;)+ (5+oaj)(c-/«) + (c+a:^)(a— ca;) = 0.

3. {u+bx){ax—b) + {b-\-cx){bx-c) + {c-\-ax){cx-a)

4. (a+ a:)(/>-a:)+ (l+ax)(l-6aj) = (a+ 6)(l+a;2).

5. {a-{-x){b^-x){c-x)+ {a-{-x){b-x){c+x)-h{a—x){b-^x){c+ v}

+ («-a;)(6-a.')(o+aj)H-(a-;r)(i+.f)(c-a;)+
(a+ a7)(6 - x){c -x) = 5abc.

6. (^A + x){b+ x){c + ») + {a-\'x){b-{-x){c -x) + {a-rx){b - x)(c -j- x)

+ {a—x){b + x?){c+x)+{a+x){b—x){c—x)-['{a—x){b+ x){c-x)

+ {a-x){h-x){c-]-x)-\-{a-x){b~x)[e-x) = Sx^

7. (a+5&-h«)(n«+&+x) = 8(flf-fA+a;)2.

8. {a + nb+x){17a+b+x)= 9{a+ h-}-x)^.

9. (9a~7t4-8a-)(96~7a+3a;) = (8a+86 + a-)=».

*'~-."j
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ab
\1) 1 iO.

3S

(2)
1

12.

(3) ^

(4)
j

14.

-C)

(5)

l6) '

IG.

') ^

«

18.

20.

22.

•

23.

25.

2G.

x){c-f*)
27.

29.

x)(c-^-x)

+«')( 5

—

x) 30.

31.

32.

,+ = 0.
x — a x-^a

a+ x x-\-b

a—x~x— b'
'

a -X 1— l)x

l — ux~ b — x'

x+ a-'-Ab~b-^ 2a— 2a5*

x-^^a-\-h x — a-\-b

X— 3^4-6 " a— aj+ 3/>'

3a - /^— a; 5/> — 3c/ -f-u;

a — 36 + ;k
~ 5a— 36 4-;*"'

3a-26 4- 3a; x-la+ ^b

'^a— 'Ab+x - 3a;— 6a 4-4//

5a-G64-a; 3a— 5/>4-3a; ^^

a4-a; a4-64-a;

7a 4- 6— a; 3(a— 64-a;)

21.

ii.
^+ l+^_i-^^-

aa;4-6 ra;4-^
13.

a-\-bx~ c-{-dx

15.
a—X -li — x

l~ax~ 1 —bx

a4-464-i^ 36— a4-.r
17. a— 464-a; ~ 364-a - a;'

19.
a— 764-a; a4-564-a7

la — b~x~ 5a-\-b-\-x'

3a--26 4- 3a; a; -a 4- 26

^a-26 + .c
~ 3a; -3^ 4- 26'

a 4- 6— a; 3(a -64-a;)

oa— 6 — 3a;~ a— 664-a;

5a-|-36-3a; a -176+ a;

5a -6 4- a; _ 2(2a— 64-a;)^

2(a+26- x) ^ 'a'4- 1 16 - a;

*

7a — 6 4- a; a(a 4- 56 4- :«)

76— a+a;'~6(5a4-64-a;)*

5^.-3/;4-a; \ 2 ^ ^a-Qh + Sx
^

56 -3a 4- a;/ 76 - 9a 4- 3a;*

ln±5h+x\ '' _ a4-176 4-a;^

\5a4-64-a;/ ~ 17a4-64-a;*

/7a- 64-«\ * ^ 17a -t-
6 -a;

^

\76-a4^J 176 4- rt— a?'

17rt, 4./, -X _ a2 (a 4-

1

764- a;)
^

a+ ilV-x ~ 62(17a4-6 + a;)'

28.
X \-a ~h a{x 4-a 4- 5 6)

a;— a4-6 ~ 6(a;4- 5a 4-6)

' i
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83.

84.

85.

86.

37.

88.

89.

40.

41.

42.

48.

44.

45.

(x+7a+b){x~(i+ff ba^b
{5x+ 'Sa -lU}{x-a+nb}~ bx+7a-5db

(1 +3x'+'5a;-) (.e3 -f 3.y+5) _ _9_

(1 +2x+ 3x^}{x^ ^'2x + 3)
~ IT'

^/(l+a;3) + Tr(l-.-g2) _ _a_

4/(l+xa) + V (l-a;2j _A
V(l+.r2) + .>/(i-^a)^^

V{l+x^-)+l/{ x^-l) __
a

a

a.l/(3rt- 2/> 4- 2.«,) - v/ (3a- 26 - 2;c) = 2 v

^/(2a-/>+2x')- 't/(10rt-96-6.(;) = 4v/(a-6).

l/(3rt -4A+ 5.r) + ]/ (x-a) = 2\/{x-\-a).

V {;da - ^h Jr^^x) + i/\x-a) = 2 V i:2^x-'lb).

46. |/(5.c-3r/-|-46)+|/(5.c-3a-46) = 2v/(x+rt)

47.

48.

40.

60.

61.

62.

63.

l/(^«+/'+ 2.f) + |//10^iH-96-6.«)=2N/(2a+ '?-2a5).

2 v'(2«+i+2a:) + ,/(10rt+6 - Qx) = V (lOa-i-db-Cw).

l/{2a-rSb+Ux)+ V{'S{h-2u+2x)}=2V{''lu-b+ 2x)

l/{-6{7a-hb+x)~V{a+7b-x) = 'I]/{7a + b-x).

V {{a-^x){x+b)} + V{{a~x){x-b)} -^2y/(ax).

V^{{a + x){x-{-b)}-v'{{a-x)ix-b)}='Iy{bx),

Viox-^-x'^}- Vi^x-x'-^)- ^/('lax-a^).
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54. y/{ax-x^)-{-y{ax+x-)= ^/{2ax+a^).

55. +
2

56.

l + ^{l-x)^l~y{l-x)- 9

a:-f \/{ax) a-{- ]/{ax} x — a

— \/ {ox) X — ^7\ax^ ~ a

X.

a

- i/{(«±a^K-'«+^)} + 'v/{(^'-^)(.>?-^)}
I^'57.

58.

v/{(<f+a^)U-+ i)} - v'{(rt-a;)(^-/,)}

\n - 2/>+ 2.r { -/ ^t -f \/ (2rt - 26) } s

-4

^3a-2/>-2.i 26- a

59. (^'(a+x) + i,3/(Vf-a;) = 2ifrt..

60. f{a^xY-f{a''-x^)-^^/{a-xY^f

Gl.

a'

,^(1+^)2+ ^3/(1 -X^) -f
- ,3/(1 -g;)'-'

^(1 + ;C)^' -^(l-.f2) +fTl -«)^ n>

52. i^(l+a;)^+f/(l-a;)3=2^,r(l-a;-).

08.

64.

65.

66.

67.

68.

69.

70.

71.

7'2.

tf(l+a;)3 +1^(1 -a:)3 = 5{i3/(l + a;)4. ^3/(1 _a;)}2.

l^(14+a;)2--^(19G-;«^) + v^/(U-;i-)=^=7.

{ir(9+^-)+l>'/(9-.^-)[i^(81-ic-) = 12.

{^(14+.i-)^-ir(14-ic)2}{^(U+a;)-^(14-x-)|=16.

{f(57+.^j)^+v'^(57-^)-}|lf(57-;.;)-f f^(574-:p)}=100.

5{V(41+a;) + V(n-.'V}'=8{A/(4H-.*;)-fi/(41-x)}.

{M^+5)+M^->)}MM^+5)-V(-«-5)} = 2.

73. 2{v3/(l+^-)'-h#'^(l -«-•'')} = (cM-l){vK(H-x)-^f(l--x)}2.
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\^

m

74. f(a+x) + f^{a -x)'^ fc.

70. ^{a+xY = f{a' - x^^) ^ f"{a -xY = fc^.

77. {f{a-Yxy^~f/{a-xY){f{a+.c)-f{a-x)]^c.

78. [f/(^a^xY-Yf/{a-xY]{f{a+x)+ f{a-x)]=c.

79. {a+x)^{a-?i)~{a-x)f[_a+^^)^<-{f{a + x)-~f/{a-x)],

80. {a-Vx)^{a-irx)--{a-x)f{a-x)^a{f(a,-\-x)-^{a-x)}.

81. {ir(r*+ ^-)3-f/(. ')+r(^*-^)n'=

c{f/(6i"r-.c)+|^('i— :!.•)}.

82. {t/{a+x) l-^A«-»')}' = («+ !){ V^^'+-'^)+a/(« -:«)}.

Section IV.

—

Quadbatig Equations and Equations that

CAN BE RESOLVED AS QUADliATICS.

sif,

Examples.

.-. x^ + '2.ahx' +a^h^- ={a-[.bYx^- ^^a^ -b^)x-]-[a -1^
ft

;. y.'ij^ah=±{{a-\-h)x^{a-b)],

or x'^+{a-\-b)x-{-ah=^[a— h)f

:, x^^{a+ h)x-\-]t{a-\-bY^\{a-hY±{a-h),
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x)\.

THAT

by-

(a-xy ^(a -x)+ (xj-h)W (a? - M _
^, _ y.^

^' ' {a - x) y/{a~x)^)x - b) Vix - b)

Write a -6 in the form {a-x)^{x-~h) and multiply by the

denominator of the left-hand member,

.-. {a-xyy'{a-x) + {x-bYV{x-h =

{a-xY'l/{a^x)^{a-x){x'-b){^{a^ x)+ ^{x-h))^^

{x-b)W{x-h),

:. {a—x){x-b){V{a-x)+v'ix-b)]=0,

:. {a — x') = 0, or x,-h = 0,

or V{a—x)+V{x— b)=:Q.

x^ =rt, x^ =b.

The equation V{u-x) \-V{x--b)=0 has no solution tor the

sum of two positive square-roots, cannot vanish.

The solution x-^^{a-\-h)) belongs to the equation

y/ia-x)-^/{x-b) = Q.

ax+b mx—n
3 -J— — .

bx -;- a nx — m

Add and subtract Numerators and Denominators

(a+b){x -{-l) _ {
m+n)(x-l)

{a - b){x - 1)
~ {m - n)(^c-\~ I )'

. /^l±ll' = l!i=:i^i!^!±!^ = .2say,

iC, =
s+l

1+ b){ni — n)

t-1

s-V ^'3"" s+l'

a— Xjc „/& + X
^' ^b + x' ' a-u;

Square both mf;mbers, subtract 4 and extract the square-root.
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HHki

HHlim1
SiIf
^^Hmi

I^ .t?Jj

.'T — r

a — x 2a; -(a- />) 1 - ^^

a -\-b l+e^

x=\{{a-h) + {a+ h)
1 -

-fc^j

Or thus, cube both members,

a -X }>+x
-- - -f 8c + =
b-\-x a—x

^/.3

(^-a-)2 + (/^+aj)'
r=.'3 ac

(/>+a;)~(a-a;)]2 c3-3c-2 frXl)?fr- 2)

2a;- (a -6)

£(+ h 2

(Prove ttiat
1+ --1

|c-2

N^'T2'
if 2^ = r4:V(c2-4).

or

V{a-x) - V(6-a;) _ V{(rt-a;)(6-a;)}

V{<i - xj-i-V{b - x)
~

~c~
•

{
V(«-a;)- V (6-ii-) }8 v{{a,-x){b-x)}

{a—b)
~

c

{V{a—x)-Vihj-x)}- a-h
V{{a-x){b-x)y' *"

c '

V(a- a^)!- V(6- a;^
J

» ^ a- 6

V(a^ a;) + ^/(b^x) f ~ a"-
6 + 4c *

-

V{{a-x){h-x)]

Eationalize Denom.

(A)

-4
a -b

Also from {A),

a 4-/' -2a; a

rt_&+4c*

-^+ 2(;

(^)

V{(a-a;)(6— a;)}
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Multiply {B) and (C) membor by member

-. x = i{«+i-(«-4+ 2,;) J ","_*, l-
I ^a-b + kr)

271

6. a;4_4 =
a:» + 20

X''
o ;a;«-2a;*- 5x3 -12 = 0.

Find the rational linear factors of the left-band membor by the

method of Art. XXVII., i)age 90.

:. x-2 = 0, ora;+ 2 = 0, or x'^+2x-+?j-^0.

The last of these equations may be solved as a quadratic giving

X' -1±;2a/—2, .•- a;=±l±V-2,

.-. Xi=2, aj2 = -2, 0^3 = 1 + ^-2, a;4 = l--/-2, '

a;5=-l+V-2, a;6 = --l-V-2.

N.B.—In solving numerical equations of the higher orders, the

rational linear factors should always be found and separated as dis-

junctive equations, before other methods of reduction are applied.

Such separation may always be effected by the methods of Arts.

XXVIl. to XXX., and unless it is done the application of the

higher methods may actually fail. Thus, if it be attempted to

bolve as a cubic the equation,

a;3-9.c-10 =

the result is «= (5 +V - 2} + {5 - v - 2} , which can be reduced

only by trial. The left-hand member can however be easily

factored by the method of Art. XXVII.. and the equation reduces

to

(a;+2)(.f2-2a;-5) = 0,

which gives a; = 2 or l±y'Q,

:
i
ili
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m

p

7. (a:-2)'-x'+2^=0.

i'actor, (Sl>o No. 20, p. 80), rejecting constant factors,

.-. aj(';-2)(.»;3-2;c+i)2=0

.-. x = 0, or3?-2 = 0, or a;3_2a; + 4 = 0.

The last equation gives x=l±:\/ — 3.

Exercise.

Solve the following equations

:

8. (a—6)a;3 + (i -«;)«» + (a;- a)63 = ().

4. {a-b)x^-\-{x-h)a'^ + {x+ a)h^=2iibx.

G. {x~ay-\.{a-by+{b~xy=0.

7. (a3_6)x4+(;B3-rt)6- • •3-a;K=ai'a;(a262^«-l).

8. {x~a){x-h){a-b)-\-{x- b){x-c){b-c)+
(x—c){x—a){c—a) = 0.

9.

11.

x-^

x-1
= 0.

a;
16

X4-1"
^0.

10.

12.

X13_1

iK^

= 0.

X80 _ 1

a;^

:0.

13. «'» + 5a;3 - 16x'- 4-20.r - 16 = 0. (See Art. XXII.)

14. a;4 _ 3^.3 _|. 5^2 +6a-+ 4 = 0.

15. (x-ay-]-x^+a^=0.

17. a'(i«-2)2(a;+2) = 2.

16. 2x'' = {x-Qy.

18. (4a;2-17)a; + 12 = 0.

19. a;* + H+l)=^=(a'*+^')(«'+ l)+2(«^-^')^+ l'

20. a;2(a;-169)«+17a; = a;2-3640.
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21, Ca;(a:2 + l)2 + (2u:' + 5)3 = 150x+l.

22. 24u!-l)» + 2=(x--hl)3. 28. a;4 = 12^ + 5.

24. ..;4 = 12^3+1. 25. (a;+4)3 = 3(2x'-l)^

2G. V(x3+/HS)+V{(n-a;)»+;u«} = V{(a;-^n)3 + (^2'*V8-w/)]

27.

29.

'^1

{x+iy m
n

m

(;c-+l)(.j;3 + l) w

28.
in.

n

80

33. T

84.

85.

80.

37.

39.

41.

43.

45.

46.

x'\{x^-l)

xix-^iy

oo (a-3-l)3

n cc(x---' + l)(a;-l)-^

7?i

w(w

—

m)

{x^ + 1 ){^ - Ip ^ ^{^'in^n)'

(x^+ 1)^ 4m3

(a;-^ )
(x3_+ 1

) 2 _ 2(w - r? 1 ^

^

{x^-lXx+i)-" mn "'

x^ — 1 2w

P+' 1)(^^^^
^ 2m^'

88.

a;3 =

*« =

ax—b
bx — a*

{x-\-V){x^ + 1) _m + n

(ic— l)(;«'i-- l)~m —n

iix — b

bx — a

a;3 = (a;-l)3(x2+l).

a;3 = (a;_a)3(a;2_l).

a V (a;3 + 1) - xi/(a;2 +a3) = foj.

40. a;4 =

42. «;* =

^^ — a

ax^-\-hx-^c

a-\-bx + cx^

44. a2u;3 = (tt-a;)2(a5_icS).
ifr

ill

lil
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47.

48.

49.

60.

51.

62.

68.

67.

69.

61.

63.

64.

65,

66.

67.

m{x+7n'-n){x — m+ 7n)^ —n{x~7ri+n){x-[-77n — n)^.

m^{x+m + nn){x - m — 5ii)^ = n°{x+llm,+n){x -5m+ n)'

m^{x-\-7n+nn){x-m + In)^ —n^{x+ nin+n){x+lm - n)'

V{x - a) -^i/{x— h) \x a
V(a; - a) -^{x-h) ^x - b

V{x— a)-\-'\/[x \a — X

V{x-a)-V{x-b)

\a— x \b-\-x

'>\h-\-x~^a~x~

...a—x o/b+x

yn—x Ib- X

b^ a—x

.a—x

6 + x
+v b + X

a — x
= c.

•y
a- x

!/

b +x

a—x
b+i'

+y x
a— :

= c.

56. V

58. V

60. V

6 /
V

b+X

a- X
= (?. G2. V

^b — X ' Va -X

la-"^^
2

-r
Ib-

[b--x] \a-

a --X

a -

- X

b- X - X

a— X
V
a—

X

b- X x~

a— X c/'-- X

= c.

X

-X

= c.

-c.

b — x a— x

]/(«-«)+ !/ (6 -a)

^/(rt-ar)3 +/(6-a;)3

{^[a-x)+x/lb-x)]

\/{a-x)^+ y/jb-x)^

\/{a—x) - \/{b— x)

{^{a-x) ^-^/ib-x)]

y/\a-x) - \/{b-x)

y\a-xY-\-V{x-by

- = c.

= c.

= c.

= c.

V{ci—x)+i/{x— b)
= a.

= c.
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63.

69.

70.

71.

72.

73.

74.

75.

7G.

77.

78.

79.

80.

81.

82.

83.

84.

—— »|7(

a;.

~V{a-x) + V{x-^b) 'iV{{a-x){x+ b)}

x^+{a-x^)V{a--x^)_

x+ V{a— x^)

x-^V{a^—x^)

f^{a-xy'-f/{{a-x){x-b)} + ^{x+b)^ = fia^-ab+ b^)

by''{a --x)-\-a \f {x— 6)

~Y{a:^x)-VV{^'-^^'

a\'{ci-x^^Wk'^_r^)

~~^7'(a~-x) + 1/(0;- />)

v/^^a)+ \/(^-M)_" N/(2a) ^ 4/';^.

y (-r

-

cC) -j\x-{-a)+ y(2a) ~ x-c

^[n-x)-\-./c _ Af
'^-^

y/[x— b)+^G ~ x-b

f{a~-xy --f'{{a-x){x+ b)} +f/{x+b)2 = ^(a2 -ab-i-b^).

{a-b){^/{a-x)+ f/{x-h)}.

{f/{a-xY-hf{b^x)^^-={a+ b){^{a-x) + f'{b+x)}.

f{a-x) + f{x-b) = f/c.

^(a+x^-f^ia-x)^ =f/{^('x).

^{a-xy^+^{{a-x){b-x)}-\-f^{b-x)^ = fc^

f{a-xr--f'{{a-x){x+b)}^f{x-\-b)^ =

c{f{a-x)+ f{x+b)}.

I'.'

W'

.1'
I

'

ink >

Si; f

fi
'

t i

'1 <'"!

il'Ki:

fir

L s-
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85. {^/(a-x)hf/{xih)}f/{{a-x){x+h)}=c.

