
254 Young : Forms, Necessary and Sufficient, of the Rootn of

(74)

The Root Constructed from its Fundamental Elevient.

§41. From 7?i, as expressed in (72), derive Hq, R^, etc., by changing w
into w", w^, etc. By §5, the root of the equation /(x) = is

R^ + /?; + /•'; + ....+ i4-i. (73)

To construct the root, we have to determine the particular »t"' roots of R^, 7?i,

etc., that are to be taken together in (73). When lo is changed into iif, lot

-^1) 4'ii '^ii ®tc., become A,, ^,, i^*, etc., respectively. Then

R.=A^,{^:A\ XUF!,)\

therefore E~: = w'AJ^^",,^:, .... Xt,F%f ]

id being an ?t"' root of unity. Let the integers not greater than n that measure

n, unity not included, be

n,y, etc. (76)

For instance, if n = 3 X 5 X 7 = 105, the series (75) is

105, 35, 21, 15, 7, 5, 3.

The n"' roots of unity distinct from unity are the primitive n*** roots of unity,

the primitive y* roots of unity, and so on. For instance, the series of the 105*"

roots of unity distinct from unity, containing 104 terms, is made up of the 48

primitive 105*" roots of unity, the 24 primitive 35"' roots of unity, the 12 primi-

tive 21** roots of unity, the 8 primitive 15*" roots of unity, the 6 primitive 7*"

roots of unity, the 4 primitive 5*" roots of unity, and the 2 primitive 3'' roots of

unity. The general primitive n*" root of unity being z«', give -d in the second

of equations (74) the value unity for every value of z included under ^e. Then

/^; = ^,(<?.:,il Xl,Ft,f. (76)

Taking any other term than n, say y, in the series (75), since y is a factor of n,

let yo=. n. Then vf is a primitive ?/*" root of unity. Hence, since rif is the

general primitive w*" root of unity, all the primitive y*" roots of unity are in-

cluded in w*°. If ti/, in the second of equations (74), be vf when z=-v, let it

have the value w'" when z = ev . Then

Rl= «;'M,„ {re..^l, X'„,F!,,f. (77)

Form equations similar to (77) for the remaining terras in (75). In this way,

because the series of the «*" roots of unity distinct from unity is made up of

the primitive «*" roots of unity, the primitive j/"' roots of unity, and so forth,

all the terms 1, 2 ,n— 1 are found in the groups of numbers represented


