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§tU. Pkoi-osition XXII i. In oidci- tlmt /i , bikm as in (Ol'),

may be the root of an in-niliicible tiijuation /' (./•) = ot" tlie tiftli

(lt'!,'fee, who^e auxiliary bi<iu;v(lratic has a (luadratic sub anxili; ry, it

must be of tlie form

r, = I \{J,' + J:^
) + (n, Jf + ,„4

) [; {'>')

where Ji and J> are the roots of thti int'ihii-iVile t'ljuatioii

^'1 (x) = *« - 2 px -\- f/' = 0; and ai ^ b -^ d ^ {
p^ - q^

),

a-i^ h — d s/ ( V^ ~ 1^ ) ')

J'f ^ '"iJ d lieiiig rational ; and the

I

,'S

roots Ji" and J2 being so related that Ji Jj = q.

By Proj). VII., when a quintic (equation is of the first (see .^JJO)

class, the auxiliary biquadratic is irreducible. Hence, in the case

we are considering, the ([uintic is of the stjcond class. The (juadratic

sub-auxiliary may be assumed to be <,''| (x) - it- - 2 px -\- k = 0,

p and k being rational. By Piop. XXI., the roots of the equation

^''l (x-) = are Ji and Ii'l Ji . Therefore k = (hi J\ )^ ; or, -Jutting

7 for hi Ji , ^ = q^ . By the same proposition, hi J\ is rational.

Therefore .y is rational. Hence V'l i-^)
''«« the form specified in the

enunciation of the proposition. Next, by Proposition XVI., there Ls

1 4
"iff"

"^

a fifth root of unity I such tliat t J'z - lii Ji' . If we take t to be

unity, which wc may do by a suitable interpretation of the symbol

J2 , J2 = /'I -Ji This iin[)lies that e\ J\ ^ o-i J-2
, O) being

what «! becomes in passing from Ji to J2 . Substituting these values

3 i

of (?i Ji* and hi Ji in (62), we obtain ;iie form of ri in (05), while at

I }_

the same time Ji' Jo' = hi J] = q. The forms of oi and a-y I'avo to

1.

be more accurately determined. By Pro|). XIV., Jj* is the only

])rincipal surd that ri , as presented in (G2), contains. Therefore

rt] involves no surd that does not occur in Ji ; that is to say,

\/ (
p'^ — q'' ) is the only surd in (i\ . Hence we may put

«i = f> -\- d.^ (p' — q^ ); 6 and d being ration-il. But n> is what
rti becomes in passing from Ji to J^ . And Jt ditibrs from Ji only

in the sign of the root y/ (
p' — q'^'

). Therefore

«2 = h — d y/ {
p' — q^ ).

t^G5. Any rational values that may be assigned to }>, d, p and q
in I'l , taken as in (05), make )•[ the root of a r.itional equation of the