86. f{a-x)^ + f{x-by=c{^{a~-x) + f{x-b)}'

87. x+{}'{a^-x^)
x^{a^ -x^)

a
88. ----- =

x+^yi2h^-x^)

X^-b- x-^{2bi-x^)

89. {a+x)^{a+x) + {a-x)ir{a-'x:} = a{lr(a + x) + l/'ia-x)].

90. {n+ x)4:y{a-x)+ {n--xy^{a-[-x) = a{^[a-\-x)-^i/{a-x)},

91. 4/(26-.r)+ t/0*^-lO) = 2.

92. {^{a~x)+t^{x-b)}^-=c{V{n-x)-{-i/{x-b)}.

93. {a-x)i/ a-x)-\-ix-b)-y^{x-b) =

{a-b){l/{a~x)-{-^{x-b)}.

94. {^{a-x) + i/{x-b)}^{x/{a-x) + ^/{x-h)}=c{a-{'b-2x).

95. {4/(a-.'«)+4/(6-:c)}{N/(a-a^)+v/(6-:c)}2^

96. rtA/(l+.r2}-a;i/(a;3-j-rt-') = e.

97. {a-x)f{x-b) + {x-b)f{a-x) = c{f(a-x) + ^{x-b)}\

98. {^(a-.'K)+if(6+«)}-'=c{if(a-a;)2+ ^(/;+a;)3}.

99. {f{a-x) + f{b+x)}'=c^{{:P-x){h + x)}.

100. -,f(a-a;)^-i3/(6-«)2=r^r(a+i-2a;).

101. V('^-a;) + ^(aj-6) =
;i/(?.

102. ^{a--x) + !:/{x-b)=yc.

103.

104.

105,

(rt-a;) ^y(n-x) -^ {x-b)X/(x-h)

{a-x)i/.x-b) +(x-b) t'{a-x)

{a - x)^'h-x) + (h— x)^{a-x)

'l;/[a-x)-i/{b-x)

i/{a-x)-{-i/{x-b) c

= c.

= Ce

^{a-x)-l^{x— b) a+b—2x



lOG.

107.

108.

109.

110.

111.

112.

APPENDIX. 27T

{a-x)!l^{a-x)-{x-b)'^{x-b) = c{!l/{a-x)— ^{x-h)}.

{a-x)^{x^b) ~{x-hh)'^{x-a) = c{-y{a~x)-^ i^[x+b)}.

{!^{a~xy-{-^ix-lj)^}'l/{(a-x){x~b)}=c.

{^{a-x)-'^{x-h)}Hl/{a-xy--l/{x-by}=c.

{'yia-xy--^{x-by}^{^'{a-x)^ l/{x-b)}=c.

{!y(a-x)^+ -:y[x + h)^}^=c{^^{a-x) + !i/{x-hh)\-

Section V.

—

Quadratic Equations involving two or more

VARIABLES.

1. I.

n.x^i/-^xy^ =c.

I+2II. .-. {x-\-yy=a+ 2c

,.. x+y—-^{a+2>c), (Any one of the three cube-roots). Ill,

~
c ' '

\x+yi a-i-2c'
a

By III.

Also

xy

x-y =

x+y =

\Aa-2c)

^(«+ 2c)*

l/(^+ 2c
)

V('i+2c)*

N/(a4-2c)-f N/(a-2c)
~~"

2«/(rt + 2c)

A/(«+2c)--^/(a-^)

2V(«+ 2c)

(Not any one of the siy. sixth-roots of ct+2c may be used indiffer-

ently in the denominator, but only any cube-root of whichever

equare-root of a -f 2c is used in the numerator. Thus if the radi-

'̂\

t

1

1

1
is'

1,
1

li

4

J

f \

l''
1

'1
1

\^
(

I

t
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cal sign be restricted to denote merely the arithmetical root, if it

be defiued by the equation k^ - /r-fl =0, and if vi and n iudicate

any integers whatever, equal or unequal, the value of x may be

written

{PV(rt+2c)+/f'"-^ N/(a-2c)}-j-2:^(a-f2c).

2. 8a;2_5a;^+3j,a =0(^ + 2/) i;

1st Method. Eliminate («+?/).

.-. 1()4j;2_65x7/+3%2 = 99^.2 _72a;»/-f45^»,

.-. 5j;3+ 7a;/y-6?/2=0,

.-. (5a;-8y)(^4-2/y) = 0,

.-. x = ^y or —2?/.

Substitute these values for a; in I.

.-. 72?/3 = 360y or 45//3 = -9y

.-. 2/ = 0, or 5, or -|,

and a; = 0, or 3, or f

.

2nd Method. Take the sum of the products of I. and II. by

arbitrary multipliers k and l^

Z;(8a;2-5a;?/+32/2)+Z(ll.«2-8a'//+ 5?/2) = (9/f+130(a;4-?/). HI.

Determine k and I so that the left-hand member of III. may,

Uko the right-hand member, be a multiple o{x-\-y. This may

be done by putting j:;= —y in III. from vvhich

16A;+24Z=.0, .-. 2/f=-3/

eV if yfc = 3, /=-2.

Substituting these values in III., it becomes

2x^-[-xii~y'^=x-\-y

••• {x+ y){'^x-y) = x->ry, or (;r+?/)(2a?-3/-l) = 0.

.*. either a;+ ?/ = 0, or 2.<;- ^ - 1 = 0,

,-, ysz -x, or 2a;-l.
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Substituting these values for y in I., it becomes

16x3 ^ 0, or 10a;- -lx-\-'6 = 27a;- 9,

.*. a- = 0, or 8, or |;

and // = 0, or 5, or — |.

;r»-f-//g a« + 7)»

a;2 + ar// 4- ;//3 = «2 +^ft-f />2

(a 3 + />'^)a_a27;2
'

8.

I.-:-II., .

(a;2+y/2)3 - a;^^^
-

^^^2 _|_/,2)a _ ^2/,!

Write « for

III., .-.

xy

x^+y' and k for
a6

a2+63

k

xy ah

,
.-. z = kor—

x'^i+ y^ - a^ -\. b^

xy ah

a^-\-h^
or ;—

>

ah

a^A-h^

II. » • •

a;2+a;?/+ ?y2 a^ + ah + b'^' n^—ab + b'^

a., = «6,or(.2+,.2)__-_^__

v/(IT.4-iy.), .-. x+y=±{a-j-b)

or V(2,,,--„/,+ 2i^) ^„^I-^;j^^;

/(II.-81V.) and «-?/= ±((1-6),

•'. 3;= ±a, ±i or

279

I.

II.

Ill

IV.

P"

I
h'li

1

iiLlUl

ir.i.
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4. (a;2+//a)(^3.4.y3) = a,

a;// , 1—2
Put 2 --=

a

T

17

;. 2^itz''i-bz—{a'-b)=0

:. 4a23=6±\/(8a3-8a6-|-62) = 6-}-;- say.

4a

2a4-'^+*"

r

"
y

~
i/(2«+ ^ + ^) - V (2« - ft- >')

_ {T/(2a+/>+r) + N/(2a-ft-r)}''

2(6+ r)

2 f4a-6-r) «-
•••(».)'f-^y:^l(^.) b-\-r

~ a'

I.

III.

IV.

. ^10 MM (^+')1
-I*

1 2// i32(2a+fc+r)(4a-ft-r)3i

~ 1024(2a+6-i-^)(^^-^-'O^
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2.XI.-X2

:.x^-\-y^ =
1^(26-1-0

2(a+ 6)

1.

n.

V{%i+b+r)+ V{2a-b-r)

in which r= zt>/{Qa^ -8ab+ b^).

The value of y may be derived from that of x by the first form

in IV.

6. x*=ax—by,

yi = ay — bx.

y.l.-x.ll. xy{x^-V^)==b{x^-y^),

;. either x-y = from which x = y = 0,or f^{a- b)

or x^+x^y+xhj^-^xy^-\-y* = a{x+y)

and xy{x^-{-xy+y^) = b{x-\-y)

(IV.+V.) {x+y)Hx^-hy^)=^a-{-b

V. {xi-7j)^-{x^ +y^)^ =^b{x+y)

V/(VII2+4.VI). (a;+^)*+ (a;2+2/2)'=2«(a;+2/)

in which ^=y{(a+6)2+462}.

|(VII.+Vm.), .-. {x+y)^ = {2,b+t){x+y)

:,{x-^yy = 2b-^t

.•.(a:+2/) =r(2ft+0

in.

rv.

V.

VI.

VII.

\'in.

IX.

X.

XI.

2a—

t

•' i^-y)' = ^^2^+7) -r(2.+*)^

=

ww^

X.

.-.ic-^ =^(26+0

anda;+y =^26+7)

ri'i 'vl

•

*y.

IS
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•*• X

in which f= V{a^ -\.%ih + Bb^),

^(26+^/

«.

X
Let z = -

'+^ 2«
x-y » • *+ ^==3rr7y and«— 1 =«-:j/

I. + 11.

(8w - 1)24 -6^2 + (8/1-1) = 0,

«« p + l/{9-(8 -̂l)(87z-l)|

4 8w-l

11 & III. (?-l)4(a;-2/)4^.i6c4 = l6M(.v- y/

« = <2+ l) C(«+1)

ir.

m.

IV.

4/{i6«i::(^ri)4-| =
v{,+i)-4-:i6-^~-4|

and 7/ =
^{16^1- (^ITljrp aiia the value of « is given by IV.

7. a;2^2/^ = K2w+w2),

.-. {x-\-y)'-2xy = \(%n+7i^)

and (^ 4- 2/) ^— 3.»-i/(a;

+

y) =•. ?«».
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Let u = x -fT/and v = xy, and tho equations become

Eliminator, .-. w^ -(2m+w3)«+2mn = 0,
'l':i'

.*. w*--(2/»+n3)tt8+2mnM = 0,

.*. M^-- 2wM» +w2 = w'-'m'* - 2i/mu+w'

.

.-. u^ -?n=-+-(>JM-m),

.'. u = n, (the value u = was introduced by the multiplJca-

tion by tO»
,i

or tt2 4-n/^-27/i=0,

... r = Kn2-w) orl{w2+8»tq=3"i/(n3 4-8m)}

.*. M and V are completely determined.

Also a;+7/ = w, »-?/= n/(«^ -^v)

.-. 2/ = 5{w-V(u2-4y)}.

If m = 7 and w= 5, the above equations become

a-j _|.2/3 = 13, and «•' 4-y ^ - 85.

Solving, as above, gives

M = 5, or 2, or —7,

2v = 12, or -9, or 36,

«-!/= ±1, cr ±722, or ±ii/23.

..„ a,= 3, 2, i(2±N/22) or ^(-7±iN/28) ?.

y=:2, 3, i(2+v'22) or i(-7q=7V23).

n |B* I If

iir!

1^1

•

'

(!"t

iifejfsi

h.

ii,..' >. i .ijl

.fin
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]*

8. a;«4-?/ = H;

.-. u-2/=(f-?/*)^

Testing this for rational liner.r factors it is easily reduced to

.-. y = l or^(-2±V2);

a; = i ori(-l±4v'2).

H. (2a?-?/+2)(a;+2/+2) = 9;

(a;+y-22)(x+2/ + 2) = 4.

Let i; = x+//+2 and the equations may be written

(8+ a;-2//)s = 9

(s+y-2«)s = l

(s - 8z)s = 4.

IV. + 3.V. (4s +x-\-y - 6z)s = 12, or {5s - 7«)s -^ 12

B VII-7.VI. {(15s-21z)-(7«-21z)}8 = 8,

II.

III.

IV.

VI.

VII.

8^3 = 8, s=±l.

Substituting in I, II. and III. they become

2x-y+z=±9, a;+2//-z=±l, x-{-y-2z=±i,

X = ±4, 2/==F2, 2=q:i.

10 x^-\-y^ = fi\

xy^uv = c\

xu-\-yv = e.

Let t^xy—uvr

{x-y)^=^a-c-t, y=^{y'{a+C'\-t)- \^{a-c-t)}



m
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(«-«)« = />-c+«, tr=i{i/(fc+ c-t)-N/(6-cH-/)}

Also 2{xii-\-vv) = {x-\- !/)(n-{-r)+ {x-y)(u-v) = 2€,

...
^/{{a+c-\-t){h-^c-t)]-\-V{n-c-t){b-c-^t)]=2e,

... {A..9^{a-c-t){h-c-\-t)-(a-^c-^f){h-\-c-t)}^^

11.
I

n.

Ill

IV.

V.

VI.

xy — itv

Let a;+2/ = M''+2')- •'• w+'^ = i(«-2)-

Also let r = iri/ = wv

(35 + 1/)=' =a;» -I- 2/3+3.C2/(«+2/)

... a(823+a2) = 4(i3+8ar)

Also (a;+^)'=a;'*+2/'^ + 5^^(^'+y')+ l^-*'-'//'(^+y^

EHminating r between VII. and VIII,

45a2z4 - 30a(a3 +263),3 +a« - 20a''6« -806« +144r/c» =

...15^22 -5(a3+2b^0 = ±2v^{%'+ ^^')'-180rtc^} IX.

vii:

VIII.

X.

vf^ll

":
! ill
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"®"
APPENDIX.

VII. & IX. 12ar= a» - 4*3 _j. Qaz^

= 2««-2/>3 + 2V[^{(a3+5A3)2_86ac«}]

. ..
_S(«^-63)±V{5(a3-^ 563)2 _-ij^Ortcn

30rt

X. and XI. giva tha values of z and r which may now be treated
as known in V and V.

.'. ic-v/=. •V{(a+2)'^-16r[

vy = i(V,+zqzV{(a+2!}2-16A-}).

The vahies of u and v may be obtained irom those of x and y
respectively by clianging z into — z.

Exercise,

8. a;7/=(3-a-)2=:(2-2/)3. 4. a^s+T/-" =8,»+9y=144.

5. x^Jtij'^^x-Vy+l'^, ar//-r8 = 2(0^+2/).

6. ft;4-a;?/+2/=:5, x^ +.vrj+ y^ =7.

7. a;«+y3=:7a;j/ = 28(a;4-y). 8. it^+^t-y+y^ =
85 28

x^ + y^~xi/'

9. a:*+a;2y/3+?/4 = i33, x'^y+x^2j^ -\-xi/^ = lU,

10. (iB4-2/)(a;2+2/2)=:17aj//, (aj-7/)(.f3_^^) = 9^:^.

11. 25(x^ 4-V/3) - 7(;v-h2/) 3 = 175a.-//.

12. 2a;2 - yS = 14(a;3 - - 2?/3) ^ 14(.r-//}.

13. 2a;3-3a:?/-9(a;-3//), 3(a;3 -3//3) = 2{2a;3 - 3a^?/).

14. 2x^ '-xy-hrxy^' = lO^r f ?/), a;3 +4.r?/+ .3?/S = 14(y^+ ?/).

15. (2a;-3.y){3a-+4y) = 39(3.-2//), (Sx-\-2y){ix~3y = (99(a;-2//)
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16. {x\^y){x^^) = ^x^y), (2.i;+2/)(3x+t/) = 28(«+y).

17. x+y = S, 3;4+y* = 706. 18. a;+2/==5, a;*-f^*=275.

19. x^j = % Vd{x'^+y^) = Vll{x^+y^y

20. a;+y/ = 4, 4i(a;^ +i/^) = 122(^4 +?y 4).

21. a;2-5^(/+ i'2+5 = 0, xy = x-\-y-\.

22. a;3+3^, = 5(^_2/), a;+y3=2^..;-v/).

2a. a(x'2+v/) = 3(.^+ ?/2)= 13.«y.

24. 10(a;2 -f-i/) = 10(3?+^') = 13(ic-^ +2/^).

25. a;3+i/=V, x+y-- = %^. 26. 9(a;2+y) = 3(x-+y3) = 7.

27. .'c4-^?/+2/ = 5, x^-\-xy+y^-ll.

28. ;<J+v/ = 2, (a;+l)^+(2/-2)s = 211.

29. 3(;o'-l)(^+ l)=4(a;+l)(2/~l),
X' + a:+l 31/x3-;cH-l

2/3+I/-J-1 a(j\^a_^+ l

I'.

ilH".

.

1
1' I

30. x-\-y =
xy

x-y = xy.

81. x+2/4-1 = 0, .i:C_^(/«+2 = 0.

82. ic+?y = l, 3(.»8+?/«) = 7.

33. 4u;2/3 = 5(5-;*), 2(a;3 +//«) = 5.

34. ^Ixy^V], 9(x3+;^3)=_8.

35. (a;2+?/3)2+4»;S^3 = 5_i2y, 2/(a;3+y2) 43 = 0.

36. x+y^xy, x^+y^=x^+y^.

M

87. a;* ~63^2^(,y2_.^2) _lG2/2=9a;2,

(a;3 +2)2 =4{2+^V(y'+^') -y'}-

88. %2+o._iN=,2^2^Qy^,3, ^(^2_LB.^_l) = 2^3+2:«+3.

sife'ifr"

ill
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8 (H

:i + />;<

— ^(0,..T

<l
+

40. u;» + u-//
a = a, y •' + .<• -

// = />.

41. :+// = a.
u; />

"- + = c.

42. .r'-'+av= =
a

r-fl

-1'
^^/ -+//- = ('V-3-l)y.

48. x-\-if^ = ax, x^ -f- // = />//. 44. a; + //^ = ^r//^, a;2 4.^,^ _ /,^2.

4G. {:x+ii){x'V^if)^m, {x-y){^xi+^y'^)^,u

47. .c2.v^ = n{a - aO ' = x{h - y) »

.

48. x^{h-y) = ii'^{a-x)^{a-xy\h-yy.

49. rt3(.,.t:^,-i)=/;a(,.4.,/)-i, a*-'0/2+.-')=,,2(a:+ y)3.

50.

51.

52.

X »_7v3 = a(^--/y^), =«^+^-=K^+i/).

ic+ //
= a, ar +// :»=-/,av/.

N //" Nl u:

x—y x{c^-\-xy)

a ' y{c'^-xy)
= 63.

53. a;+?/ = .f//=--«2 4.y2.

55. .x^{\+y^-){l~Vil^)^-

4. x~y — X

y
= x^-y'-

a, X .(l_y2)(l_y4)=A

66.
x'^-'rxy+y
x^ -xy+ y' a

xy

57. x-y+xy'-' =
a

a;2+//-
x'^y + xy*= b.

68. a;3//+.c//2=«(.f3+ */S), x'y-xy^ = J){x^ -y^).

59.
u;

4- — )
(•c+//) = «, — + y = b.

w>
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GO. a;» ^v'^ = nx^ll^ =xy{x-\-y).

Gl. abxij = <t{x''-\-y^)='K^-^y)^-

62. xy{x-\-y) = a, x^y^ix^+y^) = b.

68.
X V
i ^ 1 (0,3 _,/)=.,,

j; y

{x*-\-y^) = h.

64. a;*+ ?/
4_^,,4 =w(.r3 +y3), 3.^4.;^^ 4- ,y! .71.

08. xy = tt, a;
r. j^yr> ^Ux^ -^-y^).

G9. (a._i/)(u:» +//») = ('*-/>)("' +''')' ^ ?/3=a'-/»'^

70. a;2-ya=«, a;-''+?/^ = K«-//)•

72. X {!/ = a, .'<?"+//« =6.

74. cK+ y = ^4./,, (a-/>)2(«*+y/*) = (^-2/)'('''+^')-

75. « + ?/
= «, c(.i^4 +2/'*) =«//(•*''+//•')•

(a.+jy)3 = «(,-«' -h 7/2), a;.'/ = Ka^-f?/).
76.

