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For let the curve lines BK' and BK be supposed each to move on the point B as a

t'enter equally towards each other, they must meet on, iuid coincide with the curve line

BGD'—because the arcs KD' and K'D', are equal by construction, and the curvilinear

triangles ts's and sr'r, and the curvilineai- triangles lu'u and uv'v, will coincide with

the curvilinear triangles de'e and f//—also the i>rcs of variation ts" and tu", will

eac'i coincide with the arc dc"—and the arcs sr'and uv'' each coincide with the

arc e/''—hence their ultimate ratios are ecjual (Lem. 8) ; consequently the variation

t's'' is to the variation sr",—as the variation tu" is to the variation uv'',--as the varia-

tion de" is to the variation ef; therefore de" and ef" must be the arcs of variation, on

the common curve line, or arc dk, of the point d towards e, and of the point e towards/.

FIG. 7.

LEMMA 10.

From the point B as a center, with the distances Bk' and Bt", describe the arcs

k'k'' and it\—the arc kk", shall be the variation of k towards j, and the arc n" shall

be the variation of i towards h.

For from the point A, with the distances Ao' and Aq', describe the arcs ox' and qq'

;

and from thi; point B as a center, witli the distances B(i' and Bx', describe the arcs (jci"

and x!x' ; Also from the point C as a center, with the distances CK and Co, describe

the arcs K/ and op,' and from the jioint B, with the distances Bp' and By', describe

the arcs p'p " and y'y".

Now let the curve line BK and BK',eacli move upon the point B as a center, to-

wards the curve line BD',lhey nuist eacli coincide witli liD', (Lem. 9,)—hence the trian-

gles q(i'o' and o'.r'K' and tlie triangles qpO, and oy K, will coincide, and be similar

and equal to the triangles lit'i, and tk'k ; consequently their ultimate ratios are equal,

and tiie variation Ky", is to the variation op", as the variation K'x", is to the variation

o'q', asthe variation kk", is to the variation n", (Lrni. i),)--tiieref()re kk" must he the

variation of the point k towards t, and «i", the variation of the point i towards h.

FIG. 7.

THE SOLUTIONS.

Cask First.— When Ihc nrc Rdef ... hikl)\ i.s a ciirre linr, through intenections

described through points of equal distances on the arcs BI) and BC, [Lem. 1, Fig. 1.)

SOLUTION FIKST.

PRoi'osrrioN i.

TIIKOUKM.

From the point B with the dislanci's Bk and Bi, and from the point !)', with the

distances De" and 1)'/') descrii)e thi^ intersections a and b, and thningli the points a

and b, draw the straight line aim meeting the curvi; line IKiU' in the poim n.
—

'i'||,,

slraigiit line al)n, shidl be that upon which, by variation of the jioints d nnd <>,

to the points e'' and ./"" the curve line abc ... n (fig. (J), shall coincide willi its

chord an.

For as tlu- curves \"p'q ... n", and Vp(| ... n', are eaili upon the opposite side of

iheirchords, to the curve a'b'u' ... n on the arc BI) (tig. 5)— it is evident that intersections

described through the points of variation n" and v", and s" and r", (fig. 7,) nnisl give

the curve lines on tlie same side of tiieir chord as Vpq ... n' and V'pc] ... n"—and there-

fore bo aWo on the opposite side to the curve line a'b'c' ... n (fig. 5)—because tlie varia-

tions lu" and uv" are proportional to tu and uv—and is' and sr" an- |)ropi>rtional

to Is and , and iln'relbrc as the ctirvo line described l)y interseciions through

tile points u' and v" sliidl vary, the arc HK' will move towards BC on the center

B, and that ilescril)ed ihroiigh the |)oints s" and r", the arc BK, nuist move
towanis BI) on the renter B, (Lem. l())~so tliat the 'urves of intersections descrihi'd

through the points of variations u" and v", nnd h" imd r", will come to be, each In

one straight line with tiieir chords; Now it is evident from their ultimate ratios

being e(|ual, that the distances K'u" will becomn eiiual to Ks", and Kv" equal to Kr'',

ami BK' ti\\m[ Ui BK, iiml Bfy rqunl to Bo'; but this ran only be possible nn the

curve line BI)', on which is the interi'epied are dk common to both of the si'ries of nres

IK and l"K', and upon ilk are the connnon variations dr" and *;/'", (Lem. !(,);

consequently it is through the points r" and J" nnd h and i, in this rnor, that ih*

intPrseetioMs deserilied from the points B and D', forming the curve line iih ,,, n will only

coincide with the chord nn.


