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right angle, and thence it follows that the trinngle whose angle is
right is tho groatest.

Cor. 1. Of all parallelograms on the sumo base and with same
perimeoter, tho rectangle is the greatest. TFor the other sides are
equal, and the trinngle which is balf the rectavgle is greater than
a triangle which is half of any of the other paralielograms.

Cor. 2. A square is greater than sny other purnllelogram of
equal perimeter. For, if the parallelogram be uota rhombus, con-
struct a rhombus equiangular with it and of same perimeter. (IV.
Cor. 8.) The rhombu s will be greater thun the parallelogram by
III. But by 1V., Cor. 1, the rhombus is less than the square.
Therefore the square is still greater than the parailelogram.

Cor. 3. The space which can be cnclosed by an indefinite
straight ine and a straight hine of given length, which is divided
into two scgments, is greatest when thoe segments are equal and
are perpendicular to each other.

V. Ina given indefinite straightline to find a point, from which ‘

if two straight lines be drawn to two given points on the same side
the given line, their sum should bo a minimum.

Let A, B be the two given points, and KL the given straight]§

line. Draw AC at right angles to KL and produce it to D, so
that CD is cqual to AC. Join BD cutting KL in E. Then AE,
EB, drawn to E are together less than A F, FB drawn to avy other
point F. For AE = ED, and AF = FD. Therefore AF + FB
== DF 4 FB,and AF + EB=» DE 4+ EB=DB. But DF +
FB is greater than DB ; therefore AF 4 FBis greater than AE
+ EB.

VI. The perimeter of an isosceles triangle is less than that .
any other equal triaengle standing on the same base.

Let ABC be an isosceles triangle, and DBC any other equul tri-
angle upon the same base, sv that 4D is parallel to BC. Produce
BA to E, making 4E equal to AB; join ED. Ther it may be
shown that DE is equal to DC. Therefore BD -} DC = BD -}
DE, which is greater than BE, 1. e., than B4 4+ AC; or the peri-
meter of A B( is less than that of the equal triangle DBC on the
same bast.

Cor. 1. If any polygon be not equilateral, another egusal poly-
gon may be found of the same number of sxdes and mth aless
perimeter.

Let 4BCDE be a polrgon, and let 4B bo not equal to BC.
On 4C as base construct an isosceles triangle AHC equal to
ABC. Then AH and HB are together less than AB, BC, and
therefore the perimeter of the polygon AHCDE is less thaun that
of the equal polygon 4 BCDE,

Cor. 2. An isosceles triangle is greater than any scalene
triangle of equal perimeter and on the sameo base.

For an isosceles iriangle equal to thoe scalene triaugle and on
the same base will have a less perimeter, and therefore less than
the perimeter of the first isosceles triangle, than which it will
therefore be less in area; i.c, tho given isosceles triangle is
greater in arca than the scalene triangle.

Cor. 3. Hence if any polygon be not equilateral, a greater
polygon may be found of the same number of sides and of equal
perimeter.

Let ABCDE be a polygon; and let the sides 48, BC bo un-
equal. On AGC as base construct an isosceles triangle AHC such
that AH+HC=d4B+BC. Then the isosceles triangle AHC is
greater than tho triangle ABC of equal perimeter, and therefore
the polygon AHCDE is greater than the polygon ABCDE of
equal perimoter.

It will readily be seen that we are not justified in infarring from
the preceding that, tho perimeter being given, the area ofa poly-
gon is » maximum when it is equilateral, for, in addition to ils
being doubtful, so far as the preceding goss, whether there is a

maximum at all or not, we may make a polygon whoso sides are
equul assume an infinite number of different shapes, und of courso
these aro not all maxima.

VII. Ifthe baso of an isosceles triangle bo less than the baso
of an equal cquilateral trinngle, its side shall be greater than the
side of the equilateral triangle.

Let ABC be an equilateral triangle nnd DEF an isosceles
tuan"lo of eqnnl area, iho lmsa BC being greater than the base

3 i EF. Then DE shall Le greater
than A4B. Though 4 draw
HAK perallet to BC; join
DB, AE, EK. 'Then because
@ the triangles DEA, BEA are
equal, DB is parallel to 4E;
and therefore HA is equal to
BE; but HA is equal {o 4K ;
g therefore BE is equal to AK,
and they are parallel; therefore
EK is equal to 4B. Now the
angle CKL is less than the
avgle CLE whbich is 60° being
} equal to the avgle BAC. Henco
the angle EKD is obtuse, and DE is greater than EX. But EK
is equal to 4B. Thercfore DE is greater than 4B,

VIII. The perimeter of an equilateral triangle is less than that
of any other equal triangle.

Let ABC be the equilateral triangle.

If the other triangle be

not isosceles, construct an isosceles {riangle equal to it, whose per-
ymeter will thorefore be less than its perimster.,
of this isorceles triangle.

Let DEK be half

Then, as before, BD is parallel
f to AE. Produce BD to meet in
F o line through 4 parallel to
BC.

First let XE be not less than
KA. Then the angle KAE
(=ADF) is not less than KEA
B (=AFD); therofore AF, i.c., EB

- is not less than 4D. Therofore
ED EB are together not less than ED, AD. But ED, DA are
greater than 4 £, which is greater than 4B, Therofore DE, EB
are greater than A B, 4.e., the semi-perimeter DE, EX is greaterthan
4B, BK, and therefore the perimeter of the original triangle is
greater than that of 4BC.

Next let K £ be less than £4. Make the angle EAG equal to
the augle AEB. Then because KE is less than K4, the angle
KAE is less than the avgle KEA, and thorefore 4G falls above
AD. Agsin, because CE is greater than C4, the angle CAEis
greater than the angle CEA, and therefore AG falls below AC.
Angle AGF=GAE=4 EB:.AFG; therefore AF=4G. Also angle
A4DG=BDE>BAK or >DAC>DAG; .. AGop AR or EB is
greater than DG. Hence DE, EB are greater than £D, DG, i. ¢.,
than EG. Bul because AG=:EB, angle GAE=BEA, and EA is
common, therefore EG is equal to AB; and therafore DE, EB are
greater than 4B, and again the perimeter of tho isosceles triangle
and therefore of the original trisngle is greater than that of tho
cquilatersl trisngle. ol por

Lastly, if tho base of the isosceles triangle be less than that of
the cquilateral, its side is greater by the previous theorem (VII).
If on a side of this isosceles triangle another isosceles triangle be
constructed equal to it, this will have a less perimeter, but its peri-
meter will, by tho provious cases, be greater than that of the egui-
latoral triangle. Henco in this caso olso the equilateral triangle

hasg the least perimeler.
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