3\^ ,.3,,3.

77. a;2y+a;»/2=a», p3(ic3+y/3)=u'3.y

79. a;2 _ ^y
2_o/3=<,8, S_.|3=C* —

2/
a; ?/

80. iK* - 2/
4 _,/4 =^2^,,, (a,^ +//2)2 = 62(.,a _.^a).

81. (a;+2/)a;'^^^=«. a*'''+2/*=^-

82. {x-\-y)xy = (h x^+y'^hxy.

III 14,;

III
!i 5i'

m i

) I

.1" I

.

b !

"•

-t.
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88.

84.

APPK.NmX.

«* ^.y4^a{x-^yy, jc»+.V» = f>{a--{-i/)^.

a,/2 I ,,4^«*+u;'-'//2+y/ a. '3 _
^'!/-{-V

a _

85. (a;2+_,/3)^y = a.8._y3^

SC). x-\-ii = {x-y)\/{xy),

vA{l+x^ll^) a \^-xy

x/j:>p^y+y

xy

= a.

87. — +-—

=

X y a t/(1-.c)-V(1-//) = &.

88.

89.

90.

91.

92.

93.

94.

95.

90.

97.

98.

x^ +y/3 = fl(a; -f 7/), ;t:4 4-//* = b{x^+y-'').

ix^ \-y'^){x^ 4-//3) = <txy, (^•+/y)(x"* -\-,i^) = kry,

{x+y)Hx^+y^):=a, (a;-'+y/^)3(,;4 4.^4) = /,.

(x-y){x^ -y^){x^ ~y^)=^iaxy,

{^x+y){x^+y^){x^+y^) = h{x-y).

x^yi-xy^=n{xh/-{-xy^) = /^(.t;4 +^4).

x^'-'v-

r»-/>a

rt

a;* + y' a- f /)3

a:" —y"

x*—y^
a'

a^

x^ + y^ h*

•3 — «8yS-a^-b^' X-
2/3-«3_^S

.r •' = 2ax - by, y •'' - 2ay— te.

(a;+y)(a;-^+^3)=«^ {x-y){x^ --y^)^b.

99 _(^+?/)*(a-*-"+ic//+;v2)

(a;3+//2;(a;3_^y^y2)
8)'t3.

{x-y)*(x^-xy + y^)

(x^'^'{x^+xy+y^)
=. on*



APPENDIX. 291

100.

101.

102.

103.

104.

105.

(.,r+y)»(;c^'fv/»)

(a;»"-x//+7/-)(^-+i/')

{x''^-\-!/^){x±yV _

= w,

== ^a.

o,,a_- -J,a

= 8a2,

x'i/(-''+//)(^'* + //»)=«, x//(x - //)(x^ -y^) = b.

(g;8--y/'^) (a? -?/)'*

= 2//*.

= 86«.

106. u;(.c+//)(u3+iii/)(:«+%) = ^-' (.«+ y)'^ + (x-4-'2!/)^-/^.

107. ^/{x-x}/)+V{y-xy) = u,

108. (u;+l)(?/-l) = ''(a'-l)(//+l)'

/{x-x'^)+ V{y-y'')-W^) = />.

(^.. + l)(y_l)'i=/>-''(.C-l)'*(/y^'+l).

109. X

110. ar+// = a(l+xv/), (x-+ //)* = /.*(! +•''•'.'/*)•

111. x+y = a{l-]-xy), a;"+2/» =/^-'Hl+-^'^').

112. (a;4-l)(//-l)=^^35"-l)(y+l)'

(^5_i)(y_l)=:/>'-'(7y5-l)(x-l).

(1 +^Kl+ll ^ , ( ^
+^)'(^ + ?/'' = 6,

(1-"^)(1-//)113. a
(l-u;3)(l-;y=^)

lU.

115.

(c-\-x){c±y)_ Vl

(xj^-m ){y^-n)

(c^+a;^)(^*+//'^ )-/,

(< a3' '){^ U 4)

= a,

If '
''
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110.

117.

118.

119.

120.

121.

122.

123.

121.

125.

12G.

127.

128.

APl'KNDIX.

izd.

(a;4-l)(.V + l) _a_
(i»*+ l).(2/" + l)__

J;_

(^ -"1)0/ ~
» )

"^
« '

f;;*- !)(//« ~ 1)
-

9

^(1 + //-)""' ^^U+l/T^'

1+.'/ ^ 'n7
2/(1-}-^

2/(l-Va;8)

= a.

= 11,

4l+i/+i^')~

2/8(1+ a;«)_

2/^(l+ ^«)

?/(l+ ^=^)

TrT = rt.

= 6.

= 6.41+ y^)~ x''^(l+2/J»)

la;-Z/j(x-//-l)~ 2u/; ' ^tar--lj^<^+:6

(_^+//)(l4-j^V/)

{X'^'t/j{i-Xi/)
= a,

(^''-2/^'Kl-it;^i/^) *

(xi-y)(l+x!/)
__ (.«3+ ?/3)(l +^y.'«x

(«*+.'/'')(14^^\v*) (a; + 7/)(l+ 3ry)

{x-y)[i -'XII)

(•^•+y)(l+a;//)
^ (.r''+?/")(l+a;".v^)

(;c^-2/'*)(l-x^i/~^)

= 6.

= 6.

(a;g 4-a;//-f y8 )(l-f a;/H:^2j^) _

(a;^-.ry+ ?/3(l — ary 4- .r^yS^

(aj-//}-(l-a;^j3
=r6.

x-^ -Ox-j-Yiia-^x+y'" =0f y^-a;2^a-2a»a' = 0.
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130. 24//«-2a;)«=a, 2/(7;' -2a;)V(?/* -4a') = &.

(Hence doduco the solution of aj''—6«!»-|-2=«0).

131. 2xy{x^-\-y^)^=-a, {x'' -y^){x'-\-y'')^ =!»-

182. V(x3+|/9) + V{(a-a;)a+//»}=V{a«V8-2/)34-(i«-a;)M'

e(x^-y''i) = a{(Jx-'lyVii+a).

EXEIIOISE.

1. (2ar+?/-4z)(.r+?/+«) = 24, 2. x^~yt=^l,

{x+2y~2z){x+y-\-z)^Q, y»-xz = ^,

(-2a;+32/+C2)(a;+ y+2)-80, t''i-xy= S.

8. {x+^y-nz){x-^y-\-z)-^(xi'+yz+zx) = - 12,

{'lx-ny+z){x-^y +z)-^{xy +yz-\-zx) = Qh

(Qx-y-^'2!i){x-\-y+z)-6{xy+yz+zx)=-5.

4. a5»-2/« = 0, 6. {x'-\-y'-[-z')^-\-(x+yy = Sl.

x+y+z^l, (a;'^+2/'*+«»)3+ (a;+7/+2!)-^ =729.

7. x+yz=Uy

y+zx = ll,

6. «2-t/«=0,

a;^i^4« = 21,

(a;_2/)8+(y-2)a + (2-«)^ = 126. g+xy^lO,

8. a;4-2/ = 82.

10. a5+?/ = 7»,

3.44.2/* = 67423.

12. aj+y.jz+a'^^+i* '•<*•*•<'»

(<i4-6+c)a;^a=2,

9. x+y = 5z,

a;3 +?/'•= 39a,

a;3-i-y/3 = 105«2.

11. a;+2/ = 7«,

«» + ?/» = 202722.

13. a;4-i/:</H-2:2+«::«:*:<'.

(a+ 6 4- c)a;//« = 2(a; 4-i/+»

)

! i

I'l

i. s:
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14. ax = bh-CZ:s _1 _L JL
a
+

y
+ 16.

16. {x+!/ — z)x=:a,

{x~t/-^z)!/=ab,

17. (y + 2)(2^+,/_f.^) =

y

a;

£0

«

//

+ i^).a

+ -^ :=/.

+ —I =0,

y

a, 18. «(7/+ c)://(?4-«):2(a;+ 7/)

(«+u;)(.c4-2//+c)=:6, i-i-6':c+^t:(f.+ 6,

20. c{x+y)-irh{x-z)-a{y-^z) = 0,

b{x-z) = {a-c)y.

X !+y3+z8=rt3+6a+ c8.

21. «+//— az = «- i/z+z = -cx + y-\-z = xyz.

22. («+/>+c)(a;-y)+a(;c+^)-%+z) = 0,

(a+6+ c)(x-z)+a(a;+y)-6-(y-f-z) = 0.

aa;' by''

+
CZ'

(6+c)3 -^ {c^ay^ ^ {ar+hyzV = 1.

23. xy :-
a;

= a; 2/2 +
a;

ca; +

24. ?/+2:2+a;:a;+?/::6+(;:c4-a:a4-i,

25. n^—i/z = a, y^ -xz = b, z^~xy = c.

26. a; '+(^-z)3=a3^ j,a_j.(^_^^.^^,^
;5.^^^^2/)3=,
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28. x^ 4-?/" -«=* •\-f^x!/Z'=ft(x+!f - t)

^x^ +y^ +z'^-{-\ixyz-c{--sv+i/+z).

29. .'c+.iy+ '2rt«--=0.

«' '+y/'*+ 2" = c'

81. a;(y- !)(«-!) = 2a,

a.8(y8_l)(z8_l)=:Gr2S

83. x{y-l)=-ci(z-l),

85. x{y-l)^a{z-l),

a.5(y6_-l) = c»(z'''-l).

87. x—y— at

B2. tcO/-- !) = /<(« 1),

a;a(,/i_l) = /;a(2a 1),

84. a;('//-l)~-«(2~l).

8G. {x-y'^='iz{x-^-y),

{x^-y''=l>z(x + yy,

88. x-{-y. a.

dcy = uv.

a;6-y»4-M»-v»=r(flr. + ft). y«4-v2=«*

= uv — a*.89. xy = uv

x-\-y-\-u+x = h,

41. xy^uv^U'^t

40. xy = uv=:a',

x-^y+u-\-v-b,

>»=/:a. a:* + (/*+W*+W*=<5*,

42. a5^ = Mv = a'

Bif
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a;+2/+M4-v=2 6,

48.

(aj+w.)8 + (y+r)*=<j«'4"y*4-^*+v* =c".

«*+2/^+m3 4-v3=c

46. xy = Mw,

a;+2/+w+«^=-- a.

a5"+s/° +m'5 +v* =0*.

48. xy — uv = Ot

xu+yv = a^f

x-{-y-\-u+v = h,

50. a;+y+w+v =

xy+uv = b^,

a.

46. ary = wv,

a.

x^^y^-\-u^^v^=h^

)4=r*.

47.

aj+7/+ w + r =

aJ^+i/^+w^ + v^ 3=6*,

uv.

a.

49. a;3-|-y3=a3,

61. 2Kl+«') = 2aJ,

62.

63.

a;+2/+t<+?> = «, (x+y)^ + {u-]-v)^ = b^,

a; 2a—

u

y 2b—u X 2e— tt

y+ z a — 2u z-\-x b—2u x+y e—2u

a.2^2/^'-t-«^ =a=«3.



ANSWERS.

Exercise i.

1. 9, -69, 1, 0, 120C, -29, 1^. 2. -160, 106, 41, 108

B. -T^j,H. -25, 125, iV-81, ~4^V.O. ~1- 4. 9,8,

7, -,V ^- 176, 82, 254^1, -37-f-7^S. 6. 18 each.

7. 146,14,-72,-270,396. 8. Each = 0.

Exercise ii.

1. -1. 2. -166542. 3. 100. 4. -2967511.

s! 968. 6. -162. 7. 10. 8. -8. 9. 0.

10. -20. 11. 706440254900. 12. each. Id. Each 0.

Exercise iii.

1. 0, 16a*. 2. a, a|/3. 8. 2«, 0. 4. 26a«, -26ae.

6. 0. 6. 4a*. 7. 6a*. 8. |. 9. c. 10. 0.

11. a^{a+b). 12. a2c(6+2c) -i-62. 13. a9+b^-\.c^.

14. 0. 15. (12a2 6-24rt63+2863)-i-(3&-a)3. 16. 0.

17. 0. 18. -b^c. 19, 20, 21 and 22, each 0.

25. 2(6+?)^, 4a;3. 82. ^3 = 3^3. 33. l^V{id^).

85. mr'^ v(j'+r')(r-r').

Exercise iv.

1. 2{bx+cy). 2. S{ax—hy),

8. a^{x-z)-ab{x-7/)-b^{y-z).

4. (a;+2/+z)(a+fe+ c). 5. (a+64.c)(a;3 +2/2^22).

6. ^x+y+z)x{a^+b^ ^c^—ab—bc-ca), 7. 0.

a 2f'/;r4-6y+c«). 9. a3 +624.03.

XO, 2af*(a-26). 11. a-{-b-c.

I"
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AN8WBR8.

EXKUCISR V.

1. 2(r»-f%4), 4aV,\ 4. 4(ai-5>)».

9. ixf,(x^^y9), 2(l4-12^3+ lfl,-4,.

10. VffC*. 11. «8_263, 8ah{a+ b)^. 12. 2(«-r)(7> -,i).

i«. 4(.r//+7/2 + 2.c)-2(«8+2/3+«3). 17, ^^

18. (a2 4.2/>3-2ca)a. 19. lOa^a.^a. 20. ^4a6.
21. 4(a + /;4-(^)'». 23. iil+x'-^+x^+x^).
24. (a3a;2+i3^8)3.

Exercise vi.

1. l~ix-\-10x^-20x^+ 25x*--2ix''' -^IGx",

1 -2«+3a;8-4a;3 +3.^4 - 2x^ +a;«.

2. l-4a;+ 8^3-14a;3+14,x-*-8;c«4-5a;«+6:c^+a:«,

l+6x+15a;2+20a;=»+15a;4+G^'>4-a;«.

3. 4^2 +?>-' + 6-4+1 _4a6-4ar3-4rt4-2/;c3 + 2A+2c»,

1 +a;2 4.^3 ^.23 _ 2^ + 2// + 22 - 2.c// - 2x-2+2^^,

ix8 +1^/2 + 3622 _ ^x!/ + Gxz - hjz.

4. a;«-2./;-V+3»4y8-4.f3^34.3^.3^4 _2.,.y3^ye^

a2a;2+2aia;3 4.(2ac+ 68)a;4 + 2(.itZ+66-)a;« +(26rf+ c3)a;« 4.

2c(/a;7+(/3;c«. 8. ^{a^ -\-b^ ^c^)-2{ab+bc+ca).

11. 4«'-^ + i68u;'^+TVc^»^+4<^'a;^^ - :>,'ih^~acx-{ n,^dx+ ^bcx*-^

^bdx^ - cdx^.

Exercise vii.

1.

4.

8.

(a2_62)2. 2. ^u;4 + y/4. 3. rt*+3rt263+464.

«< •2/^ 5. ^.•3. 6. 16.^^ 7. 0.

4a*-9&*-16c*-|-2463(,3. 9. b^ -^c^ -A,n^ j^\'^ac,

9ca-4a-^-6=*+4a6. 10. u:« -y*. 11. x^^x^y^-\-y''.
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12.

15.

10.

20.

22.

21.

1.

2.

8.

4.

5.

6.

7.

10.

11.

12.

1.

6.

14.

1.

a3_a«/y3 4./,8_l. 14. aj*+.V*+iV!/'-

4^*^;" -4aV/ + "*//^ -«'^'«* -^^'.-''/Z+Sa*" +2«u;*//-cr*.

(.^a _^^ J „'2r//-«''')«. 21. x'-y".

i^
-«*/•« + 27a-*. 2B. (//rf/>)3-(n4-'/)*-

2^:;4.x* + 2u;"-a;'*-l. 25. a»-6i«,

ExEiicisK viii.

X* + 12x-^ +4U.r'^ 4.78.«+10, x-« +6.6-^ -a» -{-dab - 2//3.

a»4.«aO_lUa4-10lr<a-hl05, x« + 2x«-x«-2.

x*-\-6x^y'^-l2x-y''^+ bxy'^+!/*»

x' >/" 'Ix 'hj ^

u;»"-2.c»-a=-lGa-G3, —+-^+y+— -1.

(u;+a)3+ 2y/(u;+ a)-3y/a. 8. a;4''+ 2a;3'' + a;'"*(l -rT-i)-

^4_8x3+10u;'i-12x+2.

(«+6)*-(a"+t'"^)(iB+'')^+«^^"'» 18. a6+cd.

ExKKciSE ix.

2(1+3x4), 2xy3(3x*+«2^°). 2. 9i(fl«4-6^4-«&3),

6(27a2-27<tt+7/>^). 3. (a; + 7/)3. 4. 8a3. 5. Sx^.

8a;3. 7. ^^3. 8. 27^3. 9. (2+a?)3. 12. ^^x'-^rrY-

{a^J^h^){xi^\y^). 15. 0. 10. 0.

Exercise x.

l-8.r+Ga;2-7x3+Ca;*-3«*+a;8, a3 -53-r»- 3tt«(Hc)

4-362(a-c)+3c2(a-i)+ert6c, l-ex+21a;2-5ex3 -h

111»* " 174j;* -f 210a;'^
- 204;^^ + 144a;» - e4a;».

J!

V;



IV ANSWERS,

1,

2.

2. — (a:» -f 18a;« +• 27x'' + 29^6 - 24a;« - 36a;* + 5x^ - Sx^ - 2).

5. 0. 6. 45a;6+1682a;*2/--432a;32/323. 7. («a; f i^+cz)3.

Exercise xi.

x^+6x'^y-hl5x*i/^+ 'A0x^y^-{-15x^y^ + (jxy''+p\

x''~\-7x^y+21xhj^ + 85a;42/3 -f 85a;3^4 -^-^Ix^yS^rj^ye ^yj^

x^-{-Sx'y+^8x<^y^-'r56x^y^+ 70x^y^+ 56x^y^+28x%-^+
Sxy'^+j/^, »i 2 4.i2a;iiy/-i-G6u;io2/M-220a;9y/3 + 495^8^4^
792^7y« +924x6j/6 +792^«7,.7 4_&o.

The signs will be alternately positive and negative.

8. a« - 5a*b -f- lOa^b^ - lOa^b^ + 5ab^ - 6^
a4_8rt3i4.24a^62-32a63+ l6i^S same as last, terms in

inverse order. 4. l + Qm+15m^-{-20m^ + 15m'^+ 6m'' +
w«, ^5 +5w4 4- 10^3 + 10m^+5m + 1, Gim^ + lQ2m^-^

2i0m^+ lQ0m^+ 60m^-^12m + l, 5. 120.

6. x^ -ix^y+ 6x^y^-4:X^j/^+y4,^ a^ -10a^b^-{-iOa^h<-^

80a2/>e+80a68-326i^ a^^ -12a^H^+QQa^2b6_

160<t»^*9 4-240a«6i2_i92a3^,i6_|,g4ji8^

7. 495a8Z»4-792a76*.

Exercise xii,

1. l-\-x^+x*+x^+x^\ 2. l+a;+a;'+aj3+2;*4..B«+a;7^.

a;8+aj9+a;^». 3. «4+ 2a;3-85a;2_ 86a;+1680,

2a;9-8a;«+4a;''+a;4+a;3-2a;2-a;+2. 4. a;«-57a;*+
266a;3-l. .5. ISa;^ +21a;7 + 8a;6 -(.a.5^6Sa;» +96a;2 4.

43a;+S. 6. l-^x^-^x*. 7. 6a;i8 -4a;»-5a;8 _2a;' +
9a;8-10a;«+a;*-5a;3 + 5a;=»+a;-f-4. 8. a;3+9a;2+i0;c+ll.

