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i561. Pkoi'osition XXII. '('lie ii\ixiliitrv liiijiiiidintio </ (x) = (I

cirlicr lias all iN inots ratidiial, of lias a siili aitxiliarv (see Sj')."}) of the

second (l(^''i'<'(', (ir is iiitMliiciiilc.

It will lie 'a'pt in view tliat llic sub an.xiliarios arc, by tlio manner
of tlicir formation, irreducible. First, let tlie series (t)\), containing;

the roots of the s\d) auxiliary ^'i (.';) - " consist of a single term ..Ii .

Then, by Pro]). III., Ji is rational. Thciefore. by ]Vo|». .XX., all

the roots of tiic auxiliary are rational. Next, let the series (54)

consist of the two terms Jj and J^ Ry this very hypothesis, the

auxilii'.ry bicjnadi'atic has a (piidratic scb auxiliary. Lastly, let the

series (54) contain more than two terms. Then it has the three terms

Ji , Jo , J;, . We have shown that thf se must be severally equal to

terms in (^il). Ncith(>r Jj nor J;i is c(|ual to Jj . They cannot

both be e(]ual to !i'\ Jj . Therefore one of them is equal to one of the

terms <il Ji , r'i J'l . I5iit in ,<•)() it aiijieared that, if J> be equal

eitlier to ^i Jj or to r\ J\ , all the terms in (G4) are roots of the

irreducible equation of which Jj is a root. The same thing holds

regisrding J;! . Therefore, when the series (54) contains more tlian

two t(u-ms, the irreducil)le e(iuation which has J] for one of its roots

has the four unequal terms in (tI4) tor roots ; that is to say, tw.'

auxiliary biquadratic is irreducible.

dei,'ree,

§02. Let 5?M - Jj' , 5?/,,, = r/, J,* , 5»3 --. ci J[ , 5in = hx J?
;

and, •)! being any whole number, let .S'„ denote tiie sum of the ?<"'

jtowers of the roots of the equation /'' (.f) r= 0. Then

.S'l = ; S> = 10 (/«, m + V, y/;. ); ,S,, ^. 15 |
:' [m ?0 };

.S'4 = 20 ]
2' {n{ V,

) \ + .SO {u\ n\ + iCi i^) 120 m v. m ?«, ;

Sr, = 5
I

:• (ul) \ + 100 -; -{»;l u, uO i
+ 1 ")0

I
2- [a, w^ ul) ;

where such an expression as 1' {n^ nr,) means the sum of all such

terms as v^ >'>
;

it being undiirtood that, as any one term in the
circle m , ?^2 , U4

,
ii.-,

,
passes into the next, that next passes into

its next, its passing into ui .

The Roots of tick Auxim.\i{v Hiqit.\dratk; all Rational.

§63. Any rational values that may be assigned to J| , «, , e, , aii-l

hi in n ,
taken as in (G2), make r^ the root of a rational equation of

the fifth degree, for M ;-y render the values of ,S',
, A",

, etc., in §G-'
rational. In fact. ,S'i 0, 25 A'., .. 10 J, {/>, -f ay .'1

), and so on.'
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