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There-

fore, l)y >;?<, ('1 = 0. 'I'lien-fun; onu nt llu- i««tts ut (he mixiiiiirv

liiquii(h'atic is zero ; wliich Ix'cau.si* tin; :iii\iliary hiijuailrutio js

MssmiK'd to ho irre(hicil)lo, is iin|iossil(l('. 'I'licrcfuni p\ j| luul co jl

are uiu-qnal. In the siiiiio way all thc! terms in ((19) ran hf Mhuwn to

hn unequal ; which, because it lias been proved that rlieri are not nioie

than two unequal terms in (69), is inipossiljli!. 'riicrcforo Jj J;, is not
the root of a qtnidratic equation. Therefore the product of two of the

roots, Jl and J4 , of the auxiliary bi(|uadratic is the root of a quad-
ratic equation, while the ])rodMCt of a ditlerent paii-, Ji ami J3 , is not

the root of a quadratic. Hut the only forms whioli the roots of an
irreducible biquadratic can assume consistently with the.se conditions

are those given in (68).

§68. Proposition XXV. The surd ^/ sy can have its value ex-

pressed in terms of \/s and \/v.

By Propositions XIII. and XIX, the terms of the first of the groups

(67) are the roots of a biquadratic equation. Therefore their fifth

powers

Jl J;j
, '^'i "Jl J3 J4 j: J,

, (70)

are the roots of a biquadratic. From the values of Jj , J> , J-, and
J4 in (68), the values of the terms in (70) may be expressed as

follows :

J? J3 = iP + Fi ^/ ^ 4- {F-i + t\ n/ =) n/ «

+ {l'\ + Fs^ z) ^ .S-, + (/-o + I'l s/ :) n/ .s v/ .-1 ,

J^ Jl = /' - F, y/ z + (/'% - F:, s/ ~) x/ .^'i

- (Fi - F,^ z) ^ s - {F, - F, ^z)^s v/ «i ,

J^ J., =. F- Fi ^ z - {F., - /'V v/ c) v/ •'•1

+ (^4 - Ft^z) s/ s ~ (/'o - .''7 n/ ^) n/ *• n/ n ,

jlji=F+ Fy s/ Z - (/'2 + ^3 n/ ^) n/ «

-{Fi + F,^ z) s/ sy + (/''o + F, v/ ^) v/ s v/ .^i ,

(H)

where F, F\ , etc., are rational. Let -(Jl J3 ) be the sum of the

four expressions in (70). Then, because tliese expressions are the

roots of a biquadratic, - (J? J3 ) or \F -f 4/^7 >/ s s/ Sy , must be

rational. Suppose if possible that y/sy cannot have its value expressed

in terms of ^/^fn^d x/s. Then, because >/s ^Z si is not rational,

= 0. By {(S9>), this implies that n = 0. Let

{A\ J3 f= L + Ly^ z+ {L; 4- />3 x/ .-) s/ s

-f (A, -f A, v/ •-) V/ Sy + m + L; y ^) v/ .S' v/ '^'l ,