9. x^ + 3x^. 10. x^-dx^. 11. a;4+8a;3-8ar.

12. (1), -1, (2), -1, (8) -4. 13. -1.
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Exercise xiii.

I. 8xS-2a;^-4a^+2. 2. 5x^ - ix^ + Sx^ -^x-[-l.

8. a4+2a34.8a24.4a+ 5. 4. a;3+2a5*^^-!-3.rr/3+4?/=».

5. a3+3a3«r4-3«a;2+a:3. 6. Ax-'-^Sx+l, -18a;-20.

7. 10a;?+5a;2+ l, 10a;+10. 8. x^-xy + 7j^.

9. a;2-a2. 10. x^+ {l-a)x^+ {l-a+ b)x^ \-{l-a)x-{-l.

ll! 8a;3+2x-2+a:4-H, SK^^+l). 12. 5x"+ldx'y+12y^.

18. 6a;'»-a;*-a;3+a;^-«+6, -1.

14. 2x*--8jc3+4a;2_5a; + 6. 15. fl+6. 16. «+]/+«,

17. 10a;3, 10(a;*-20). 18. wa;3+wa;2+a.

19. l^x-Blx^-Sx^+dx*. 20. 38. 21. -4.

22* -20. 23. 151/4. 24. 85a;+8. 25. 755.

Exercise xiv.

l^ y3_2i/2-4?/-9, iiy = x-l.

2. y^+ Sy+ 5,iiy = x+l. 3. ^Z+Sl, if2/-a;-2.

4. 2/*+47/3- 431/34-921/ -67, iiy=^x+2.

5. 8t/«+307/4+119v/3+238?/2+249/y+ 106, if 2/
= a;-2.

6. y^-'-iy^-'iy+Uh iiy =x-lh

8.
(u;-2^=*)-3//(^-2i/)^-18t/3(a;-2r/) -24?/3.

9.
(a;-j/)«-10?yna5-2/)3-202/3(a:-2/)2-10?/4(x-t/).

10. (2a;+i/)^+2i/3(2a;4-2/) + %^-

II. 512(/3-3i/-tV4:' i^i/=H«'-TV-

12. t/4-24i/2+49i/--28, iiy = x-\-^.

Exercise xv. .

(a-fe)2 + (6-c)3+(c-a)2, a(6-c)4-&(c-a)+ <«-6)t

ab{x-c)+bc{x-a)-^ac{x-b),

abc{a^b^a'ic+b-c+ab'^-tac-'\-hc^),

mm
m'i

}'• 'i

\

''

!;••

-"vj



VI ANSWERS.

o

in.

10.

n.

2U.

23.

:28.

1.

3.

6.

7.

9.

1.

6.

8.

11.

((/4-^0(^- '0('' -J>)+ (h+c){a-h){<i -c) + {('{a){b - c){b - a).

a(i+c)a4-/v(6-+ a)-+<;(a4-/.)'-».

{u-^h}+(a-c)-[-{a-cI)+ [b-i')-^[h-d) + {c-d),

a'^(^a-lj)-hh'^{b~c)-^r'^{c~d) + d-{d-u).

X and y. 14, ax and bi/, x, y, z. 15. /and/t.

u; and //, also x and -z, and y and — «.

a, /v and — c. 18. x", —y'^ andz-. 19. 6 and c.

^/ and c. 21. « and b. 22. a^ and 2a6.

u'-b and aftc. 24. a'^/>, abc. 25. a;^, a;*//, and x'^y-;

same ; .<;4v, .c^//^. i26. Not symmetrical,,

a^, u^b, a- be, abed; a^, a^b^. 29. a», a^b.

ExEKcisE xvi.

4(fl3 4-7>2+c2). 2. 8(^i3 4-&3+c-) + 2(a/>+k+ca).

4.{x^+y^+z'+n-). 6. 2(6t3-j-63 -|-c-^) + 62a2/>- 12a5c.

14(a;2+7/3_|.2aj_|.2(^,/.|-_,^2+2^). 8. 'l^abcnmr.

Exercise xvii.

13 5. 2. /w«-8(/a^+3m-.s. 3. 2. 4. - 17-3533.

1, 2(3a-4-l). 6. or 2?/% 2?/", 0. 7. 36.

_(i3^rt'-^)3-(3&2)3. 9. _i5a4. 10. 3888a4i*.

a3i3(«+ i), 12. 0. 13. 2a^-8ai(a-6),

2634-Cai(a+Z>), 2(^f^ + />3).

Bi 1.

7.

3. 2.

1 1 it

Exercise xx.

1. 3. -l±:2v/-2.

13. p=s —
q, q = (i.

4. 2.

14.

5. 36. 6. 11.

/>=-46, 5 = 14.

•



ANSWRUS. U

Exercise xxi.

8. h=-n. -10. 4. a 8. /; = 0, <=: - 57. r/ = -2.

(7 = 24,^. e = (). G. c=~10Gi, (/ = 202< 7. ft = 200,

h= -810, = 089. 8. (1 = 4:, c = __27, r/ = 7, e = BO.

9. 399. 10. x3-(/>+B)x2+(2/; + 5'+%--(2'f^i+'-+ l)-

•11. x»-(p-3K^-(2/>-7-8>;-(/>-r/-{-r 1).

12.

13.

?",*^

a;-

Z_(o^r-q)x^-\-{:^r-%i+p)x~{r~q-{-v 1).

^iC i+yyraj-rs. 14. x^ -{p^-'2q)x^ +iq- -^pr)x-^'

15. .'c^ -2(/.c2 +(;;r+r/2)x+ r3 -/^'/r. IC. rx'^-{pq + 8r)x'^ +

35. -1.(^3_2p^ + 3r)x-(p?~r-),' 83. --1. 34. 1.

80. 1. 87. -1. 88 ftn(139. a + 6 + (.+£i. 40.-1.

ExEiicisE xxiii.

1. 5/>*4-15r4. 2. n. 3. 4. _|,l(A+^.f </)-!-... + ... + ...},

5 0. 6. r,/>4-3Ua/>3+30,/,=i6a-5rt3/). 8.0. 9.0. 10.0. 11.1.

12. {a+ b+c + d). 13. 14. a+ 6-f-c+ ti.

15. (a+/>+c)(rf2 4-/;2+ra4-<t'>+ ^><5+c«)+f</^c.

10. (rt+6+c)2(«24./;34.ca)4-2r;6c(a+6+c). 17. rt+A+ r+^i.

18. (a + b-^c+d)^. 19. (a+ />+ c+^?){(«+^^ + '^4-'i)'

(a64-f<rf4-ac+ fec + /x/+ ct/)}+rt/^t't^. 20. a+ 6-|-c

22. -1. 23. 0. 24. 0.

27. l-ix-ix^--r'-sx''»

21. 3.

29. 1—2a;+3a;2-4a;^

25. 0. 20. l+l_x-

28. l-\-x-\-x-^-\-x'K

30. l-¥lc-lx'^+Ax^

A^aa^ + ,\r^

Exercise xxiii. fa)

1. (p-p'+7)3 = (;'+i)(^^-^/''-'7)-

8. 9{p^ - q){r'' -qt) - {pr-'ty =''){Hr'' -^)(qr - pf) -

{pq--r){pr-t)} X {S{pq-r){r^ -qt)~{pr-t){qr-pf)}.

9. a;"(4x-» -f 3/>;(^2 + 3,^;^+ ,-) 4- («* + 47^3+ Qqx'' + 4ra;+ 1).

wl

I,. >

b,-l'

m\
k ' i

m

M



viii ANSWERS.

10. -4p, (4;,)2-2(6<7), -apy-hS(ip)(Gq)~d{ir\

(4;j)4 -4(4/>)*(G7)+4(4^9)(4r)+2(6(7)3 -4^

-(4?0M-6(4;j)3(67)-6(4^>)2(4r)-5(4/>)(69)2+ 5(4;))f+

5(6<7)(4r), (4;>)e-G(4jt))4(67)+ G(4;;)3(4/-) + 9(4;;)2(6^)2 -

6(4^)2«-12(4^)(G^)(4r)-2(G7)3 + 6(G9)«+ 3(4r)2.

11. So«4-4«i«3+3s;, So«6-6si*5 + 15v4-10s», where »o, s,,

&c., are the coefficients of the terms (taken in order) of

the quotient in No. 10.

12. af^{4:X^-2Sx+ l)-^{x^-Ux^-^x-38)', s,^0, 8^^2S, s^

= -8, 5^ = 544, .Sa=-70, ^6=8683; ^a-b)*^i526,
2(a-6)« =264122.

Exercise xxiv.

1. (8m+ 2)8, (c«-l)^ 2. {y^-z^y^, iy^2x+y)K

3. (3a6+2c-)3, 4y3(3aj-y)3 4. (|a;3 -4v/2)3, (ja^ -i62c2)3.

5. (a+b+c)M3x^-iy2)2, Q, (,_^+y)2, |(_^)'" _(l)y
^

7. («2-22)3. 8. (x-y)^. 9. (a + i)2, (fi;3_|^3)2.

10. {x-yy. 11. 4(a;3+y2)^ 12. (x+y)*.

15. (aa_/.8-c2)3. 16. (2a-2c)2. 17. (2a2-8S + 4'.)».

Exercise xxv.

1. (7«+2&)(7a-2&). 2. {Sa+lb){Sa-^h).

3. (3a-2fc)(9a~"+462)(8«+ 26). 4. {10x-6y){10x-^Gy).

5. 6i(a+2a;?/)(a-2.r;/) 6. (3ic3-4t/2)(3a.3_|.4y2)^

7. (fc+ l)(ic-l). 8. (22/2-|a.2)(2y2+ gaj^).

9. (8a-l)(3rt+ l)(9a2-fl). 10. (rt-2i)(a+26)(a2+463).

11. (a-6)(a+ &)(a3+62)(a4 + 64)](a8+&8).



ANSWERS. iX

12. (a^h-c){a-hJ^c). 13. (a-^-2i-3a;+ 4y)(a^-2ft-8a;4-4//).

14. (a;2-2/2)a 15. {x+y+2z){x+y-2z). 16. lG(a;+l)(l-a;).

17. (a; + 2/ +«)(«+?/ -2) (2 -«-}-?/) (2 + «'--?/)•

18. 4:xy{x + y){x y). Id. (x- z+ y){x-z-y){x-^z+y){x+z~y).

20. 4(« + c)(/^+rf). 21. 24a;(l + 2x2). 22. Sab{a+b)K

23. (a-\-b-{-c-{-(l){a+c-b-d){a-b~c-\-d){a-[-b-c— d).

24. (a;+y+z)(a;-2/-2)(«+2/-2)(»^-?/+2!)-

25. 6a363^a6-8«-'/>3+6«). 26. (a8+/^3)(a3 -fe3)s.

27. (a;3^2/2_|.^2)(a;2+y2_^j,2_2a;y_2y2-2z.r;).

28. (a:+22)(a.--27/). 29. (a+6-c)(a-6+c)('^+ c4-«)(&+ c-a).

30. (a;-2/4-2)(x+2/-2)(a; + ^+»)(a;-y-«).

Exercise xxvi.

1. (r«-7)(a'+2), (a;-7)(.r-2), (a;+4)(a; + 3).

2. (a;-3)(a;-6), (a;-7)(a;-12), (a;- 12)(a;+5).

3. 2(2a;-5)(a;+ 2), 8(3a;-20)(a;-10).

4. i(a;+12)(ia;-3), 5(a;+l)(5u;+ 3), (3a;8 -4)(3a;? -5).

5. (ia;+4)(ia;+3), 4(4a;-5)(a;+l).

6. {x-a){x+a)ix-b)(x+b), {2(x+2/)-ll}{2(a:+2/)+ 9}.

7. (a;2+?/3-a-)(a;^+2/^+i^). 8. {a-\-b-Sc){a-\-b-{-c).

9. (a;+i/)(l+a;+?/){a;-H2/+(«-2/)M-

10. {a-\-b){l-a-b){a+b+{a-by}.

11. (a;2+a;//+2/2+2a;4-?/)x{a;3+a;y+^2-(a;+22,0}.

12. (ft»S6+3c)(a+o-c). 13. (x^+y^+a^)^ -b^ = &0.

14. (a;2_i0a;-12)(a;*-10a;+8).

16. (a;a-14a;+10)(a;-9)(a;-6). 16. {x^ -y^)K

17. (z-fl)(2-l)(2^-2;, (aj'^=6)(;r2+ l}.

.M-

^; I

I *•
i- 1.-' il



ANSWERS.

(8u;'»+ f).v2)(;U'4-2ya). IS. (r--4-2)(c"'-l),

E XKllOlSK XXVll.

1. {x-h!,){bx-y).

a. ^lU-C)!/)[x-y).

(14.r-y/)(.c--20//).

2(28x-f-//)(;c-10//).

(8.c-5//)(7a;-4//).

2(;U-+ //)(j;-3//).

2(28jr+//)(.,;+10//).

2(28.c-|-5.v((u; -2//).

2(l.r -//)(7./;-10//).

3(a.i;4-//)(-U-5//),

5.

7.

\).

11.

la.

15.

17.

19.

1.

4.

7.

9.

11.

la.

15.

IG.

17.

19.

20.

2. 3(.r+2//)(2.c-7y).

4. 4(14..+5//)(x--v).

(5, 4(7.i;-5//)(2x- 7/).

H. 4(14.«;-5//)(.r+ //).

10. (8.f+5//)(7x-4;v).

12. (8.c-2//)(2.c-f8?/).

14. 2(28x--5//)(uj- 2//).

10. (5(}.«-5//)(x-4//).

18. 4(i4x+//)(.c-5//).

'20. (8.«-l-5//)(9./;-8//).

ExEuoiSE xxviii.

(5.c-7)(2x+3). 2. {r>x-{-V,}{2x-7). 8. (6aj-3)(2x-+7).

(2.c-5)(3.r-ll). 5. (4a+l)(3a-2). G. (3.^;-7)(4.,;-3).

{Sx + l){4x-{-S).

(4.c+l)(3.B-l).

{2x+S,j){'2x+y).

8 (5a»-4/>2)(3a8+56-*).

10. 3//a(;r-?/)(3a;+2//).

12. a;2(3/,_j.a.)(2/»-3.c),

{dx^+l!/^){2x^-5ir). 14. (2;ca-9)(«a + 5),

(2a;+//)(;2j:-?/)(a;~3//)(.«+32/).

(2x+4+.v)(2x4-4-?/){u;+2-a//)(a;+2+ 37/).

IGdxy. 18. (19//3+ 60aj/y-6a;a)(35x'^-12a:y+30//3).

2(4x7/- 8a;2 -3//'-^XClaj- -49.p// + 61//3).

2(5.r3 + 4x^+ 10i/2)(a;3 4-10.«i^+%2).



AN8WICUH. XI

a. (3^«+4//a4-18)(x-3-7/a-l). 4. (43:4-f5//)(r>a;-4//4-7).

5. (9./-+8//-2())(H;« --;V -1). ^5- (a?+%)(«-^:'/-^>)-

7. (4..-1-8, -2)(2x+ «//4-z). H. (J5X -2//^2'.){2;c %+ lJ^)

0. (8;/;'-'--2?/3+n2a)(2^a+Cv'-^ -5).

11. (2a-5/>-7tf)(2a+ 8/'l-8''). .-,>

12. {a-b-^c){a + b-c){<i+b+ c){(i-h - c).

EXEKOISK XXX.

5. (2.(;2+4i//2)(2u;24-.}?/2), M4(rt + />)=^ +5^^.: v/Ui}.

6. ^V(Ga;3+5y'-')(C^34-ll.V-)> (0x-"+ 5j Ga;- + ilj.

7. i(5x34-10±3N/10), (2aiJ+ y±2|/2j.

8. {2(a;+ 2/)« + (3±2v'2K-'};

^{10.^3 + (10±3A/l(%-Hi^^''+^20-Ci/10)y2}.

9. -J(0a;^+7±N/13), i{2'«' + (^±l/^^^)(^>+^^'^"

10.' K2-«'-'+0±\/G), 1(7x^ + 20^1/85).

11. i{4a;2+(9±v/23)/y3}.

12. |{7(a-6)2 + 86-a±cV29}, -H-^^*'±:^>V3}-

13. ^,{Sx^ + {^±VQ)U^}^ i{3(a4-&)^+ (3±/3)(rt-f.)^}.

14. {7«'^+(6±n/14)6-}, (5m3+0n2)(5/n-^+3w»).

15. i7(m+n)-'"i-(6±vl4)(w~«)n-



tii ANSWERS.

Exercise xxxi.

1. (a;2±2^y-|-%2), (x''±xy-y^), («'»±«/y+y«).

2. (x^±2xy-{-2y^), (ix^±dxy-}-y^), {ix^±xy-{-y^).

8. (a;=±i/2a;+l), (a;=±N/6^»/+8y/2), {l±2y-^y^).

4. (cc3±8a;4.1), a.2±^/6^+3, ^a;2 + 2^?/4-?/3.

5. {y^±Yx^±p^V5), (a;4+ 2?/4-t-2a;2?/2), .'f2+4±2aj.

6. (2a;3+7/3±Ja;/y), (a;8 +y2-+- ^^3.^^39), (2x2 + 1-+- 2a;).

7. (a;2'"-F8i/2»'-t4a;"'?/"*), x^'^+2y^"'±2x'"y"'),

ilx^ — ^y^ ±:xy V 5).

8. (2x2-l±2a;), -(^a;2_6ya +a;y)(r,.2 ..g^/S -«?/),

{x^+ahj^±axyi/2),

9. mx^-ny^±xyi/p), a;2"'+2'"-»2/2'"±2'"f/'*.

10. 4a;3-8±x, 2x-= - 2±2a;v/2,

- (8a;2 _ 2(/2 +a;^)(3a;2 _ 27/2 _a;y).

11. 2a;2+ 4^r^_3//2, x'^±2x^^.

12. 2(a2+«6+ />2)2^ (2rt2+a-f 1)2.

18. {(a;+2/)2+3(x+2/)2-|-z2}{(«+ i/)2-8(x+y)s42«}

14. (a+ 6)2+^c2±3c2y'5.

15. {4a2-f 6a(6-c)+2(6-c)2}|4aa-5fl(6-c)-' *>/;)-c)3}.

16. 4(a2 +5a6 - 2h^)(h^ -^^ah~-2a'i).

17. {(a:2+2/2-a;!/)2±8(a;2+^2_a;^)(^.+ 2,)

18. {(a24.a6-|-62)_j_7(^_ft)2-}-|(a_6)ay5}.

19. (4a2-}-2rt+l), a;2±7a;+4.

20. (a;2±9a;?/+ 9y2), (l±:8«+5z2).

21. 4(8a;2_2a;+l)(a;2-2a;-f-8).

Exercise xxxii.

1. (a;2+3)(a:+8)(a;-l). 2. 2(a;2 + 3)(.T2+ a;-3)

8. («a + 4)(a;+4)(a;-l). 4. (a;+2)(a;-2)(3a;2 ^a;+ 12).

5. (^'

7. {\x

9. {hx

10. (3a;

12. (11

14. 8(a;

15. (2a

16. (a;2

17. (a;2

19. (a;^

20. (a;^

21. (^5

22. 2(;

23. {X''

1. (a;*

3. {x

5. 2x

7. (^

9. (a;

10. {^

11. {^

12. {X

13. 2a

15. x'



ANSWERS. XUl

J

5.

7.

9.

10.

12.

14.

15.

16.

17.

19.

20.

21.

22.

23.

1.

3.

5.

7.

