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by what is convenient than by what is true, and that perhaps some
othter more couvemetenu expianation might some day replace the one
now adopted. But in the case of the negative index such a mode
of expression is stili less admissible, because the steps by which the
meaning is establishied are so easy and straightforward.

If any operation performed on a quantity x be denoted byf', (z),
we sbould denote the saine operation performed upon f 1 (X) by

f'1 (f 1 (z) ) or conveniently byf 2 (x). f 2 (x), therefore, deiiotes

the operation f 1 performed once uponf 1(x), or twice successively

on X. Similarlyf - (x) may be used to denote the funtionf 1 per-

formed once onf 2 (x), twice successivelv on fi1 (x), or t1hree limnes

8uccessively on x, and sQ onl. Adopting this notation we shail have
f mi (x) to represent the operatiof 1 perf'orîned nt times on x sue-

cessively, and f M + a (X) orf n + in (z) to represent either the per-

formance of the operationf 1 n turnes onfn (x), i.e., -ýf m (fn (x) )

or n turnes onfm' (z) ýf n (f in (X) ) or ni + n, turnes on x, the
resuit being in each case the same, i.e.,

"fm + n, (z) =fn (f m (Z)) a

=f ni (fn (X)) ()

llencipfr (z) is derivable frornf I + In(x) by undoing the n opera-

tions denoted, byff in (a) anaf'» (X) =f 111 + 7n n (z).

Hence - n in the index must be regarded as nndoing the opera-
tionf 1 n trnes supposing it had been performed more than n tine
on X.

But what doesf (x) orf-' (x) represent; of itself, m-hen there
is no operation to undo ?

Now we observe thatf 1 denotes an operation perforrned once,

f 2 iwice; f In rntms

.fO represents the operation performed no turnes, that is, not

performned at ail, orf <> (x) is the saine ns x, for just as truly asfrn

represents mi operations, so truly doesf 0 represent no operations :
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