9.

10.

11.

12.

13.

15.

10.

(a;3 + 6)(10x94-5a;-G0),(a;»-8)(5«' +4x4-15).

(i;«2 4.^i^)(^^2+40*-A)- 8- (5a;3-l)(6.c»-8:«+l).

(5a;8-8)(7.ia;3-6a;-12).

(3a;2_4)(21a;2- 13.5-28). 11. (18a;3+l)(45x3 +^x+ f).

(Ila;2+l)(22.c2_.3a._2). 13. O^ -fX^x'^+iaj+f).

8(a;2_2</2)(10.c3-4a;?/+ 20y/2).

(2»'»-5y')(12.c2-Ca;(/+30//3).

(a;8-16y2)(2u;2 + ia;?/ + 32//2).

(a;3-f)(llaj3+10a;+^^^). 18. 10(r*;=+2)(4;«2+ 3.c-8).

(a;2_6//)2(13a;3-12.«2/ + 78^^)»

(a;3+4^2)(3-^-2+3;K2/-12i/2).

(^2_8?/2)(5a;24.4a;^4-15y2).

2(a.2_2//8)(2lr3 -7x?/+2//2).

(a;=+ii/'^)(^'+80.«2/-^//')- 24. (.^s -G^2)(2x2-a:y f 12?/2).

Exercise xxxiii.

(^2_|.3^+27)(x2-9x+27). 2. a;2+a;(l + i/3)+4.

4. x^+l-x(2±]/5).

6. (a;2+ 15u;-5)(a;2_a;_5).

8. (a;3 +8.c+4)(a;2 - 3.»+4).

{a;2+l+i(l±\/5)a:}.

23;2-f2-3ic±a;\/23.

(4a;2_2)(4x2_6a;-2).

(a;2+7a;-2)(a;2-a;-2).

(a;3+ 5x?/+ 3i/2)(a;2-a;i/+3//2).

(a;2+l0a:-l)(a;2+2a;-l).

((K2+7«^+2/2)(a;2-3a;i/+2/').

2x^-\-xy-5y^±xyi/4.Q. 14. (x^+7xy-y^'){x^ -xy-y^).

x^-^2y^+dxy±xyi/S.

(3a;2+10a;z/--2^2)(3a;2-4a'?/-2.v2).

17. T-Vlll*" +22^' + 5a;^±Ha;i//ll}.

'

i

i i

Pi



:X1T ANSWERS.

EXKRCIHK XXxiv.

1.

8.

5.

7.

9.

11.

18.

15.

17.

19.

21.

23.

25.

27.

28.

80.

1.

3.

5.

7.

9.

11.

18.

15.

{y-z){x^-y)' 2. {hi/-[-r)(ax+ hf/—e).

{z'^+fi){x+ n){x-a). 4. {2x-a){x-2h).

(.x+Sa)(u;+ 2/v). 6. {x-~b^){x-a){x+a).

{x-b){x-^b){x-a){x^+nx-^a''i). 8. {2xi-3n){4x+nh).

{<( + hx){a-hx+ cx'') 10. {a-bz){a+ hx+ c.r^).

{ax-d){bx^-^<'x-f). 12. ipx-q){x^ -x~l).

[a.-b-c){a+ 2h-\.'dc). 14. {x+ a)(x-' +x-hl).

{mx-n){px^+<ix-r). IG. {x-a){x-h)(x-c).

{x-\-a){x-b)[x-c). 18. (a;+ a)(a;+/>)(;c-c).

{a^+z){x-ay){x'^-y). 20. (^/^a;+ a/y/-r/z)(rty^+ %).

(</a;+c)(rtic2-/;a;+c). 22. (x-y){x-^/j){mx-7iy-^rz).

{mx— ny){ax-\-hy-\-cz). 24. (??w+ w)(aa*-/yca;-f-^t),

(c3 -;cz)(/>3 -//z)(a3 -^//). 26. (a;3 _ ,,i3^-.' _a)(.f3 -n+ n').

{l-Yx-x^){l-ax^l>x^-cx^y

{ax-dy){nx—by){nx+cy). 29. (wa;4-9)(;>a;+?j)('>'2a;- w).

{mx-\-nij){mx-7iy){p'-^x^+q^y^){x+l).

Exercise xxxv.

(a-\-x){a— b). 2. {ax-]-by){hx~fjy).

(x-a){x+a){x''+ax+a^). 4. a-(a+ar)(rt2 4.^,a._|_^2).

{a-b){a-[-b+x-c).

(x-y){x+y)^.

(b-%v){2+bx).

{p-q){p'-2q^h

6. {5x^-l)(r>x^-x+l).

8. (aS + />)(« + />).

10. {x-y + l){x''+xy-i-7y-).

12. (a;-l)(x+2)2.

14. (a-l)(a3-f 2a-f2).

16. (2/-l)2(2/+2).



ANSWERS. tt

17. (a4-/))(2^/2-3fl*+2/>3). 18, (6"'- 1)(/^'»'»4-26'"4-2).

!'•>• (^'^«")(y-"-%V+-^") 2(3. (a-6)(a3+afe-3/>»).

21. (a'"-c»){a"'-2c''). 22. (au;-i)(x3 -aaj-/y).

23. (5.c''-3a3)(7a;"+8a2). 24. (a6+6c-- ca)(«6-6c + ca).

25. (w-i)(m+ />)(a-m). 26. {^ -iia^){l-Qa){l+Qa).

27. (a;-7/-2)(x2-2.r(/ + //2+2). 28. (Gm-7w)(4m3 + n3).

2U. (.(;'"
+i/")(.(;"+ //"*). 30. (a;-4-x//+aa; + 2/»)(a;2+u;i/-au;-j/)''.

Exercise xxxvi.

1. {x-y)(x-\-y){x^ +x!/-\-y^){x'' -X1J+J/"-), (x-l){x^+x-^l),

(a;+ 2;(u;=^-2a;+ 4), (^a-dx){4:a-^ +(iax+dx''),

(2 + fU-)(4-2r<a:+-aa.t-2).

2. (.e-a3)(;c4+a:3a2^.t-3a4+a:a8+a8)^

(3rt-4)(9a8-F-r2a+ 16), {a^ -b''i){a^ -^b^){a<i -^b^),

3. (a -6). 4. x+Ay. 6. (a;+Z/)(a- -^;'/^)(^'*+ 2/*)

6. 5{y^-x^){7x*-llx'^y'^-\-7y^), (a3-2/>)(aa+2^)(a*H-4/>2).

7. y(«-^)(y + l). 8. {x-a){x^+ax+u^){a-^b),

11. (a2+Jc)(a4_4a2ic4.762c3).

12. (a;-a+/>){(a;-a)2-(.c- ^0^4-^2^.

13. (x^-^2xy+ 4:y^){x+2y+4:xy).

14. (2a;+3y)(2.«-3.//)2. 16. (1 -2a;)(l+4a;2).

16. {a^ + abc+b^c2){a-\-bc){a^-abc+ b^c2).

ExERoisE xxxvii.

1. S(x + y){y+z){z+x). 2. {a-h){b-G){a-c).

3. 3(a3-i2)(i3_c3)(c"-a"). 4. (x+ 7/)(y+«)(^+x).

'1
:

M'
ilil



syi ANSWERS.

7. (n-^h){h+ c){c-^a). 8. (u^ -h)h^ -r){c^-a),

9. {a+ h)(h+r)(c+a). 10. (a-i)(6-c)(c-a).

11. (a.8 + y3)(/ys^a8)(23^a;»).

12. (a3 +6'^ + e3-ab-^bc-ca){a--b){h-c)(c~(t).

18. (a3 + t3 + '?'')(<'+ /'+ ^).

14. (c-/>3)(rt-c3)(6-rt3). 15. (a;«-y-')(y3-z3)(

IG. (j;+2/+2)(a;-2/+2)(y-3+a;)(z4-7/-a;).

17. (a-i)(/>-c)(a-c).

X'

18. 8(a+ />+r)3.

24. (a— i)(/*-c)(a-c)((t'-' + /'2+^---frt/>+ />c+ra).

Exercise xxxviii.

1. (a-2)(a''-7a+ 2).

8. (a;-3)(a;-2)3.

5. {x+l){x^+2x+ 'S).

7. (x4-2)(a;-l)8.

2. (uj -2)(a;-8)(a;-4).

4. (a:-2)2(a; + 4).

6. {x''+2x+^){x-' + 2x-hn).

8. (a;2 4.2a;+3)(a;2-2x'+3).

9. (m-n)(m2-2wm— 2?t3). 10. None.

11. {m—n){m-2ny' 12. (/;+3c)(/>2-26c + 13c2).

18. -(w-w)2(w.2_„m+n). 14. (a+26)(a—26)(a3—7a/>+463).

16. {x-5)[x-3y 16. (a;+2)(a;8 4-3a;+ l).

17. (rt-l)(a2-2a-195). 18. {p+ ^){p-l){p+i).

19. (a-l)2(a4.2)(a+3). 20. (rt3"-l)(a2"-2)(a2"-3).

21. a2 + 468±7a6. 22. {a-b)^a^-\-2ab+2b^).

23. (j9-2)(p2-2i?+2). 24. (a;"-l)(a;2»+ 6a;'* +5).

25. (2/-2)(2/8-3f/3+2//-h4). 26. None.

27. {a-b){a^ + 2ab+3b^). 28. (a"4-l)(2rt2«_8rt''+2).

29. (aj-2)(a;-3)(a;-6)(a;-7). 30. (x-y){x--2y){x-3yy



ANSWERfl.
STii

e)(^-a).

-a).
1.

«

2.

8.

4.

3 -«*-')•

5.

fi.

i

.

Exercise xxxix.

2(«-l)(u;'- 0^+10), (a;-2//)!'(x-Si/).

lix + QyKdx^-xy+ y''), (a;-l)(4a:-2)(2.r+8).

{x-5a){3x^-^a'^), (2x4- 3//)(^3+H^// -//»).

(2i>+^)(2/'-i-H7)(/''+0f')-

(2j: - - 3//)(2x- -f 3//)(3.t;+'l.v) (3x- 5/y).

1.

4.

6.

+3). I
8.

+3). 1
10.

12.

.^). 1
14.

7a/>+462). 1
16.

18.

^H
20.

"-3). 1
23.

h^). Î
1 25.

5). 1
27.

8. (5a;- 2«)(2u;=* -3.t;=*//+ 8.c/y« + 12//-'»).

EXEUCIHE Xl.

I4.a;3. 2. (x2_l)S. a. (:r'i+./3.«3+'/'»)(a;' 4r4 4.a!«^-r/*r

(a5+2//)(a;2+8.y!^).

(a -.«)(«+ a;)*.

rt-7.

5. l-2./;4-3a:3.

7. x"^ -{-i/" +a^ +x!/+yz-zx.

9. (a;-;y)(2x'+3//).

11. 7a3-3rtt+2i3.

IB. {a--b){b-c,){a-c).

(^x-ay-b(x-n)+h^. 15. a^^+.V^-fz^ +1.

x{x^-ax+h). 17. :i:3 + .v3.

(a:-2/)(«:^+2/^).
19. a3_/.^+c=+l.

.s_fe3_c3. 21. a+a'. 22. (c-fc)(a+6+ 0.

ab— ca— bc.

(a;^-2)(a;+l).

24. a;2 +7/'*+ 1"^.'/+ »=+ ?/•

26. a^+Sa+a.

(2a;-2/K-(«''+.v)«^+^'- 28. a(x2_|_a;+l)_(a:4-l).

Exercise xli.

1. »!2-3.

5. None.

2. aj4- ^. 3, x^-x+1. 4. aa;'"*4 tj^+<%

6. c^+c* 7. {a--b){x+ a). 8. %+y)'

ifi.

1:. 1

i

':
!

i

•



xvm ANSWERS.

0.

I'i.

u.

2'J.

1.

2.

8.

4.

5.

6.

(a~b)(h~c)(e-n).

5{a~b){b-c)(c-a).

10. ^2'»+ l.

13. (2/_l)(a:-l).

(a;+l)(a;-' + i)(^._i)s. 16. («+l)(a;+2)(: f8)(;c-[-4). 17.5

Same as given quantity. 25. {a-b){0 - c}(c - a).

EXEEcisE xlii.

(x-D-^ix^'+ix+lQ), x{B!/-7)^y{7y-S).

{x^-ax-^a''i)-^{x--'-a2), (^+ 4)-f-(a;- 1)3.

(;«-l){.r+2)-4-(a;2 4-5^+ 5), {x'^ + '2x+ S)~(x^ -2x-3).

l^{b-2x), l^(x'^~2x+ 2).

ba^ {a+ x)^x{a'^ +ax+ x'-^), i^x'' + l)^f^x^^x+l).

(^x-9/)~{x+y). 7. (•^<^«^ + l)-f-(4aSa;4-f2./.c2-l),

'JC.

9. -(./+ /;+ c)H-(a-6)(/)~o)(c-«,). 11. 6-^7(x'^+xy+y2)

1.

2.

4.

6.

8.

Exercise xliii.

(4~.r)-f-(5-a:), (a^ +h')~-2ah.

X, 2a-r(a3+ l). 3. «(l+r/)-^-fl + 2^+3rt3), X.

h2^a^^ (h+ l)-^abK 5. (flc-M)-f-(,7c'+6r^), b~-a.

-aic,

9. ~{a^-{-aH^-\-bi)~^ab(a--by

10. (a+ 6 + c)2^26c. 11.
1-:

4a^x^~-{a^^x^).

12. (a;+;//)-?-(^-?/).

14. {x+y)^{x-y)

16. i-r-«.

13. (a-i)3-^(a + i)3.

15. l—x^.

1/. ±(i-i)--(n- c/;. U. 1-^t



AN8WER8. xii

1.

4.

7.

. 9.

a.

13.

15.

16.

18.

20.

22.

1.

6.

8.

12.

13.

16.

17. 5S.

5.

8.

12.

X8.

Exercise xliv.

(x^)-i-5. 2. a+b. 8. 16a»a;-H (a* -a;*)'.

0. 5. l-!-(x+2). €. l-^(rt*-:i:4).

l--(a; + l)(a^+2)(a; + 8). 10, 4(.«4+ 4.-6- 7/2 +2/4)^(.c* -t/^V

(230-77a;)H-18(lU-- 8). 14. l---(a-6).

15a{3a-x)~-{da-\-2x){a + dx).

{10x-7)-^{x-l){'2x-6)-l-^{2x-l){x-4:).

?y"(y-Jc"). 10. (a-6f'+2.

0. 21. 4a;-^-^(a;i2_i).

-(a2+6-)(a2-a6.t-fc-3)-^(a2_/,3)(,f2^,,^_|.62).

Exercise xlv.

x-y. 2. «+6. 3. 0. 4. 0.

(a-\-b){a+(^{x-^a)x{x-\-h){x+c.) 7. 1.

«+6+c. 9. 1. 10. x^-y^ 11. 0.

{a-b){h-c){a-c)-i-{a+b){b-\-c){c-\-a).

x^-i-{x-a){x-b){x-c). 14. 1.

{b{x+ a-b)+ax} -f- {ci!6+(o-a)(a;— o)}.

Exercise xivii.

(«,_fe)2_j.4,.2^0. 2 8. 3. 10.

w = 2, n=l. 6. 2x3, or 6. 7

il2. y. (a24.&3)(c3+d3). 11. -.3&c-4r;2 4-62c2-462.

(^.2 _4a._|_3){ic3 _4^, also (x^ - dx+^)(iv^ -x-Q).

i(-l±l/5). 15. a^c = d''i-^e-', a-^b=p ~e'»,

5. 0.

15. 0.

4. a2+/,«.

w,= —5, n = 6.



zx ANSWERS.

19. 4p3_|_ 27^ = 0.

26. 4.{p-^)^q.

5, 3J, a. 3.

17. ac'^ = b^d and ^ad = 6c.

ExEHCisia* xlix.

2. -4i, -«, 2, 10.

3. a+ />, c — a, b — c, 3. -2, 6, -5. 12.

5. -14, a Sb, la- 3b, 5b -Sa. 6. 7, 4, a.

7. ^c, 5-f-a, 0, 1. 8. -1, {{a+ h)'i-a}-^b; a+b.

9. (ha), a + b. 10. 1-^a-/^, l~(a-6), l^{a''+b^).

11. 26, «. 12. a + b, c-T-{a-{-b), b-^{a — c).

18. (6-c)-4-(rt-6), h+ c.

15. aa_a&_{.i2, 1.

17. {e-hb){e-b), 2-4-15, 3-v-14.

19. {a^+b'^)-^a^b^)^a^b-^, a{b^ {- c^) ^ be

14. .-(+ /;, rtS_^<^/,+ /,2.

16. -1, {a-\-b)-^{a-b).

18. -l-f-12, b^ac, a-^b.

20. 10, 12, 4
> :b'

21. 1000, 22. 9A, aft, i'c-Ha.^TTT'

23. h^-r-ac, c(cf+6), 6(«+6)h-«.

24. a-^6, {a-b)^[a+ b), _(«+6)2^(a-&)2.

25. -1, -1. 26. (a2_c2)^(c,+J)3, 2, 3i.

27. ab, b-^a, ac-^b, 12. 28. 12, -ac-^b.

29. 9, 2. 80. 12, 1. 31. 3, 1. 32. (2a-l)(2a4-2), 0.

33. 1-^w. " 34. 1. 35. {ab-hbc+ca)^{az -\-bc-\-c^).

36. {a^ -{-b^-hc-)-^{(d)-\-bc-\-ca). 37. a+ b+c. 38. 1.

39. 40. 1. 41. 1. 42. 15. 43. 16J. 44. 6.

45. 5. 46. {npqa+pqb^qc + d)^mnpq. 47.

48. 0. 49. -25^136. 50. 1.



1.

12.

15.

18.

21..

23.

25.

26.

1.

7.

11.

U.

20

24.

80.

33.

86.

1.

2.

5.

ANSWERS.

Exercise 1.

2, 3.* 2. h h 3. +2, U.

zt{a-\-b), a. 6. 4, 6, 2, 2^.

2i, -li. 8. 1
; f or I; i or 3.

4 or -f. 10. -1, 2; - i, 1.

a, ±aV~l. 13. 1; i(_l+ v'S).

XXI

4. 1, 1^. 5. ±h
7. -3 or 2- 4, -3;

9. -f or I, ^ or 6;

11. 0, -b, Sb.

14. zt(i.

±hc, -{b~\-c). 16. a+ 26. 17. b ov ±a.

-2ab, lab{l±Vl). 19. a, h, -{a+b). 20. a, h.

aovl-a. 22. -a, -b, a-2b.

a,b,b{l~b)-^{l-[-a-h). 24. ;y3-6.t;^ - 37;«+ 210.

a;4 -4aa;=^ - I'da^ix^+Gia^x - 48^*.

a;(a;-l)(.«i-2)(.«-4)^0. 27. cf'*-4x-3+a;3+6.c-f2 = 0.

EXEKCISE li.

4. 2. -7f 3. -107. 4. 8. 5. Sa. 6. ^s^V-

50|-, 17. 8. 22, 46i. 0. 7, 3. 10, 10, 10, 11.

or 11; 33. 12. 3956-r-3971. 13. |(15i:v/190).

3. 15. 3. 16. 4. 17. 1|. 18. 1|. 19. 3^.

4. 21. ±3. 22. 11. 23. 2 and -l±i/-3.

^. 25. 0. 26. 3^*. 27. h 28. Jf. 29. 8.

10. 31. 0, 1, or(-5=b^/-23)--8. 32. 102f.

(-ll=ti/4681)-r-20. 34. 2, i, |. 35. -4

Oor dzi/(«2+^2).

Exercise lii.

(I_a)_4_a4_,j), a(,/,+ l)_^.(„i_i)^ b{m^l)-^a(m-l).

a-b, 0, 0. 3. b, ma-i-b, b-^ca. 4. 1, -1, 0.

-for~l. 6. (c-/.)(i->+c3)-f-2afcc. 8. 14, 4^.

2,6-7-295. 10. 7o-i-2i0, {u {b-\-v+ d) -~{7n-\-n).



XXII ANSWKKS.

11.

14.

18.

20.

23.

2().

28.

80.

a. 12. /)-:-a.

2. 15. *.

13. a or 0.

1« t 4
T.7'

17. or 4.

10. 83 )/ {'Ix - 1) = J 00 \/ (3a; - 8).

21. 8. 22. 34^^, 9

-I- ah.

76 -r- 52.

l.!_„(r,_l). 2t. ac-~{h-a). 25. 4, 3J or 18|.

„3/,3_L.,^,i.„/,)'j, ;.{ 27. 4r/2^(H-a)2, 6(a+ 6)=*-i-(a-*)^

(l+/>'-^)^2r/^). 2i). ^/{l-x) = 'l-T-[a-\-i)^.

+ 1'
81. (^;±{) =

(>, +1

ExKRcisK liii.

1. B.

5. ah H- (1

8. 18902-

10. (c4 - 1h

18. ^==80

16. ..]
19. (c — rt —

21. 16.17/ =

23.
/ a^

^2a-2

25. {a^-l]

'

26. {en— an

28. 2 a/ (3a;'

2. 0.

--2n/6).

- 12393.

8. 3. 4. (\/w? ^-yn)'

9. '/a-^(yr/ + 2).

!)H-(2r2--2/>), 11.

81 14. ±:VVi•{ V 2 1'

(..-2).

12. 18a.

±i^v-i;

v>„\3

a^ — V-

—

(/>-2«)

~27/r
17. 0. 18. TSa.

h)-'z=:21ahc.

{n-^x-yY

20. a !(vi-l)3-i-(2u-l)

22 - 2 4

-1
\ 2

0. 24. 2N/(l-/;i2)-r-mv'(4-m3).

){«^+2±A/(tl-+l)}-4-rt3.

.|_f)2_^/;(n-l)a. 27. ±1

+ 10) = (17v''17~3|/3)-r-7. 29. ±5.

80. ±i/(8.^-2a). 81 |/|(«2-_i)a).



AN8WEU3. XXUl

32.

30.

1.

a.

4.

t.

11.

14.

17.

21.

2:3.

27.

80.

32

83.

35.

38.

42.

45.

1.

3.

8.

(2//-H2z-2u;)3+21C.trv/«=:.U. 33. ^V^-

a(w2 -4?i+8) -- (i^'/t- 4). 35. a-+2rt.

±^'(3a2+/'~)-:V8.

ExKRcisK liv.

|(a- 6)^2 _ ^2c{(t- +ab-\-b'')}-^{a'' - 2c(a8 -//»)}.

- 6. 5. a4-^+f^"« ^- <^/>-r- (/> — «).

a;'i_3a;c-a^=0, &c. 8. a. 'J. H^' +Hc) 10. l-5-a6c.

l^(^„.-\-h+c). 12. (<i-/>)(^r/(; -2/;)-T-(a4-^)ac. 13. -c.

^^/a4.-^y/,)3. 15. ±2. 10. r^(a-A).

{a~b)^ia + h). 18. ^;a. lU. ±2. 20. ±2, &C.

y{a-^c)^[u-c). 22. r/, {iiah-'^W -a)-r-{].+ iki. ~Hh).

a. 24. a, />, 2/>. 25. «, (c"^ +0<//>)-r-n/>. 26. i(c+ Ga).

^((. 28. ^( + /'. 29. {ah + bc-\-cn)^(a+ lj-^(:).

±0, ±a. 31. |/{l-^(a 1)}.

{ G(a - /j) - 4:c{c ~b)\~{ ic - ?>h- a).

(,:2_a/y)-h(r/ + />-2c) 34. ^(-29+n/37).

(a; + a)''^ = 2^a-a2. 36. n/(^-' -fa6). 87. \{h-a).

3.i, ^. 39. ic^ -6i« = a. 40. Izh^Vd. 41. ^ 6- a.

— 2a, ^a, |a.

{ad-b()-^{a-h).

«+6. 9. 0.

48. «=-5-^2.

46. -3(/.

44. -i(0±\/3).

EXEKOISE Iv,

2. («2 + i_2a/>)-f(a+ />2).

5. -
a 2 4-/^c

10. 0. 11. ahc.

.,'

12 (aa4-6»+f2)-T-(a+ 6 + c). 13. (a,4-Zy + c)-f-(a2+ 62+(;2}.



T2r-

ZXIV ANSWERS.

a-^h ah
10, —,-7'14. (a^^h2^c^)^{nb-\-hr-^ca) IH. ,.

17. 4i. 19. 4. 20. -140. 21. 17. 22. 10. 28. n.

^'^' -^^-u- 25.8^,0. 20. 8i|. '2n.{ah-c'^)M^-^l>)-

28. -ft, a, 20. ..,, 0. PO. ;(,7-f-/;-r). 81. --/-..

82. rf. 88. ai -/;2). a4. -8§. 85. 4. 80. -85

87. Infinity. 88. 10. 89. ahc^{ah+ he-\-ca),

40. (aft-f />f 4- ''rt- «'^ - h(l - c(J)~{n ^h+c- M),

41. a(7>+ ^)3_|_(/,2 ^ c2 ~ah-\-hc - ca).

42. ic(rf-^/)-r('A-6)(/'-r')(.^-</)-=-(a/»+/'r4 cd~- nd-h'^ -c~).

44. ~{a-\-h-\-r). 45. a+ />+r. 40. (^/Z'+/>^'+ w) ^'(?>^-.

47. -\{h-{-c). 48. (a&-t-c)H-2a. 49. 9. 50. 2. 51. 7.

52.4. 58. ^y5±v/785). 54. 4, (am-;//0-^("-'"4-"-^)•

55. tV. i(«+ fO-^-("-+''/H-/'-)• SO. 0, -^, A. . 57. 10.

59. fl/>-(/>_r), r{^?.2+(6_r)r/-^c]+a{/'*-^-)-?-

(rt2_f./,2_.f24.„^,_5c_(,r). 00. h~{(i-]-h),

61. n}pcg-{-apvq-~\apii- ~cq7)i^).

62. |/)w(rt— c)+ m(<!)— f/)4-r^j,5(c — ?y)}-i-

{m((rt-c)4-H(/>-a)4-/){c- /»)}. 08. («H^^)-^<'^ 0, fi-

64. (ap— cm)-i-{mi — />m),

60. 100.

69. (a-^b-m-n). 70

a{n~ g) — 7n{b— d}'

67. 18, 111.

a 3 +2ac+^m+ 2/;c+ 2a&

55. r>,
i.

08. 11, 7.

71,

74.

it — U



ANSWERS. XXV

+1'

28.

8G. ~ni

I.

\-ca) — ithc

2. CI. 7.

57. 10.

'/+"'^)_
_

ab, 0, 31.

55. i,
i.

38. 11, 7.

71. i(<'-h^>)±i./fK«-/v)3-^c2}, aori. 72. 0. 73. a-\-h+c.

76. a+ fe + c.

*^, ah+ 1)0+ <<>. „f, ,74. —ZL X_.. 75. a + i+ c.

77. {ab-^hc-^cu)-^{u-j-l>+ c). 78. Js+aS-cS.

79. c-a b. 80. 0.' 81. or 11.

1.

3.

5.

7.

9.

11.

13.

15.

17.

19.

23.

25.

27.

1.

;m.

86.

as,

Exercise Ivi.

^ = 0, or 7^ = 0. 2. A = 0, or^=:0, or 6'«0.

x = 0, ora-b = 0. 4. x = 0, or?/ = 0.

In the first, case either a;-5// = 0, or «— 4?/+3 = 0, in the

second caso both conditions hold. 6. x = 0, or x-=a.

x= 0, orx=-h. 8. x = a, orx-e-i-b.

10, x = 0, or iV = a+b.

12. x = 0, ov x= b^-^a.

14. a; = 0, or a.

16. ic = 0, or « + />.

18. x = a, or 6.

20. 5. 21. 1. 2^. 21.

24. x = 9, x = 4:.

m
26. (ah)-^(a + b).

;<;-0, or x = S.

X -~ 0, or a; - ± a'.

X -- 0, or X = a.

x = 0, or x~a-\~h

-{2ab)~{a-{-h).

a; = fl, or b. or c.

«= .^, x~'d.

x=l, or 8.

a' = rt, or b.

{2ah)~7-{a+ h). 30. .i, = a, or A.

a;=l, or (l4-a) -4- (1 -a). 82. ic = (7.

cc = a — b, or |(64-c). 85. a; = </+ 6, or |(rt4-c).

a
a; = , or 1.

x — a. or i(46 — a"*.

87. a-Jrb-c..

39, ^-^ ^c!j or/?4-6-f-(?.

I
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40. x = l. or
m, — n

n—p
41. x =

nc — ph

mc — up

42.
p{a— b)-i'{in~n)

m{c — h)— a{^n — p)
43, x = ^{a + h),ov\{h~a).

44. a;=2a-6. or 3i— 2a. ^AK

46. x = a-\-b, or
17«-76
5- •

.'B = a-}-c— 6, or a;=!

4:a-^4:c-2b

8 —
47. x = 4a+b, or a+ b. 48. a;

rt - b

b~i
— . or

a

49. (a-i)(6-cV3-(rt2-f62-fc--a6-6c-ca)ar+

(a_c)(rt-/>) = 0.

60. x=±d, or ±2. 51. «=zhG, or +2.

no. X = 3, or 1, 53 .-e = -

a+ h a

a-b'
or

a-^b'
54. a; =

a
or

55. a;= &— 2a, or a— 26. 56. X
la + 3& Sa + 26

or

57. x={mb-\-na)-^[m+n)y ox{ma—nb)-^{m-\-n),

58. a;=N/{(/?i+ 2n)- 'v/(«i-2n)}-f-|/{(/?i+ 2;i)+ a/(wi-2w)}.

59.
'W(6+i)-\/(c-i)r

60. a{N/(36--2) + v/(2-c)}--{T/(3c-2)-v/(2-c)},

61. a{y(26'-l) + l}-f-{l- ^(20-1)}.

62. K*+ 2/;). 63. l{a+ b) - (a - b) /(m- 2?i)-f- v^(m+24

64.

66.

_a2+68 a2-f-ft»

26
— , or

2a
65. 2a6-5-(a-f6).

8a + 5&
X =

8
—, or

36 -5a
8

67. x = 2a{y{c+4.)-y{c-4:)}-^{V{c-h^)+ v/(c-4)}.
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68.

69.

70.

72.

78.

74.

76.

77.

78.

81.

84.

85.

87.

89-

89.

90.

91.

92.

94.

95.

96.

93.

x = 4:, or 8.

^{a±x/a^-im) where m^^a^ ±^\/{c-\-a^) ; 3 or 1.

a, b, 71. a;=H« + /'±i/{('»+ ^)'~^("^+*)}^

where t = K«-^)'±V{(«-'^)^+M-

a: = 0, ora, or^a(l±|/-3); a; = 4, or 2.

x = 0, or a-{-b, or ^{{a-\-b)±'^V {a- b)^ -iah}.

x'i-{a-b)x-\-ab = &;c. 75. x=l{da-b). ov H^b-a).

a; = 3a— 26, or 36 -2a.

2 _ 7^j2 = 0, where y — vi - x and 2m = a+ 6. See Key.
y

y^_rn'=0. 70. y/-'-m-'=0.

_m2=0. 82. j/2_w,2=o.
2/

80. y'2-m'^=0.

83. y^-m'^=0.

(y^~k^){5y-+llc-) = 0, (where also /i; = |(a-6).

j,i^yi= c, 86. A;« + 10^3^- + 5A://4 = c{ki - y^) &c.

8y±kV{k-SG±7') = 0, where .s3=3A;+ c, and r2=:(A;-3c)3

+{k-c){Sk+c). 88. -3±v/(9± 12/24).

102. Work with a variable w such that ivx = x--{-l.

w = (a ±.s)-T-6, where s = a^ + 2/j2 .

M;= (3a+26±.s)-4-2(a-6) where .s= ±5|/(«2+2afe+ 46'-').

^ = (3H-^.)'^(l-+-s) where s = (fe- 4a) -r-6.

(,i,+ l)2=a-H(a-6). 93. m'S ='2aH-(6-a).

(a;-fl)-^(^-- 1) = aMf - 86).

{w-\-'i)^{w-^)--=^W^±s) wheresr=(16//4-6)~-6.

wi{4:a-b)^{a-b). 97. tr^ = (4a-36)-r-(a-fe).

w = (6±;s)-^2a where s^ = 62 ^ iGa^.

99. w-(a-\-b±s)-r-^a — b) where s = (a-j-6)8 +8(a-6).
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100. w-.= {a-\-b±s)-i-2{n-h) vfhere 8^-^{a-b)» la

{(a+6)3-f-4(rt-i)-'}-5.(a-6)a.

101. (w4-2)±(wJ-2)= ±«-j-('l±8.s) where s^ = 2a-^(a4-6).

102. {iv-}-2)~-iv = ±i/{lJa-h{a+U)}.

103. i(2a4-i), i(a+ 26). 104. 2a-b, Ka+h), &c.

105. 1, 2, 4, 5. 100. ±1, 2, 4. 107. 1, 2, 3, 4.

108. -1, -^, 1, «. 109. -1, 3, 4. 110. -a, 5«, 5a.

111. 15, 20. 112. 2^a. II3. 4, _i.

114. 7, -1. 115. ^{bc^ai-ca-h + nh-^c). 110. ±.:-^m, &c.

117. 2s(5-a)(s-6)(.9-c)--i/{.s'3-a3)(s'2_c)(,/o_^3^^ ^j^^^.^

2s = a+ />+ c, 2.si=rt3_|_/^2^c,

118, (2a6+2ac2+26c3-rt^. 6'-' -c4)-j-4c2. 119. «^ j^ i(a+ i).

120. ±aor ±jaV3» 121. a, 6, ^(a+6).

Exercise Ivii.

1. X, 7 ; y, 9.

4. a;, 9 ; ?/, 5.

7. a;, -1; 2/, 1.

10. «, "i' y, f.

18. ic, 10 ; y, 12.

16. fjc, -8
; 2/,

-2.

1*^ X, 7 ; y, 8.

22. a;,^; y, A-
25. X, -/^ ; y, -/g.

28. «, 7 ; y, 8.

81. a;, 6; y, —4.

2. x, 2 ; ?/, 1.

5. X, -101; y, 5f
8. .T, -2; y, -3.

11. a;, 12; ?/, 8.

14. ar, 12; ?/, 15.

17. x,7; y, .9.

20. X, 2 ; 2/, 3.

23, X, -3
; y, \.

20. «, 8
; y, 9.

29. a;, 11 ; //, 7.

32.

8. cc, 8
; y, 1.

6. r, - 2 ; ?/, ^-.

12. .r, 8; y/, -9.

16. «, 18 ; y, 13.

18. X, 7 ; ?/, -3.

21. X, 8 ; 7/, 4.

24. a;, 12; y, 15

27. a;, 8; ?/, 1.

30. X, 17
; y, 13.

«' -T^; y> --1:^- 33. a;, 13; 7/, 10.

84. a;, 4|; y, S^V 35. a;, 11; 77,6. 86. .J, 7 ; y, 5.
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87. X, 2/.

40. a;, 8
; y, 1.

88. «, 5 ; ?/, 3.

41. X, 7 ; 7/, 6.

80. Equations

not iiulependent

42. 03 = = ?/ = 0. 48. 0,0. 44. a; = Oor 18; y = Oor^f

46. a;, 17 ; ij

47. 11, 7, 9.

50. 8, 4. f).

20

53.

56.

^» 11 3
' 3"

.3, 1.

59. 3f, 2|, 1|.

2, 5. 4G.

48. 21, 22, 23.

51. 12, 15, 10.

54. 8, 5, 7.

67. 9, 7, 8.

60. 2-8, 3-4, 4-5.

as.
2.3 i 2 54 247

62. 88-^-69, 1098 -T- 59. 1004-^59.

64. 6,12,20.

67. 11, 9, 7.

70. 3, 4, 5.

78. 7, 8, 1.

76. 0, 1, 2.

65. 5, 2, 0.

68. 5, 3, 1.

71. hhh
74. 2, 8, 1.

l;«0"» i/> T3()> ^» raff'

49. -15, -0,

52 5, 8, 1.

55. 11, 18, 17.

58. 7i, 8.h 9i.

61. 80, 20, 70.

68. 80, 12, 70.

66. 1, 1, 1.

69. 2, 8, 1.

72. 5, 4, 8.

75. 1, 8, 5.

77. 1756-698, 360 -r 349, — 15705 -r 698.

78. !>•> *,1 79. 6, 4, 1, 8. 80. 4|,8,3,,2,VU,

81. 81, 41, 51, 21.

88. 20, 10, 0, 30.

82. 7, 4|, 4, 8|.

84. ll-r-24, h 1-^24,1

85. 270 -J- 117, -52 -J- 117, 15 -f- 117, -126-4-117.

86. Each 210.

Exercise Iviii.

1. {a^c—ao')-^{a'h — uh'y 2. /;(cn-c?7n)-f-(«f? — 6c).

3. h{d-c){d-a)-^dl(b-c)rb-a), c{d-a){d-b)~d{c-a){o-b).

4. y = cz-{-du-\-erv-\-ax, z = dn-^evj-\-ax-^by,

u = ew+ax-}-bi'+cz, iv = ax+bi/-{-cz-\-du.

6. a;= ^m(a— 6+c), &c. Q. x= {p{a^ ~b) — m(ab-l)-^

i
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7. x={i--(trn + abn-<(hc/)'\-nbcdr)-r-(l-\-nhcd'e), &c.

8. l=a~{l-{-a)+ b-T-(l+lj)-{-C'i-(l-{-c).

9. l = ab-{-bc-\-c(i {• 2aif,

ExF.RCiRE lix.

1. {nc— h(J)-r-{na — hm). hne — ad)~(mh— na).

2. (w3 4-/''f0-^(''«^i+ ''^w), (/»c — flr/)-T-(/^m-|-t/n).

8. c{n — b)-~(an—7nb), c(m — n)~- {bin- arn).

4. (6— c)(/-r-(/>— r;), b(n— c)-T-(a — h'). 5. a /j-f-(rt -]-/)), 7/, same.

6. a63-f-(rta + ?/3), a26-^(«2 4./;2). 7. ac-^(a-i-i), bc-i-{a-^b)

8. (a--Z^'-)-H(«)n-6n), (/>8 --fi-)-r-(Jm- <rn).

9. a+ b— Cy c-^a — b. 10. a+ c. 6-f-c.

11. a{cn—dm)-^{hd— ac), h{cn~dm)-^[ad— bc).

12. i/-^{98(a2-c2)-^^(64-2tt)]~{(a-&)'''-c«+ 4fcc[.

13. a-\-b—c. a-b-\-c, 14. «H-6-c, e-{-a— h.

16. (7^i—a)(w— a)-!-(6— a), &c. 16. l-i-(a— 6)(a— t), &c.

17. (w-k)(Z — rt)-f-(c— a)(a — 6), &o.

18. x=p-T-{pl-\-mq+nr)-\-(i, BO y and t.

19. p[l — {hi-\-inb-\-nc)\-¥-{2^l-\-mq-{-nr)-\-a, &o.

20. (w^ + 2a«-6'»-c2)-^3a, &c. 21. y = a-^+r-, &0.

22. a;=(a6+66'+ca)(/;+c-2a)(26-a-c)-f-{(a-c)(6+c--2fl) +

(|i,_c)(26-a— c)}. Corrected equation, a; =i(&+c), &c.

23. wa^(a+ 6+c), &c. 24. np7-i-{aiip-j-bmp-\- cmq).

25. l-f-(6~c), &c. 26. i(ft+c-o), &c.

27. aM-4-<i, &o. 28. a=l^(a+6-c).

29. a +6, &c. aO. l-^-2a, &c.
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81.

88.

35.

37.

39.

(,n«+n9 -f«)-i-2imn, &c. 82. U^+e-h), &o.

/(m'*+n-)-i-2//iH, (to,

lic-^{b-\-c), &o.

a. b, c.

8i. l-5-(6+c-a), &o.,

80. h-\-c — a, &o.

88. //-• -c«, &o.

i(«4-2A-c+ 8rf), &c. 40. ^{-ia^b+ Qc-^d-^Be),

Exercise Ix.

1. a+^' a — b. 2. K''"'-t-*). ^(«*-&)-

8.

/, same.
4,

C-rl^a+ h)
6.

8.

0.

10.

11.

b.
12.

&c.

1.5.

17.

19.

.
21.

rc--2a) + 22.

c), &c. 24.

cmy).
25.

26

27

a-^(a-6), ft-i-(a+ 6). 0. l~{a—h), l^{a \-h),

a+ 6— c, a— h+c. a -{-b — e, a--b-\-c.

(^a2+ab+b'')-r-{a+ h), (a^ -ab-}-b-'}-^{a- b).

(a6-l)-^(a-l)(&-l), {a-b)M'i-l){b-l}.

(l+a)H-(aft-l), (l + />)H-(«6-l).

(ft+l)(6+l)-^(''6-l). (rt-i)-5-(«6-l).

a(a+6), b{a-b). 13. «{i(a+6)-c(a-c)}-J-(a»-k),

a{^)(a-6)+6'((t+c)}-f-(a2-6c). 14. -(af6). a6.

^(ft+c), &c.

2^(6+c), &o.

i9_c2, &C.

16. (a- 2/;+ 3c) -^38, &c.

18. rt+ 6, &o. (by Bymmetry).

20. 63 -c2, &c.

i^abc, {l-a){l-h){l-c), (2-a)(2-6)f2-c),

'2^ahc~-{ab-\-bc — ca).

ar - {ma+ nb+pc-{-qd), &o.

23. 1, i, 1.

u = 0, or (4-) -(^4)
(2,4-0 l-a)-r-(a+/>+c), ^ = (6-c-a)-T-(a-fe-e),

K«-^+m— n), &o.
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28.

29.

30.

81.

84.

85.

87.

1.

2.

8.

4.

6.

6.

8.

9.

10.

11.

12.

13.

(4«+ 2c— ^— 35), t/-f2 by symmetry.

—{a-b + c-^-d), {ab-{-bc, &o.), ~{abd-j-&G.), abed.

^(a — b+c — d+e), others by symmetry.

x = {a — lb-\-hnc — lmnd-\-lmnpc)-{l-{-lmnpq)y the others by

symmetry. 32. a; = 6+c-e, &c.

2/ = (a+5i+3c-7c?+9e)-r-22, &o.

2=i(a-fc), then symmetry. 36. = 5-f <i4-«, &c.

a; = a— 264-3c — 2tZ+e, then by symmetry.

Exercise Ixi.

aj=(2«5+ flj+6-f.r)-i-2(a-i) where r^4.a{h^-\-b-\-l)-i-

{Za-h){^b-a).

x={ar+l)-^{ar— V) where r« = fjs -1) -^3(a3-i2).

x= {y^{l-\.a){l+b)-^{l-a){l~b)} ^
{y\l^a){l + h)-\-V{l-a){l-^b)}.

(ab-oc(3)-^(ab+o:/3), {n^ + ba)-^{a/3-ba),

x={i/{a-hb+c){a+h-c)-\-V{b+c—a){a-\-c-h)}-i-

|V(a-f6+ c)(«+ ^'-c')--|/...}.

{a+ b)-^{l-ah). 7. u;= (ci^-aZ*) -i-(a/3+6a)

/a;+l\ * _ (a+?>0(^ 4-M)

U— 1, ~ {a—in)[b~n)'

x={ai/{i-h'^)-bV{l-a^)-i- A/(a»-52).

a;=(6-f c-a) ~ {(Vbi-C'-a){c+a-b){a+b-c).]

x = {b+c)-i-^(a+b){h+ c){c-\-u),

x= \/{a+b-j-c) -f-a, &c.

x={b3-^c^-a(b+c)} - i/2(rtS+ A»+c«- 8a5c).

(6+/^ — a). &0. 16. a or ia'^ —h\ -i- /-i —^u\
t • i -~ y-- -J » ^A tut/ I.
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16. x+y=^/(a+b){a+^b) -^ y{a-b),

x-y = V {a+b){a-2b) •' -^[a—h), &c.

17. {x+yy = l[3b-.^^, {x-yr = ii?^-h].

18. (x-{-y)-i-{x--y)= A/(aH-3i) h- i/(a.-i) =w suppose.

19. y^=m-i-{ain^-—m'\-l)vf\iQrem =

20. a, 6. 21. x={V{a-c)+i/c]y-^ {i^{a-c)-i/c},

22. a;=(a+c)y-^(a-c), &c.

23. x4-j/ = (a6-l)-^(rt-6), &c.

24. a;2/={v/(i+2)—|/(&-2)}H-v/{(6+2)-i/(ft-2)] =

j5 suppose, a;-r2/={i/a+2) + v''(a-2)}-s-

{V(a+2)-|/(a-2)}.

25. x^y^z* = ^{a + b-c){b-{-c-a){c~{-a-b), &c.

26. a; = (a6 - 6c - ca)-^2V ahc. 11. a-x^ = ±w, where m is

the value of v in the equation 4ca — 4(c+a)r+li;'> =s

{ca~ab-bcY \-A.b{ca-ab-bc)v -{-^b^v^

.

28. a; = i/ (a6c) (-y+— I . ?/ and « by Bymmetry,

29. a(62+n2)-4-(i2+c2)-^(52 4.c3), &c.

80. ,
c{\/(a-^-6) + l/(a-fe)}-^v/(a+ 6).

81. ora(o+c)-^26c, &c.

82. »= -1 or av/(a^ -1)4- vH^^^-^^). «Sbo.

•,-(
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Examination PapebBu

1. (a+b+c)(x+y+z).

2. (a;2 -47/2)3, 2(rt268 _|.53^2 4.^2^2) _^4_ft4_ pi

8. x^-6x^-hlSx^-V2x+i, x'^-\-dx-^+ d,

/j^»— l)_j_^n(n—2) I 3^(n— 3)

4. 2x^'"-^x^'
a

a
5. ±14,/-19-?-27, Oor

6. 16, 7. 199, 8, AB 37, (7^ 52, 5C 45.

II.

1. (a+&)3. 2. (a+/;+c)(a3 + 7,3+^3_3^^p), 8. l-5-3;3.

•ff'
4 or 6. 8. p'^q-T-ir—pq).

9. 684. 10. (am+6/i)-r(a4-6), (by common rule).

III.

1. -117, a^{z-x)-\-{x-y)ah+{y-z)b^,

2. a4-te+cx2, 8-4«4-7a;2-10a;3

8. 2i; 6. 9, 12. 4. 160 eggs.

5. 40, 85.

7. 5 or J ; 4.

6. A/4-(l+rt)+i/ *(!-«).

9. (rt+^'+c)(a—6j(6-c)(a-c.

IV.

1. (<3r-!-J+c)3. 2. a^6. 3. (4a;3 -9y2)(4aj3._4,^2), i+ va;.

4. ii/8- V6, 17 ,5. 4. " 6. 1. 7. Oor 4; 8, 1.

8. 7i, 12. 9. 4 or 6. 10. |(-3± ^ -39).

1. 8a;S + 1-5-125.

6. 4a, ia; 4 or -9,

3. 16a '^i2, 4. h-^Ba. 5. 15, 12.

7. 6,7, 8, or -6. -7. -8.
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VI.

1. (a^-^h^). 2. a^ -^-b^ +c^ +01-^00 -be.

3. x-'+y''±fxy, {7x+Gy -9){x-y+ ^). 4. -20, 0.

5. b or 1-T-l 7. x = 4: or 9, 2/ = 9 or 4; 1, 2, 3

a; = ^(_7+ v'33). 8. -1, 0, 1, or 5, 6, 7, or --V, -|, ?.

9. a;(a;-'+3)(;c2_2x-l) = 0. 10. x^y^^'d^^.

2. - '01.

vn.

4. «2-|-a;-l.

6. (36a;2+18rc+ 9)-r-{16.c4-81), {x^ -ab)-^{x^+ ab).

6. 9; 3; x=4(a-^).
VIII.

(a,3_y3)2(a;-?/); a=p+g', 6=;??.

3. (;x" — xy 4-2/2)2 ;
a4_}.t4_rt 2/>2.

«iCs+ftx+ ca;-^ ; |« +ia; -ia;
TI

6. x^+px+p''; 50(.^-f5)(x-4)(a;-6).

7. a=0 = '!> or a = l, 6 = 2.

8. 3 or — 43-J-7 satisfies the equation 2 - y &c.

IX.

4. axy +b. 7. ±Vab; ^/(«,+/>)^|/(rt-6), andi/=reciprocal

of tliis. 8. P(22a-216)--20a(a-6). 9. 7, 15, 48.

ax^ +by^ +2cxy.

X.

3. X- 4. 24.

5. 6x^-dax+4:
X y

a-
y X Vi- 7. 3

» If-
8. 4, 6.

XI.

2. 6, 8.

i
3. (4a; -9i/ )3, tV^^+^^iZ/3 J^vA4-.^.1l*.

a:^+ 92!.—

i

X' (a+h)X fi. 0.

7. Oor -2^; 2/
= ±3or ±i/-9, &c.
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XII.

6. (1 -3a; - 4x'')(l-'Zx- 13a;^ 4-38a:3 _ 24x4).

6. m^ ~m=p, q = 0.

X' = (a-2)--(a+4), -/a;= {/;(w- J.) - en) ^ va{n-\\
a a6-{(a-l))6-l)-l}, 9. 87.

XIII.

1. 2. 3. l+^a;+C2a;2 + &c., where c,, (t^, &c., represent the
combmi^tions of a^, a^, . . . taken one, hco, &c. at a time,

4. $4000. 5. {'n(^'c-ic')-w(ca'-c'«)}-f-(a6'-a/6),

a he o

tt' =17= c'"- 7 («+/3f+(«-/?) -2a =0. 9. 65.

XIV.

1. I2ahc. 4. Smiles. 5. am-T-;i; .'c+2/ = ±5 or ±1,
x-y=±l or ±5, 6. 20.

XV.

2. f. 3. o2(r3-Jf?)-|.f/2(/,3_^o)+rr''H~H 4. 2-f-rw,-«).
If w-w is negative x is neg. which shows that they were
together before noon. If m-w = 0, a; is infinite, i.e., they
are never together.

5. x^{x^-a^){x-<2.a); {x^ -n^){x^~y2)^

6. {a+b+c-^dd)^{a-{-b+ c-^d)
: {x+y+z) ^ (x-y+z);

8a-i-{a+ b).

XVI.

4. 2^4-8.^3+4.^+3. • 5. See paper XIX., prok 4. •

a i{l±v^K + 4//)-f-/4i". 8. {f>,c,-b,c,)^(a,b,-aM



ANSWERS. xxxvu

XVII.

1. {2ah—{a+h)}-i-ab. 2. x*-2x^a+ h^)-^{a-b^y

8aa-2a6-10ac-862 4-2c2 + 56c. 6. m —n = 4.

8. (Tn.4-n){hq—pc)-^{mq —pn), (p-{-q){'mc - bn)-7-{mq—pn).

1. 1-aj

7. 1.

!« 2. 1.

XVIII.

4. a; -a— ft.

8. 9a; ±l-^>/2 or iis/e.

6. («-?/)(«— 2).

9. 10, 11.

XIX.

1. i{ix-n-^\)^. 8. 5aj=-l; (3:2+ari/+7/2)2^a

4. {a-c){a-d){b-c){b-d)^(a+ b-c-dy-.

6. («+ 2)2^4(a2+a). 7. (76--a2)-hl2a. 8.18,22,50.

XX.

a. (l+ m)a;+{l-w)2^. 8. x^~l.

4. («4-2/-«)(z/+z— «)(2+^-?y)-^(^' + 2/+2)^5

(a26-2a62-a3+«i3^.i3)_^(«4_^,4).

6. a''{cb'-bc') + h''{ac'-a'c)+c\a'b-ah') = 0.

^{W
m s - 2n\ 3

3w
2. 3, 4.> ^> "1

8. a(6-c)-j-(6-a), 6(c—a)-f-(&-a). 9. 8. 10. 2000.

XXI.

8. 2. 24a?jc; 2a8+43aeic2 4-62a4^4+44rt3a;6 _,.i8a;8.

* 4
4. 0; a'+ie. 5. 16; «+2A' -2a. 7. 3877 oz. of gold

788 oz. of silver. 9. - (8:3=4t/8)-^(3±2 v/3 ;

a; = ±2 or n/ — 1, y=+l or =f:2|/-1; 8, 4.

10- y = cost of 2nd bale = 60 ;i:
20 a/7.

ii



xxxvin ANSWERS.

XXII.

1. •02997, a^+aq-{-p^. 2. ab^ ~h^ +c=:0,

{a).{a-b){8a-3b). {b).x{x-- l){a—b)(b-c){a-c).

8. 62=4rtC. (a). {ct-\-b)^. 5. (a) {ax-by)-i-{(ix+ by}

7. (^0 ^{a + b+ c), (6), I, I, 2.^

(c). b— c,c — a,a — b, [d). — 1±V^2.

XXIII.

1. ^a;»4-^.u*-a:3 + ia;2 + ,V + (95a;^4-21a;2-40a:4-42)-=-

(3x*-21a;3 4-9u;-6); -382. 4. u; = rt+2c, 2/ = 6+3c.

5. (2). ^V "7. (1). a+b + c. (2), 1, 2, 3, 4. (0), or -j'^.

8 ^\{u»-l{3n-\-2). 11.

12. Coll. to Newmarket 63 miles.

XXIV.

1. i^^(x-y){y-z'){z-x). 2. S-m-n; 0. 8. 5, 3. 4^

4. (1). A = bc-^2a, B = ac-^2b, C = ab^2c; (2). a^+b^=c\

11. y=±2, x=±5, &G.; x'^-10x=-ldov -IQ,

-i

1.

5.

-J ^
.-. a; = 8 or 3, &c.; (6 ''ia )p-«

XXV.

1 *
(a=^-3a:)---(a2-a;2); 1. 2. — - —--i2(a;4-a)-^a2a:2.

a;3-2x = 2, a; = 8, ?/ = 2; ?/ = 53^24, &c. 6. 4 miles, 3 do.

^. 9. 7.
7. (iC«-lK(aj2-l)x-i. 8. i?"(p=y-)

, ^



ANSWERS. uxix

10 1+
-Y-+j72+ i.2:3

+ &c. = 271828 approximately;

{(6a;)>3'"^'|{l-6-ll . . . (5r-4)}^|iL. 11. | and -^.

XXVI.

2. a-N/(rt&-a2); 4. 3, 2, i, or ^(-3± v^C) ; a;-}-r/+2=

v/(a2+2t2), .-.2 = ^+1/(^3 + 262), &c.; -^(-4±|/76).

4. 8. 7. jo2_^4+r3-i-27 = 0. 10. (l+a;)-^(l-a;)8-

af-i{3a;-l+ 2;i(l-a;)}^(l-a;)2 ; n-r-(16«+9), yV

XXVII.

1. {Im-nhfi. 2. (a -f /;+c)(a-5)(ft -<•)(« -c).

3. (a-6)(6-c)+ (6-c)(c-a)+ (c-a)(a-&); (rt-6)3 +

(&-c)2 + (c-a)2.

5. v/rt&; 18 or -2; i + SJ.

4. a; = a-T-(rt3+i^3+c2), &o,

7. i(fl+ />)&c.;

a;=|l+rt2_62±;/(l-a-6)(l-a+ J')(l + a-^)(l+«+6)}

-5-2a; a;-r-y=(l+rt)(l-^)-^-(l-«c), &c.

8. —8; (^4_4jy3^+8^r)-^(;^3-43).

9. (m+ w)-r-2m?i, (n-m)^2w»

I.



W. J. GAGE & CO'S,

list Of Etalial PnMicatis,

FOP SCHOOLS AND COLLEGES.

MATHEMATICS.
RICKHAMBLIN SMITH'S ARITHMETIC- An Act?

vaneod tronLiso, ou tlio Unitury SyRtoin. bv J
Hamblin Siiiitb, M.A., of Gnnvilio lUKt (^niiiH Col-
loROB, autl latfi locturor of St. Potor'a f "ollopc, Tain-
bvi(lf»o. A()ai)toil to Canailiaii Scbools, l)v 'I'l . mas
Kii-kloud, M.A., Roionco MaatPr, Norimil Kcliool
Tovonto -na >Villiiuu Scott. R. A., Hoad MaKter
Modol School for Ontario, 6tb EdHion $0 7,'i

KEY.—A complete Key to tho above Aiitbmotic, by -

the Authors 2 00
"I consider Hiunblin Smith's Arithmetic bv Kirkliind and

Scott, aud Hamblin Suutli's Al^;obra, with appcndiN by Mi-
Baker, admirable works, far bettei udai'ted for URe iii our
schools and for private study than anyothersimilarwoikhi that
I know of. Thoy will soon, I have no doubt, supersede text-
books hitherto UHed in our schools, as they have ah-eady
done in the Gait Collegiate Insfitnte."— .-IZ^x. Murrai/, M.A..
Mathematicul Master Gait Collegiate hrstitute.

KIRKLAND & SCOTT'S ELEMENTARY
AlllTHMl'jTlC—An Eltuieutary treatise, on tlie
Unitary System, intenilod as an "introductory text-
book to Hamblin Smith's Arithmetic, by Tbomas
Kirklaud, M.A.., Science Master Normal School,
Toronto, and William Scott, B.A., Head Master
Model School, for Ontario ; 40tli thousand within
first year of itf! issue o 25

"Introducing Fractions immediately after the ' Simple
Eules ' will be hn,iled by all practical teachers as a step in
the fight direction. I shall advocate the exclusive use of
your work iu all elementary schools, as mv past expei-ionco
enables me to estimate its value "—Jofen Macoun MA
F.L.S., Sector .of Albert College Qrammar School, Belle-
viUe.



\A^. J. GAGE & Go's Educational Series.

PUICIi!.

McLELLAN & KIRKLAISTD'S EXAMINA- .

TlOiN I'AI'KlCrf IN AKITIIMK fO. A nompi.to >..

, BorioKof ProbleitiF., vi.;siKuo(l for imfiiii Kclif)()lH and
Collt'KoH, and osixscially adajjtdd for the ]iro-

paratidu of candidatoH for ToacliorH' OrtitlcntcH,
oy J. A. Molioliaii, M.A„ IjL.I)., Insiuclor of H)f,'h

Schools and TlioiiiaH Kirldaml, M. A., Scioiicc
MaBtor Normal Scliool, Toronto. Ith I'.dition 1 00

McLELLAN & KIRKLAND'S EXAMINA-
TION I'Al'KKS.— I'AKT 1. -Containing tlus Kx-
ainination PiiporRfor ad ninflion to Hi(,'h Sc'iooIh,
and for Candidates for Third-Class Toachora' Cer-
tiflcatoH CO

HINTS AND ANSWERS TO McLELLAN &
KiUKLAND'S KX AMI.NAJ'ION I'AlMUtS, contiiin-
iuu, auRwovH to rr')bl«)mfl and SolutiDns to all didi-

cuU (jnostionK. Prepared by tho authors. 2n'i

Edition 1 00

The leiulirif,' Aninrican Edncirtional Jonrn.il (Nntiovcl
Teachcru' Moiithli/) says of McLidlan and Kirklnnd's Exam-
ination Pu))f'rs :—" In our opinion, tho best collection of
proV>l('ins on tlio Amorican <'ontinent."

SMITH & McMURCHY'S ADVANCED '^^

AKi rti.Mi'/nc om
SMITH & McMUECHYS ELEMENTARY

AKlTHMKTli 25

McLELLAN'S MENTAL ARITHMETIC. •

I'AKT I. Contiiiruiif:» tiio Fnndanuiiitiil Knios,
Fractions, and Anah '•i<^. Bv J. A. -McLollMn, M.A.,
liL.D., Inspector of ixjf^h Schools, Ontario'' 2nd
Edition 30

McLELLAN'S MENTAL ARITHMETIC-
P.VllT II. By the same author, inlly tn.ats Ter-
contaRe in its various ar plications. General Analy-
sis, Stocks and Shiini' . Interest, Discount, fic, Ac.,
and gives practical f ilutions of alnio: t every type
of question likelv t-. bo mot 'with iu any treatise on
Arithmetic. 2nd '-^Jition 4r,

" His treatment jf the subject lias been so practical and
skillful that teachers have frequently expressed tlio wisli
that he would prepare a text-Vjook on Mental Arithmetic.
The volume before us, P^rt I. of the work, treats systema-
tically and comproliensivelv of the fundamerital rules, frac-
tions," analysis n-duction, &c. It contains about 1,200 well
graded practical j'vohlems. Wo can recommend the book
to all t^!uchera of avitlsnietic."

—

Loiuhni (Irertisev.

JUVENILE MENTAL ARITHMETIC. - By ^
Joun F. btoduurd, M.A 15
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PRICKHAMBLIN SMITH'S ALGEBRA.-An Elomen-
tiiry Alsebra, by J. H!uiil)liii Smitli, M.A., of Gon-

.ville and Cains CoUoroh, and lute Lecturer at St.
Peter's Collepe, OauibridKo, with Appendix by
Alfred Baker, B.A.,Matliomatioal Tutor, University
College, Toronto o 90

KEY.—A complete Key to Hamblin Smith's Algebra. 2 75
" Arrangements of snbjcnts good ; explanations and proofs

e7:haustivo, coiiciso and cli-ar ; oxamplos lor the most part
from University and College Examination papers are
numerous, easy and progressive. There is no better Al-
gebra in use in our Hi;^h Schools and Collep,iate Institutes."
^Grorae Dickson, D.A.., Head Master CoUpQiate Institute,
HdmiUnn,

HAMBLIN SMITHS EXERCISE IN AL-
GEBRA. PAKT I ...T^^. 75

TrROSS' ALGEBRA.-PART 11. By E. J. Giobb,
W.A., Fellow oi Gouville and Cuius Colleges, and
Mathematical Lecturer at Gorton College, Cam-
bridge 2 50

HAMBLIN SMITH'S ELEMENTS OF GEO-
METKl', containing Books 1. to VI., and portions
of Books XI. and XIL, of Tuclid with Exorcises
and Notes, byJ. IJaniblin Smith, M.A., Ac, and
Examination Papers, from the Toronto and McGill
Universities, and Normal School, Toronto 90

HAMBLIN SMITH'S GP.OMETRY.-BOOKS
I. and II., with Exercises, A,e o SSO

HAMBLIN SMITH'S GEOMETRY.-BOOKS
II. and III., witu exercises, itc o 80

POTTS' EUCLID.-Containing the f.rst six books
, with explanatory notes ; a series of questions on
each book ; and a selection of Geometrical Exer-
cises from the Senate, House, and College Exami-
nation Papers ; with hints &c., by Robert Potts,
M.A., Trmitv College, with Appendix by Thomas
Kirkland, M. A., Science Muster Normal School
sooth thousaiid q 59

POTTS' EUCLID.-BOOKS I. and XL, with "Exer-
cises

POTTS' EUCLID.-BOOXS II. and IIL with Ex-
ercises

r shall recommend Pott's Euclid to the teachers m
training as a book of invaluable use."— PT. Crockett, AM
Principal Isormal Training School, New Brunswick.

"

30

030
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FHICE).

KIRKLAND'S STATICS.-Ati Elementary Treat-
iKo on htiiticK. liy TlioH. KirkliUid. M. A., Science

' Muster Normul Kohool, Toronto, with numoious
examples and oxoroiHefl; principally doRisned for

the use of ca.ulidMtus for fltst aJid second cliisa cer-

tiflcateB, ;ind ior the Intoruiediato Examination.
4th edition - 1 00

" It snpplies a groat want felt by those preparing for

Teachers' r'ertificatcH. TliiK did it iiofls(!S8 no ottier merits
—should make it a great hiiccess. it is by far the host text

book on ttie subject for tlie schools of Ontario I have seen."

Geo. Baptie, M. A, M.D., Science Master Normal Scliool,

Ottawa.

HAMBLIN SMITH'S STATICS-Elementaiiy
Statics. By J. Hauiblm hmith, M. A., Gonvillo

and Gains College, and late lecturer at St. Peter's

CoUogo, Cambridge, with appendix by Thomas
Kirkland, M.A., Science Master, Normal School,

Toronto 90

75

jjjjy -A Key to Hamblin Smith's Statics and Hydio-

Btatics iu one volume 2 00

TRIGONOMETRY.-ElementaryTuigonometry.
By J.Hamoliii Snath, M. A 1 25

KEY A Key to Hamblin Smith'3 Elementary Trigo-

nometry " 2 «0

ENGLISH.

MASON'S ADVANCED GRAMMAR. - Includ-

iucthe principles of Grammatical Analysis. «y
C P. Mason. B.A., F.t'.P., fellow of University

College, London. Enlarged and thoroughly revised,

with Exaiuinatiou Papers added by W. Houston,

M..A.. 27th edition " '"

•• I asked a grammar school infipoctor in the old C9untry

to send me the best grammar pnblisnad there. He imme-

diatelv sent Mason's The chapters on the analysis ot dif-

firnlt sentences is f itself sufficient to place tne work far

beyond am.Msh Grammar hitherto before the Canadiaa
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I'tllCB.

MASON'S ENGLTSH GRAMMAR, (romnu.u
Hcii.'dl tiiliti.Mi) wifh «.'oiU(iiia iiiiil ciutilully nr.uliid
cxoroiHcH, '^lltpiu'OH ; 00

MASON'S OUTLINES OP ENGLISH GRAM-
M.Vlt, fur tilt) iiHii 111' .jiiuiof tiliissort 50

ENGLISH GRAMM\R EXERCISES. -Hy C).

I'.jMhsom. U»*|iiiiit'<l tiDm Com. S(Oi. l''.ilitioii IKi

MILLERS SWINTONS LANGUAGE LES-
SONS, (lovis il i!(liiioni, ii'liiiitod hh an iiitn' liio-

torv textbook to ISIiihod'h (Iriminuir, bv J. A. IMiio-
inilliiii, U.A., (Mtiiwa olh<«iiiio IiiHiiHitn, It coti-
t.'iliiH tlio I'.xRiiiimi'ioii ]'ii|)(>iH for luliiiisHiiin to
Hifili Sc1k)i>1h, 1111(1 fcncrcH ;niiiiiuiir niid compoHl-
tion HiiiiuItiuooiiKly. fith mlitidii, JOtli thouHiind... 25

" In (iccordiiiico witli a luolinii piiHsod lit tlio liiHt ro^tilnr
inpdtinp of tlio Comity of l'l«in TiMioliotB' ARKocintioii. aj)-
lioiiitiiij? tlio tindorsi'.;iiod a r<iminittiM> to coiiHidcr tho ros-
IK'ctivo iiU'vitrt of ditloroiit Eiirlish (inmuiMi'H. with a vitnv
to HUiri'OHt tlio most siiitiililo otm for I'nlilic. Sl-HooIh, wo Iwii
leavo to roport, tliat, aftor fully comparint; tlio various odi-
tioiiH that liav' hocu roconniu'iidi'd wo holiovo that ' Mil-
lor'R Swiiitou'rt Liui!,'uiiR«< liOwHoiis' is tho host lulaptod to tho
wautH of junior i)uiiils. and would ur(,'o its authorization on
tho (tovovninout, ami its iutrotUictioii into our Puhlio

RchoolH." (Si;;n(«d,)

A. V. RuTLKn, luHppctor,
J. IMrliKAN, Town Tnspoctor.
J. Mti,r,AU, M. A., H.>ad iVfaster St Thomas HIrIi Hchool.
A. Stkkm', n.A., iload Mnstor Avlnior Uit^h School.
N. M. (^AMPni-i.Ti, HoadMiiRti'rCo of Klj^in Modo! Schod.

It was inovod and seeondod that tho ruiiovt bo rocoivod
and adoptod. Cnrriod imiii'iinously.

NEW ENGLISH GRAMMAR.-Tn throo parts :

Ktyniology, Syntax an. I Analvfiis. Bv William
Swinton. A. M. liovisod by J. B. f'alkii), M. A.,
Principal of tho Novnuil School, Truro, N. S Q no

DAVIES' INTRODUCTORY ENGLISH
GliAMMAK 25

DAVIES" NOTES ON 5TH READER.-Liter-
ary Extracts solected from Book V of tho author-
izod Bt'.ries of Keaders, for "Examination in Eng-
lish Litoraturo," of candidatos for third cljiss
cortificatos, with notos original and solectod. By
H. W. Davios, D. D., Principal Kormal School,
Toronto, ftth edition q 25

MILLER'S ANALYTICAL AND PRACTICAL
(jliAMMAB 38
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EPOCH SERIES.
of Koriou

-PAllT I.

PUIOB.
Containing flrflt four

«0 60

EPOCH SEBIES.-- PA]{T If. Containing laHt four
of tlio boritiH , .'10

EPOCH SERIES.-COMTTiETK, in ono volnnin x 00
OllEIGHTON'S EPOCH PRIMER OF ENG-

Iil«ll IIIKTOIIY. An intro.iiiotory voluino to
"KpncliH of Kn(,'liHh IliHtniv." A coKijilotd Hutn-
niary of tho liiHtory of Ki'ii^land. in MO iiiif,'nH,

Hy MiuuMl CmiK'lilon. M. A., lato Follow and
Tutor of Miirton llo(,'o, Dxford.. ;«)

"Tho work iH admirably dono, and it will no doubt obtain
a very coiiHidorabU) niiUi."—Athvncf'uni,.

"Tills volunio, taken with ttio oi^ht Hoiall Vf)!unie8, con-
taininR tho accountH of tlin (lilioront opochH, prosontH what
may bo r<i«M,rd(!d an tho most tiiorout;}! courno of olornoutury
KnKlisb lliHtory over iiubliHhod.— .fcer<iee*t Journdl.

PINNOCK'S CATECHISM OP ENGLISH"
lliSTOlCY 10

^ ^u9i?,9,9?^r
MANUAL OP ENGLISH COM-

JPOHlTlON.For advanced ohiHHeH in Acadomios,
High and Public Schools. JJy William Hwiuton ft 45

REID'S ENGLISH DICTIONARY of the Eng-
lish language, coutainiii)^ tint Pronounciution, Kty-
molo^y, and Kxplauation of all wordH authorized by
eminent writers ; to wliiiili are added a vocabular'v
of therontH of Engliah wovdH and an accented list of
Greek, Latin and Kcripture i>vo)i(!r names. By
Alexander Held, A.M., Hector of t.'io Circus-jdaco
School. Edinburgh ; author of "Kudiments.f Eng-
lish Com*;)osition," &c, ; with an introduction by
Henry Reid, Professor of English Literature iu the
TJniversity of Pennsylvania; and an ai)j)ondex
showing tho pronouncintion of ncarlv U.OOO of tho
most imijortant geographical names. 3rd Canadian
and 23rd English edition 1 CO

" It is a very complete and useful work."—Montreal Dally
Witness.

UNIVERSAL PRONOUNCING POCKETDICTIONAKY OE THE ENGLISH LANGUAGE.
—Founded on the principles of Walker, Webster,
Worcester, Johnston, Goodrich and Porter 20

NATIONAL PRONOUNCING DICTIONARY 40
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PRICE.
GOLDSMITH'S TRAVELLER, AND GRAY'S

ELK(jY.—lu one volume; edited by the Kov.
E. T. Stevens, M. A., Oxon, joint editor of "Tlie
Grade Lesson-books," " The Useful Knowledge
Series, etc. ; and the Rev. D. Morris, B.A., London,
author of "The Class-Book His'ory of England,"
etc. Interleaved edition i.9

SCOTT'S LADY OF THE LAKE.-With in-
troduction, notes, and glossariul index ; by R. W.
Taylor, M.A., Assistant Master at Rugby School.and
formerly Fellow of St. John's College, Cambridge.
Interleaved edition 40

MORRISON'S ENGLISH COMPOSITION.—
For the use of schools. By Thomas Morrison, M.A.,
Rector of the Free Church Normal School, Glai<gow 45

CREIGHTON'S EPOCHS OF ENGLISH
HISTORY—Edited by the Rev.M Creighton, M.A..
late Fellow and Tutor of Merton College, Oxford.
Eight voluines in convenient and cheap form, ad-
apted to Public and High Schools Price 20o each.

THE SERIES CONSIST OF:
I. Early England up to the Norman Conquest, By

Frederick York-Powell, M.A. With four maps.
H. England a Continental Power from the Conquest to

Magna Charta, 1066-1-216. By Louise Creighton.
With a coloured map of the Dominion of the Angevin
Kings.

in. The Rise of the People, and Growth of Parliament,
from the Great Charter to the Accession of Henrv
VII, 1215 1485. By James Rowley, M.A., Professor of
ILod. Hist, and Lit., Univ. Coll. Bristol. With four
maps.

IV. The Tudors and the Reformation, 1483-16'\3. By the
Rev. Mandell Creighton, M.A., late Fellow and Tutor
cf Merton College, Oxford, Editor of the series.

With three maps.
V. Struggle against Absolute Monarchy, from 1603 to 1688.

Bv Bertha M. Cordery.
VI. The" Settlement of the Constitution from 1689-1788. By

James Rowley, M.A., Professor of Modern History
and Literature, University College, Pristol.

VII. England during the Amei'icau and European Wars,
from 1789-1820. By O. W. Tancock, M.A., Assistant
Master King's School, Sherborne, Dorset.

VIII. Modern England, from 1820-1875. By Oscar Brovming,
M.A., Fellow of King's College, Cambridge.

"Amongst manuals in English History the Epoch KeriosiO
sure to take high rank."—Daily Olobe.
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MASON'S GBADUATED SERIES OF ENGLISH GRAMMARS.

BdCason's 0-ii.tliiio«i of* liliig:li8li
Gi*aitiiirtni*.

By C. P. Mason, B. A., F. C. P., Fellow of University College London.
Authorized foyuieof Schools in Ontario. For the use of junior clasteB.

Price, 45 Cents.

3£ason's Shorter S^ne^lisli Grrammai*.
With copious and carefully graded exercises, 243 pages.

Price, 60 Cents.

Miason'si Advanoed Grrammax-.
Including the principles of Grammatical Analysis. Enlarged and

thoroughly revised, with Examination Papers added by W. Houston,
M.A.

27th Edition, Price, 75 Cents.

* I asked a grammar school inapector in the old country to send me the
best grammar published there. He immediately sent Mason's. The chap-
ters on the analysis of difficult sentences is of itself sufficient to place the
work far beyond any English Qremmar hitherto before the Canadian pub-
lic."—Alex. Sime, M. A., fl. M. H. S., Oakville.

SSnirlisli Grramiifiar Practice.
This work consists of the Exercises appended to the *' Shorter English

Grammar," published in a separate form. They are arranged in progrew-
ive lessons in such a manner as to be availaWe with almost any text book
of Englisli Grammar, and take the learner by easy stages from the simp,
lest English work to the most difficult constructions in the language.

Price, 30 Cents.

Outlines ofEnerlisH Crrantmar.
Tliese elementary ideas are reduced to regular form by means of careful

definitions and plain rules, illustrated by abundant and varied examples
for practice. The learner is made acquainted, in modern measure, with
tlio most important of the older forms of Enijlisb. with the way in wliich
words arc constructed, and witli the clomcnts of wJiicli modern English
is made up. Analysis is treated so far as to giva ilie jiower. of dealing
with sentences of plain con&tructiou and modei-ate ditBcuity. In the

^n^lisli Grrammar,
the sanffe subjects are presented with much greater fulness, end carried
to a more advanced and difficult stage. The work contains ample materi-
als for the requirements of Competitive Examinations reaching at least
the standard of the Matriculation Examination of the University of Lon-
don.

Xlie Shorter !EIn^1iNli Ornminnr
inintendid for learners who have but a limited amount of time at their
disposal for EnglisU studies ; but tlio experience of schools in which it has
been the only English Grammar used has shown tliat, when well master-
ed, this work also is sufficient for the London Matriculation Examination
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Examination Piimer in Caaadlan
History.

(History Taught by Topical Method.)

By Tames L. Hughes. Inspector of Public Schools, Toronto.

A Primer for Schools, aad Students preparing tor Examina-

tions. Price 25c.

New and Special Featurbs.

I The History is divided into periods in accordance with the
'

great national changes that have taken place.

The history of each period is given topically instead of in

chronological order.

Examination Questions are given at the end of each chapter.

Examination Papers, selected from the official examinations

of the different provinces, are given in the Appendix.

« Student's Review Outlines, to enable a Student to thorough-

ly test his own progress, are inserted at the end ot eacn

chapter.
, „ • , a

6. Special attention is paid to the Educational, Social, and

Commercial progress of the country.

7. Constitutional Growth is treated in a brief but compre-

hensive exercise.

Bv the aid of this work Stuients can prepare and review for Ex-

aminations in Canadian History more quickly than

by the use of any other work.

€3J-aff-e's X*r;ictioal Speller,
A Manual* Spelling and Dictation. Price 30c.

Prominent Features.

The book is divided into five parts as follows:
^

Part I. Contains the words in common use in daily life, to-

zether with Abbreviations, Forms, etc. If a boy has to leave

ichool early, he should at least know how to spell the words

of common occurrence in connection with his busiuess.

Part II. Gives words liable to be spelled incorrectly because

the same sounds are spelled in various ways in them.

Part III. Contains 7uords pronounced alike but spelled

differently with different meanings.

Part IV Contains a large collection of the most difficult

words in common use, and is intended to supply material lor a

general review, and for spelling matches and tests.

Part V. Contains Literary Selections which are to be mem-

orized and recited as well as used for Dictation Lessons, and

lessons in Morals.

Dictation Lesson j.—All the lessons are suitable for Dic-

tation tf.essons on the slate or in dictation book.

Reniews.—These will be found throughout the booK.
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